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A PREDICTIVE CONTROL SCHEME FOR 
DEAD-TIME PROCESSES USING 

A LEARNING METHOD OF PROCESS 
IDENTIFICATION 

M. s. Beck University of Bradford, England. 

P. R. Birch University of Bradford, England. 

N. E. Gough University of Bradford, England. 

A. Plaskmrski Research Centre for Automatic 

Control. in the Chemical Industry, Warsav. 

1. Introduction 

The theoretical advantages of predictive control loops for use in 

processes possessing large dead-times are well-known. Hathematical 

verifications of the effect of dead-time on stability have been given 

by Qin Yuan-Xun et al 1 and Choksy2 • Oetker3 has shown that for a 

prescribed state of stability to be obtained with three-term contro~, 

it is necessary to lower the gain to such a degree that control may becoce 

tmsatisfactory. Buckley" lists several methods for overcoming these 

problems and Weiss 5 has given a comprehensive bibiliography. All theory 

seems to point to the use of an accurate model for predicting optimal 

control signals in the face of load disturbances. However, the wey in 

which the model is to be determined and implemented has been a matter of 

conjecture. Few successful applications have been reported. 

It is the opinion of the authors that, since accurate prediction 

requires an on-line computer model, the potential of the model should be 

used to the full by the introduction of adaption and optimisation. A 

time domain model is used rather than a frequency domain model for the 

following reasons -

a). There is no need to transform between the time domain and the 

frequency domain which is a complex procedure for a high-order model. 

b). The time domain model can be completely specified by the impulse 

response as discussed in section 4. 

This paper describes the work vhich is being carried out at Bradford on 

a pilot-scale process controlled by an Ar~ 400 digital computer. 

Predictive control is employed by operating ·the model as faster than 

real time and a feedback loop is used to remove the drift in the process 

output which is caused by differences betveen the model and process dynamic 

responses. The way in which the model accuracy affects the process response 

has been shown by ~1heater6 for four types of dead-time c ::re::satio:-.• 
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Results showed that the sensitivity to model inaccuracy tends to increase 

with the adoption of more sophisticated methods of predictive control. 

Consequently, experiments are being carried out using a new learning 

method of process identification employing pseudo-random sequence 

perturbations, so that the model can be periodically updated. A hill­

climbing procedure then optimises the model performance and gives an 

optimal control sequence which is blended with the feedback control signal. 

Also, optimal feedback control settings are obtained by the use of a 

procedure which involves a new method of computing controllability using 

the mean square error criterion. 

2. The Experimental Plant 

Figure 1 shows the pilot-scale water heating process which incorporates 

the facilities for demonstrating feedback/predictive computer control. This 

process is representative of a broad class of industrial processes involving 

load disturbances and dead-time, including for example, rotary solids driers 7• 

Depending on the settings of solenoid valves SVl and SV2, either hot 

or cold water is fed through a section of pipe -which constitutes an input 
• • 0 • • ... .~ • 

t1me del~, to a st1rred vessel. Here the water 1s heated by a 3kw 

electrical heater and passes along the outlet pipe to drain. The feedback 

control loop involves the measurement of the tank temperature T2 using a 

thermocouple; the output signal from the computer controls the power to 

the heater using phase angle control of two thyristors in inverse parallel 

configuration. As mentioned above·, time del~ in the control loop is a 

serious problem on ma.n;y processes. In order to study this situation 

thermocouple T3 is used instead of T2 for control purposes and the section 

of pipe after the vessel then constitutes a measurement time delay. 

Poor control associated with the dead-time in the feedback control 

.loop is ameliorated by measuring the load temperature disturbances at Tl 

and computing a predictive control signal. This signal is then blended 

with the feedback control signal. Load disturbances are produced by 

switching the solenoi~ from a random sequence generator which uses a 

novel arrangement of Geiger-Mtlller tubes fired by cosmic radiation 

{see appendix 1). 
In order to measure the dynamic properties of the heater and stirred 

vessel without seriously affecting the normal process operation, provision 

is made for modulating the heater voltage with a : 1% pseudo random binary 

sequence perturbation. A maximum length sequence of length L = 2 7-1 = 1=7 

is generated by a seven stage shift register8• The sequence generator 

output is connected to relay RLl which shortcircuits a resistor 

in the heater power supply. 
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Knowledge of the input time del~ is also necessary for accurate 

predictive control. This can be inferred from the water flowrate and 

turbine flowmeter Fl is used for this purpose. 

3. The Control System 

3.1. Predictive - Exploratory Control 

It has been shown earlier by Beck and Gough 7 ' 9 that effective 

disturbance reducticms can be achieved using a search technique on a model. 

Referring to Figure 2, which shows a block diagram of the process 

described in section 2 together with the control system, the principle 

features are: 

a)• The load disturbance, n, is sampled with period T secs. 

b). The response of the process is predicted using an impul~e response 

model which excludes the process dead-time. By omitting the time 

del~, a sequence of optimal control signal estimates can be computed · & 

and held until the time to actuate the control elemen.t .occurs. In order 

to do· this, th~ system response y, is regarded as a linear combination 

of the outputs of the process and load transfer f'uncticms, Gp and c1 
respectively. For a ccmtrol signal u the model response is thus: 

Y(~) • U(s) Gp(s) + N(s) G1(s) 3.1 

where upper case .letters are used to denote Laplace transform variables. 

In fact the transfer functicms are not required since the response is 

computed using impulse respcmses • hp and h1 • Thus, the response due to 

the load disturbance is given by the scalar convolution! 

k 
y1(kT) = T r n(kT-mT) h1(mT) 

PO ,_ 
where k is the sampling instant. Experiments have shown that if the 

3.2 

sampling interval T satisfies the inequality T1>10T where T1 is the dominant 

system time constant. then the summation gives an adequate representation , 
of the system response. 

c). A cost function performance critericm. ~· is computed based on the 

response of the model and m economic or s.afety requirements of the process, 

xi, which ~ be time varying: 

g • f ~(kT),x~ ,i=l, ••••• ,m 3.3 

d). A fast search is carried on the model using an iterative decision 

algorithm in order to minimise the cost function. 

A preliminary simulation of this scheme using a simple cost-functicm 

showed,that a suitable stepping sequence is: 

J. . j-1 
u = u 3.4 



6 

where uj is the sub-optimal control signal and t.j is a variable scaling 

factor. As a result, an optimal control sequence u*(o), u*(l), ••••• ,u*(k) 

was obtained which minimised the criterion g . Since the control power 

is limited in practice u mey appear in the cost f'Unction and the signal 

is also constrained to lie between the high and low limits 

uc*(k) ~ u*(k) ~ ~*(k) 

For a simulation of a first order system, it was found that optimal control 

sequence estimates could be computed in an average time of ll.4msecs and a 

* maximum time of 24.9 m sec using an Argus 400 process control computer9. 

e). The control signal estimates are t hen stored for the duration of the 

input dead-time and blended with the direct feedback control signal. This 

trimming action overcomes drift due to mismatch between process and model 

characteristics and reduces the effect of unmeasured process disturbances. 

3.2. 'lbe Feedback Loop 

In the work described in this paper, an incremental control signal 

is produced using a stalidard control algorithm, reproduced by permission of 

Ferranti Limited, of the form: · 

l1t • Ko ~yk-yk-1) + K_l.yk + yk-1 + (l-i) fl(yk-yk-1) u:_J J 3.6 
. 2 

where yk is the process output at sampling instant k 

Uk is the feedback control signal 

Ko = 100/P.B 

P.B = Proportional band 

K l T/TI 

T s Integral action time constant 
I 

K1 = TD/T 

TD a Derivative action time 

A'= a smoothing constant 
yk = (l- A) yk .+A'yk-1 

u:_
1 

is the last full value of the derivative term. 

In t his particular application the derivative term is not used for the 

feedforward predictive control scheme, although the 3 term standard routine 

vould be used vi th other control loops. The reasons for not using the 

derivative term are -

i) • Power limitations are included in the feedforward control model 

(section 3.ld). Derivative action tends to produce large short -
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term power requirements, which cannot be allowed for in the predictive 

control algorithm, and would invalidate the optimising procedure, 

ii). In any case there is no real advantage in including derivative action 

in a system where transient errors should be eliminated by feedforward 

control. 

Acceptable controller settings are determined using a procedure which 

computes the normalised integral- square- error · criterion of process 

controllability. By this means the best triDIIIIing actioo of the feedback 

loop on the predictive signal is obtained vi thout fear of instability. 

This program, Epton and Go~1°•11, is described in Appendix 2. The 

I.S.E. criterion is set up as a function of process parameters and includes 

time delays written as f ad~ polynomial approximations. Avoidance of the 

complex standard integral tables is . achieved by solving the integral in the 

general case using a matrix formulatioo. 'lhe criterion is plotted as a 

function of proportional, derivative or integral constants' and clearly 

shows the values of minimum controllability and the .ooset of ins:tability. 

Figtire 3 shows a typical set of controllability curves plotted as a 

function of controller gain ·for a second order process with varying time 

delays 12 

4. Process Identification 

4.1. Direct Correlation 

Process identification has been obtaj.ned by using a pseudo-ran ' om 

binary sequence perturbation and correlating the sequence x vith the tank 

temperature, ('1'2), 8 •13. k The _correlation equation is 
p 

h(IIIT) :a C r y(k)x(k-m) 4.1 
k•k ..,2L 

p 

Vhere h(mT) is the impulse response. 

C is a constant. 

T"' A/2 = sampli~:~g interval, vhere ). is the basic sequence time interval. 

k is the present sampling instant. p 
The sampling period T is chosen as half the basic sequenc~ time interval 

in order to satisfy the Nyquist sampling theorem1". 

Figure 4 shows an i~ulse response relating changes in heater power 

to tank temperature, measured using a ~ 2 ~ , voltage perturbation and an 

integration period of' approximately 7 times ... the major process time 

constant. 

On-line corre l at i on does present some difficulties since in order to 

di re ctly me as ure t he open- loop i mpuls e response the correlati on must be 
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comFl e"ed vhen the feedback control signal is inoperati~. In many 

prccesses there are periods of ,time when the process state is sufficiently 

close to the optimal state for t he feedback control loop to be disconnected . 
'!" ' _:ns condi t i on can be detected by the computer and the identification 

~hen carried out . Since the predictive control is still in operation 

during the identi fication period, the Jlrocess state should not deviate 

far from the opti l:lal state. If unmeasured process disturbances occur, 

the computer can detect the resultant deviation in the process state, 

automati cally terminate the identification and close_ the feedb&Ck loop. 

Experiments are being carried out to implement such a scheme which enables 

the computer to decide the most convenient times for system identification. 

4 . 2 . The Learning ~lethod of Process Identification 

I t is thought that mre accurate and rapid identification can be 

achi eved using a method devised by Beclt1S. The essential feature of 

this learning method is to take an initial process mode~, ~repared from 

an estimate of the dynamic properties of the process, and to update this 

model using experimental data. The updating procedure corrects tor 
any inadequacies in the initial model and alloWs periodic updating of the 

mode l . for ti~varying processes. A particular advantage is that the 

experimen~al procedure has only to determine p~-t of the process model. 

Thus, the signal-to-noise ratio ~s better than that obtained using a 

direct experi men.tal correlation where the whole model IIUSt be determined. 

AlternatiVely, a more rapid identification can be achieved for the same 

signal-to-noise ratio. 

Refer to 1'i gure 5. The proces~ has an impulse ~sponse h( y) md an 

i npui x(t) comprising the normal process signal n(t) and P.R.B.S. test 

input xi(t). x(t) is monitored and the initial process model h(y.) is 

used to compute the response q(t) to x(t) using the convolution 

q(t) . • r. x(t-y) h(T) 4T •• 2 

yao 

This is expressed as a scalar convolution which involves matrix 

multiplication in order to obtain the q Tector 

[Q] • [xJ[!] 

The period pf in~egration is taken to be 

1 

where 1 lS the process t i me del~ 
p 

7'1 = domina.."lt time constant of process_ 

4.4 
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Next, the measured process output y(t) is correlated with the model output 

q( t) using 
r;; I ',(,) q ('-S)d' ~ ( B) 

r,y 
l 
l; 

1 

t=a 

which aeein i s achieved digitally by matrix multiplication 

~QY = [YJ [Q ]a 4. 6 

Also , t.he aut ocorreleti on of t he model output is given by 
r; 

<a l = L 
r 1 

tJ J q( t) q(t-ll)dt qq r;; 
1 

t=o 
or c~QQJ .. [Q] [Q]a 4.7 

~ 

These correlation functions enable the updating model h(y) to be compensated 

'Jqy(a) f h(y) ~qq <a - y) dy 
y 

or 

and H is found by matrix inversion using Gaussian elimination. 

Finally , the initial model and the updating model are combined to 

give the updated model 

•.(,) J b(<) h (,-,)d, 

or [fiu] • [nJ [~ 
The abo ve equations (4.3, 4.6, 4.7, 4.8 and 4.9) have been programmed 

usi ng a conversational language to e rei!X)te comput er connected by telephone 

lines to the user te=inal. A flow-diagram . is shown as Appendix 3. 

(Thi s method of progremming has been particularly useful for the rapid 

development of the program). 

Some results of using the learning method for a typical process are 

shown in figures 6 and 7. A P.R.B.S. test signal of length L • 15 ( fig.6a) 

vas applied to & noise-tree process h&ving the impulse response shown in 

fi g . 6b. Fig. 6c shows the result&nt process output. A rough rep-

-resentation of this process vas used as &n initial model (fig. 6d). 

Tne progr am output i ncluded the autocorrelation, cross-correl&tion, and 

updating model as well as the final updated model, all shown in fig. 6. 
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Fi~.7 sh~vs correspona~ng results for the same process with spurious 
noise (fi g. 7e) e.ddo.:d to the process output. 

T'ne diagrans cleary shov that the leaning method he.s been 
successful in fornunr, a reasonably accurate updated model in both the 
noise free and noisy cases. Values of a dispersion cofficient (D.C.) 
for the appropriate data are shown in table I. 

Table I. Performance of Learning 11ethod 

r 
I 

With Spurio= I 
Noise I I 

l 
I 
i 
I 
I 

Noise Free 

D.C. of process output 
from noise free value 0 

D.C. of updated nodel 
from true process 
i mpulse response 

_ _ ___,___j_ 

'/here 

D.C.= 
, 

~x(i) - xt (i)) 2 

[xtfi)]
1 

x(i) =Observed values of variable 

xt(i) ~True values of variable 

P = Number of observations 

I.4 X Io-
2 I 

-2 2.I x IO 

I 
_I 



11 

5. Discussion 

This paper indicates how some of the new and powerful control 

techniques may be applied to a linear process with dead tine where 

accurate contrc..l is essential. The computer storage requirements for 

the implementation of the basic scheme using combined feedback/predictive 

control and simple correlation identification are approximately as follows: 

Predictive control with simple cost function 2000 words 

Feedback control 200 

Correlation identification (127 length sequence) 1500 

Calculation times for an Argus 

Predictive Control (( ave7age 
max1mum 

Feedback control 

Correlation Identification 

400 computer are: 

11.4 m.sec. 
24.9 m. ·.ec. 

0 . 7 m.sec. 

TOTAL 3700 words 

2 seconds whenever an identification 

is required 

Since many of the routines could be held in a backing store so that 

only a scall immediate access store is required, the cost of storage· will 

be quite modest. In addition these routines can be used with a large 

number of control-loops since the calculation time per loop is quite small. 

The above basic scheme should be satisfactory for many purposes. 

However, it is anticipated that a fuller scheme would use a multidimensional 

cost function requiring a general minimisation procedure, the learning 

method of identification requiring matrix inversion and the integral-square­

error program for determining optimal feedback control settings.. The 

computer storage and calculation time requirements would then be several 

times larger than those of the basic :;cheme. This type of work is best 

suited to a hierarchical computer system and the Bradford University Argus 

400 computer is being linked to a large ICT 1909 scientific computing 

installation to implement such a scheme. This high-speed data link offers 

the facilities of conversational mode and fast data transference between the 

computers 1 using direct stcre access. Hence the Argus 400 will carry out 

the basic operations of closed loop control and alarm monitoring and will 

interrupt the ICT computer, .which will then carry out the higher level 

operatiooa of identitieatian, prediction and optimisatian. 
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Appendix 1 

The Random Binary Sequence Generator 

Figure Al shows a schematic diagram of the random sequence generator. 

Tvo Geiger-MUller tubes are used in a coincidence circuit in such a WB<f that 

the instrument only gives an output pulse if cosmic particles strike the 

tubes Gl and G2 successively within a certain time, this t i me being equal 

to the time constant of a monostable multivibrator. The output of the 

monostable is r;ated (using a logical NAND) with the signal from the 

second tube, G2. By varying the time constant of the monostable, the 

average switching rate of the sequence can be varied from 3 - 1500 secs. 

The gated signal operates a bistable unit and the output finally switches 

a relay. 

Tests have been made on the instrument in which the observed frequency 

distribution of the sequence was comj,ared with a Poisson distribution. The 

goodness of fit was tested using a chi-squared distribution and the results 

gave us reason to believe that the distributi on follow a Poisson 

distribution. 

Appendix 2 

General Procedure for Evaluating the Controllability of Time Delay Feedback 

Control SystemslO•ll. 

This procedure considers a feedback control system which includes 

process and load transfer functions and time delB<f of any order, together . 

with a three-term control equation. All the process parameters are fed to 

the computer as data and the following operations are carried out in order 

to compute the I.S.E. criterions of controllability; 

a). The error-to-load transfer function H(s) is expressed as the ratio 

of two polynomials in complex pulsatance, s. 
and load factors are multiplied together. 

To do this, the process 

Polynomial multiplication 

and addition routines are required. of 

b). Time del~s are written as Pad~ polynomial approximations/any order 

and these are multiplied into the polynomials, giving the I.S.E. in 

the standard form: 
j I H(s) 12 ds 

I.S.E. 1 

J 
A1 ,. --

211j 
where 

c(s) ;d.i:) H(s) .. 

n-1 
~sk 

n 
~sk for e(s) r and d(s) • r 

k=o k=o 

c) • Standard tables for high order integrals are not available and hence 

a matrix fo rmulation is used to solve the above i ntegral. To do this 

the c( s) and d( s) coeff i ci ents are built up i nto two rnatries, [cj and 
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[n J respectively. Theory showsl 0•11 that these matrices are related by 

an equation of the form 

A2 

and the value of the nth order integral is given by 

A3 

where an-l is an element of B . Hence, the matrix equation A2 is solved 

using Gaussian elimination in order to findan-l and In may then be found 

from 

d). 

e). 

equation A3. 

'!his procedure 

and computing 

that a re gion 

is 

I n 
of 

repeated, incrementing one of the control parameters 

until th·e value goes negative or infinite, indicating 

instability has occurred. 

A Gr aphpl ot routine can be called which plots out the normalised 

curves showing the I.S.E. against the control parameter. 



1.o4 

Appendix .J 

Single-Stage Learning: Program F l o\Y'ch a rt 

READ P;N; PROCESS OUTPUT, 
Y; I NITIAL MODEL, H 

READ FIRST P VAL ~S 
OF TEST SIGNAL, X 

CALCULATE INITIAL MODEL 
RESPONSE , Q, PRINT AND 
INSERT IN [QJ.8 ARRAY 

NO 

READ 

NO 

YES 

READ LAST ROW INTO 
(Q] VECTOR 

ES 

READ NEXT 
X VALVE 

MULTIPLY (Q1 AND (QJ 
TO FORM [ ~qeJ 

MULTIPLY [ Q1 AND l '() 
TO FORM [~ y] 
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CONTROL OF SYSTEMS WITH TIME DELAY 

1: Introduction. 

by 

Gunnar Nielsen, lie. techn. 
Servolaboratoriet 

Danmarks tekniske H0jskole 
Lyngby, · D.anmark. 

During the years several methods for the control of 
systems with tim~ delay have been proposed. Examples are 
I, PI and PID control, Smith linear predictor, complementar y 
feedback and some sampled methods. 

. In many books and papers the advantages of the more 
complicated methods .have been claimed, but as far as it is 
possible to see from publications, these methods have only 
in a very few cases been put to use on actual processes. 

In order to find out if this is because of short­
comings of the methods or because of conservatism of the 
practical control engineers, it has been undertaken to eval­
uate and compare the different methods on a ·quantitative 
basis? A summary of the findings is given in this paper. 

The control of two types of systems has been tested, 
the transfer functions being f 1 = e-Ts/(1+~s) and 
f 2 = e-Ts/(1+~s) 2 respectively. The results are given as 

functions of the ratio T/(T+E~), which roughly speaking 
is the ratio of the delay T to the system's total lag (T+E~). 
For convenience this ratio is named the system's 'relative 
delay'. When it is zero the system has no delay, and when 
it is one it has delay only. 

In order to make the comparisons quantitative, a 
performance criterion is used. As will be seen, there are 
certain conceptual advantages in choosing the IAE-index, and 
besides, it mostly results in good controller settings. 
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If the system has the transfer function 

( 1 • 1 ) 

it is possible to evaluate the value I of the IAE-inde_ for 
the uncontrolled system with a unit step input. All poles 
are real, and the error will then have no zero crossings: 

I 
oo T oo J leldt ~ J 1 dt + J e(t)dt 
o o T 

00 

T + J e(t 1 )dt1 
0 

t 1=t-T 

The Laplace transform of e(t 1) is 

n(1+s-ri)-1 
e(s) = sn(1+s-ri) 

. and by using the final value theorem: 

oo lim 1 n(1+s-ri)-1 
I= T + J e dt1 = T + s~ sxs sn(1+s-r.) = T+~-ri 

0 1 

( 1. 2) 

( 1. 3) 

( 1. 4) 

One of the purposes of introducing feedback is to make 
the response faster, that is the index value lov1er. To 
measure how well this is obtained, the performance index is 
normalized by dividing by the index value of the uncontrolled 
system i.e. by T+~•i· Normalized index values greater than 
one then means that the feedback actually makes the system 
slower. 

2: Ordinary I, PI and PID-control. 

a) Reference step changes. 

For the systems the controller settings are adjusted 
to obtain minimum value of the performance index. Fig. 2.1 
shows the values of the normalized index as a function of 
the relative delay for the two systems, and the three differ-
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ent controllers. The response is well damped except in some 
cases for small values of the relative delay. 

b) Load step ch8nges. 

In the same way we adjust the settings to minimum index 
value and obtain the curves fig. 2.2. The open loop index 
value is here infinite, so we normalize by dividing by T+L~ 
as for the reference step change. The load is entering the 
process in the front; if it does enter later, the results 
will fall somewhere between figs. 2.1 and 2.2. 

It is seen that only minor amounts of delay increases 
the index value very much, and for large values of the 
relative delay, feedback control actually slows the system 
down. 

It is also seen that !-control is poor, and that the 
difference between PI and PID decreases much as the relative 
delay increases. If for instance the relative delay is above 
75% a PID-controller will only decrease the index by 18% or 
less from the value obtained by a PI~controller. This is 
true for both reference and load step changes, and it means 
that for these processes it is seldom worth while taking 
the trouble to tune one more controller mode. 

A rather interesting result can be seen from fig . 2.2. 
It relates to the curves 1-2, 1-3 and 2-3; it is seen that 
for relative delays lower than a certain value, the index 
decreases faster than proportional to the relative delay. 
This means that a ·lower index value may be obtained by 
increasing the system's time constant(s). The effect is 
easier to see when redrawing the curves in another d'iagram 
fig. 2.3. Here the index is not normalized, and as abscissa 
is used n~(T=1). In this way the .effect on the system of 
increasing the lags is immediately seen. 

The large improvement obtainable in this way has to 
be paid for by a slower control for setpoint changes. As 
load changes often are ·much more important than setpoint 
changes, an improvement along these lines may well be worth 
considering. It should be noted however, that this method is 
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not a special control method, but a modification of the plant 

to make it easier to control. 

3: Smith predictor. 

This was proposed by 0. J. Smith8 in the late 50's. The 
method has later been much discussed but few applications 
have been published5. 

The method may best be described with the help of fig. 

3. 1. 

C(s) is a common controller. It is seen that the scheme 
includes a minor feedback loop around the controller. The 
transfer function becomes: 

(3. 1) 

It follows that the predictor removes the term e-sT 
from the denominator, thus making faster control possible. 

We will first discuss the method for setpoint changes. 
The transfer function is then 

CH e-sT 
y = r T+Cii (3.2) 

Apparantly the delay is moved outside the closed loop. 
If the controller C is very good the closed loop can be made 
infinitely fast, and the value of the index is T as the error 
e=r-y will be 1 until the time T and then drop to zero. 

This result is shown as a curve in fig. 2.1 marked s. 
It is seen that for a relative delay of 1 the improvement 

(28% better than P-I, 18% better than PID) is useful but not 
startling. For lower values of the relative delay the im­
provement is better. For a value of .5 the improvement is 

of order 42-57% compared to PI and 31-44% compared to PID 
depending on the plant transfer functions. This is con­
tradictory to the general recommendation, that the Smith 
predictor is for systems with high relative delays. How­
ever, we have supposed ideal control of the CH-loop, and 
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since this cannot be achie-ved in practice, the improvements 
will be smaller, especially for lower values of the relative 

delay. 
For load changes things are more complicated as may 

be seen from the transfer function 

T CHe-sT . 
y = lHe-s (1 - 1+CH ) (3.3) 

However, it can be shown that the minimum index value, 
when using an infinitely good C-controller will be T as for 
step changes. This value is shown in fig. 2.2. Whereas this 
value is the lowest possible for setpoint changes, it is not 
so for load changes. This is also seen from fig. 2.2. For low 

values of the relative delay, PID, and somet~mes even PI­
control, are better, and as we have seen above, if the plant 
itself may be modified by adding a large lag, then PID or 
PI-control can be made to perform better than the Smith· 
predictor for all values of the ·relative delay of the original 
system. 

It must be concluded that for load changes, the Smith 
predictor is of little value. Furthermore it is complicated 
to construct, so it is not surprising that it has not been 
used much for process control; 

If the control loop mainly is exposed to. reference 
changes, then the predictor may be of interest. In this case 

it is necessary to discuss the realisation of the delay which 
is used in the minor loop. If a control computer is used, the 
input signal can be. stored.during the timeT, but this will 

require 20-50 memory locations to obtain reasonable accuracy. 
Another possibility which is acceptable also when using 
analog hardware, is to use some finite order transfer function 
as an approximation. If a first order Pad~ approximation is 
used, the control will deteriorate somewhat. Generally it has 
been found that the control, when adding a predictor with 

I 
this approximation, did not improve more than when adding 
one more controller mode, which is of course much easier 
to do. 

The second order Pad~ approximation worked as well as the 



30 

exact delay and should therefore be used. 
At the same time as Sm~th in U.S. proposed the Smith pre­

dictor, Wolman and Giloi in Germany came up with a control 
scheme which they named 'Complementary feedback• 2 •3 . · It is, 

however, easy to transform one of the methods into the other, 
and what has been said about the predictor is therefore 
applicaple to the complementary feedback too. 

4: Sampled data control. 

In several places 1
• 4 •6 •9 • 10 it has been stated, that 

sampled data control may perform better for plants with dead 
t ime than does continuous control. As t he introduction of a 
sampler generally means that information is lost, this is 
surprising, · and has to be investigated carefully, before i~ 
is accepted. 

The general recommendation is to sample at such a rate, 
that the dead time T becomes a multiple of the sampling time 

T 1 , T = mT 1 • A controller \·rhich gives dead beat response to 
a step reference input is then constructed. There are now 
two approaches. One of them, interrupting contro1t• 9 •10 uses 
no hold after the sampler 'which is assumed to close during 

the time ~T. The plant is here taken to be of first order. 
By using correct settings of a PI-controller and a sampling 
time equal to T, it is now possible to obtain a response, 

where the error is 1 until time T, and then during the time 
~T, changes to zero. The index value should then be a little 
more than T, or about the same as for the Smith predictor. 

It is, however, easy to see the disadvantages of this 
method. The control is obtaine~ by short pulses, and accord­
ingly the peak values are very high. The input has to be a 

step and to come immediately before the sampling instant. · 
If i t comes later, the controller does not react until the 
next sampling instant, and the index value will be a little 
more than 2T, which is not very good. For reference inputs 
of other types, and for load inputs, the control will general­
ly be poor. For these reasons the method is not recommended. 
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The other approach is to use a zero-order hold and then 
construct a conventional dead-beat controller? In this case 
the er.ror is 1 until time T and then changes to zero during 
the time T1 . The index value will then take on values from 
about T + ~1 to about 2T + ~T 1 depending on vhen the step 
comes in rel.ation to the sampling instants. 

This method can be used for plants of higher order than 
one, and the index may be decreased by increasing the value 
of m~ The method is, however, much dependent on an exact 
transfer function of the plant being known: As for the other 
method it is constructed for one typ,e of input and performs 
badly fo~ other reference inputs and for load inputs in 
general. 

We must conclude that sampled data controllers only 
under very special circumstances give better ·control than · 
conventional controllers and even then the improvement is 
small. They are more complicated and much more · sensitive to 
plant parameter variations~ Sampling should therefore not de­
liberately be introduced in process cont~ol equipment, and 
wher~ it . is Unavo~dable the sampling rate should be as high 
as possible. 

5: Feedforward control • . 

As we can see from the figures 2.1 and 2.2 feedback con­
trol is in many cases worse than no control as far as the 
value of the index is concerned. If the load can be measured 
it might therefore be advantageous to control mainly .by feed­
forward techniques, and then use only a slow and simple feed­
back control to take care of drift, inaccuracies in the feed­
forward components etc. Even for setpoint changes a sort of 
feedforward control may have advantages. 

In the former chapters the load has been assumed to en­
ter the ~lant at the input. This is too specific in this 
case, and the block diagram is chosen as shown in fig. 5.1. 

For reference input signals the transfer function is 

y r (FC+G)He-sT 
1+HCe-sT 

(5.1) 
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\'le want this to be equal to the theoretical best possible· 
y =re- sT . This may be obtained in several ways by fulfilling 

t _le equation 

FC+G)H (5.2) 

FC+G = i + Ce-sT (5.3) 

A simple choice is F=e-sT and G=1/H. 

A sufficiently good approximation of F is relatively 
easy to obtain, and a lead element may be used as an approx­
i mation to 1/H. For systems with a high relative delay this 
should perform well, compared to any other method, and not 
be too complex to instrument. 

For load changes we use the feedforward compensator B. 
In order to cancel the load input completely, it has to be 

sT 
chosen as B = e a/Ha which is not realisable, but must be 
approximated by some kind of lead element. If the dynamics 

-aT -sT 
of Ha e a are fast compared· to that of Hb e b i.e. if the 
load enters in the front end of the plant, this approximation 
will give a good result, better than any feedback configuration. 
I f it is the other way around i.e. the load enters near the 
end of the plant, it will be of little value, and a feed-
back scheme may be better. 

6: Conclusion. 

Several schemes for the control of dead time plants have 
been discussed, and to a certain extent, their properties 
have been compared. As so many points of view are possible, 
it is of course not to be expected, that a list can be given· 
of the different controllers with a single number measuring 
the performance. Only in very broad lines it is possible to 
give information concerning the choice of controller for a 
e i ven application . 
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O_bserving these limitations, several · conclusions may, 

however, be drawn. 
The superiority of sampled data controllers has often 

been claim ed , but as it is shown here, this holds only under 
very spec · al circumstanc es with little relevance to practical 
problems. In general it can be said that sampling should be 
avoided, and if this is impossible, then the sampling rate 
should be as high as possible. 

The advantages of control schemes like the Smith pre­
dictor or conditional feedforward are also smaller than 
generally stated. These schemes are designed for setpoint 
changes and do not behave well for load changes. 

The performance of conventional controliers is good. 
!-control of course is slow, but it will seldom be worth 
while using more complicated control schemes than PI-control. 
It should be remembered, that for plants without delay the 
impr ovement in index value when adding a D-term to the con­
troller will often be 2 to 3 times. For delay plants it may 
be 20% , and a more complicated control scheme such as f. inst. 
the Smith predictor may give another 20%. 

For the control of load changes the advantage of adding 
a lag to the process should be noted. 

Pe edforward control relies on a completely different 
princi ple than does feedback control, and comparison is 
t herefore diff icult. When the conditions are right, however, 
a very go od control may be obtained by this method for both 
load and referenc e inputs. This type of control should be 
seriously considered whenever control of plants with high 
relative delay is undertaken. 
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0 0.25 0.5 

No delay 

Fig. 2.1. Setpoint change. 
First index: Number of lags. 

0.75 1° 
T/(T+ETJ 

Delay only 

Second index: Number of controller modes: 
0: No control, 1: !-control, 2: PI-control, 3: PID-control. 
S: Smith predictor, · ideal 
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I 

~~--~----~--~~--~10 
0 0.25 0.5 0.75 

No delay 

Fig. 2.2. Load change. 
First index: Number of lags. 

T /(T+Ir) 
Delay only 

Second index: Number of controller modes: 
0: No control, I: I-control, 2: PI-control, 3: PID-control. 
S: Smith predictor, ideal 
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I 
2 ~~~~----~----~----~ 

0 o~---2~--~4~--~6----~e·rr 

Fig. 2.3. Load change. 
First index: Number of lags. 
Second index: Number of controller modes: 
2: PI-control, 3: PID-control. 
S: Smith predictor, ideal . 
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Fig. 3.1. Control by Smith predictor. 
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Fig. 5.1. Combined feedforward and feedback control 
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АШ!РОКСИМИРУПUИЕ СИГНУМ-ФУНКЦИИ ПРИ ПОСТРОЕНИИ 
F..БАЗИОЛТИМАТJЬНЫХ ПО БЫСТРОДЕЙСТВИЮ УПРАВЛЯЮДИХ 

УСТРОЙСТВ 

1. А т. Г у в ч е в 

Висш м~о-елевтротехнически институт 
-eoqu 

I. ВВЕдЕНИЕ 

Задача сивтеза оптимального по быстродействию процесса 

сводится к опреде.пению ОПТИМ8J1Ьвой фУmщии управления, геомет­

рической интерпретацией которой в фазовом пространстве яв.пяется 

оптимальная rиперповерхность перек.пючения. · Оптимальная функция, 

по.пученвая в резуJIЬтате решения задачи синтеза, ЯБ.Шiется~ как 

прави.по; с.пож.ной не.mшейной фУвкцией фазовых хоор.цинат. Точная: 

реа.пизация оптимальной фУ:вкции в управJIЯIЩем устройстве 1 УУ 1 
система ЗаТруднительно. Тру.ЦНОСТВ В Э'l'ОМ направ.левп СВЯЗаны 
г.павным образом с громоздкос'l'ЬD построения неmейвых фУВlЩВо­

вальиых преобразовате.пей от несКОJIЬКИх везависJОШХ перемеВВЬIХ, а 

также с ·бо.пьmим чис.пом преобразовате.пей и мваzите.пьвнх звеньев 

необходимых для точной pea.пиз8IUUI строго ОП'fИМВJIЫIОЙ гиперпо -
верхиости перекпючевия. 

Освоввым подходом к решению задачи построения квазиопти­

м~ного УУ яв.пяется нахождение аппроксимирующей rиперповерх­

ности переRJШЧения в фазовом пространстве~ б.пизхой в строго 

опТИМ8J!Ьвой. При этом подходе аппроксимирупцие фУнхции до.DЖНН 

относиться х массу удобвых для технической реВJIИзации функций. 

Конечно, можно искать решение этой задачи в к.пассе всех сравни­

те.пьво удобных для технического построения веJIИВейных функций 
фазовых координат I~2 ~ напрv.мер ква.цратичвых фУнКЦИй, некоторых 
пара6ОJJ:Ических фУнКЦий~ нелинейных функций одной независимой пе­

ремеШiой и т.д. 
Теория оптимальных процессов возник.ла еще в нача.пе 50-х 

годов, во ее практическое применевНе к построению систем упра.в­

.пения с неизмеШiой частью третьего порядка и выше оказалось 

довоJIЬно затру.цнительнш.1. Публикации3 , примыкапцие к воnросам 



аппроксим~ сложной нелинейной фунiЩИИ управления, щ1.чали поя­

вляться также в 50-е годы • .для получения требуемой точности при­
ближения к оптимальной rиперповерхности переключения оказалось 

необходш.шм расmи~ить класс аппроксимирущих фУнкw...:й и усложни'lЪ 

их; но тогда практическое построение УУ становител связанным со 

значительными трудностями и иногда выходит за предеJIИ целесоо -
бразной технической реализации. 

Представляет несомненный интерес ввести С}Lчьное ограниче­

ние принятых д.1Ш технического построения функций и искать реше­

ние задачи аппроксимации оптимального по быстродействию управ­

ления в классе JIИНейНЪIХ функций и сигнум-функций линейннх ком­

бинаций фазовых координат~ которые в наибольшей степени отве­

чают требованию простотн технического внполнеР.ИЯ. 

2 .ЭIСВИВАJIЕНТНЫЕ . СИГНУМ-ФЛIКЦИИ 

Оптимальная: ·фУНКЦИЯ l.10 (Xi, ... ,xm), полученная: в результате 

решения задачи синтеза; относится к определенноr.1У классу экЕи­

DалентНЪIХ синтеэирупцих фУн1ЩИй 1.!,3 (х1 , ••• ,Xm), которые зкв:ива -
лентин по знаку оптимальной фУнКЦИИ, т.е. 

Si.<ЗTh [lLtэ (xi,··· ,xm)] = sL~n[U0 (х1,. · · , Xm)], /I 1 

где X1 , ••• ,Xm - фазовне координатн системы. 

ФОрмирование оптимального по быстродействию уnnавляющего 

воздействия 1Го (t) , которое поступает на вход объек . - · можно 
производить на базе любой эквивалентной синтезирующей функции, 

так как 

1fo (t):: j-L Sl<Jn [t.lcз (х, , ... ,Xm) = }L st.яn [Uo (х1, .. · Xm)], /2/ 

где }1 - модуль входного управляю.цеrо воздействия. 

Процесс аппроксимации опт~~ального управляю.цего воздей­

ствия можно производить при поNrощи эквивалентных аппроксимирую­

щих функцvili 'tLa.3 (x1,··-,Xm), которые эквивалентны по знаку вибра­

ннюл д.1Ш реализации фующиям 'U.рэ (x" .. . ,Xm), т.е. 

sUJn[1La.3 (x,, ... ,xm)]= s~n[1lpa (x1, .. -,xm)]. /3/ 

Если в процессе приближения аппроксviМИрущая сруrrкция выбрана в 

виде эквивалентной функции Ua.3(x1 , ... ,Xm), то достаточно построить 
в ri эквивалентную по знаку реалиэую.цую функцию, чтобы обес-
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печить идентичность входного управля!!IЦего воздействия, 'l'ак как 

1Га. (t) = fL sLяn [Llp3Lx1, ... 1Xm)]= 11- s~~n[lLa.э (х1, .. . ,Xm)], ; 4; 

Эквивалентные аппроксимиру!!IЦИе функции необходими для 

процесса приближения, но они не реализуются. Y:J кваэиоптимаJIЪ -
·ной системы реализуется при помощи простых и удобных для техни­

ческого построения функций~ посредством которых синтезирована 

эквивалентная реа.лизУJ!IЦаs:. фУшщия llp3(x1, . .. , Xm); В качестве фУнк­
ции, припятых для технического выполнения; . рассмотрим линейные 

функции фазовых координат 

W'i, (Xfl "' ,Xm) = CL1 х1 т CL2.x2 + .. . + C~m Xm + С~о /5/ 
(t"" '1,2, . .. ,n) 

и сигнум-функции от линейных комбинаций -координат. При синтезе 

реализующей фУНкЦдИ можно производит~ операции, _ которые тоже 

отвечают требованию простотн технического выполнения, например 

сумма сигнум-функций, произведение сигRУМ-<f>УНКЦИЙ, сумма JIИНей­

ной фУнКции и сигнум-функции, произведение JIИнейной функции на 

сигнум-функци», 

Управление, определенное посредством сигнум-фув:кции от 

суммы сиГ~ JIИнейной комбинации координат w1 и JIИней­

ной функции w1 ; т•·е. 

tC(x1, ... ,x111) .. JLsiлjn,[lL~3 fx1, ... ,xm)= JL s.UJn[sUJn W1(xf, ... ,xm)+ W2()(1, ... ,x"J];6 ; 
~ется эквивалентным "ква.цратичным" управлением, а именно: 

'!L~ (x.,, ... ,xm)= ~s~n[w1(~1 , . .. ,Xm}+ jw:,cx1, .. . , Хтn) 1 W2 Cx1, ... ,xm)] • /?/ 
: f-I'Si.pt (Ua.э(Xf, ... , Xm)] · 

Дей~твит~ьно, легко покаэат~, что 
1 s~ Uрэ (x1, ... ,Xm) = s~[5tpt W1(X1, ... 1Xm) + W2 Сх1, ... , Xm)J= 

: s~n[w1~1 , ... ,xm)+ ~~(x1, ... ,xm) \ W2 (х,, ... ,Xm)]= /8/ 
". sL<Jn Uа.з (x4, ... ,Xm), 

2 
т.е.- эквивалентная аппроксимирующая функция 1Lа.э(х,, ... ,Х'm)содержит 
произведение JIИнейных функциf:, а следовательно и ква.цратичные 

члены фазовых координат. Далее таюке можно определить .цруrие 

формы Эквивалентного "ква.цратичного" управления при помощи 
суммы двух сигнум-функций или произведение линейной функции на 

сигнум-ФУнкдию. 
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Э 84 АIПIРОКСИМш>УПдИЕ ЭКВИВАЛЕm'НЫЕ СИI'НУМ-ФУН1ЩИИ 
t 

Аппроксимирупцая фУНКЦИЯ 'tLa.э(x1, ... , Xm) в фОрме /8/ЯВJШется 
одной из возможнвх .ФОРм аппроксимирупцих эквиваJiентшп сигнум­
фУнкций второго порядка. При пСiоfаци последовате.иъности трех 

сиrнум..функций от JIИНе{iннх комбинаций координат можно получить 

ЭКВивалентную аппроксимирупцую фУНIЩию'lf03(Х1, ... J Хтn) В ВИде ПОЛИ­
НОМа третьего порядка; TaiOite можно опреде.иить упра.вляпцее воз­

действие в виде сJП'НУМ-ФУНКЦиИ от суммы трех fИГнум-функций и 

т.'д .. Аппроксимирупцая эквиВаJiентная фУв:кция'U03Ск .. , ... 1 Хm) содержит 
произведения трех линейных фУнкций и таким образом управление 

определенное этой фУнкцией ЯВJШется эквиВаJiентннм "кубИЧНЬIМ" 

управлением.- Полученные результаты посредством нескольких сигнум­

фУнкций от .линей.ннх фУнкций координат можно обобщить с це.иью 

получения выражений аппроксимирупцих фУнкцИй, которые эквивалент­

ин по энаху реализупцим фУНIЩИЯМ в КJiacce линейных фУнКЦИй и 

сиrнум-фунlЩИй линей.ннх комбинаций ко~динат •. 
Если аппроксимирупцая фУв:кция Ua.3 (x1, ... , xтn), определена в 

виде 'аппроксимирупцеrо сигнум-полинома тt, -го порядка 
n '1'1. 

где 

G (х1 , ... ,х,,}=~ ai(x1, .. . ,xm), 
J=1 iJ· 

/9/ 

/IO/ 

т.е. яd(х1, ... ,х11'1) -ряд сиrнум-фунКций линейных комбинаций 
координат ~ (х1 , ... ,Х 111), а именно: 

~ 1 (х,., ... ,Хтn.) • w., (х1, .. . ,хт) j 

я2 (.х1, ... , Хтn.) = Wt {x1J" 'IXm) 1 ~-~ (х,., . .. ,Xm) 1 i 

~Э (Х11 . .. 1 Xm) : W3 (Xf, .. . 1 Xm)\ ~~ (Х1, ... 1 Xm)f ~2(t1, ... 1 X'm) 1 

и т.д. , то существует в КJiacce линейных фУнКЦИй и сигнум-фУнК­

ций линейных комбШiаций координат эквИВаJiентная реалиэукщая 

wнкция . 
tip3 (x1, .. . ,xm)"' s~п{sиan[si-9n ... sUJn (sLcjn W,{x1, ... ,xm )+ /II/ 

+W!(X .. , ... ,Xm~ .. . + W'11.2(x1, .. . ,Xm)]+wn_1(x1 , ... ,.xm)}+Wп(X1 , ... ,xm) 1 · 



которая удовлетворяет зависимосп 
t\ . 

- s~n 'U,Il.Э (х1, ... , J\"m·) = 5~ С, (Х"i 1 ... 1 Хщ) '"' -SUJn 1Lp3 (х,, ... ,Хтn). /!2/ 

Можно показать справедливость внеказанной выше теоремы об 

эквивалентном управлении~ если записать поJIИном G. '1'\ ( х,, . _. 
1 
х""') 

вида /9/ в развернутой форме: 
n ~ \ 4 1 G (xii '' 'IX1'тJ = Gt (x,l ... , Xm) + w2 (х,, . ·-,Xm) G (х,, ... ,xm) +--- + 

~-1 · 

1 

n·t /IЗ/ 
+ w~ ( x,l "'l Xm)/l~ (х,, ... 'Xm) + . .. + Wn (х ••... IXm) 1 G (х1, .. . IXm) ,. 

Полином ~ -го порядка получается от пОJIИНома (~-i) -го пори,цка 
путем умножения на кусочио-линейную фУнкцию, а именно: 

~ ~ -~ L-f ~[ i,-t J, 
G (х1 , ... , Xm)=- ~ (Х1 , ... , x"'~~G (x,, ... ,xm)j Wi(x,, ... ,xтn)+~n~ (x,, ... ,Xm!f !4/ 

В соответствии с этим свойством G -пОJIИномов моzно записа'l'! 
зависимость .It1IЯ знака t, -го полинома: 

~ ~~ 
st.яn G (x1, ... ,xm) .. s~n[s~n G <x,, ... ,Xm)+W~ (х,, ... , х-тn) J. /13/ 

Прm~ененим послеДНDЮ рекуррен'fНУD зависимость JJ,JIЯ неко-

торых значений порядка полинома, например, · 

·11=3, si-<Jn G~(x,, ... ,xm) = si1n(sLqn Gi<x.,, ... ,·xm)+ w~(x,, ... , х.,.".)] · 
= stpt[suзп (suanw,(x,, ... ,хтn) + W2 {х,,.· .. , х.",р+ W3(x,, ... , х m)]; /Iб/ 

~=4, sipt ~4(х1 , ... 1 х".,) = st<}n[si.<Jn Gt
3 <х1, .. . , Хтn) + Wч ( х,, ... ,Xm~ 

и.ли 4 
suaп G (х1,• .. 'Xm) = s~n(s~n[s~n(si1n W1 {х4, • " ,Хтn)+ 

+ w2 (X1, .. . ,Xm))+ w3 (X1, ... ,Xm)] + W4(x,, .. . , Xm) J И т.д. 
Таким образом, путем индикации д.11Я L = n получается выраже­

ние /П/, при помощи которого опреде.ляется знак аппроксими­

руJ!Щего полинома G n( Х1 , . .. ,Xm). 
Ec.JIИ аппроксимируnцую функцию 1La.3 (X1,- .. , Xm), опрЕЩе.mt'!'Ь 

в виде -сигнум-полинома , 

GI.(x,, ... ,xm) = f G\x.,, ... ,Xm)l fl · Gj'/x1 , ... ,xm,) 1 , -
~·1 J"'1 

/Yl/ 

где i j A:f-11 

G (x,, ... ,Xm)= J:_ Ot(X1 1 ... ,xm.), 
~=4 <1 



44 

то существует в классе линейн:юс функ.ций и сигнум-Функций линей­

ных комбинаций координат эквивалентная реализуКIЦая функция 

Upэ(x-f, ... ,xm)"'sUЗnW1(x1,· ·· ,xm)+ .s~n (s~n w, (X 1 : ··· ,x-m)+ 

+ w2 (х1, · .. , х m)) +s~n [s~n (s~rt W1 (х 1 , . . . ,х m) + W2. (х 1 , . . . ,Xm)); 
+ w!(x1, ... , Xm)]t s~nf sL<Jn [si.<Jn(sUJn W1(x1, · "1 Xm)+ w2 (x 1, ... 1Xm))t 

l 1 /I8/ 
+ w3 (X 1, ... , Xm)]+ w4 (X1 , ... ,X 111 ).J+ ··- + 

+ suaп[ S~n{si1n[sUJn ... SlCJ'11-(s~nWf(X1 , .. . 1 Xm)+W2(x1, .. . , X111))+ 
+--- + W'n_2(x1, ... ,Xm)]\wn-1 (x1, .. . ,Xm) J + Wn.(X1, . .. ,Xm)}-

Знак пОJIИНома GI: (х1, ... , х m) сохраняется при умножеmш 
на опре4Iеленно положительное выражение и можно заrшсать : 

sin GI:(x1, ... ,xm)= sUJn( t ~ . 

l)l G (x1, .. - ,Xm) / 
~· 1 · /I9/ 

[ 
Т\. G~ ) 1 nn l"j )1]} ~ G.t, (Xof, .. . , Хщ) 

• ~ (х1, ... ,х"' . \.) (х-~, ... , х"' =-+-IGLix )l · 
L=4 cl"f. L"'i 1, ... ,xm 

....i!f.IJ 
Таким образрм получается выражение д.1IЯ знака аппроксиrr,лрущего 

полинома GI:(x1, ... , xm) : 

/20/ 

На базе рекуррентной зависимости /I5/ получаются реачи­
зупцие сиrнум..функции: 

sUft G\x1, ... ,xm)~ sИJn[s~п[ s~n ... s~n, (s~ W1 (х1, ... , Xm) + 

+ ~z (х1, ... , х.",))+ .. . + Wi,-1 (X1, .. . ,xm)]+ Wt (x 1 , ... ,xm)J · /ZI/ 
( ~., ,. '2.' .... ' n) 

Послеm;ртановки в выражении /20/ сигнум...функций / 2I/ для раз­
личных значений ~ - ~ получается формула эr<вивалентной реа . .-шзу!(}­
щей фУнкций /I8/. Таким образом обобщения теорема об эквивалент­

ном управлении доказана. 

4. ПОС'IРОЕНИЕ 'НЕКОТОРЫХ КВА3ИОП'IИМАJ1ЬНЫХ YIIPAВJ\JI~'2Jg1X 

УС'IРОЙСТВ ПРИ ПШЮЩИ ЭКВИВРJiЕНТНЫХ CИГНYJ'i,..r:J!YНКI.;}f;,i 

После того как ощ:е делены некоторые классы аппроксюv гру!(}­
щих фУнкций , эквивалентные по знаку выбранным для реализациz 

функциям, может быть решена задача построения структуры квази-
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оптимального 11. Сущность nроделанных операций состоит в оnре­
делении вида аппрокс:имирушцих фУнкциИ, которые эквивалентны по 

знаку реализупцим функциям, построенным при помощи линейных 

функций и сигнум-Функций координат. Приборная реализация уу 

систе~Ul на 6азе выражений типа линейных фуНКЦИЙ координат дос­

тигается в схеме весьма просто; легко также реализовать сигнум­

фУнкции линеЙНЬIХ комбинаций координат при nомощи релейннх эле-

ментов~· n 
Аnпроксимирупцим nолиномом G (x1 , •.. ,xm) в виде /9/ опреде­

ляется эквивалентная реализующая фУнКция в форме /II/ и при ее 
помощи реализуется эквивалентное управляiаЦее воздействие посред­

ством последовательности '11. сиrНJ'М-ФУНКЦий от сумм сигнук­

функций и линейных комбинаций фазовых координат системы. Структу­

ра УУ~ построенного на базе эквивалентной реализующей фУнкции 

/II/, показана на рис· Д~· · 

Возможности преобраэования эквивалентных реализущих 

структур неисчерпаемы~ и этим путем мож.чо расшИрять масс аппрок­

симирующих фУнкций.- Эквивментными по знаку преобраэованиJDОI 

можно модифицировать эквивалентные аппроксИJ/IИрупцие фУН1щиИ и 

приближать их к виду эквивалентных синтеэирупцих фУШЩИй. По­

следние функции принадлежат к массу оптимальной фУн1ЩиИ и яв­

ляется тоже оптимальНЪIМИ фУнкциямИ nереключения, так как~ найди 

одну из этих фУНКцИй, можно реализовать при ее пом:>щи строго оп­

ТТАмалъное управление. Конечно~ · оптимальное управление яв.ляется 

единственным, но синтезирующие его функции составляют множество. 

Это ~Uiожество является бесконечным, поскольку неогравиченно моz­

но преобразовать одну функцию в друr,ую,экВивалентную по знаку; 
Суть nоследних операций заключается в том~ что при помощи 

nолученных эквивалентных аппр~жсимирующих фУнкций можно построа'.11ь 

эквивалентное УУ системы~ которое имеет более прос~ структуру 

для цели технического построения~ Достаточно любую эквивалент -
ную синтезируiЩу\ю фУнкцию представить в конечной форме~ опреде­

ляемой рассмотреннш..ш аппроксимирующими полиномами~· Чтобы реа -
лизовать оптимальное управление nосредством принятых для техни­

ческого nостроения фУНКЦИЙ. 

Структура УУ си стемы определяется выбором типа эквива.nент­

Iюго аnnроксимируюцего полинома. В зависимости от сложности и 

типа модели неизменной части системы управления определяется вид 

аппроксимируюцих функций . При полоши аппроксш.шрукщих функциИ в 
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виде /I? 1 получена эквивалентная реализуmtал структура в форме 
/IB/, которая состоит из последователъно-параллельного соедине­
ния релейных элементов. Это почти не усложнят структуру УУ по 

сравнению со схемоЦ УУ, показаиной на рис.- I. 
Требуемая точность хфи6.пижеmш о~ делНет порядок экви:ва.­

лентного аппрокспмирующего полинома.- Согласно утверждениям рас­

смотренных теорем, число элементов УУ определено порядком этого 

полинома•· Возможны любые при6Jшжен:ия путем увеличения: членов 

аппроксимирующеrо полинома и соответственно добавления новых 

звеньев в структурной схеме УУ ~· . Та.ким образом задача синтеза 

структуры кваэиоптимального УУ сводится к задаче выбора наилуч-

шего вида д.1Ш процесса аппроксимации выражения в классе эквива­

лентных аппроксmmрупдих фУНКЦИй и определения ero формы в зави ..... 
симости от требуемой точности приблuения к строго оптимальному про­

цессу~Рассматрнваемне аппроксимирующие G -полиномы, определе-
нные в ;в.иде /9/ и /rl 1, выражаются при помощи линейных комбина.-
циl координат Wt(x.,, ... ,xт) .ЭквивалентНые реализуищие фУнкции; 
определенные соответственно в фОрме /П/ и /IB/; выражаются 
также при помощи линейных комбинаций координат. Существенно то 

обстоятельство, что эквивалентные фУнкции содержат те же самые 

линейные комбинации w~(х~, .. . ,х1Т1) ;которые имеются в соответствую­

щих им аппроксимирующих полиномах.- Последнее свойство рассматри­
ваемых эквивалентнш: фУнКЦИй управления дает возможность решить 

задаЧУ об определении mраметров УУ квазиоптимальной системы в 

процессе аппроксимации .. Действительно; д.1Ш определения линейных 

фУнкций и сиrнум-фуmщий; при помощи которых построены эквивалент..­

нне реализирупцие фУНКЦИИ, нужно лишь найти коэфециенты в линей-

ных фУнкциях фазовых координат~· Таким образом задача синтеза па­

раметров квазиоптимального УУ сводится к нахождению в процессе 

аппроксимации, согласно принятому критерию при6лижения; неизвест­
н:ых коэфiJициентов в линейнш: фУнкциях координат. 

При решении задачи OIIJБ деления параметров квазиоптимального 

УУ, аналитическое выражение оптимальной фУнкции управления рас­

кладнвается в ряд." После оценки остаточного члена ряда можно с 

лю6ой заданной точностью выразить оптимальную фУнкцию конечнш.1 

числом членов ряда, например n членов: 

ru, ( х } _ u, + д].L!о) Хо дU(oJ Хо + дU.to) Хо 
х1, . , m - (о) дх1 • + ~ 2. ~ 3 + . . . /22/ 
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(~) 

дU.to)x; + . дUсо> x~t .. . 1 '\ 
Вх 2 дх 3 . J 

о 

rде х~--х~-х;,0 , (i,~1,2, ... ,m); 

ru,(o):: U (х 1 ,х 2 ,х3 , ... ) х • .. х .. о j д'Uto> = 
Xz.=-Xz.o дХ1 
Х3 = Хэо 

дU (Xt.Xz.X3, ... ) 

дх .. 

/22/ 

а показатеJШ степени, в которую возводятся выражения; стоящие в 

скобках, имеют симвоJШческий смнсл д.пя определения: порядка про­

изводных.- Далее при помощи .любой системы вспомоrате.пьных фУнКций, 

определенной рассмотренннми теоремами, можно записаn вид аппро­

ксимирущеrо поJШнома 11. -ro порядitа; например, в качестве тахо­
rо полинома посредством фУнКций ~~ (х1, . .. ,Хт) в виде /IO/ можно 
записать аппроксямирупций СИГНУ"'.J-ПОJIИНОJ4 n .-ro П9ря,дка в 

следующей форме: 

(;fx1, .. . , x.",)=w1 (х1,. ... ,х.",)+ w2(x1, ... ,xтn)\w .. (x1, ... ,x.",) \ + 
/~/ 

+"·+ w'"(x 1, . .. ,x.",)\f.-t ~~(.к .. , ... , х,.")j . 

Неизвестные коэФl)ициентн Ctj в .пинейннх комбинациях Wt(x~ ... ,X'm) 
вхо~е в /~/, можно опредепи'!Ъ JID6ЬJМИ существу1:ЩDИ методами.~ 

В частности; это определение можно еделаn путем прира!ЩJ1В8ВИЯ 

коэфqn{ЦИентов при одинаковых степенях в выражевии /22/ и в выра­
жении /23/ после написания ero в развернутой фoJiile по степевям 
фазовых координат. 

Для ИJiюстрации применения этоrо метода сив'!'еза кваsиоп'l'И­

мальноrо УУ рассмотрен пример системы '!'Ретьеrо порвдКа, неизмев. 

ная часть которой состоит из последовате.пьноrо соединения двух 

апериодических звеньев /постояннне времени: 1w = 0,0625, т2 ::0,1345 j 
передаточные коэф:l)иЦИенты: k1 = k2 = I / и o.u;вoro ин'!'еrрирупцеrо · 
звена 1 1; = 0,00? s 1. В качестве aппpoRCJDIИPYIJI(ero похинома 
nринят сиrнум-поJIИНом 

G2 (x1,x2,x~) = fL{ [с"1 х1 + С12 х2. + С13 х~] + 

+.б1 [С 11 Х 1 + C-rzx 2 + С13 х3 ][С2.1 xf + С22 Х2. + Cz~_x~], 
/24/ 

rде 6 1 = s~ U
1

(x1 ,x2,x~J = s~~n(C11 Х1 + С11 Х2 + С1~х3 ]· 
Методом экв!1Валентных си.rтrrJr-Функций определена самаg простая 

структура квазиоптимаr~ноrо УУ в виде последовате.~ноrо соеди -
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нения двух релейНБХ элементов, п казанная на рис.2. 

Аналитическим nутем получено время строго оптимального 

nроцесса при подаче на вход системы единичной функции . После 

реализации у:сазаннqй структуры квазиоптимЭJ'...ьного УУ на модели 

по.пучено время переходнего процесса, которое отклоняется на 

22% от времени строго оптимального процесса. Конечно ~ можно по­
строить УУ при помощи 7L релейных элементов и этим повысить 

порядок аппроксимиру!!IЦего G -полинома~ а таКже и точнос ть при­
ближения к оптимальному процессу. 

Рассмотрен также пример синтеза другой сист~мы третьего 

порядка, неизменная часть которой сос~ит из последовательного 

соединения трех интегрирупцих звеньев / Т1 = Т2. = Т3 = IS /. 

СтрJ'1'тура УУ рассматриваемой систеМЬI совпадает со . структурой 

изображенной на · рис_. 2, где отмечены коэффициенты Ci,j лине:1 -
ннх комбинаций координат Wi, 1 Х1 , х 2 , х3 /. Аналитическим 

путем определенн коэффициенты С~ линейных комбинащ1й координат, 

а именно: i'ИI<o> 

с дИ.!о) . С -С 1 r::: • С 1 4 дХ2 
1'1 = -0-х-1 -' 2f- 24v1 1 21 = Т дUt<o) 

дtu. дх1 
<о) 

с дlL(o) . С - С 1 rz . 
'12.= --, 22.- tl"-'1 1 

с 1 =1.. дх'; 
12 2 дU..to) дХt 

с uUto) . с -с 1 б • 
i~ а 1 2.~ - 2.~ 1 1 

дх3 

Оптимальный переходннй процесс 

дХt. д2И<о) 
1 А ах; 

С2~ = Z дU<ol 
дх, 

при подаче на вход системы 

/25/ 

еди-

ничной фУнКЦИи показан на рис.- За. Опыты произведенные на мо­

дели, построенной по схеме УУ изображенной на рис.2 и коэrvри­

циентаl.m Cilj ; определеннш.ш в первом приближении формулаrvш 
/25/, дали успешные резуJIЬтатд~ Для того чтобы добиться более 

хорошей qх:>рМЬI переходногq . процесса бwro проязведено неr~оторое 

изменение коэ\М)Ициента С21 • Квазиоптимальньrй процесс получе­
ный nутем аппроксимации при помощи полинома G2

( х~~х21х3 ) и реа­
JIИзащ1и на модели эквивалентной сигнум-Фунiщии, показан на рис. 

36. Видно, что квазиоптимальный процесс по быстродействию прак­
тичесю~ не отличается от оптимального процесса. Аналитическим 

способом определено время оптимального процесса при различных 
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начальных отклонениях по ошибке. При двукратном изменении начаnь­

ного условия от IOO% до 200% отклонение от оптимального времени 
не 6ольmе 6Q%; Система ра6отает удовлетворительно и при десяти­
кратном изменении нача.пыmх условий, а И!а!енно в диапазоне от 25% 
до 250% номинального скачкообразного сигнала, и тогда отклонение 
времени кваэиоптималъного процесса от оптимального при соответ­

ствупцих начаJIЫШХ условиях не превосходит f!Q%. Переходный про­
цесс квазиоптимальной система при линейном входном сигнале пока­

зав на рис~Зв. ВИдно; что кваэиоптимальный. процесс почти не от­

личается от оптимального процесса.' При входном сигнале в виде 

параболы второй степеви .переходный процесс в квазиоптимахьной 
системе также удоВJiетворительно при6.пижается к оптимальному про­

дессу ~- Все эти эксперимента.пьнне результаты,- при разJIИЧННХ 

массах входнв:х сигналов и в широком _ диапазоне изменения нача.иь­

н:ых условий~ по.пученв: при неизменных значениЯх коэqфщиентов Ci,j , 
определеННЬIХ указанннм вв:ше способом. 

В общем случае при высоком порядке неизменной части систе­

мы и сЛожном характере ограничений математическое описание стро­

го оптимальной гиперповерхности переключекия может оказаться 

затрудНительныМ~ В эТом случае определение параметров УУ HeJIЬSЯ 
производить аналитическим путем-. Здесь существует возмоzностъ 

применять любые известные методы поиска значений коэффициентов 

линейных комбинаций коорДiват wUx1, · ;. , х m) , которые входя: т в 

эквивалентные реализукщие фУнкции~ Например; если имеется модель 

объекта управления; то реализуется структура УУ на модели и 

эксnериментальным путем опреде~я неизвестные коэффициенты. 

Рассмотрим пример построения УУ системы высокого по~. 

Для цели мюстрации приведем результаты исследования приб.пиаевно­

оптимальной следящей системы управления коnироваnьво-фрезерного 

станка .• В предыдущшс ра6отах 4,5 определена предельно простая: 
в реализации структу:ра УУ следящей системы, при помощи предло­

женного автором метода эквивалентных фУнКЦИй, как показано на 

рис. - 4. Неизменная часть этой c:v.c те!\Ш рассматрв:валась в виде по­
следоват~1ьного соед~нения двух динамических блоков: а/ первый 
блок С1 состоит из второго каскада электронного усилителя и 
электромашиннего усилителя /апериодическое звено первого поряд­

ка/; .J второй блок С2 - исполш-tтельный двигатель и редуктор 
/звено второго порядка/. 
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В качестве вшеодной координаты 6.пока С2 рассматривается 
ошибка следящей сие темв: д · · ,а ДЛя 6.лока С1 ... ток I якорной цепи 
ЭJiектромашинного уси.лите.пя - двиrатем. В П поступают сиrнапн 

Э'l'ИХ координат и их провзводных в виде JIИВей:ннх комбинаций, а 

Dеино: W2 (о)')= k6 б+ k6 б= kn Х2 + kx2 Х2 ; 

W1 (I,I)= kxi + Кri =- kx1X1 + kx1 Х1 • /26/ 

В качестве аппроксимирупцей фУнкции принят полином второго 

поря,цка G~ o,б,r,i)- k6 o+ k5$- o[kr kx 6I + 

+ ks kr Of + kб k:r бr + kj ki Ю], /27/ 

r;це б= s~n [ k6 0+ kcf д]. 
Осци.поrрамма переходяого процесса регулируемой величины 

. /переuещениие фрезы/5 = t (t) в .пинейной ею теме приведена на 
рис.5а~· Переходвый процесс исследован при ска~ообразном вход­

ком сиrна.пе, соответствущем мгновенному максималъному рассо­

r~ованию между копировальнЫм прибором и фрезой. После подбора 
значений неизвестннх коэффициентов в .пинейннх комбинациях коор­

;цинат wf(I,i) и w2 (о, б') по.пучается минималъное время: пере­
ходнего процесс а tn = О; I3 сек.· ОсЦИJiоrрамма процесса при 
максималъном рассогласовании дана на рис. 56. Исследования на 
моде.ии показа.пи, что уменьшение амп.питуды входного сигнала на 

40% от максmла.пьного сигна.па почти не в.лияет на время nереходно­
го процесса~ Дальнейшее уменьшение входного сигнала, соответ­

ствующеrо рассогласованию фрезы; приводит к уменьшению времени 

переходиого процесса по сравнению с временем при максимальном 

рассогласовании фрезы~ Таким образом быстродействие системы 

значительно улучшается /примерно в 7 раз/ по сравнению с nерв­
ходным процессом в линейной системе ~ и полностью устраняется 

перерегу.пирование выходной ве.пичины .. 

5. ЗАЮliОЧЕЕИЕ 

r. В работе nоказава возможность решения задэ.чи синтеза 
zваэиоnтим~rьной системы методом эквивалентных функЦИЙ уnрав­

.iения. Предложенным методом оnределяются: эквива.пентн:Ые no знаку 
·уnрав.11Я:nцие функции в классе наиболее удобных для теХнической 
реа.лиз ации ~ующнй . 
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2;' При помаци по.пученных в работе теорем показано, Ч'fО 

знак аппроксимирупцей фУ,н1щии совпадает со знаком ввбранной дu 

технического построения фУнкции; которая синтезируеrоя посре~ 

ством JШнейншс фУНкций и сигвумо.фуmщий фазоввх координат си­

стемн.• 

3~ EcJIИ процесс аппроксимации ОПТИМВJIЬНОЙ фУнкции произво- . 

дится при помощи эквивалевтввх фУнкций, то реализация по.пучевво­

го апnроксимирупцего ввражения не яв.ляется необходимой. При 

· аппроксимации согласно этому методу достаточно реализовать виви­

валентную фУнкцию, определеiЩУD в 1UI8Cce ввбранввх Д11Я техниче­
ской реализации фУНКЦИй~· 

4•' На основе пред.поженной методики можно определить· струи­
туру квазиоптимального управ.ияпцего устройства системв,которая 

обусловлена выборСLi вида эквивале~тввх аппро~симирующих ~ВКЦИI. 

Требуемая точность прибпижевия к строго оптимахьноl системе пре~ 

определяет число элементов структура. 

5. В случае~ когда известно математическое описание оп~ 
мальвой фУнкции упрамеиия, полученнве выражения эКВИВаJiев'I'IIП 

функций дают "': '~зможность определить параметры к:еазиопТИJUU~Ьвоrо 

управляnцего устройства аналитическим путем'; Рассматрн::ваемЮI 

метод может <5нть применен и в CJIYЧ~i когда неизвество матемав­

ческое описание оптимальвой фУНlЩИ.И управJiеВИЯ.' 
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Рис.!. Структура хваэиоптималъной сю темы с УУ на JDIНей­
иых и релейных 'элементах 
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Рис.2. С~уктура УУ, построеноого на 6азе апnроксимирую­
щего nолинома G. (х , ,х1 , х 3 ) 

х 
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Рис. s. в/ 

Рвс.З. Переходнuе процесн: 8/ oпТI!IIaJIЬВOI системк; б/1U18811-

оптима.JIЪИоl . CJIO reuн пр1 едиииЧВСII ВХОДВОII сиrиuе: в/ХВ8ЗИОПТS­
М8JIЪНОЙ системн при пнейвом входном сиrиuе; Х о - входной Clf1'­

нu, Х - выходной .сиrиu; )11 и х1 - первая и вторая проиэво..,_ 

нне ошибки Х1 • Х. - Х ; pt - входное ВQэдействие объекта 

]) Cf с~ 

-}-~-----tr---1 
L.-----.J 

х, 

х, 
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82 

Рис.4. Простейшая струхтура квазиоnтшш.11ьной системu 

вы~окоrо порядка 
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Рис. 5. а/ :? и с. 5. б / 

Рис.5·. ПереходRЪIЙ процесс nеремещешш фрезы S = f(t) при 
единичном входном сигнале: а/ :в m1нейной системе; 6/ :в к:вази­

оптима.пьной системе ' 
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RELAY CONTROL OF SYSTEMS WITH 
PARAMETER UNCERTAINTIES 

D. P. Lindorff 

University of Connecticut 
Storrs, Connecticut, USA 

I. Introduction 

The application of Liapunov theory to the design of model-tracking 

systems, taking into account bounds on parameter uncertainties, has been 

treated by several ~uthors 1 • 2 • 3 under the assumption that the state vari­

ables of the plant have been defined as phase variables, i.e. for an nth 

order plant, the state has been defined by the output and its n-1 deriv­

atives. However, in some applications it is impractical to derive the 

required number of derivatives of the output variable because of the . 

noise which enters the measurements. In fact, in .some cases it is im­

possible to derive all of the state variables from a given output. This 

situation arises if one qutput is unobservable with respect to ' another. 

For these reasons it may be necessary, or at least ~esirable, to develop· 

a design procedure which allows freedom in choosing the state variables. 

It has been suggested~ that, by the use of a semidefinite Liapunov 

function, the rigid requirement on the form of the state variables can 

be relaxed . The purpose of this paper is to develop this .concept, with 

application to a model-tracking system using a relay ·c.ontroller. Al­

though the theory developed in this _paper is app!icable ·to a wider class 

of problems, the specific plant to be controlled is pictured in Fig. 1, 
' .. . 

and consists of an inverted pendulum m&unted on a· ca~t · whose position is 

controlled by a d-e motor. 

Al though design techniques have been- proposed for relay control 

systems, it is believed that· this paper extends · previous ·work by general­

izing the applicaticn of model-tracking systems in the presence of para­

meter variations. 

II. The Design Techri~_que 

The system is diagrammatically represented in Fig. 2. The plant is 
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defined according to tlie. linear differential equation 

i+Ax+bu (2 .1) 

where x is a ·n-dimensional state vector with!= dx/dt, and u is a scalar 

forcing function. The elements of A and ~ can be slowly varying within 

known bounds. It is assumed that (2.1) represents a completely controll ­

able system. 

The relay is assumed to be ideal, and hence is characteri zed by the 

sign function 

u = 11L sgn y(~) (2.2) 

where~=~-~·~ being the response of the model . Land y are to be 

determined. 11 equals +1 or -1 depending upon the specific problem in­

volved. r(~). which represents a linear function of the error-state 

variables, is defined by 

y(~ k' e (2. 3) 

where~,= [k 1k2 ••. kn] denotes the transpose of k. The model is repre­

sented by the equation 

i. = a~+ ~ m(r.~ (2.4) 

with ~and~ defined as nominal values of A and b. m is a s i gnal which 

produces the desired response, ~· of the model. r is the input to the 

model . 

The deviations in A and b are denoted by 

A - Q., (2.5 ) 

(2 . 6) 

It is assumed that elements of 6 and§_ can be slowly varying 1vithin known 

bounds. By permitting m to include feedback signa ls of the model, it i s 

possible to cause an unstable plant to track a stable model us ing re lay 

control . 

The design problem consists of determining values for L and k so that 

the plant will track the model with zero error when 6 = 0, §_ = Q_, and with 

a bounded error when the elements of 6 and o are within the stated bounds. 

Hence, it may be said that the plant i s to be controlled with limi ted force 

so that, in the presence of bounded parameter variations, t he error vector 

will remain bounded. 
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The design approach is to define a positive semidefinite quadratic 

form 

(2.7) 

Now if the control law can be found which causes the time derivative 

V = y y (2 0 8) 

to be negative semidefinite so· that V > 0, V < 0 except on the hyperplane 

(switching plane) defined by y = 0, then if at some time e lies on the 

switching plane, its ~otion will be confined to the .switching plane there­

after. The conditions must then be derived which assure stable (bounded) 

motion on the switching plane. 

Since stability of motion off the switching plane is not assured by 

use of a semidefinite V function, it is pertinent to question why V cannot 

be made a positive definite function. If V were taken to be positive defi­

nite as has been previously assumed 1- 3, then in the presence of parameter 

uncertainties V could generally be assured of being negative definite only 

if the vector~ in (2.1) were to contain but one non-zero element as. would 

be the case if (2.1) were in phase-variable form. In this paper such a 

restriction on b is rtot allowed. 

In the following discussion, it is to be assumed that V is semidefinite 

as given by (2,7), and that the error vector is initially on the switching 

plane . Although no quantitative statement can be made as to the stability 

of motion off the switching plane. it is reasonable to assume that the 

system will be stable for small perturbations about t~e switching plane. 

A quantitative treatment of the convergence problem for large deviations 

about the switching plane lies outside the scope of this paper. 

In formulating the control law, it is necessary to obtain a differ­

ential equation for the error vector. Thus, using (2.1), (2.4), and 

(2.5), it follows that 

~ A e - t:, s + ! m - ~ u, (2 .9) 

or in scalar form 

ei = fi(~ + gi(!_,m)- biu, i = 1, ... , n. (2 .10) 

To insure that chatter motion will take place, i.e. that motion will 

be constrained to lie on the switching plane, it is sufficient, as men-
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tioned above, to require that V > 0, V < 0, when y # 0. This condition 

will be satisfied if, for y # 0, 

sgn y sgn y. (2 .11) 

Eq . (2.11) can be satisfied if the magnitude of u is large enough to con­

trol the sign of y. Consider the explicit form for y and y. Thus, upon 

expanding (2.3), 

whereupon 

From (2.10) and (2.13) it is seen that y can be expressed in the form 

n 
H!, ~· m) - l 

i=l 
k. b . u. 

1 1 

Now if u is made to satisfy the following two conditions, 

L lul > 

n 

n 
l 

i=l 
k. b. 

1 1 

sgn it ki bi u) = sgn y, 

then it follows that (2.11) will be satisfied . 

(2 .12) 

(2 . 13) 

(2.14) 

(2 : 15) 

(2.16) 

If (2.15) and (2 . 16) are satisfied and if at some time Y(!) = 0, then 

the motion thereafter will remain on the switching plane. It is· now nec­

essary to establish the conditions for such motion to be stable . ll'hereas 

(2.9) characterizes motion in Euclidian n space (En), motion on the 

switching plane can be described in En-l space. It follows based on the 

conditions Y(!) = 0 and y(e) = 0, that (2 . 9) can be reduced dimensionally 

so that, if~ represents a vector composed of n-1 components of !• then 

(2.9) can be expressed as a linear differential equation of the form 

(2 .17) 

I t should be noted that motion on the switching plane will not generall y 

call for u : 0. Since at y = 0 the function sgn y is not defined , it can 

be said that, for the idealized relay, u = L sgn y will in fact sa t isfy 
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the require~~e~tt for motion on the. sw:it"ching plane.. For a discussion of the 

chatter problem, see Schaefer5 • 

Since s and • are signals generated by the model, it is found that ~ 

is a bounded forcing function whose magnitude depends directly on parameter 

deviations, A and~- Furthermore, ~ = 0 if A = [0] and ~ = Q. If ele­

ments of k are chosen so that (2.17) is asymptotically stable with~= Q, 
then ~. as well as !.• wi 11 be bounded : Finally, with a knowledge of the 

bounds on !.• ~· and m, the val~e of L which is required to satisfy (2.15) 

can be determined. This completes the formal desig~ procedure. The de­

tails of the method will be elaborated upon in a specific design applica­

tion. 

It is noted that, in constrast to previous work2,3, by this design 

procedure the plant will in general track the model with zero error only 

if the parameters of the model and the plant are equal. 

In effect, a relay controller has been designed to cause the plant to 

have a desired nominal response characteristic, i.e. the model response . 

The effect of parameter uncertainty .has been related to the response. of a 

l1near differential equation (2.17). 

Ill. Design Application 

The design technique represented in the preceding section will now be 

applied to a model-tracking system using a relay controller. The plant 

consists of a cart supporting an inverted pendulum. As may be seen in 

Fig . 1, the cart, which is mounted on a track, is con~ected through a 

pulley and gearing to a d-e motor. The purpose is to cause the plant to 

track a lineari zed mode l of the nominal plant . This particular plant is 

of interest because the state variables are most naturally defined other 

than as phase variables . Thus, referring to Fi g. 3, if velocity of the 

cart is to be controlled, then the state variables logically become 

and 

x 1 v m/sec 

x 2 e rad 

X3 e rad/S -:'C 

u = e volts. a 

Re lative t o L2 .1 ) and based on the linear-:.: 1ng assumption (sin e ;:: 6 , 

cos 2:;: 11 , t he equations of the plant can be written in t he form 
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In order to study the effect of parameter variations, the distance 1 

from the pivot point to the center of gravity of the pendulum was made to 

be adjustable by repositioning m1 on the rod. The nominal values of the 

parameters, as well as their dependencies on 1, are shown in Table 1 . 

nominal 1 dependence 

au -800 none 

al2 -3 none 

a31 800 1/i 

a32. 13 1/i 

bl 15 none 

b3 -15 1/ i 

Table I 

According to the design procedure, the nominal values in Table I 

should be assigned to the corresponding terms in (2.4) pertaining to the 

model. Thus, (2.4) becomes 

(3.2) 

where each a . . and B
1
. has the nominal value of the corresponding a .. and 

1J lJ 
b. in Table I. 

1 

It is noted that the plant is open-loop unstable . · In this problem 

linear feedback was used so that the signal m(t) stablized the model and 

produced a desired response (~) to a reference input (r). 

From (2.10), (3.1), (3.2), the error equations become 

(3 . 3) 
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where 

and 

1,2. 

Eq . (2.7) in turn becomes 

V 1/2 (y2 ) 

wherein it is arbitrarily assumed that k1= 1 and k2 > 0, k3 > 0. 

follows, · upon substituting (3.3) into the expression for y, that 

+ k3 (a 31 e 1 + a 32 e2 + g3- b3 u), 

whereupon (2.15) becomes 

L lul > I 'I'J(~ + (13} + k3 133) m - '1'2. (s) I 
DJ + k3 b3 

with 

It 

'1' 1 (all + k3 a31) el + (al2. +.k3 a3 2) e2. + k2. e3 

and 

Eq. (2.16) in turn becomes 

(3 .4) 

(3.5) 

(3.6) 

The equations (3.6) and (3.7) form the basis for a control law. However, 

before di scussing these equations further, it will be necessary to obtain 

the r educed equation (2.17) which describes motion on the switching plane, 

assuming that (3.6) and (3 .. 7) will be satisfied. 

Using the equations y(~) = 0, y(~) = 0 which are valid on the switching 

plane, it is found that (2 . 17) becomes 

(1 + ~ r1) e1 = (all + ~ cr_1 r2..- a31)] ej 
(?,8a) 
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(3.8b) 

where 

and 

It is required at this point that k2 and k3 be chosen so that (3.8) 

1\Ul be stable. If (3.8) is rewritten in the homogeneous form 

(3.9) 

t~en the characteristic equation is seen to be 

(3.10) 

Stability requires that h 1 + 4>zz < 0, h 1 4>z 2 > 4>z 1 •P 12 , which can be 

shown to be equivalent to requiring for k1 1 that 

( 3. 11) 

Returning to (3.6) and (3.7), it is required that conditions bees­

tablished which guarantee V < 0 with y ~ 0 . On the assumption that (3.6) 

is satisfied , it follows that u will control the sign of y. For t ~ ~ nomi­

nal va lues of b1, b3 in Table I, and the requirement k3 > 1, it is seen 

t hat (3.i ) is satisfied if 

sgn u = - sgn y. (3.12) 

In order that (3.12) can be used for the full range of variations of b1 

and b3, it is necessary that k3 be chosen so that (b 1 + k3 b3) will al­

ways be of one sign. In thi s case, k3 can a lways be made large enough 

to meet this requirement. 

At tention is now directed to (3.6 ). In order to .determine a suffi­

..:ient ly la rge value of L, it is necessary to kn01; at least the bounds on 

'i'; C;:) , '¥ 2 (~) and m. It is informutive first to assume that the plant 

pa r ame ters a re at their no111inal values. In this case it can be .;een that 

!' 2 (~) = 0, '!'; (!:) = 0. Hence (3.6) reduces t<' 

( l . U) 



The state.ent that !1(!) = 0 in the absence of par .. eter deviations follows 

from the fact that the forcing function in (3.8) then reduces to zero . 

Thus, for the nominal plant, if~= ~initially, then the tracking error is 

zero if (3 . 12) and (3.13) are satisfied. Since the magnitude of m depends 

upon the size of the input (r), as well as the response time of the model 

(which is reflected in m(t)), the sizing of L requires a knowledge of the 

specifications placed on the syste.'s perforaance. 

At this point in the design, the effect of parameter deviations should 

be considered. More specifically, the value of L in (3.6) aust be made 

lar1e enough to override the teras f 1 (~) and f 2(!J. In Section IV results 

of simulation studies are presented which bear on this aspect of the prob-

1... It is important to note that it is possible to use simulation methods 

advantageously in the design since the response of the plant in tracking 

the model is insensitive to L, provided L is large enough . Thus, by 

making L excessively large in the simulation, the behavior of ~(t) can be 

deterained. This information can in turn be used in findina the ainimum 

acceptable value of L. 

IV. Results by Simulation and Experiaent 

The design which has been discussed in the preceding section was 

coapleted with the aid of analog-computer simulation and tests on the 

physical system, in response to a square-wave input to the model. 

The results of the simulation studies are presented in Figs. 4, 5, 

and 6. In these data the value of L was made excessively large, so as tP 

guarantee that (2.15) would be satisfied . In Fig. 4 the responses of the 

state variables of the model and the nominal plant are shown. The tracking 

error i s seen to be essentially zero as predicted. In Figs. 5 and 6 the 

value of ~ in the plant was increased by 40\ of its nominal value, and the 

test signal used in Fig . 4 was again applied. The data in Fig. 5 shows 

the responses of the same state variables as in Fig. 4, whereas the data 

in Fig . 6 shows the responses of the error state variables (el, e2, e3). 

It is interesting to note that the main effect of this particular parameter 

variation is to alter the initial response of the plant state variables. 

The spikes which appear in the error responses were used to establish 

bounds on the error terms appearing in (3.6). 

In Fig. 7 response of the phys i cal system in terms of Xl (velocity 

of cart ) and x2 (angle of pendulum) is compared with corresponding terms, 
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s1 and s2. 1 of the. model! us.ing a value of L determined from the simulation. 

Since parameter values of the plant could not be determined exactly, some 

error was to be expected. The high frequency components present in the re­

sponse of the plant are attributed to imperfect switching and coulomb fric­

tion. 

V. Conclusions 

The design of a relay controller has been formulated in which a linear 

plant subject to parameter uncertainties is caused to track a model with 

bounded error. The method can be applied to multi-output systems, or more 

generally to systems whose state variables are not necessarily available 

as phase variables. The method is demonstrated by application to a specific 

design problem involving the st~bilization of a cart-supported inverted pen­

dutum . 

From the theoretical standpoint, further study should be made of the 

tracking error which is incurred due to the use of an imperfect relay. In 

addition, because a semidefinite Liapunov function is used in the design, 

it has not been possible to determine bounds on the motion which result if 

the error states are not initially on the switching plane. This problem 

merits further consideration. 
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Fig. 1 Cart-driven inverted pendulum. 
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Fig. 3 Schematic representation of unstable plant. 
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Fig. 7 Response of actual plant. 
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DESIGN OF LIMITED-INS TRUMENTATION 
CONT ROL SYSTEMS F OR DIS TRIBUT .D 

PROCESSES 

Dr . } i . J . };ccann, 
I~peria Chemical Industr i es Ltd ., 
'wilmslo·.: , Cbeshire, England. . 

1 . Introduction 

Tnere are many e.:a.Jllples in the literature of 

modern control theory concerning t he optimal control of 

distributed par ameter systems. The design techni ques 

however may often result in very large or in t r a :table 

computation~l problews. Tne purpose of thi s paper is 

to derr.onstr ate me thods for designi ng control systems for 

distr ibuted proces ses with restrictions on the amounts 

of instr umentation. The design can be achieved using available 

modern com~utational equipment and tectniques, A .basic 

concept is that a dynamic system can be controlled best by 

usinG inforrration about its current state without dynamic compensations 

that are influenced by previous values of state. In 

certain cases these optimal control laws can 9e developed 

analyt ically as functions of system state, In the case 

of the linear system with integral quadratic perfor~ance 

criteria, the control law is found to be a linear funr.tion 

of sys tem state. Furthermore the change to other performance 

criteria ma~es little difference to system design or 

behaviour as long as the performance criteria makes 

deviations from design conditions more costly as the 

deviations increase. 

The objective will be to find control laws which 

use a measure of s ystem state to•define control action. 

This "-easure may be of conditions all over the system, or 

fr or~ ;;he restr i ct ed part of the sys tem, or even f :-om just one 

~~strument sui tably l ocated . Since the techniques are 

lar ely conc~rned wi t h process contr ol it w~ll be considered 

esse:1t ial that steady s ·tate condi ~ions of ze ro errors are 
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2. Prototyue linear di stributed process 

To develop the ideas, the process t o be considered for 

con t rol will be somewhat like a single path, shell-and-tube heat 

excr~nger with dis t urbances enterinG as fluc tuations in inlet 

tem.er ature to the tube side, and control achieved by variation 

i n shell side temperature , The control objective will be to 

minimise f luctuations in exit temperature from the tube side 

usin, only one probe or instrument t o measure the state of the 

~ne example has the essential character of any 

process which has a disturbance entering with the moving stream and 

control action Hhich is distributed along the steam either by 

changes in environment or by changes i n stream velocity. 

A representative system with s ignificant wall 
e ffects described by the following equations: 

~ • .!b.a ( u,-u~ ) +Qu ( U3-Ua ) 
at Ca Ca 

-V:~~+ D3a 2U:~ + Qu ( Ua..Ua ) ~ = 
at ax a~ Ca 

2.1 

c2 and c3 are the thermal cl'\paci ties of wall and fluid per unit 

length of system, G12 and G2j are the theraal conductivities 

betwee~ shell and wall, and between wall and fluid, u
1 

is the 

control variable ( the shell temperature), u2 the wall temper 3ture 

and u
3 

the fluid temperature, with v
3 

and D
3 

its velocity and axia l 

diffusivit y respectively. Figure 1 shows a diagr am of the process 

and the form of the control system used , This control syst em 

involves no dynamic compensation network but incl udes one probe 

into the system whose locati on is to be found, The design can be 

separa ted into two parts , the steady state design and the dynamic 

par t as follows , 

3. Steady St ;,_ te Design 

There are two parts to the steady state design problem: -

Findin the required distr ibution of condi ti ons,' in this case, 
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tc~perature distribution over the system and finding the desired 

chnracteri stics of the control system to maintain these desired 

con.iitions. 

In the steady s tate the equations obtained from Eqn 2.1. 

are: 

-V:t~ D3 a2
U3 
-~ U:t I: ~ Ua · ax • ox~ 

Ca Ca 

( ) Ua 

2.2 

and Gu+Gaa - Ga:~Ua '"' G111U1 

So that provided the required u
3

(X) have continuous second 

derivative etc., u1 can be found by Equatio~ 2.2. This approach 

can be extended to non-linear systems and to those with endothermic 

or exothermic reactions in the ftuid. The design of desirable 

temperature distributions for chemical reactors has been well 

covered (see Aris: 1)•. Nuclear reactors and heat exchangers 

have their own substantial literature. For the rest of this 

discussion it will be assumed that the necessary steady state 

des i Gn requirements have'beer. met, but the variables will represent 

deviations from these conditions, which deviations can be obtained 

by linearisation if necessary. 

The analysis or measurement of the steady state (deviation) 

system yields information for control design. Figure . 2b shows a 

steady-state response to a disturbar,ce of size D in u
3 

(0) as a 

function of position along the system. Figure 2c shows the 

corresponding corrective action which, as sho1m in figure 2d, is 

just suffi cient to ·suppress the disturbance at X:L (Beyond X:L over 

correction results) . A probe inserted into the fluid measures 

u•
3

Cx) as in fi~lre 2d, and so to get the corrective action, C, 

the gain i n the controller (K in figure 1) has to be made inversely 

· pro.portional to u•
3
(x) giving the relationship of figure 2d. The 

dynamic char acteristics of the control system design can then be 

considered t y choosing the bes t probe location subject to the 

above choi ce o_ t he s teady state Bain requirements. 

• Names and a~socia ted nunbers r efer to references Given at the end of the 
paper. 
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4 . Dynamic con t r ol (Singl e pr obe ) 

A satisfactor y control system must be s table but any contra~ 

loop around a di s tributed process can be made uns t able by incr easing 

l oop gain. In figu~e 3 t he gai n K for satisfactory steady-sta te 

behaviour ( f rom f i gure 2) is compared to t he gain K5 for critical 

stability , both plotted as functions of probe location. It can 

be seen t hat for x li' a the system cannot meet the steady state 

requirements and be stable as well. 

in the region x <ao 

The probe location has to be 

location. 

Several approaches are available for finding this probe 

All presuppose tha t a suitable dynamic simulation of the 

process is available. It is necessary to point out t hat a 

suitable dynamic simulation for a distributed process for these 

purposes is one which demonstrates i n adequate detail, not only 

the end to end or inlet-outlet behaviour of the system but also 

shows i ts internal behaviour as well. The first method to be 

described is based on step res ponse test s. Referring to figure 4a 

the response at L due to a step disturbance D is observed. The 

probe is inserted into the system at a possible location and the 

loop gain ad j usted for zero steady-state error·. In principle, 

t hi s desired steady state gai n can be calculated but with analogue 

ai r,1ula tiona part i cul arly i t i B frequently more simple to adju~> t 

until the required conditions are met, rather than to try and set 

it up by calculation in advance. A response U(L,t) as in 

figure 4b or 4c probably r esults. 

If the response is like tha t of (b) then the probe is 

too close to L, causing t he disturbance t~ be effect i ve at L 

before t he control s ystem has been ··able to respond. .If the probe 

i s moved fur ther away 'from L t owards the source of the disturbance, 

the cont r ol system may act too early giving a response at L like 

tha t sho~m in (c). The ideal arrangement· has the disturbance 

and i ts corrective a ction ar~iving at _L virtually simultaneous ly, 

as i n (d) . This _gives a use ful rule for a preliminary es tima te 

of t he best probe loca tion. Suppose the mean transi t (residence) 

t ime :ram entry t o exit i n t he fluid i s T units , (as i ndi ca t ed on 

fi g , l+a ) , t hen the pr obe should oc l oca ted so t ha t the t ime for 

t he dis turbance to r each the . r obe , Tm, should be equa l t o T- Tc' 

'.>'her e '='c is the time f or a step put i:-~to th e controller t o 
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reach the exit of the system , (L), 

In some systems the response (b) may show oscilla tions 

because t he probe· is too close to t he 's tabili t y boundary' - or 

alterna t i vely it may not be possible to adj us t for zero error without 

oscillation· occurring, As another alternative it is possible that 

t he cont roller may be so slow to respond t hat no really satisfactory 

locati on can be found for t he probe inside the system, (i. e . for 

0 ~ x < a) , This requires either a. compensati ng network i n -which ·case 

t he desiVJ is that for a "feed forward" cont rol system or a probe 

loca t ed even fur t her upstream. 

It makes little difference to the results if step di sturbances, 

white noise or sinusoidal disturbances are us ed for t he testi ng but the 

s t ep i s the simplest to use, The performance can be appraised by 

different performance criteri a, mean square error, mean modulus or• 

error, etc. with little effect on the conclusi ons, The choice 

of an err or criterion is just as subjective as a decision based on 

observation of the response, 

5. Sensitivity to Parameter Changes 

Vlhile the design technique shown above can gi ve good dynamic 

res ponse it has the s erious disadvantage tha t at least part of the 

system, that between probe and exit, is outside the control loop 

and ther efore not subject to feedback control. Fur.thermore 

i t works s a tisfactorily only for linear processes and also these 

l i near processes must have constant coefficients. It is highly 

unl ikely t hat these conditi ons will be met in practical examples, 

ther e fore some means must be provided for overcoming this _difficulty, 

One way of ~aling wit h thi s is to provide a correction 

signal based on t he integral of error measured at the actual exit point. 

The system i s shown in figure 5, This system has the dynamic 

.. advant a "'es of the proper ly loca ted probe and the long-term accuracy 

of t he integration . Some par~eter changes can be handled by 

modi fi cation of the control system. A frequently occurring case is 

changes i n flow r a te, Th~ r equi r ed gain for satisfactory steady 

state r esponse is a fun ction of flo w r a te. This gain can be found 

f r om steady s tate t ests and incorporated into the controller if the 

flow r ate i s measur ed . A significant change in flow r a te (e.g. 

! ~;) also makes a differ ence to 'lhe ideal probe location because 

it changes the response times of the s ys tem , However t he dynamic 
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r esponses of t he system to bo th disturbances and to control are chan~ed 

in t he s ame Nay , s o unless the performance i s found to be critically 

dependent on probe l ocation, the best position for averace flow rate 

should be used. Since the probe is making measurements and deviations 

f rom R normal operating conditi on, any change in the operati ng condition 

must be accounted for by a change i n the base level relative to which 

the measurement i s made. This can be treated as part of the steady 

state design problem or by me~ns of an adaptive mechanism as was done 

by Gaither: 2. 

The sensi ti vi ty to parameter changes can be significantly 

reduced by operating several separate but interconnected control 

regions i n sequence along the length of the system, as will be 

described in the next section. 

6. The Seguence of Controller~ 

The single control region of figure 1 and figure 2 is 

subdivided into groups of separate control regions each with its own 

probe into the process stream. This is shown in figure 6. A . 

disturbance entering at D1 is· suppressed by controller c
3 

by the 

time it reaches P
3

, but if the action taken by controller c
3 

is 

in any way inappropriate, or if some other disturbance, D2 , enters, 

of which c
3 

is unaware, then c4 can suppress it and so on down the 

length of the system. The effect as s ~en by a particle movin~ along 

with the stream ia somewhat like a sampled-data control. From the 

point of vi ew of the static observer each control region acts like a 

feedforward control if its probe is upstre,am of the region itself 

Cas for c
3 

in fig. 6). As each of the regions is made smaller it 

becomes more and more likely that the best Vsingle) probe location 

will be upstream of its control regibn and therefore under the 

influence of another controller. If however the probe is influenced 

by the control region for which it is the instrument (.e.g. if M3 
was within c

3 
region) and not by a previous ·control region then the 

design pr ocedUre i s as above for single _probe control, for each 

i ndependent region. 

For the sys t em depic ted in fieure 6 the bes t probe loca tion 

and cont r oller gai n is first deci ded f or each s ingle control region 

act~ng alone , the ot hers present but inactive, with disturbances 

e~ t e rin5 the process "u:-stream of ' e probe in question. Suppose 

thi- re~ul ts in t he probe : or region C ~ ( in fi 6) being , as ~hnwn , 
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inside region c2, and likewise region c4 has its probe in region c3 
etc. Consider a steady state disturbance D entering the system 

1 
which is detected by M and suppressed by C , by the time it reaches P

3
• 

At the measurement poi~t M
4 

there will stil~ be an uncorrected,deviation 

which will cause controller c4 to take unnecessary corrective action. 

As a result an error will appear at M
5 

and be propagated through to 

c
5 

and so on. This propagation of the disturbance through the 

system in steady state can be suppressed by interconnection between 

controllers. The analysis follows~ 

A diagram of a complete system is shown in figure 71 and 

c~e parts relevant to the discussion are emphasised. For an individual 

concrol region to suppress ~disturbance in steady state, the transfer 

iro~, Pr_
1 

at which point a disturbance · dr_
1 

may be supposed to appear, 

to ?r+
1 

has to made zero in steady state. Thus, for any particular probe 

position ·to be tested the objective is to ha~es 

g (o) g_ (o) + g__(o) g g {o) = 0 
1P -pp -mp cm pc 6.1 

(where g : (a), g (s) ate are transfer functions) 
PP mp , 

which fixes gem' a constant gain. The choice of the probe location for 

a. , is determined by dynamic require~~ents as before. 
r+' 

To eliminate the spatial propagation of steady &ate 

Q1Sturbances the response at Cr+2 to "a disturbance dr-1 must be zero so 

therefores 

g (o) g (g (o) g + g (o) + g__ (o) 1t (o) g = 0 6.2 mp cm me cm cc · -pp 111p cm 

an::. .: (o) is fixed. The dynamic non-propagation of disturbances 
·cc 

aay be improved by making g (s) into a compensating network, which cc . 
will always be physically realizable because it has to match the 

transfer through the physical components of the controller and 

process. It is in principle possible to calculate the required 

gains g and g (o) from equations 6.1 and 6.2. However the 
cm cc 

simplest . method of design is probably by adjustment on test using a 

simulati9n. 

A multi-actuator scheme as described above exhibits 

~~se~sitivity not only to parameter changes but also to errors in 

~ si~n an d defec ts i n the control system. Suppose for example 

tnat · the gain g c f a par ticular controller is in error, then 
cm 
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the next controller will take corrective action because the s i gnals 

f rou. its instrument and from i t s connection~th the erroneous 

controller will not correspond to give zer o action. Similarly if a 

controller saturates then whatever part of i ts load it cannot handle is 

passed on to the nex~ section, The cost of this insensitivity is 

that of extra controller elements, both instruments and actuator s , 

7 , Two-dimensional dynamic systems 

Design techniques described above for one dimensional 

s ystems can be extended to deal with two and three dimensional 

sys;;ems , The technique will be described by means of an example , 

A system of mass or energy transport in two- space dim-ensi ons 

h~~ control applied at a boundary C and a disturbance enter ing at a 

boundary u, It is desired that when control is a pplied, the e f f ] c t of 

the disturbances entering at D should not be felt on the desired zer o 

effec ;; line (DZEL), 

steady-state problem. 

See for example figure 8. Cons i der firs t t he 

A disturbance applied over the boundary a t ~. 

rnost eas~ly considered as a uniform disturbance, will have an i nfluence 

everywhere in the system, up to, but not including the boundary. whe r e C 

i s defined as zero. Similarly a change of C will have an influence 

evt : ywhere. When C and Dare applied together, with opposite pol a r i ty 

t her e must be a line between them on which the sum total effect is zer o . 

In i'i i~Ure 9 this is shown as the actual zez:o effect line (AZEL ) . If t he 

magnitude of C is increased t he line moves towards D and vice versa . 

If the shape of the distribution of control action with re s pect to 

s patial l ocation is changed, the the shape of the AZEL is changed , For 

satisfac tory steady-state performance the shape of £EL has t o be ad j us t e<i 

so that it coincides with the DZEL . However, t his may well not be 

physically possible but some approximate solution can be achieved . I f 

the s patial distribution of disturbance changes, the AZEL changes as Hell , 

so a control distribution has to be chosen for only one disturbance 

distribution. This may be amended by multi-controller systems and its 

effec t on performance minimized by choice of 'worst' distribution, In 

linear systems with given spatial distribution D and C and with constant 

magni t ude ratio between C and D the ac t ual zero effect line does no t move. 

In heat or ma t erial transfer systems the distributions of 

energy or material will be con tinuous functions of space , with at '"ors t 

discon t inuous spatia l derivatives. Thus , when controlled , the closer 

the AZEL ~ approached the smaller will be the observed r es ponse . 
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Any location inside the region dominated by D (see figure 9) can be used 

for a measurement probe location for proprt ional control, but since the 

smallness of the remaining signal measured near the AZEL necessi tates 

high,, ::- gain for steady-state accuracy, there is a 11stabili ty" boundary 

between u and the AZEL. The region between C and AZEL cannot be used 

for a control probe location because it corresponds to a 'positive' 

f eedback situation requiring physically unrealizable compensation 

As with the one-dimensional system the _design procedure 

can be broken into two parts : (1) to adjust the shape of the 

distribution of control so as to make the AZEL coincide as nearly as 

possible with DZEL in steady state, and (2) to chose a probe location 

in~ ide the region dominated by D and on the safe aide (nearer D) of 

th e stability boundary to give best dynamic behaviour along DZZL, (or, 

n1ore easily measured, at apoint on DZEL). 

The system shown in figure 10 represents a flowing stream 

of material in which it is desired to maintain a uniform {zero)' tem~erature 

profi le a cross the stream at the DZEL as shown. The process is subject 

tn distur bance in incoming stream temperature. Heat is transported 

through the system by flow, in the direction of positive x and by 

diffusion through the material. It is possible. to control the 

ter.rperature at the control boundary in the form: 

c(t).Y (x) 

This means that the distribution of control action, l {x), 

is chosen in the steady-state design phase and the magnitude, C(t), is 

de termined during operation by the control system. 

~uch a process can be represented by a suitable analog 

n;:; -c1:0rk as shown in Fig. 11. Alternatively all calculations may be 

perfvrmed digital ly. 

For steady state design the response due to a (uniformly 

distributed) disturbance is found at all points in the system, In 

t he anal~g of fi g. 11. D
1

,D
2

,D
3

,o
4

,u
5 

are set to 10v (say) and 

~ ,C ,c
3

, ••• c
9 

are set equal to zero and the resulting voltages in 
1 2. . 

ti , ~ process a re measured, A plot of such a set of recorded results 

s i1 o ,-m i n figu;re 12 as a perspective drawing of the response surface 

ov~- - the x,y plane of the recess, Tn e r esponse due to a uniformly 
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distributed control action (c1:e2:e3:e4:,,,Cg=10v•· D1 :D2:D3:D4:D~:Ov) 
is shown in figure 13, The effect that it produces on the DZEL is 

again shown at the right hand end of the diagram. 

When these two effects are combined so as to oppose each 

other the total effect is shown in figure 14. The actual zero 
•' 

effect line (AZEL) could be made to pass through the centre of the 

JZ~ oy making the magnitude of the control action 2.4. times that 

of the disturbance, and this is the condition shown. The response 

on tae uZ~ is far from satisfactory, and in fact the magnitude of 

res?onse near the control boundary is greater than the maenitude of 

t~e ~ncoming disturbancet 

The influence that the control action has can be improved 

c;t ;.apine- its distribution in x. Figure 15 shows the effect of a 

~oaified control profile·( Y(x) ) which has magnitude 10 units for the 

first 2/3 of the system and magnitude zero for the remaining 1/3. 

It can be seen that while not exactly the right shape the effect is has 

on t he DZ~ is closer to that of the disturbance so that the cancellat ion 

•di ll be be tter, 

\rnen this new control profile is applied to the systeffi to 

oppose an incoming disturbance, the resulting effect is shown in 

The magnitude of the contr~l action had to ~3.5. times the 

di.s t•n oance magnitude to make the AZEL pass through the middle of t he 

exit stream. 

For the purposes of this example, the steady-state design 

will be t~en no further but it is clear that further changes could be 

made to i mprove the, cancellation. However these changes will tend to 

make tae controi action near u larger and give a smaller or reverse action 

near the DZZL. At some stage in the design of a real system a practical 

lir.it will be reached because of ffiagnitude or gradient (in x) constraints . 

8 . Choice of instrument position for dynamic behaviour 

Since the steady-state magnitude of response when appropriate 

contr ol is applied is known at every point, (as in figure 8 .17), the 

required gain to give accurate steady-state response from any measure 

point can be r eadily calculated as: 

Hav,ni t ude of Requir ed Control Action 
Hagni tude of Response at Measure Point 
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If an analog model is being used for des~gn the constant 

disturbance D is replaced by a step disturbance and the dynamic 

re :; ~>O;lse on t he DZEL is observed as various •Jea&urement probe 

locat~ ons are tried using the appropriate gain in each ~se. 

Fi.;; . 17 shows the results of such a test. The control system 

in ~:r.,i s case had no significant :dynaJDic lag so that .C( t) wa.a 

directly proportional to the measurement made by the probe. The 

best location was foUnd by moving the probe upstreaJD from the centre 

of t he lJZEL until the balanced response "of Fig 17b was found. Tests of 

all possible adjacent points showed no improvement 

9. ilelay Control for two-dimensional systems 

A single probe relay control system for a two-dimensional 

distribu·ced process as described aoove is extremely simple. The 

measure~ent probe has to be very near the AZEL. This is because this 

is the only locus where having zero average deviation will also produce 

zerc ave:::-age deviation .• at the per!oriii!U!ce measure point , (P in 

fib~e 18), and in steady-state the rel-:r contro~er haa to settle for 

switching about zero. The design procedure is thus to move along the 

AZEi.. to find the location which gives best dynamic behaviour ·at P. 

The dynamic response is always a l.illlit cycle because a 

aistribu t ed system is always of high enough (infinite) order to 

prociu~ e if~0 phase shaft with finite magnitude response, so that 

some 1in::. te gain will produc3 •. limit cycle. Having the probe 

ae&r to OZEL and further from the · controller makes the limit cycle 

large• . Having it nearer to the controller makes the limit cycle 

sr.~ller but reduces accuracy, epecially when the distribution of 

disturbance chan~es. 

The probe has to be located so that the limit-cycle 

.s.titcnini; of C, which it produces, has the correct ratio of on to 

c f f -.imes (mar k-space ratio) for ba lancing the disturbance. Thus as 

~h~ s~ ze of the disturbance changes the required m~k space ratio 

The ideal probe location also shifts slightly so that 

'"' en the ..AZ...:L ( a nd P ) has zero mean the r.~ean value oi the fluctuating 

r:-.e asurerr.ent at t he pr obe will be biased enough for the s witching 

aOou ~ ~cro ~o have t h e correct mar~-spacc r a tio. T'nus for the 

01or e realis-.ic f ixed probe loca tion the ciesifll has to be carried 

out fo r a parti cula:- si ~e o f dxurbance. If- the des ::. ;p1 is cnrri.e d 

o ut for a o i. s t ur-canc e mt. e •'~ t ucie abc-ut ha l f the ,nJaxiuJunl possibl e 
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~hicn the cont roller can suppress the design will give a fair 

?~~ :oru.ance at maximum disturbance and always better performance 

for ~~ler disturbance~. 

Performance can be improved by the use of two probe 

con crol ·:>ecause the frequency of the limi ~ cycle can be increased giving 

i t a s;:la- l er :r.agni tude . and better overall dynamic behaviours !or the 

c ornple ~ e tiys~em, It is still necessary that in steady-state the average 

aur;; of t r, e t·•o measures be close t o zero . For this to be the case, 

or.e ~~ooe haa to be between the AZEL and the control boundary ~ and 

;;ha cc:1er ·_, e-;.ween AZEL and "disturbance boundary D (see fi_g . 18) • 

. Furt.-.e ::-mo~-e , since the S;eady state mean values of the measurements at 

all such points (such as 11
1 

and M2 in fig 18) are known, the relative 

••ei 0i-,-:ings ~o be given to the measures are fixed, 

~ feasible design procedure is to set up the simulated 

_proc e~$ ~.thout disturbance and adjust the position of the probe 

near ·~o t ne control boundary ( M
1 

in fig. 18) until the limit 

cycle :::aF.icude and frequency as seen at P is satisfactory, Then put 

in the listurbance and choose the location of the ~econd probe (M
2

) 

so tn:;.t good dynamic response to a di sturbance results at P. As in 

the ~&ce : t he l inear control design this can be achieved by looking 

for =o-·ly or l ate control action, It may also be obs erved that the 

fin&~ ~yst e r., wil l be slightly better than the linear system in 

dynamic r es ponse, because the controller applies maximum forcing as 

soon as ~~y disturbance is detected. There is, however alway$ the 

l imit cycle supe rimposed on this dynamic behaviour, 

10, Concl usi ons 

A method has been described for designing the control 

s ys;;·"' ···" f .:Jr dist ributed processes which are linear and for which 

very e;ood :.od.els are available to :iescribe internal behaviour. 

Tne me~hod may r equire a good deal of comput~tional effo rt but 

the l evel of comput ati onal di f f icul t y i s no greater than that 

re~uired t o pr oduce a working mat hematicai model, Furthermore, 

bec:;.~se tire work is done with a simulat ion ·a.I\Y real worlo constraint.~; 

sue~ as limitations on magni tudes, gradients, numbers of components 
. . . . 

etc. can r eadi ly be incorporated during .the design phase. 

A te rnative design techniques f or the s ame class of 
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distributed processes have been developed by Gaither(2)and Licht~3~ 
Both these methods used frequency domain concepts. Licht uses 

spectral analysis to compute the mean square error of a control 

system as a function of the weighting attached to the informat~on 

available from each of the possible or allowable probes. He then 

us~s thi s measqre in an optimising technique which results in the 

choice of the best use (weighting) of the information from the 

available ~robes. Gaither's techniques is more closely related to 

tee vne described in this paper but his criterion for choosing probe 

loca~ion is based on measurements of phase. angle rather than 

measurements of step responses. The net result is just about the 

sa~te. Gaither also provides a technique . for adaptive adjus~ment 

both of the gain of the controller in the linear case and also for 

the ~djustment of the set point or base level relative to which 

the uc~suremeut is made for syster:-.s where there are shifts in 

operating points. There is thus available a group of design techniques 

for controllers for distributed processes Which are no more difficult 

to carry out than the simulation of the processes themselves. 
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fig.l. Multi-Actuator Control of Distributed System 
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fig. fJ. Influence of Control action (applied on far boundary} 
on flowing stream. (Insulated boundary a! nearJide) 
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fig . 14. Combined effect of control and dis{urbance with control 
adjusted to balance disturbance at center of eA'd stream 
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fig. 16 Total influence on uit stream · of modified control and di.sturbonu. 
Control ac(;usted to give cancellation at cent er of e.r/t stream 
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fig. 17 Dynamic behaviour of example 2-D system 
Effect of cont!'o/ at center of u it stream. 
Mean residence time of model is J5 mSec 
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fig. 18 . Lrample 2- space system show1ng 
results of steady state design in 
location of AZEL 


