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TWO COORDINATION PRINCIPLES AND THEIR
APPLICATION IN LARGE SCALE SYSTEMS
CONTROL
M.D. Mesarovic, D. Macko, Y. Takahara

Systems Research Center - Case Western Reserve University
Cleveland, Ohio USA

Two principles of coordination are formulated in order to provide guidance
in selecting a structure for multi-level (hierarchical) control systems. One
principle is based on interaction prediction and the other on interaction bal-
ance. Both are given within the general systems theoretic framework to em-
phasize their wide range of applicability. Sufficient conditions for the suc-
cessful application of the principles are given for two-level systems defined
on normed linear spaces. Some examples of two-level systems are given to i11-
ustrate the required conditions.

Introduction

Multi-level (hierarchical) systems are of increasing importance in the
application of automatic control and automation. Indeed, the notion of a
system with multi-level structure has become almost synonymous with the notion
of a large scale system. A multi-level structure for a large scale system
appears rather naturally in practice. It results from efforts toward the
most efficient utilization of the available resources or inherent limitations
of the elements out of which the system is being built.

Muiti-level systems are being built in practice without any theoretical
support on either a conceptual level in terms of the preferred structure or a
detailed level in terms of* synthesis and computational methods. To alleviate
this situation a general theory of multi-level systems is being developed at
the Systems Research Center of Case Western Reserve University. The result of
this research is reported comprehensively in a forthcoming book. Presented
here are some results on the synthesis of multi-level systems.

Consistency and Coordination

A multi-level control system consists of a class of control subsystems
(units) arranged in a hierarchical fashion such that some of them have only
indirect access to the controlled process. These control units receive infor-
mation and manipulate or control other control units in the hierarchy. A two-
level system with a single control unit on the second level is of special im-
portance in the family of multi-level systems. It is the simplest system in
the multi-level family and provides a convenient framework for the study of
problems, such as the relationship between levels, which are characteristic of
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multi-level systems. In a two-level system the second Tevel control unit is
referred to as supremal while the first level control units are called infimal.
The infimals are the only units which have direct access to the controlled
process. More complex systems with many levels can be built from two-level
systems by modular construction.

There is associated with each control unit in the system a so-called con-
trol problem; the control unit derives the appropriate control by solving its
control problem. (In the optimal control approach the problem is one of opti-
mization; namely, the control unit derives a control that gives optimal per-
formance over a class of controls.) The control problem of an infimal unit is
referred to as an 4ingimaf problem and that of the supremal unit is termed a
coondination probLem. The infimal problems in the subsequent sections are
assumed to be optimal control problems. However, there is at present no need
to so specify the nature of the infimal problems.

In addition to the infimal problems and the coordination problem there
is a control problem for the entire system. This control problem is termed an
overall problem. It is the control problem of the system taken as a whole, in-
tegrated unit or the entire control hierarchy viewed as a single control unit.
Its solutions ought to specify the set of all controls, i.e., the controls of
the entire system ought to represent the solutions of the overall problem.

The overall problem can be used to evaluate the functioning of the control
hierarchy and in particular the supremal unit. Assume the overall problem and
the family of ‘all infimal problems are given. The supremal unit then has the
task of coordinating the infimal units so that the overall control objective
as given by the overall problem is achieved.

A relationship among the three types of problems associated with a two-
level system is now given formally. The relationship precisely states how co-
ordination can be accomplished under favorable conditions. It also provides a
guideline for the synthesis of the supremal unit.

First, the concept of a coordination object for an arbitrary family of
control problems is introduced and the law of consistency is stated. Then, the
law of consistency is used to express the desired relationship between the three
types of control problems associated with a two-level system.

Let P = {n1,...,nn} be a family of control problems LR An n-tuple
X = (x],...,xn) is a solution of P if each X5 is a solution of the correspon-
ding control problem Iy LetT denote another control problem. The sofutions
0§ P yield sofutions of T under a trhansfonmation t, expressed as

(802 P) - (802 1) (1)

if t takes every solution of P into a‘solution of 1. If t is identity then
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(1) means that a solution of P is a solution of m.

Let C be an arbitrary (non-empty) set. The set C is a coordination object
of P if each A ¢ C uniquely specifies a family PA = {nlx""’nnx} of control
problems and for some A ¢ C, Px= P. Let C be a coordination object for P and
for each i = 1,...,n let Pi = (nix : A2 e C}. Then the families P],...,Pn are
coondinable nelative to 1 under t if there exists a A* ¢ C such that

(s0£ Py) » (s0L 1). (2)

To aid in the selection of A* a problem Ty is formulated. And to provide
a guide in formulating Ty the relationship

[(s0t Px) + (s0L no)] AmplLies [(s0L PA) + (402 1)1, (3)
T
called the Law of conziAtency, is offered.

Consider now how the law of consistency can be used for the synthesis of
the supremal (coordination) problem.

Let s be the i-th infimal control problem and let n be the overall con-
trol problem. It should be expected that (1) does not hold in general. The
infimal problems are local problems and neglect interactions. Moreover, there
is usually a conflict between the infimal and overall objectives. The trans-
formation t appearing in (1) is usually prespecified. Hence the parameters
A e C are introduced and used to modify the original infimal problems L The
i-th infimal unit then has a family Pi = {n,, : x € C} of control problems
~ rather than the single problem I .

Let L be the supremal problem. The supremal problem is the coordination
problem which is to find A* € C and hence appropriate modifications of the

ix

infimal control problems so that (2) holds. The law of consistency specifies
logical requirements which the supremal, infimal, and overall problems must
satisfy for given mappings > and t. If for the given L and t and each A ¢ C
the law of consistency holds, then the supremal unit need only to concentrate

on finding a solution to its problem Ty The solution of L then produces a
coordination parameter A* that coordinates the infimal control problems relative
to the overall control problem n, i.e., (2) holds.

The law of consistency is trivially obeyed for all A ¢ C if I, = 1. But
then the rational of a multi-level structure is lost, for the supremal unit is
required to solve the entire overall problem. The infimal units are then only
transmitters or implementers of the control. The art in structuring a two-
level system might very well be considered as the selection of the supremal
problem I, %0 that it is considerably simpler (in an appropriate sense) than
the overall problem I and, yet, the law of consistency is obeyed.
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Coordination Principles

Suppose a two-level system (as indicated in Figure 1), an overall problem
I, and a family {H],...,Hn} of infimal problems are given. How should one de-
fine the supremal control problem My the coordination problem, so that the
law of consistency (Eq. 3) holds?

The problem confronted here is conceptually very difficult. So far there
is no indication how one should proceed. However, in order to attack the pro-
blem an approach is postulated that provides a basis for detailed mathematical
investigation. The approach consists of two steps: (i) postulating coordina-
tion principles that specify the supremal unit's strategy and (ii) investi-
gating the applicability of the coordination principles.

The coordination principles are introduced within the framework of general
systems theory, i.e., using set-theoretic notions, in order to present the
concepts in a general yet precise form.

Consider a two-level system given as follows:

I. The Overall Problem. Assume there are given two mappings: a process
P:M->Y and a performance G : M x Y - V with M the set of controls, Y the
set of outputs, and V the set of performance values. The sets M and Y are
arbitrary and V is assumed linearly ordered. Define an overall cost gfuncition
g : M >V such that for all me M

g(m) = G(m,P(m)). (4).

The overall problem I is then to §ind m ¢ M which minimizes g on M.

II. The Infimal Problems. The infimal problems are defined in terms of
subprocesses obtained from P by decomposition and performance functions defined
on the subprocess variables. Let M = M]x...Mn and Y = Y]x...Yn. Decomposition
of P, as shown in Figure 2, yields the subprocesses Pi 2 Mi x Ui - Yi and
their interconnections Ki tMxY > Ui' The Pi are used to define subprocess
models for the infimal problems. The infimal or local performance functions
Gi 3 Mi x Ui x Yi + V are assumed to be given, and at the outset are assumed
to have no specific relationship with G. Define the infimal cost function

9; ¢ Mi x Ui -+ V such that for all m, e Mi and uj e Ui

g.i(mi ’u'i) =" G‘i(mi’ui ’Pi(m’i’ui))' (5)
Two cases arise as to how a means of coordination might be provided.
Case A: Model Coordination. Let A = Upxe Uy Each a = (a],...,an) e A

is a prediction of the interface inputs and gives for i = 1,...,n the subpro-

cess model Piq(mi) = Pi(mi’“i)‘ Let C = A, then for each a ¢ A the infimal
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problem 1, is to find m; e M such that

gi(mi’“i) 5 :i" gi(mi’“i)‘ (6)
i
Minimization is only over the set Mi of local controls.

Case B: Goal Coordination. Let B be a given set such that each g ¢ B
specifies for each i = 1,...,n a map Gis 2 Mi x Ui x Yi -+ V which is a modifi-
cation of the original Gi' Let the mappings gie : Mi x Ui -+ V be the infimal
cost functions defined in terms of Pi and Gie as in (5). Let C = B, then for
each g8 ¢ B the infimal problem g is to find (ﬁi,ﬁi) e My x U; such that

giB('ﬁi’Gi) =M'fl18 giB(mi’ui) (7)

Minimization is over-both sets Mi and Ui‘ The interface inputs are treated as
free variables. ’

A coordination principle is postulated for each of the two above cases.

Let the infimal problems be given as in Case A. For each o ¢ A let
ﬁﬁ(u),...,ﬁn(a) be locally optimal, as defined by (6), and let f(a) =
(m1(“)""’mn(°))' If m(a) is implemented (applied to the process P) the
actual interface input to P, would be u,(a) = Ki(ﬁ(a),P(ﬁ(u))). Hence the
following principle is proposed:

Interaction Prediction Principle

Let o = (u],... ,un) be the interface inputs predicted and u](u),...,un(a)
Zhe actual interface inputs occurring when the Locally optimal controls
m](u),...,mn(a) are applied. The overall optimum is8 achieved whenever

a; = uy(a) for all i = 1,...,n (8)

L.e., the predicted intenface inputs are cornrect.

Application of this principle is diagrammed in Figure 3. The supremal
unit makes a prediction o of the interface inputs, observes the error ¢ be-
tween o and the actual interface inputs u(a), and then corrects or updates its
~ original prediction o to obtain a new prediction o'.

For simplicity the interaction prediction principle is referred to as the
INPRE principle. If the INPRE principle applies it yields immediately the
supremal problem f : find & = (&1,...,&n) € A such that e;= &; - u;(a) = 0
gon each i = ],...?n. ;

Alternatively if €4 cannot be made zero one can define an appropriate
function f of the errors E1se-es€p and the supremal problem as minimization of
that function, i.e., find a ¢ A such that f(€1""’€n) attains a minimum.
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Consider the Case B. Each of the infimal units is optimizing with res-
pect to both local control and interface inputs. For each 8 ¢ B and i =
1,. 50 lat (ﬁi(s),ﬁi(s)) be optimal, as defined in (7). Only the control
m(g) = (ﬁ1(s),...,ﬁn(8)) can be applied to the process. Therefore if m(g) is
applied the interface input “i(s) = Ki(ﬁ(s),P(ﬁ(e)) appears at P..

Interaction Balance Principle

let 8 € B be given, Zet G](e)....,ﬁn(s) be the interface inputs as ne-
quined by the infimal units to achieve RLocal optimum, and Let G](s),...,ﬁn(s)
be the interface inputs that occur if the controf m(g) = (ﬁ1(8)""’ﬁn(8)) 48
actually applied. The overall optimum is achieved whenever

u;(8) = u;(8) for each i =1,...,n (9)

i.e., the actual intenface inpuits are precisely those required by Local opti-
mization.

This principle is referred to as the INBAL principle. If INBAL.applies,
the problem of the supremal unit is to find 8 ¢ B such that € = ui(s) - ui(e)
=0 gor each i = 1,...,n. Or, alternatively, f(c],...,en) is minimized, where
f is a suitable function of the errors.

Application of INBAL is diagrammed in Figure 4. The supremal unit chooses
a coordination parameter B ¢ B, observes the error ¢ between the demanded in-
terface inputs u(g) and the interface inputs u(g) that actually occur, and
then corrects or updates its original selection g8 to obtain a new coordination

parameter 8'. ;

The next question to consider is the application of the princip]e%. Two
concepts are used in this context.

INPRE or INBAL is applicabfe ifthe overall optimum is achieved whenever
condition (8) or (9), respectively, is satisfied. There is no requirement
here that there actually exist an a e A satisfying (8) or a 8 ¢ B satisfying
(9), i.e., it is not necessary that the condition making the required error
function zero actually exist. However, if the error function vanishes then
the overall optimum must result.

The system is coordinable via INPRE or INBAL if the principle is appli-
cable and the conditions that yield the vanishing of the required error func-
tion exist. That is, in the case of INPRE, the principle must be applicable
and there must exist an ¢ ¢ A satisfying (8); and, in the case of INBAL, the
principle must be applicable and there must exist a 8 ¢ B satisfying (9).

- Application of the Coordination Principles
Assume that the sets M, U, and Y are subsets of normed linear spaces
while V is the set R of reals, i.e., V = R. This allows the use of methods of




9

functional analysis. Moreover, it provides sufficient mathemaiical structure
so that realistic specifications can bé taken into account in sufficient detail.
The results, however, remain fairly general. Many of them apply to both dy-
namic and static process and, furthermore, to non-linzar as well as linear pro-
cesses. In an attempt to highlight the practical implications of the results
the following format is followed: a statement of the theorem and then a simple
example are given. The theorem statements and following examples contain suit-
able information for application. Proofs of the theorems are given in the
appendix for the sake of verification.

Due to the space limitation only the application of the INBAL principle
is considered. Analogous results for the application of the INPRE principle
can be found eisewhere].

The relationship between the infimal processes Pis-vnnPand the overall
process P is determined since the former are obtained from the latter by de-
composition. However, no relationship between the infimal and overall perfor-
mance functions has been so far assumed, except that they are defined on the
same set of variables (controls and outputs). Conditions for applicability
and coordinability of the coordination principles are therefore given essen-
tially in terms of the properties of the performance functions on different
levels and their interrelationships.

Theorem I. Let v be a mapping ¥ : R" 5 R such that gor akl 8 ¢ B and all
m= (my,...,m ) eM

w(glg(mx,u]),...,gne(mn,un)) = g(m) (10)

where v = Ko(m,P(m)) for each i =1,...,n. I ¢ 44 order preserving 4n each
of 4its arnguments, then INBAL 44 applicable.

Example 1. The simplest example of y being order preserving in each of
its arguments 1is

“(r]y---ir ) = a]r‘]+...+a r.s @ _>_0.

n nn’ i
If the r; are restricted to being non-negative, other examples of v are poly-

nomials in (r],...,rn} with non-negative coefficients, i.e.,

2
#{ryarg,ry) = agry + agrr, + agra; a; > 0.

The overall cost g is additive if for all m = (m}.A..,mn) e M
a(m) = £ g;(my,K;(m,P(m))). ()
For each i = 1,...,n let fi b; the mapping fi : B x M ox Ui + V such that
9 (mioug) = gslmesug) =+ Fi(eomyuuy) (12)
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on B x Mi x Ui‘ Infimal modification is additive zero-sum if

? f;(8.m;,K; (m,P(m))) = 0 {13)

for all m = (m],...,mn) ¢ Mand 8 ¢ B.

Theorem II. Suppose the overall cost is8 additive and infimal modigica-
ion 48 additive zero-sum modification. Then INBAL s applicable.

Example II. Let n=2 and let Mi’ Ui’ and Yi be the set R of reals. Let
the interconnections be u, = y, and u, = y,, i.e., the maps K, are projection
1 2 2 1 i
mappings. Define G such that

G(my5mysyy5Yp) = Gy(my,ug,yy) + Gy(my,uy,y,)
where up =¥, and Uy = ¥q- This gives additive overall cost:
g(mysmy) = gq(my,up) + gp(my,u,)

whenever (uz,u]) = (y],yz) = P(m],mz). Let B = R x R and for each
8 = (81:8,) ¢ B define

Gy (mysuqayq) Gﬂmr”vyﬂ'*%”f'eﬂf
and
8 (mgatiga¥y) = 6lmyatipayy) + B3 = 8135 -
This is additive zero-sum infimal modification, i.e., the fi in (12) are:
flemun) = 8yuf - 8y(Py(myu))?
and 2 2
fo(8amy,uy) = Byus = 8y (Py(my,u,))°.
Theorem II states that the INBAL principle is applicable to this system.
In the following theorems we make use of the mapping v : B x M x U -+ V,
where U = U]x...Un, defined by the equation:

v(g,m,u) = z gis(mi’ui) (14)
i
for each 8 ¢ B, m = (m1,...,mn) ¢ M, and u = (u1,...,un) e U.

Thecrem III1. Suppose the 5o££uuuﬁ; hotd:
(i) the overall cost g 48 additive and has a minimum on M;
(ii) 4ingimal modification is additive zero-sum modification;
(ii1) there 48 a non-empty subset B°S B such that for all 3 ¢ 8° each
ingdimal cost 95 admits a unique minimum on Mi < Ugs

(iv) fon some 3 ¢ B®, inf v(8,m,n) = inf g(m).
MxU M

Then the two-Level system L8 coordinable via INBAL.
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Example III. In Example II define ™"
¥ = P1(m1,u]) = Zm] +uy
and
Yy = PZ(mZ’"Z) = 2m, - u,.
Define Gi( oYY ) = m? + (y1.--1)2 for i = 1,2. Hence for g = (31’82) e R xR,
the modified 1nf1ma1 costs are
91p(maup) = me + (2my 4 up1)? 4 gl - g(amy + ;)2
and 2 2 2 2
9pglmysup) = my + (2my - up=1)" + Bouy - 6y (2my - up)”.

Define B°S B such that 8° contains all g = (31,3?) e B for which g, #

(532 + 1)(452 + 1) and g, # (53] + 1)(46.I +1)° Then, for all g ¢B° each
infimal cost 9ig° i=1,2, admits a unique minimum on M x U Furthermore,
for 8 = (0, - 1/2) ¢ B,

mis [g95(mysup) + gp5(my,u,)] = %= mm g(my.m,).
X

The conditions of Theorem III are satisfied and, therefore, the system de-
scribed is coordinable via INBAL. In fact, for g8 = (0, - 1/2) we have
(i, (B),0,(B)) = (0,2/3) and (m,(B),U,(B)) = (2/3,2/3) and, moreover, m(g) =
(0, 2/3) minimizes g(ml,mz) on M] x MZ‘

Let the mapping K : M x U -~ U be such that for all m = (m1,...,mn) e M
and u = (u],...,un) el

K(m,u) = (Ky(m,y),....K (m,y)) (15)
where y = (P1(m],u]),...,Ph(mn,un)). Infimal modification is Linean difference
modigication if B is the conjugate space of U and for all B e B, m =
(m],...,mn) e M, and u = (u],...,un) e U

? fi(e,mi,ui) = g(u - K(m,u)). (16)

Theorem IV. Suppose the goLlowing hold:
(i) zhe overall cost g 48 additive and has a minimum on M;
(i1) 4ngimal modification is Linean difference modification;
(iii) each 9ig 4 strictly convex and Lower semi-continuous on
My o U and each set Mi x U_i 48 weakly compact and convex;

(iv) 4o some B ¢ B, sup inf v(B,m,u) = inf v(g,m,u).
B MxU MxU

Then the two-Level system 4is coordinable via INBAL.

Example IV. Let n=2, let Yi be the set R of reals, and let Mi and Ui be
subsets of R:



M. &t e R imebie Ak 0= 02y

"

and
R:ju
where r is given such that 1 < r < l% . Define

Ui £ {y

"
=}
-
n

Py 1

®
| A

¥ P](m1,u1) z (m] - 1)2 + Uy
and

¥y Pz(mz,uz) = u2(m2 +2)

and let the equation up = my and uy = my define the interconnections, i.e.,
the K; are projection mappings. Define

G1(m1,u1,y]) =yt m%
L 12 2
G2(m2,u2,y2) 2 ¥ ¥ 10m2
and
G(mysmysyys¥p) = Gylmysupyy) + gp(my,un,y,)
The infimal costs are then
2 2

91(m],u]) = (m.| - 1)2 +uj +my
. 2
9y(my,uy) = up(my + 2)° + 10m5.
Moreover they are strictly convex and bounded on the sets Mi x Ui respectively.

The overall cost

g(m],mz) = mf + (m.l - 1)2 + mf(m2 + 2)2 + llmg

is additive and strictly convex on M] x M2 and therefore has a minimum on

M] < WZ' Let the f. in (12) be such that
frlamau) = 3 - 8pm,
and
fa(Bamysuz) = Bpup - Bymy
where 3 = (51,32) < R x R. Hence, for B = R x R, infimal modification is lin-

ear difference modification and for 'all g ¢ B each modified infimal cost g
is strictly convex on Mi x Ui' With some effort one can find a 8 = B such that
condition (iv) of Theorem IV is satisfied. Therefore according to Theorem IV
the system described in coordinable via INBAL. In fact 8 satisfies condition

(9).

Theorem V. Suppose the following hold:
(i) the overall cost g 4s additive and has a minimum on M;
(i1) 4ngimal modification is Linearn difference modification;
(iii) each 9z s bounded, strnictly convex, and Lower semi-continuous on
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Mi % U{i&nd the seis Mi and Ui are closed, bounded and convex;

(iv) 0 ¢ Int(E) where E = {e = u - K(myu): m ¢ M and u = U}.
Then Zhe two-Level system is coonrdinable via INBAL.

Example V. Consider the standard linear dynamic system with quadratic
cost problem. For i = 1,...,n let Eim and E; be Euclidean spaces and suppose
the subprocesses Pi are defined for t ¢ [0,7] by the linear vector-matrix
equations

ii(t) = Aiyi(t) + Bimi(t) + ui(t); ) RO (17)
where yi(t) and ui(t) e Eiy and mi(t) e Ejp- The matrices A, and B; are of
appropriate dimension and may be time varying but continuous on [0,1]. Let Mi
be the set of L J;(O,l) such that mi(t) e 9, a compact convex subset of Eim:
Define E;, to be the set of e; e 1}(0,1) such that ei(t) € Eiy and
[les(t)|| < e for a given ¢ > 0.

Suppose the equations

ui(t) oL Aijyj(t) c Aii z 03i=1,...,n (18)
define the interconnections. Let yi(o) € Ei be given for each i = 1,...,n.
Define Y as the set of solutions y = (y,,...,yn) of

¥;(t) = Ay, (t) + Bom(t) + ZA; 5y 5(t)ve (t); i=1,...0n (19)
J
for m e Mi and e e Ei . Y is bounded and convex. Therefore, for i=1,...,n

let Ui be a closed, bounded, and convex set such that

;5 AinJ. < U

where Yj is the j-th coordinate of Y. The sets Ui then contain all possible
interface inputs.
Define the infimal performance functions

ezl v
Gi(mi'ui’yi) . ci(mi(t),yi(t))dt, ) [ P

where the c; are positive definite quadratic forms. Let the overall performance
function G be given as the sum of the Gi‘ When the subprocesses, given by (17),
are interconnected via (18) the overall cost has a minimum.

Let B = U?x...xU; where each U$ is the conjugate space of Ui' For each
B = (B],...,Bn) let the modified infimal performance function be

Grg(msugoyy) = Gy(mpugayg) + 85(u5) - T 85(R5y5).
Infimal modification is then linear difference modification.

A1l the conditions of T eorem V are satisfied by the system described. In
particular, since M, and U, are bounded it follows from (19) and the continuity
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of c; that condition (iv) holds. Therefore the system is coordinable via

INBAL.
Concluding Remarks

The prime reason for the formulation of the coordination principles is
the solution of the structural problem in the synthesis of multi-level systems.
The framework of optimal control is used only as a convenience to show mathe-
matically that the principles indeed do apply to a broad class of situations.
However, the importance of the principles lies beyond the limited framework of
optimal control. Indeed, the coordination principles define the supremal
problem as a prediction and regulation problem. Using the INPRE principle,
the supremal has to predict the interface inputs, compare them with the actual
interface inputs, and update the prediction whenever the error is evaluated
as being outside acceptable bounds. Similar interpretation can be given to
the INBAL principle. Using the INBAL principle the supremal has to modify
the infimal performance functions, compare the interface inputs demanded by
the infimal units and those that actually occur, and provide a new modifica-
tion of the infimal performance functions whenever the error is found to be
outside acceptable bounds. In such a way the principles can be used to syn-
thesize practical supervisory control algorithms that can be applied on-line
to control the systems in the presence of disturbances. For example, if the
INPRE principle is applicable, all that is needed to decentralize the control
action is an acceptably accurate prediction of interface inputs. This method
can therefore be used in the large scale multi-variable control situations
where the problem of dimensionality is overwhelming.
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Appendix A
Proof of Theorem I
Suppose y is order preserving in each of its arguments. Let 38 ¢ B be
given and for each i = 1,...,n suppose (ﬁi(s),ﬂi(s)) is optimal as defined by
(7) and u,(8) = Ki(ﬁ(ﬁ),P(ﬁ(B))), where m(8) = (ﬁl(s),...,ﬁn(s)). To prove
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applicability of INBAL it is shown that m(g) minimizes g over M.
Let m = (m e ..,mn) € M be arbitrary and for each i=1,...,n let
= Ki(m.P(m))- Then g, (my(8),4(e)) < 94(my,uy) for each i=1,...,0.
Therefore, since v satisfies (10) and is order preserving in each of its ar-
guments,

a(m(g)) = v(gqg(m (8),uy(8)),. .. ,0, (M (8),i,(8)))
< {9y (mysuy)seensgp (mosu)) = g(m).
Hence m(g) minimizes g over M. This completes the proof.

Proof of Theorem II.

‘If g is additive and the infimal modification is additive zero-sum modi-
fication then (11), (12), and (13) are always satisfied. Hence for all g ¢ B
and m = (m], ceam )eM

§ 9yg(myoK; (mP(m))) = = gy (m; Ky (m,P(m))) = g(m).
1

Therefore, by Theorem 1, INBAL is applicable. This completes the proof.

Proof of Theorem III.

Because of (i) and (ii) it follows from Theoram II that INBAL is appli-
cable. It remains to be shown that for some g ¢ B condition (9) is satisfied.
It is then shown that g = B in (iv) is such a 8. Because of (i) and (iii),
condition (iv) hold for minima as well as infima. Let (ﬁi(s),ﬁi(e)), for
i=1,...,n, be optimal, as defined by (7), and let m = (ﬁ],...,ﬁn) minimize
g over M. Then from (iv) and since g is additive,

? 95 (M3 (8) ,u;(8)) = g(i) = ? 955 (M5 K, (@,P())).
Hence, for each i = 1,...,n
94(M; (8),8;(8)) = g4, (my Ky (m,P(m)).
Therefore, from (ii1), m;(8) = m; and U (8) = K;(m,P(m)) for each i = 1,...,n.

i
This completes the proof.

Proof of Theorem IV.
It suffices to show that conditions III-(ii), III-(iii) and III-(iv)

hold.
It follows from (15) and (16) that linear difference infimal modification
is also additive zero-sum infimal modification. Hence condition III-(ii).
Each 9 is strictly convex and lower semi-continuous on Mi x Ui and
Mi x Uy is weakly compact and convex. Hence 9ig has a unique minimum on
Mi x Ui' Hence condition I I-(iii).
Condition III-(iv) is now shown to hold. For any m ¢ M and 8 ¢ B, because
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of (i) and III-{ii), i.e., equations (12) and (13), vw(&,m,K(m,P(m))) = g(m)

and hence
sgp v(8,m,K(m,P(m))) = g(m).

Let m = (m],...,mn) cMand u = (ul,...,un) e U. Then from (12), (13), (14)3
and (16),

sup \)(B,m,n) =2z gi(m'l :u.i) + sup B(u e K(m)u))'

B i B

From the Hahn-Banach theorem, sup 8(u - K(m,u)) = = if u # K(m,u). Therefore,

for all me Mand u e U,

i g(m) if u = K(m,P(m)),
sup v(8,m,u) =
B = otherwise
Hence
inf sup v(8,m,u) = 1inf g(m) (A-1)
M<U B M
As a result of condition (ii) and (iii), v is weakly lower semi-continuous and
convex on M x U for each 8 ¢ B and, moreover, v is concave on B for each

me Mand u € U. Therefore,

sup inf v(8,m,u) = inf sup v(8,m,u). (A-2)
B Mxy MU B

Due to (iv) there exists B ¢ B such that
sup inf v(B,m,u) = inf v(8,m,n). (A-3)
B MxU MxU

Therefore, from (A-1), (A-2), and (A-3), inf v(8,m,u) = inf g(m) which is con-
dition III-(iv). This completes the proof, . "

Proof of Theorem V.

It suffices to show that IV-(iii) and IV-(iv) hold.

Note that in a reflexive Banach space a closed bounded and convex set is
weakly compact. Therefore condition IV-(iii) holds.

For each 8 ¢ B since the 9ig have minima let v*(8) = inf v(g,m,u). If v*
has a maximum on 8 then condition IV-(iv) is satisfied. MxU According to
Appendix B it is sufficient to show that v* is continuous and concave on B and
v¥(3) » - = as [ [g]]| » =.

To show concavity let 8,8' ¢ B. Then because of linearity in 3, condi-

tion (ii),
V(A“Q + (] ¢ A)a‘,m,u) & XV(BJ‘“U) + (] = )\)\)(B',m,ll)

for all m =« M, u ¢ U, and any real number x. Therefere, for



0 <x <1, one has
v¥(ag + (1 - 2)8') > av*(g) + (1 - A)v*(s'),
i.e., v* is concave.

Continuity follows from the face that a convex functional f on a ear
topological space X is continuous on Y& X if and only if there is a non-
empty open set 0 €Y such that f(x) is majored by some number o for any x e 0.
lLet B e B, me M, and u € U. Since the U is bounded, K is also bounded since

its range is included in U and !g(u - K(m,u)) | < a ||8]|| for 0 < a < ». There-
fore from (12), (13), (14), and (16)

\’(Bsmsu) Z_]? gi(mi!l‘i) -a ”BH ’

where m (m],...,mn) and u = (u1,...,un); and hence

v¥(g) > v*(0) - a ||g]] .,

i.e., - v¥(g) is majored in any bounded open set of B. Therefore v* is con-
tinuous on B.

To show v*(g) + - = as ||8]| » = it is proven that there is an r > 0 such
that v*(g) < v*(0) for every 8 ¢ B with norm r.

First assume there is an r > 0 such that v¥(B) < v*(0) for every B ¢ B
with norm r, and show that this implies that v*(g) + - = as ||g|] » =. Let
g, B' e Band g" = Ag + (1 - A)R'. For 0 < A < 1 one has from concavity

VH(8") > avk(B' + (8" - ') + (1 - A)v*(s')

by using B = B' + %{e“ -8'). Forpu=1/22>1,
u [v*(8") - v*(8')] + v¥(8') > v*(8' + u(g" - 8')).
Let ||8"|| = r and 8 = ug" and 8' = 0. Then for |u|= ||8]l/r >1,
.U%U. [V*(B") " v*(o)] # \)*(0) > V*(B)-
Since ||g"||= r, v*(8") < v*(0). Therefore v*(g) + - = as [|8]|]| + =.

Now exhibit an r > 0 such that v*{8) < v*{(0) for every g ¢ B with norm r.
From (ii1) each 9; is bounded on Mi x Ui’ hence there exist finite numbers
by and b, such that for all m ¢ M and u e U, by < v(0,m,u) < b,. Observe
that v(0,m,u) = £ gi(mi,ui) where m = (m],...,mn) and u = (u],...,un). Let
B € B be arbitra}y. Since for each m ¢ M and u ¢ U,

v(g,mou) = v(0,m,u) + 8(u - K(m,u)),
one has

v*(8) j_bz + ;na g(u - K(m,u)).
X
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From condition (iv) it follows that there exists an ¢ > 0 such that

inf 8(u - K(m,u)) = inf ge < inf ge
MxU E | le||=e

where E = {e = u - K(m,u) | me Mand u ¢ U}. On the other hand

I18]] = sup |se|] = sup Be =- inf Be. Therefore

[lell=1 [le]]=1 [le[[=1
';nrl ge = - [[8]|. Letr=b,=-by+1. Then for any g ¢ B with norm E ;
j1eqy(=

v*(g) g_bz + inf 8(u - K(m,u)) i.bz - ¢ ||8l}
MxU
= by = 1 < by < inf v(0,mu) = v*(0).
MxU
Hence, for ¢||8|]| = by - by + 1, v*(g) < v*(0). This completes the proof.

Appendix B
Let X be a reflexive Banach space and suppose f is a lower semi-continuous

convex functional on X such that f(x) > = as ||x|| + ». Then f has a minimum
on X.

Proof. Since the functional f is Tower semi-continuous and convex it is
weakly lower semi-continuous. Let inf f(x) = a < =, then there exists a se-
quence {x } in X such that f(xn) +a as n » =, Then there exists r > 0 and
N such that for n > N, lenll < r. If not, there is a subsequence ix, .} of
{x,} such that ||x .|| > «=. Then f(x .) > = as n' » = But this is a con-
tradiction of f(x ) »a<=asn->w LetY={xe X| ||x]] <r}. ThenY
is closed, bounded, and convex, that is, weakly compact. Hence there is a
subsequence {Xn"} of (Xn} that converges weakly to Xq € Y. Hence
a > lim inf f(xn") > f(xo) > a by weak semi-continuity. This completes the
proof.
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Figure I. Two-level System
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DECENTRALIZED OPTIMALIZATION
OF LARGE-SCALE, DYNAMIC SYSTEMS

by
Roman Kulikowski

Instytut Automatyki PAN, Warszawa,Poland

1. Introduction

In recent years a number of methods have been developed
which attempt to simplify the optimalization of large scale
systems. The main approach used in these methods is based on
the concept of decentralization or decomposition, which at-
tempts to break down the large-scale problem into a number of
simpler sub-problems. As a result the complex system can be
controlled by several controllers, which are arranged in the
form of a two-level structure and which are coordinated by a
process of exchange of information 15,10,

The majority of papers written on decomposition deals with
complex problems of linear and nonlinear programming.Much less
results have been obtained,so far,in the decomposition of dy-
namic problems. } :

In the present paper an extension of a decomposition meth-
od for the dynamic case is given.

A concrete application will also be discussed.

2. Statement of Problem

L<t 2m concave and diffrenmetiable functionals F,(x;) and
Hi(xi) and m concave,differentiable operators Gi(xi)' where
%y € Xi’ Gi(xi) e Zi’ i=1,2, ¢«¢., my be given. xi, Zi' are
assumed to be, in general, real Banach spaces.

The local optimalization problem consists in finding such
elements 'x; = X; € X; , that the functionals ri('xi) attain
their conditional maximum subject to the inequality con-
straints Gi(xi) =0, i.e.
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F,(%;) = max ri('xi)
Gy(x;) >0y 1=, eeuy m. (1)

The global optimalization problem consists in finding such

elements x; = §i € X, that the functional

m
B(Xqs Xgo wens Fg) = ) Fy(x,) @)

i=1

attains its conditional maximum subject to the inequality con-
straints

Gi(xi) =0, i=1, sens n, (3)
B
) E(x)>h, O)
i=1

where h is a given real number.

The relation (4) represents the (functional) interactions
among the m individual subsystems specified by Fi and Gi.

It is assumed that the solutions for local and global opti-
malization problems exist and that it is such easier to derive
the local, rather the global, optimum solution. We assume also
that there exists, and that is possible,to derive the solution
of m auxiliary problems: f£ind the solution =Xy = ;i of

max F,(x,) (5)

subject to
Gi(x;) =0, (e)
Bi(xi) = yi’ i= 1’ seegy I, (7)

where ¥~ given real numbers.

These problems shall be called the I-level optimalization
problems.

In the case where it is possible to derive §i as a func-
tion of Ty o0 i. e. ii(yi) it is also possible to derive the
functions

£.(3;) = Fifii(yi)} yi=ty e m.
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By II-level optimalization problem we shall call the prob-
lem of finding values y; = ?i s =1, ¢eoy my, maximizing the
function

m
JBEACA (®
i=1
subject to the constraint
m .
E ¥ = b . 9)
i=1

That is a typical nonlinear (statical) optimalization prob-
lem.

There exist many known computational techniques such as the
gradient projection method which enable the numerical com-
putation of F; and then X, = 2'1(5’1), a5 e aiie

In many practical problems,however, it is difficult tosolve
the dynamic I-level problems and to derive the explicit form
of fi(yi).

The main idea of the present paper is to show that the solu-
tion ?i can be computed without the knowledge of £;(y;). We
shall show that it is possible to derive the numerical values
of gradient fj'_(yi) y 1 =1, eeey m , Por the specified values
of 75 and use the gradient technique. In the case of nonlin-
ear differentiable functions such a method has already been
used succesfully 10. The present paper shows that a similar
approach can be used also in the case of nonlinear differen-
tiable functionals.

3, Effective Solution of II-level Optimalization Problems

In order to solve the problem (5), (6), (7) we should in-
vestigate the generalized lagrangean:

q’i(xi, )‘i’ By) = Fi(xi) + %i[(}i(xi)] + pi[Hi(xi) - yi] ,(10)

where A, - linear functionals in the space o (adjoint <o

4 )y Ay - Lagrange multipliers.
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Denote H;(¥,) by J; and F,(%;) by fi . Assuming that
these functionals are continuous, strongly differentiable )
and " grad H,(x;) “ # 0, 1i=1, ¢s.y mn ywe shall prove that

af, 5 "
-E; = pyy i= Ly seey I & “n
Indeed, we have
fi g lim Fy(%; + 7hy), ¥ = lim  E (% + k)
7=—=0 Y= 0

where hi are a.:bitrary elements of Xi s and 7y is a number.
Then ;
af,
5 d £
;—- = d—T- lim Fi(xi + ‘Thi) =
: 1 b
= dm == { lim Fi[xi + (7+47 )hi] ¥
Ay=—0 T—=0

- 1lim Fi[ii + Thi]}= lim %{Fi[ii + A7 ¢ b+
y—>0 A== 0 T A

-7 [i"cd}: ar, [ii, hi} :

where dF; [ii’ hi] is the strong differential of Fy [i,h} at
the point ii [ Xi with respect to the variation hi € Xi .
We have also

x) The functional F(x) is called strongly differentiable
at x when the limit
lim 1 [F(x + 7h) - F(x)] = aF(x, b), h € X
T—DO v

exists and dF(x, h) is continuous at x 11.

The strong differential dF(x, h) can be written in the
form of a linear functional, i. e. (£(x), h),where £(x) is

called strong gradient of F(x) , i.e. £(x) = grad F(x) " .
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~ g

. R L

d
.2 w5, ] — (12)
dyi ay in dyi

By differentiation of ii Hi(xi) we find in a similar

ay, 3
way: ——= = aH, (¥;, b;) . That can be written:
ay i

1 - aH,(%,, by) i
- X = 0 . 13)
e e (

~

Multiplying (13) by By and summing up with (12) we get

- 5 ay
- = |gF h,) = dH.(x;, h —
dii [ i(xi’ i) 84 i( 40 i)] ds'i P

i=1, eeey I o

It is well known "

( py) exist that

that when ii is optimum such numbers

grad Fy(%;) = py gred Hi(i'i), 1= 9 wvas
Hence, for arbitrary 1.1:1 € X , we get also

aFy (Fiy by) = Py G (F,y Be)y L =1y ey @

Then we obtain

s’
T= s 9 i=1’ nooym
&, Pi

what completes the proof of (11).
It should be observed that the knowledge of Ay i=1,¢00y m
m
allows to construct the gradient of E fi(yi) which enters
i=1
into the problem of (8), (9).
Then the new admissible values of yi for the problem (8),
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m
(9) can be determined,which yield greater value of I £,(y,)-.
1
These values of ii can be used for the next solution of (5),
(6), (7).Then the following iterational procedure follows (see
also Fig. 1):
(i) Starting with an arbitrary admissible value y§0)' i-=
=1, ee., my, the I-level controllers Cq, coey Cm s solve the

local problems (5), (6), (7) which yield a{® , i -1, ...,n.

(ii) The values pgo), i=1, ..., myare being sent to the
II-level controller C which, by a gradient method, computes

the next approximation y§1), i=21, ¢eey B, for Ty . These
values are being sent to the I-level controllers 01,..., Cm.
Then the process can be repeated yielding an iterational

algorithm.Wnen the above formulated iterational process is be-
ing derived there is usually such a stage during which the

constraint (9) is being violated. When the gradient projection
algorithm is being used the new admissible direction should be
determined by projection of the gradient on +the constraint
edges.

The convergence of such a method has all the known proper-
ties of gradient methods. For a concrete problem the conver-
gence can be usually investigated in a more complete manner.

The advantage of the described method lies in the fact that
the knowledge of the explicit form of fi(yi), 1=y seey My
is not necesaary.

4, Extension

In & similar way a problem can be solved in which instead

of (©) one gets several local constraints Gij(xi) > 0,j =
=1 «esy 2y i =1, ¢e.y, m, and in the global problem one gets

J =1y eeey Py (14)

where h'j - given real numbers.
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In a special case when Hij(xi) = °°ini(xi)’ I = N gesenys b,
J = 1y ssey Py and c‘ij are real numbers we get(instead of

(9):

m
D TPy Py s 3= T ceer B (15)
i=1 |

The problem of maximizing (8) , with the constraints (15)
can be also solved by gradient technique.

One should observe that the constraints (14),(15) belong
to the class of the operator-interactions. There exists also a
class of integral constraints such as

m +
L: S ki (t - T)x;(T)AT > o(t), t € [0,T], (16)
1= 0

where c(t) , ki('t) - given functions.
Introducing a discrete version of (16) one gets the system
of inequalities

m
E ﬁ: ki[(,j -v) Am]xi(v CATYAT > (3o AT), 3 = 1yeeesp

i=1 v=1

where p = T/ AT, AT - a small enough interval. The present
form of interaction belongs to the class (15).
Obviously, the described method can be also used for the

solution of problems win which it is necessary to maximize

m

Z Py(x5)

i=1
subject to

Gi(xi) <0, i=1, eoeym,

m
E H;(x3)<h,
i=1

where Fi,Gi,Hi, i=1, ..., m, are convex and differentiable.
It 1is also possible to solve problems in which the con-



29

strains (6),(14) contain equality constraints or when x; eare
multi-variable e. g« = vVvectors in =, However, before that
method is used, the problem should be reduced to a standard
form of (2) - (4). In certain cases that requires the intro-
duction of auxiliary variables.

It should be also noted that there exist nonlinear trans-
formations which can be used for transformation of the opti-
malized functionals to the required separable, additive form
(2), (4). If for example

m

O (xqr veen xp) =[] [Gap] ™,

i=1

where ¢i(xi) and x; are nonnegative, introducing the
functions

Py(x) = 1n cbi(xi), L DR
F(x1, ey xm> = 1n ¢(I1, ceey xm) ’

we get

m
F(x1’ ceey Im) = ;NiFi(xi)

as required by (2).

5. Optimalization of a Thermal-hydro-power System

A typical example of the complex system where the proposed
method can be used is an integrated power system, including
hydro and thermal power stations.

- Assume that the instantaneous cost of generation of elec-
tric power Pc in the theraml station F(Pc), where the func -
tion F(Pc) is positive, increasing and strongly convex,
F’(0) = 0 . The cost of power generation in the interval [O,T]
is equal

T
¢c = F[pc(t)]dt X (17)
0
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It is assumed also that
F

N

P (t) <P

min c max ! (18)

where Pmin’ Pmax are given positive quantities.

The hydro-station is characterized by the function PH[q],
where PH is the power generated by the station and g is
the rate of water-flow through the hydro-turbine. It is assum-
ed that PH[q] is positive, increasing and convex, Pé(O) >0,

Denote by =r(t) the rate of water inflow and by v(t) +he
instantaneous water inventory in the reservoir. One gets an
obvious relation

V() = Vg = Voo +

e r(t) dr , (19

O "3 ct

where: VO - amount of water at t = O, vmin - minimum admissi-
ble water amount in the reservoir.

Consider a power system which consists of hydro and a ther-
mal stations that should generate P(t) units of power for
common load where P(t) is a given function. It is necessary
to find the best strategy of power Pc = ?c and water distri-
bution q(t) = q(t) which minimize (17) subject to the con-
straint (18) and

Pzla(®)] + B (v) = P(%) , (20)
0 =<q(t) <Q, (21

%
{ a(xrar < ww) (22)

0

where Q@ 1is a given positive number.

The above formulated problem has been investigated by many
authors © , using variational calculus, maximum principle and
dynsmic programming. In one paper a method based on the so
called Lagrange functionals has been applied and an explicit
solution of the optimalization problems has been given .ﬂFur-
ther extensions of that method are included in the paper .

In the case of an integrated power system, which consists

~

of n thermal- and m hydro-stations with one reservoir the



global cost functional becomes

n 92
c=) { Fi{Pci(t)]dt - (23)
i=1 ©
where [Pci' - given cost functions.

It is required to find such strategies P (t) f’ci(t),
i=1, ..oy, ny, and water distribution qi(t) = qi(t), i=1,

+esy @, Of hydro-stations, characterized by function Py, [qu,
which minimize (24) subject to the constraints
n n
Y [a(®)] + Y P8 = B(H) , (24)
i=1 i=1
P min < Poi(®) < By oy o (25)
0<q(t) <Qs 1=12, ceey m (26)
R b
{ g(rrar < ww) , (27)
i=1 0

where Pi min? Pl bt Q, - given quantities.

It can be observed that (27) represents the operator-inter-
action introduced by the common reservoir. One gets a similar
type of interaction in the case of several reservoirs when
the hydro-stations are situated in tandem connection e. g. on
the same river, with distances small enough, so the water de-
lays can be neglected.

In order to solve the optimalization problem by the method
of section 3, it is necessary to change it into a discrete
version. Dividing [0, T] into p sub-intervals [0, AT] ...
e [(p - 1) AT, p * AT], p = T/ AT, we get instead of (23)-
(27) the problem of minimalization of

n
=) E Fi{Pci( v AT)] AT

i=1 v =1

subject to the constraints.
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m n
[Bas ¢ 7+ AD)] Epci(v « AT) = B( v . AT)
i=1 i=1

Pi min S Foil( Ve AT) < Py poy

Osqi(V-AT)sQi, 1 2 seay i

m Vv
qui(j « AT)AT < v( v * AT)
i=1 j=1

2 1y 2y eeey D »

In the process of computation, according to the two-level
algorithm of section 3, it is expedient to use the dynamic
sub-problem solutions (derived, for instance, in papers 6’7).
When AT is small enough, the error due to discretization can
be neglected.

It should be observed +that the two-level optimalization
algorithm is very usefull in the case when a decentralized
system of energy dispatching centers is being used.
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[MPUHIUN AENEHRTPANUSAIMKA P ONTUMASALMYA CJOKHAX CMCTEMA

[epBo3BaHckuii A. A.
npogeccop, [0INTEeXHUUECKU) UHCTUTYT
Jllegunrpaz, CCCP

Padora CODCTOMT U3 ABYX YacTeil. B mepBoil U3 EUX AH&AM3U-
DyOTCA BOSMOEZHOCTH Da3JOKEHUA 337ja4¥ ONTUMANBHOT'O NJ3HXPOBA-
HMA ZJiA CHCTEMH JOCTATOYHO OOiefi CTPYKTYPH Ha DAZ 3KCTpEMalb-
HHX 3aZau ZJA OTZCJBHHX 3JEMEHTOB. BHACHANTCA OCOOEHHOCTH
BAUAHUS B3AUMHHX NOCTAaBOK HAa 3(0PEKTUBHOCTH pPaACOTH KaXJAOTO
3JeMeHTa X NpejnaraeTcs MpocTeillasd JOKalbHafd annpoKXCcUuManud
278 Takux 3asucumocTeil. Ha aToff ocHOBe BO BTOpOfl YacTu aHamd-
3UpyeTCA BIAKUAHUE HEPaBHOMEDHOCTH NOCTABOK BHYTDU NNEHOBOTO
nepyoZa Ha CpeZHD 3HPEeKTUBHOCTE DaCOTH 3JEMEHTa C YUYETOM '
BOBMOXHOCTY ONTHMA3ANUYU MOJUTHUKA DPE3E€DBUPOBAHUA, UYTO MPUBO-
JUT K DEKOMEHJaUUAM O HeOOXOZUMOCTH KODPEKLUUM MNOCTaHOBKA 3a-
Jovyl MIAHKPOBAHUA AJA CUCTEMH B LEJOM.

I. PaccuaTpusaercs 3ajava NIAHMPOBaHUA DACOTH CUCTEMH,
cocrofmeil 3 N B3aUMOZEHCTBYONUX 3JEeMEHTOB. CTPyKTypa B3a-
uuoreficTBuR u0%eT OHTH ONpeZelieHa NYTEM 3aZaBWA MaTDALH UH-
quzeHOouti rpaga cmaseft, T.e. AAA KEXZOTO MOXHO ONpEZENUTH
MHOXECTBO MHIEKCOB ¢ BXOZOB &,(i) MM ¥ MHOXECTBO UH-
ZTeKCOB 4 BHXOZLOB F.v) . BBezZEM TaKkke DIEMEHT & .., (Bep-
nuHy rpada), 43 KOTOPOI'O HE BHXOZUT HU OZHOT'O pedpa.

OYHKUMOH/DOBAHME KaXZoro 3JEeMeHTa & . oOnpejensercs
BHIOYCKOM .  L=4,2,...,n, DACHPEZENACMHM 10 CBA3SHHHM C HHUK
3JeMEHTau

p. =2 Py (1.1)
J& J "
NpUYEM YPOBEHD BHIYCKA MOXET 43MEHATHCA B Npejelax, AOMyCTU-
MHX OTPaHUYeHUAMU

{‘u;,P-‘,,P:,ﬁ ER,\” (I.Z)

rie W - BEKTOD, XapaKTepuaywuuii MHTEHCHBHOCTH MDPOLECCOB
3 CaMOM 3ISHEeHTE, P; , 3 € J v~ BEKTOpa, XapakTepusyn-
[y UM JOJO BHIOYCKA JpPyTUX 3JeMEHTOB, R, -
HEKOTOpHE 3aMKHYyTHE 06JNacTH.
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OrmeTmd, 9TO MHOTZA YZAOOHO Pa3ZeNATh OT'DAaHWNEHMA HA ZBE
TPyNIH: CUCTSMHHE OTDAaHMYEHHH, B KOTOPHE BXOZAT YPOBHM NOTPEG-
IEeHAA MPOAYRUUM ADYTHUX 3JEMEHTOB, M COGCTBeHHHe (MEecTHHe),
XapaKTepUsyblye BO3MOKHOCTH TONBKO JAHHOTO 3NEMEHTa.
lpexnoznaraerca, WTO (YHKUMOHMPOBAHUE CHCTEMH B LEIOM NOZLUH-
HEHO JKCTDEMAaNbHOMY NPUELNMNY, BHDaXEHHOMY B &AAMTUBHOA dopue

F= T  F(RL.) -mex o

r e'}‘mu)

4 yCIOBHMAM OallaHCa Ha CBA3AX
/

e PL) .

Pemerne cgopryanposaHHOil 3chpeﬁanLBoﬁ 3azaud 4 OyzerT
HMEHOBATHCA DelleHMeM 3a7laudl ONTUMAJBHOT'O NIAHMPOBAHUA ZIA CH-
CTEMH B JieTeDMUHMDOBAHHO} NMOCTaHOBKE. [0 cBOeit GOopMyIMpOBKE
OHa fBNAETCA 3anadell MaTeMaTHYECKOrO NPOTPaMMMPOBAHMA M CTPYK-
TYPHO o0oCmaeT Kiaccuueckue cxeMu J.B.Kanropomuua u JA.Teiina,
JCTIONB3yeNMHe B 2KOHOMETpuKe. OHa MOXeT OHTH TPaKTOBAHA Kak
npodleMa BHOOpa YPOBHEil NPOM3BOACTBa M pacnpeZeleHus NpPOAyE-
Oud B CUCTEME, COCTOANEH U3 pAZA YaCTUYHO CBA3GHHHX MEXZy CO-
Gofi Mpou3BOJCTBEHHHX eZMHMI (UeXOB, NpeAmpuATuit, OGHEAUEHE Huil
i T.7.). XoTA (axToOp BpEeMEHM SABHO He y4aeTBYyeT B (OPMUPOBA-
EUM MOZenM, OZHAKO MOXHO CUMTaTh, YTO 33 aHHHE OI'DAHUYEHHUHA,
a CJlef0BAaTeNbHO, U NMPOM3BOAUMHI BHOOP JOJIXHH OHNpeZe]ATH mO-
BEeJIGHUC KaXZ0r0 3JEeMEHTa CHCTEeMH Ha HEKOTOpOM KOHEUYHOM OTpe3-
Ke BpemMeHM (ONaHOBOM NEpuojne ), BO3MOXHO, He MACHTHYHOM ZAJA
D&3IMUHHX 3NeMEHTOB (mociezHee OGCTOATENBCTBO NO3BOJAET BBE-
CT¥ B DaMKy CXeMH U T.H.ZeTepPMUHUDOBAHHHE MOZENM NepCHneKTUB-
HOTO NJIAHNDPOBAHAf, XOTS IpA 3TOM (USHUYECKM OZHYy E Ty Xe Ipo-
V3BOJICTBEHHYD €ZVHUIY NPUXOZUTCA M300paxarlh DASIMUHHMU BdIe-
MEHTaMU CXEMH, COOTBETCTBYDNMMN €€ COCTOfSHMO Ha NOCIEZ0BaTElb-
HHX TOZNepuojiaX MJIaHUDPOBAaHMA ).

llocne ¢opuMpOBaHUs NpPOCIEMH MJIAaHUPOBAHA OHAa MOXET, IO
ypafigefi uepe, B NDUHLUINE DEWATHCA JHOOHM M3BECTHHM METOZOM
MaTeMaTHueCKOro NporpaMuMupoBaEnA. (AHAKO OCOCEHHOCTH MOZEIH
Kax OO0JBWOIi CHCTELH, HaNaraonT CyNeCTBEHHHE OT'DaHMUECHHA Ha
BuOOD MeTOZa. STH OUpaEMYEHAA ZBYX THINOB: a) UHPOPMAIMOHEHE,
CBABaHHHE C TDPYAHOCTAMU COOpa M XpaHEHMA BCEX NaHHHX, C HO-
MOWBN KOTODHX OCYLECTBNAETCH KOHKDETHOE ONMCAaHWE BCEX 3JEeMEeH-

s

;,s = 323000, . (qu‘)
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_ TOB CHCTEMH, B OZHOM MecTe (LUeETpe); G) BHUMCIUTEIBHHE, BH-
3BAHHHE NPAKTUUYECKO}i HECHOCOOHOCTHH COBDEMEHHON BHUMNCIATENB-
HOJi TEXHMKM OMNEepUpOBaTh C 3aZauarMu OOJBMOT0 00BEMa.

llosTouy B ZaHHOil paGoTe BHUMAHNE YZENSETCHA TOIBKO METO-
ZaM, B KOTODHX WMCHOINB3YyeTCHA NPUENOUN ZeUeHTpanus3auuu. [IoZ
3THM OPHHOMIOM NMOHMMAeTCs CIeZyoliee: OCHOBHadA 3afaya HOJKHA
OHTH pacuZeHeHa Ha n  OKCTPEeMalbHHX [107337a4, HE3aBUCHMEX
B TOM CMHCJE, YTO ZJNA UX B3aKMHOTO COTJACOBaHUA HE TpelyeTcH
npAMOfi MHPOpMAIUM O XapaKTepe OTpAHMUEHUN ZJA KaiZOTO U3 3Jie-
MEHTOB CHCTEMH.

[lpy Conee EeCTHOft TPaKTOBKE 3TOT0 ODUHUUNG BHABUTAETCA
ZONONHATE IBHOE TpeGOBaEMe O TOM, UTO COIJIacOBaHUE NOZ3azay
MOEET NPOM3BOJZUTHCA HE B €AUHCTBEHHOM LEHTDE, & B HECKOIBHUX,
KaxZuit 13 KOTOPHX oOJiaZaeT JAUNB YaCTUYHOU MHQOpMALUEii.

l{areMaTHyeCKafd TPaKTOBKA KZAEW ZeLeHTpalu3danuu (XoTH I B
OTpaEMYEeHHO} GopMe) BO3HUKNA Ha Gase padoT 3Jppoy, ['ypsuna,
JA3aBH 10 T'pajueHTHHM CXeMaM NMOMCKa oKcTpemyna [I,2) , Za-
Te€ NoiyuAJya HOBHI TOJNYOK NPU CO3ZAHNM METOZa ASKONIOBULMU
ladnura-Bynga (3) , # B HacTOAmEe BpEMA WUPOKO OGCyxZaeTcf,
IJIaBHHM 00pasoM, B CBfA3M C Da3NUYHEMM CXeMaMu T.H."Giouroro"
TPOTPAaMMMPOBAHUE {4 4 81W AP. .

MoxHO HameTuTh (OmyCKasa PAZ CYLECTBEHHHX MaTeMaTHYSCHUX
ZeTane#t) XBa pasIMUHHX MOAXOZa K (HOPMUPOBaHMO NOZ33Zau.

llepBHif ¥3 HUX HOCHT OoOUM{i XapaKTep i OCHOBaH Ha UCIONB30-
BaHUY OCHOBHOfi Teopemu KyHa u Takkepa OC SKBUBANEHTHOCTH (mpu
W3BECTHHX OTPaHMYEHUAX) UCXOZHOA 3afiauy U MPOGIEMH Pa2HCKIHUA
cennoBolt Toukm ¢yHrumu Jlarpamxa.

i o “” / 4

=2, BOPLGYwEide g ORy oy b (gls)
Le.}‘uun LR

npu yemosmax (I,I = I.2).

Torza OUEBMZHO pacnafZieHy¥e Ha n  NOA3aZay INA 3JEMEHTOB

Fo® Mok [F,’, (P‘_‘:r\.vl) '2_;- )‘i-; Pt;l = )\3- PJ: ) 3
4

3:“” JEF (W
" ! 3 (I.6)
P\, = Z— P.,J 5 {u'i. :p»nPLJSQR'L
Y 63:&‘.) .
npA pEemeHEy KOTOPHX "HeHH" Ay paccMarpuBanTCA Kak napa-

deTpu, ¥ OAMy zazavy ind "ueHTpa", ABNALEYyLCA 3azaveli onTH-
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MaJBHOTO COTIACOBaEUA "HEH"
g
P = man i W =3 § [).:,i,..eg,w) 3 € 32“)15 ke T)
“= 4
STa cxemMa MOXeT YCIOBHO MMEHOBATECA CXeMOW "Kynam-nmpozaxm"
OPOMERYTOYHO! NPOAYKLMM, NDUUEM NOZ3aZauu TPAKTYNTICH Kak 3a-
Jlauy MaKCUMU3auuyu NPUOHIM LA KaXZoro 3JeMEHTa B OEeHaX Ha
NPOMERYTOUEYD NPOZYKIUD, COTIaCyeMbX "HeHTpou".

Bropojt MOZX0Z NpeAnonaraeT, YTO HexZuii U3 3JEMEHTOB CH-
CTeMH yYacTBYeT B $OPMUDOBAEMUY HOHEUHO} NDOAYKUUHA, T.€.MHO-
EECTBO J (n~4) BKINUAET BCE L=4,2.-yn

Torza, paccuMaTpuBas B KayeCTBE NapaMeTpPOB yPOBHY pac-
nperenAeMolf MPOZyKIu®, NMPUXOZEM K n  NOZ327avaM BuAa

<I = may ( ¥ (P '\*1)/L P\.":I'= P {uw.. P, "4) SE'R \(I 8)
_\6330-)
® ozHO}i 3azaue znR "ueHTpa", ABAapmelicA 3aZauefl ONTHMATBHO-
ro GanaHCUPOBAHUA NPOMEXYTOUHOM MPOZYKIIMM:
F = max { F = %_' o N P.; >d& e’ R; L4 E gz(n.)]s)
| Py =Ry . ,
Takas cxema MOxeT OHTH YCJOBHO Ha3BaKa CXEMOll pacnmpeleneHus
DECYPCOB XIM CXexoil "onTuManbHOrO OanaHca". Illpu 3TOM BHYTDH
KaxZoT0 3JeMEHTa NPOMSBOZUTCH ONTHUMU3ANUA NO BHOYCKY KOHEU-
HOff OPOZYKLUM NPM NpejinucaHsux "OeHTPOK" yPOBHAX B3auMHHX
110CT 8BOK.

OnucamnHe Da3bMEEWA ABIANTCA YUCTO (OpLANbHHMM. leh-
CTBATENBHO, HE CYLECTBYET APYIOr0 cnocofa ykasaTh "UeHH"
{06BEKTUBEO OGYCHOBISHHHE OLESHKM, n0 Tepmurenorau J.B.Kas-
TOPOBHYA) UIK YPOBHE NPOMEXYTOUHOH NpOZYKOuUM, NPH KOTODPHX
OCYLieCTBAASTCH ONTHMRABEOE COTNACOBAENE NOZ33ZaY NOMUMO
NOCTpPOSHUS pelleRus 3aZaun B HernoM. OZHaxO BOSMOXHOGTD MC—
N0LB30BAENA MTEPATUBEHY IODOUELYpP, T.E. OPCUSAYD NMOCTEHEeH-
HOT'O COTJIACOBAEMA, ZelaeT 2TOT NOAXCA A0CTaTOYHO ddfeRTHB-
HEDZ,

(1.9)

Ly =i,

flouTy ECEe W3BECTHuE NPOUEZYDH ABIALTCA BAPMaHTEME 00-
OCHSHHOTC TPARMEeHTHOTO COYCKE UIM METOLS MOXEHX Halmpas-
AcHu#, OprueHAeMOro K 22zave HeHTpa. OcHoBHas UACR NMpuMe-—
auTens#o k (I.7) cBojMTCS E CHEAyoueMy: “UEHIpOM" BHOMpa-

8TCH HEKOTOpH{ NpOM3B0XNbEE Hadop "uer" '

- 5 \B P€aib=-
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HHX 3aflayaX 3TOT BHOOP, €CTECTBEHHO, AUKTYETCH ANPUODHHMU
MPaKTUYECKUMU COOCpPaXeHHAMU), 3TOT BHOOD COOOGHMAETCA KaxAOMY
3IEMEHTY, BHyTPH KOTOPOT'O MPOU3BOZUTCH pelieHMe 3afauy Tuna
(I.6), mpuBoZAmee K ONTMMANBHHM IPU 3aZaHHHX A,  3Haue-
HUAX ypOBHA NPOU3BOZCTBA W, , IOCTABOK Fﬁf A é e }z(u%
i BHEWHeTo (AM1A ZQHHOTO 3JeMEHTa) MOTPECTCHMA £, je F.cu). «
Kpome TOro, BHABIAETCA TEHACHUMA M3MEHEHWA QYHKLUUMU LeJu
OpY MaJhX OTKIOHEHMAX "HeH" Xy or ypoEa % , uHaue
roBopf, CTPOMTCHA NOKaNbHAA ammpokcuMamuma §i (A B HEKO-
Topoit Maiolf OKpecTHOCTH %, .

MueHHO 3Ta JNOKanbHAA aNNpOKCHMMaluA coodmaeTcA B "meHTp",
TZie TeM CaMHM BHABIAETCA TEHACHUMA WU3MEHEHMA QYHKOUE < B
[eloM, YTO IO3BOJAET HAWTM HampaBleHUWEe M3MEHEHMA CUCTEMH
"neH", Ha KOTOpPOM 3HaueHUe 3TO QYHKOUM OHCTpeiilluu 00pa3oM
YMEHBNAETCH. 3

[locme ocymecTBIEHMA mara IO BHODAHHOMY HANpaBIECHMO, MPU-
BOZANETO K HAXOKAGHMD HOBHX 3Hauemmii Xy = Xy , npomexy-
pa, €CTECTBEHHO, MOXEeT OHTH [IOBT OpEHA.

BhOooOp cmocofa JOKalBbHO{ ammpoKCUManuy ¥ BEJWYMHH mara
10 HAnpaBleHuW YOHBAHUA ABJNAETCH CHELUPMUECKUM B KaXZOM U3
CyLECTBYOLUX METOJOB.

OTMeTHM JMmP HEKOTODHE OONUe OCOGEHHOCTH, BO3HUKALIE
B TOM CIyuae, KOTPZa MCXOZHAA 3ajaua, a CJEZOBATEIBHO - U
nozsazausm GopMayM3yOTCHA B BUZEe 3aZay IUHSHHOTO IPOTPaMUMpPO-
BaHMA.

3zechk nokaJNbHAf aNNPOKCHMALMA NMOBEAeHWA QyHKOuUA £,
TOYHO COBNAJialmasf C MCTMHHHM NOBEZEEMeM B HEKOTODPOfi KOHEU-
HOl OKpeCTHOCTM X; mMeeT BUA
-~ ” ~ s
om0 emin { T ax Py e R J(110)

se S jeJgdd TS ¥0) 4

<

T S, - MHOXECTBO ONTHMANBHHX 6a3mcoB 3agauu (I.7) mpu

Mj= Xy, a8 Py . Pj. - COOTBETCTBYOLMX ITUM
Gas3ucaM ONTUMANBHHX 3HAUEHUi NEPEMEHHHX %o+ Pay e Oren-
Za,B YacTHOCTY, fCHO, YTO QyHKUME §i (N> , BooGlie TOBO-
pA, HexugdepeHuupyern. Ecly Xe IpU Ny = loi.é pele HUE
(I.7) eIMHCTBEHHO, TO TPaZUEHT ¥, O B 3TOil TOUKEe cyle-
CTBYET M HAXOZUTCA Cpa3y, Kak TOJABKO M3BECTHO 3TO ONTUMAaNIb-

HOE peueHue.
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BuuncneHme Xe TpaZucHTa QyHRUMM § B UENOM, €CIM BCEe 3aZaul
runa (I.7) uMenT eXIUHCTBEHHOE pelieHHE, CBOAMTCH K NOZACYETY He-
CallaHCOB Ha CBA3aX:

- " /
%Qd)‘ “9 o.= Pu.d',c 35 Pt.é,o . (I.II)
e
JKasaHHOE OGCTOATENBCTBO CYHECTBEHHO 00JNEryaeT OpIaHM3a-
Luo TPaZUeHTHOTO CHycka. Dojlee Toro, OTCOZA BHTEKAET NPUHLM-
NHallbHO BgkHOE OOCTOATENBCTBO: ONpeZelcHMe HANPABIEHUA M3ME—
HeH#A "IeH" MOXET BECTHCH Oe3 yyacTusa eZWHOTO OeHTpa, a JKNb
IyTeM COTNACOBAHMA pPe3ynbTaTOB NJIAHUPOBAHUA HEINOCPEZCTBEHEO
CBA3aHHHX' BJEMEHTOB. BMECTe C TeM OUeBHZHO, UTO YCIOBME OZHO-
3HQUHOCTY BHIIOJHAETCH HE BCETZia I 3aBEZOMO HapylaeTcH B TOU-
Ke sKCTpeMyMa QyHKUuM P , CIEACTBHUEM Uero ABAAeTCA, B
YaCTHOCTM, OTCYTCTBME CTPOTOfl CXOZMMOCTH I'DaZMEHTHOI'O CIyCKa
npy MOCTOSHHHX KO3(PuUMEeHTaX mpomopuuoHanbHOCTE (I3 . Oana-
KO pAJZ NpueNoB, HalpuMep, yMeHbIeHHe KO3Q@UOUEHTOB C POCTOM
HOMepa uTepamui [ 9] , MO3BOJAET K30EXaTh yKa3aHHHX HENpU-
ATHOCTel. bonee TOro, npy pelleHMH OPAKTHUECKMX 3a7ay TpeboBa-
Ele TOYHOH CXOAUMOCTY HE CTOJbH CYMEeCTBEHHO, CKOpDEe BaXHO NO-
BUUEENE OHCTPOTH ZBUEEHMA, YTO MOXeT OHTH OOeCHeueHO, Halpu-
uep, UCMOJNb30BaHMEM KOHEUHO-NAT'0OBHX CXEM C IPMMEHEHWEM yIpo-
UEHHHX CNOCOCOB ZOKanbHO} annpokcumanuu [I0) .
OrueTwn Zanee, 4TO BCE CKA3aHHOE B NOJNHOHE Mepe OTHOCHT-
Cd ¥ K BTOpOMY cnocoOy NpUMEHeHHUA NPUELUNAE ZeUeHTpalu3aluu.
372Ch TaK¥E NpUMEHVMH AJA pelleHUR 3azaum "uUeHTpa" cXeMH 0000-
[eHH0T0 T'PajUeHTHOTO CIOyCKa, HO y&e B NPOCTPAHCTBE NEPEMEHHHX
P/ ,P" . ¢ysxuum ¥, TaKKe ABAADTCA KyCOUHO-JMHEHHHMU
QYEKOMEMA, €CJM MCXOZHaf 3ajada gBIAETCH 3aZaueil JIMHEHHOTO
NpOTPaMNNPOBaHKA. MX JOKaNPHHE ANOPOKCHUMAOUM MOTYT OWTH IIO-
CTPOEHH C NOMOWBI ONTHMANBHHX Oa3MCHHX pemeHuit 3azad, ZABOH-
cTeeHHHX ¥ (I.8). Ecaum TaxoBHE peNEHWA €XWHCTBEHHH, T.€. 3a-
rauwt (I.8) npy 3aZaHHHX 3HAUEHUAX NapaMeTPOB HEBHDOXZECHHH,
T0 BO3MOKHO ONpeZielleHWe TIpafiueHTOB (yHKmMif T, C IOMOmBD
ONTIiaNbHEX 7BONCTBEHHHX NEpPEeMEHHHX (OGBEKTUBHO OGYCIOBIEH-
HUX OLEHOK). B-OXPECTHOCTY ONTMMyMa ZONYCTMMA JMIB KyCOUHO-
nuHeliHad JOKaIbHO-TOYHAA aNNpOKcUMalnd BHUAA
{j—\"_ = CS;[P.;,cpt » P

’ / L4 *
,cpt]’ min, {ZA.J,Q'D P.'.A' ?Ag'a P‘A SJ(I. 12)

¥
J .00
Z«-C& Py
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rIe i; — MHOXECTBO, ONTHUMSIBHHX 0a3UCOB JBOIICTBEHHO{t 3a-
Jauu, a ‘Aﬁj,e x )fg,e - COOTBETCTBYWINE 3HAYCHUA ZABOfi-
CTBEHHHX NEepeMeHHHX. [[poBeZieHMe UTepaTUBHHX NPOLEAYp ocyle-
CTBUMO IOYTH aHANOTMYHO BHIOEOMMCAHHOMY ZJA HNEPBOTO crocoda
pa30ueHuss, OZHAKO OHO MPOM3BOTUTCH NPU TOYHOM COOIOZAECHUU
ycunoBmit GajaHca Ha CBA3AX B KaxZoif uTepalum, YTO XOTH U OCIO-
XHAETCA €€ peanusanuo, HO MOBHIAET OEHHOCTH NMOCTPOEHHHX MOpU-—
OauzeHuit, KaxZoe 43 KOTODPHX INpeACTaBIfAeT COO0} CyOONTuUMANbHLI
nJaH 337laul B LEJIOM.

OTMeTMM, UTO DPEe3yNBTATOM yCTAHOBJSHWA MiaHa (IpOTpaMMu)
OCHYHO CYMTaeTCA 3afaHue ANA KaxZoro 3JEeMEHTa CUCTEMH YDPOBHA
KOHEUHO} NPOAYKUMX U B3aWMHHX NOCTAaBOK MHTETPalbHO HA NiaHO-
BoM nepuojfie. OZHAKO B CUNy HeU30EXHO# (PMOKTyaTUBHOCTH yCIOBUIL
TOYHafd peanu3aluf NIaHa OKa3HBAETCH HEBO3MOXHOH#, MO3TOMY NDU
OCymecTBICHMU YNPaBNEHUA, T.€. peanusallny NjaHa, €CTECTBEHHO
BO3HUKAET BONPOC O KOMIEHCAIWMM OTKIOHEHM OT mporpaMuu. [Ipu
3TOM,BBUZYy MHOXECTBEHHOCTHM IOKasaTeleit niaHa, CyulEeCTBEHEHM
ABJIAETCA BONPOC O COUSMEPEHUM BaKHOCTHM OTKIOHEHMt MO p&3dmu-
HHM TIOKa3aTelAM, T.€. CTENEHM BIUAHWA 3TUX OTKJIOHEHWUH Ha 9f—
QEeKTUBHOCTH pPaCOTH CUCTEMH. B NpaKTMKE YMPaBIEGHUA 3TO COU3ME-—
peHue Mpou3BOZUTCHA CYOBEKTUBHO. BMECTe C TeM OCyleCTBIEHUE
NJaHUPOBAHWA IO NPAHUUNY AelleHTpanusalud, @ B 3TOM €ro IJaB-—
HOe ZI0OCTOMHCTBO, N03BOJAET NIpPA IIOCTPOEHUX I[JIaHa HE TOIBKO
HallT# ONTMMaNbHHE MOKAa3aTeNd, HO U NPOMBBECTH OCBEKTUBHOE CO-
n3Meperne 3QPEeKTUMBHOCTY MAJHX OTKIOHEHM OT HHUX, MOCKOJBKY B
XOZe NMOCTPOEHUA NIaHA CTPOUTCA ¥ JOKaJbHAfA annpoxcuManus 3a-
BUCUMMOCTE] MECTHHX HeJieBHX (QYHKUME OT BHENMHHX NapaMeTpoB.
CymeCTBEHHO, YTO TakKad aNIPOKCUMAIUA Zaxe B MalOf OKDPECTHO-
CTU ONTUMANBHOTO MJaHa ABAAETCHA HeluHeiiHo#t, a 3TO mp=I0mpe-
ZenfeT HeBOSMOXHOCTH WCTONB3OBAHMA TaKMX "ImHeilHMX" moxasaTe-
Jeit, kak cymuapHas CTOMMOCTE OTKIOHEHHW, BHYMCIEHHad B LeHAaX,
He 3aBUCANUX OT YPOBHA UJNM HANDABJICHUT OTHIOHEHMH.

2. llepeiineM mamee K aHanu3y BIAUAHUA HEKOTODHX (IOKTya-
TUBHEX (aKTOpOB Ha 3)JEeKTUBHOCTE peanusdalud NPoTpaMMy B X0Je
‘66 OCYIECTBIEHUA ¥ OOPATHOrO BAUAHIA 3TUX (QAKTOPOB HA CXEMY
[IOCTPOEHUA CaMOoT0 NJaHa.

OuyeBuHO, UTO 33ZAHWE NPOTpaMUH B33MMHHX NOCTaBOK UH-
TerpajlbHO 3a IJIaHOBHil MepuoZk He 0CYCHOBJIUBAET pachpelelieHus
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3THX NOCTABOK B TEUSHUE 3TOTO Iie PMOZaA.

STOT HeZeTeDMUHU3M, NPUACYLIi caMoMy CNOCOOY NISHUPOBAHUSA,
MOKET MPUBOZUTE (M MDAKTHUECKN NODPUBOZUT) K BO3HUKHOBEHM HE-
PaBHOMEPHOCTY B YPOBHE I[IOCT aBOK.

BuzenumM HEKOTODHI 3JEMEHT CUCTEMH ¥ M3yWiM H3MEHEHUe
€r0 KOHeYHO! NPOZYKMKYU MDY OTKIOHEHUAX YPOBHA IIOCTABOK 3TOLY
3JIEMEHTY OT OCTanbHHX OT DaBHOMEDHOI'O.

PasoGbem nuaHOBH{I DEpUOZ Ha NOZMEDPUOAH, NEPEHYMEPOBAB
UX MHAEKCOM Kk, x =4,2,....K. . llpeznoznoxi, YTO COGCTBEH-
HHE DECYPCH STOr'0 3JEMEHTa OCTa0TCH HEM3MEHHHME B TEUEHUE
BCETO NEepuoZa ¥ YTO ero (yHKOMOHMPOBAHUE NOZUYMHEHO CHOPMyIM-
POBaHHOMY BHlle IOKANBHOMY 3KCTPEMAaJbHOMY NDUMHLUNIY, COTIACO-
BaHHOMY (Ha ONTMMANBHOM B LEJIOM 3a NEDPHOZ MJAHE B3AMMMHX [O-
CTaBOK) C SKCTDEMaNbHHM MDUHOAIOM ZJIA CUCTEMH B LEJNOM. TOTrza
3a Kaxfuit moAmepuoz u3ueHeHme 3QOEKTMBHOCTY MO BHIYCKY KOHEU-
HO{f MPOZYKIXM NPY BHIOJNHEHMM TPeOOBAHUY MO NOCTABKAM U3 JaH-
HOT'O0 3JEMEHTa IpPHM MaJHX OTKJOHEHHMAX NOCTABOK B HEI'O OT 3a/aH-
HOTO ypOBHA onpeZensieTcs gopmynofi, anamoruusofi (I.I2). 3ra
KYyCOUHO-JNHEHasd 3aBUCUMOCTH MOXeT OHTH 3(QOEKTMBHO NpHOJUXEHA
C MOMOWBD CUCTEMH KO3(G@UUUEHTOB (MAPIMHANBHHX 3HAUEHMH 3aga- |
gy mo (II)), XapakTepu3yDmUX u3MEeHeHue QyHROuM TF, npH
BO3pACTaHU! UAM yOHBAHWK KaxA0} 13 KOMIOHEHT NOCTaBusfeMOf
NPOZYKIMM OT ONTUMANBHOH NPOTDAMMH NO OTASNBHOCTH.

Omycras MHIEKCH, XapaKTepusyblie HOMeD =JeMerTa U ero
NOCT aBLIAKOB, 3Ty JOKAJbHO ANNPOKCEMUDYOLYD 3aBMCHMOCTD MOX-
HO 2amucard B Buze [I0] ¢

c?n' % CS. ( PK,GP‘) ¥ Z- min (xﬁtiA P‘&.K.’ A“AP"")_-T’W;‘ 2:'-‘3‘5‘%. I)
k4

-

rie X;, Ay - COOTBETCTBEHE) NPaBHE ¥ JEBHE YACTHHE NPO-
M3BOZHNE LeNeBO QyHKIum Mo ¢ -My DEcypcy. Moxso moKasaTsh,
gro FT< T .
MpenuyuecTsoM anmpoxcuyanun (2.I1) ABAAETCA BO3MOXHOCTH pacCcMa-
TpEBaTh BAKAHMEC YBMEHEHM{! IO KexZznocil KOMMOHEHTe OTAeNbHO, pas-
JAYNe MEXJy KOMIOHEHTaMy NpOABRIAeTCH IMLb B DA3NMUuM Mapra-
HaJbHHX 3HayeHuii.

loaTouy B FanbHeiimel OyZer ONyCKaTh M MEZEKC KOMIOHEH-
TH DECYPCA Po,« H COOTEETCTBYOLETO MY NBMEHEEHA A T
OYEKUMY LEeAW ¥ NpUMEM OCO3HAUEHURA:
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= s PR g W T I
AP = Vs A?‘,‘= Y v )= { X Ux . Ux$O0- (2.2)

OTMeTHM TaKXe, UTO BCETZa X X 20
BEMMUMHH Ve .= =1,2,... K, XapaKTePUSYOT OTKIOHEHHE NOTpECIAe—
MO0 ZaHHHM 3JEMeHTOM CHUCTEMH KOJMYeCTBA DAacCMaTpUBAEMO# KoM-
IIOHeHTH pecypca OT NIaHOBOTO 3ajlaEuA, NpeAcTaBiAbmeit colo#

‘A< YacTh NIAHOBHX NOCTABOK 33 NEPHOZ B LENOM.

MoxHO TakEe BBECTHM BEAWUMAH 0O s XapaxTepu3yomue
OTKJOHEHN pealbHHX IOCTABOK 3a NMOANEPMOZ K  OT YKa3aHHOTO
II7aHOBOT'0 ypoBHA. ECiM MOCTaBKM HE MOTYT HaKalIMBarhCcAd, TO
Vs, = P - ECIM Ee BO3MOXKHO HaKONJIEHHE U3JNHIKOB DPECYPCOB, TO
BHOOD BEIMYMHH 7 OIpaHMUYEeH HAIMYMEeM Ha CRIaZle K Haualy
NoANnepuozna

Tw Yo, ; _(2.3)

npuyen
%“*‘ = ‘%K-(- Pe -~ T 5 KT 1,9.,...;&. (2.4)

TaxumM oCpa3oM, ofmad NnpoGjeMa ydeTa HepPaBHOMEDPHOCTHM IIOCTAaBOK
CBeZleHa K KIaCCUYECKO# OZHOMepHO# 3afilaue yNpaBJIEHHA 3anacami,
YacTHH{t ciyuait KOTOpO#f - yNpaBieHHE 3amacaMd BOZAH B BOZOXpa-
HUJNUmE NpH COBMECTHO# padoTe TEenJOBHX U T'HAPOIJCKTPUUESCKUX
craHUuit Onn paccmoTpeH emé Kapauueimu Crapgou B (I23 . IIpo-
BeZeHHH} OOmecuc TeMHH{l aHaNM3 ¥ MCIOJIb30BaHUWE YOPOWEHHOH Zo-
xanbHO#t ammporcuMamuu (2.I) mpumapT 3Toft MpoGieMe AOCTATOYHO
oomu# XapakTep.

OnumeM KOHKDETHHE De3yAbTaTH aHANU3a NpU yCJIOBMM HCIOIB-
30BaHUA ONTUMANbHO# HHOTOMATOBO#l MONUTHKM HA BCEM NEDUOZE U
npocTeitlieft MOMATUEY Uwe = P . IIpH 3TOM NpPEANONORUM, UTO

De PaBHO#t BEPOATHOCTHD OTKJIOHAETCA OT HYyJs (IIaHOBOTO
JPOBHA) Ha BENMYMHY * Q. -, OYAYyUM B CpPeZHEM DaBHOH HYJD.
Torza, eciu OCO3HAQUYUTH Yepes Stcg)nenuunﬂy CpeZHNX NOTEps,
BH3BAHHEHX HEPaBHOMEDHOCTEH 34 <+ MNOZANEPUOZOB L0 KOHLA Nia-
HOBOTO NepuoZa, NpY HAUaJbHOM 3amace Y M ONTUMANBHOH HO-
JUATUKE DacXONOBaHUA, TO

S, ap=min [~y Sy, Cyen-v) Wepddnl=

TL Y 2

= min [ Y+ F S (yra-vI*g S 4-20) (2.5)

) Ts \&
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i Sl
%\('\a) = {~x‘a s \sso
lozHO mOKa3aTh, UTO ONTHMANBHON ABAAETCH MONUTHKA:
o 0, y4y>0: ] i (2.6)
“bt:{ 4 ,éso ek E R, K s T T
Torza
1 Seyra) + £S,., (42, wro0.
e { Xy « L5, ) + %S, Cad): 40 (2.7)
5 -\"4 v y%»o '
=3 U {-x«a VMO,
llpy mCmONB30BaHMA NMpPOCTE {UEH HOTUTHRE
Sy ey = ~wey)t F[ B @) Sen )t i

-~y + @ X2

Ppaguxs pymkoup Se¢yd nmpg t=42,. .6, npEBeZeHN Ha
puc.I.
3 3TOro pacCMOTDEHHMA MOXHO CZEJaTh CIEAYONHUE BHBOZH:

I. QmoxTyanuu NMOCTaBOK, DABHHE HyJD B CpEZHEM , NDH-
BOJAT K BO3HNKHOBEHHMM CDEJHMX NMOTeph, BOOONmE I'OBOPA, OTIAY-
HEX OT HyJd. '

2. llorepu npm mpocTefiieft MOIMTMEE M OTCYTCTBHM Haualb-
HOTO pesepBa PaBHH

-t
K-1) 5= a

T.€. PacTyT MPONOPIMOHAIBHO UMCIAY NOZIEPHOZOB.

3. llpy Baauuuy pesepBa W ONTHMANBHOM MCIONH30BAHWM Ha-
KONMNEeHu MOXHO ZOOUTHCS CHUXEHUA CpeZHUX NOoTepb. Jlake mpH
OTCYTCTBMM De3epBa CpeZHMe MNOTepH NMpH I = 6 CHUKaNTCA IpPH-
ONUSUTENBHO BABOE IO CPAaBHEHMO C pPE3yJbTATOM NpocTeimeif mo-
JIMTHAKK.

MoXHO TakEe NOKasarb, YTO BEPOATHOCTH IOJHOI'O OTCYTCT-
BUA NOTEPh DE3KO 3aBUCUT OT BEJIMUMHH HAUANBHOTO De3epBa Yo
#paBHa 2" ® _ecom N=%a<Xw |,
Onucanmuit 2@HEeKT BAUAHKUA NEePaBHOMEDHOCTH NOCTaBOK Ha 3dder-
TUBHOCTEH CHCTEMH ABJIAETCH CYNECTBEHHHM, HO OTpaXaeT JIHNb
OZHYy CTOpDOEY Zena. [LelicTBUTEeNBHO, B XOZe AMaln3a HaM# He-
ABHO NpeZJnonaraiock, YTO 3aZava ONTUMU3EUUN AJA BHAEIEHHOTO
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3JIeMeHTa CHCTEeMH DaspellyMa He TONBKO NPH NJAHOBOM YPOBHE MO-
CTaBOK, HO ¥ Np¥ #X PIoKTyauuax. lHaye rosopg, YTO ¥ NDH
(IOKTyannAX yA2eTCHA BHIOJHATH OTPAHUUECHUS MO NAAHOBHM YDOB-
HAM NOCTAaBOK U3 BHJACJEHHOT'O 3JEeMEeHTa. Boolue ke I'0OBODA, 3T0
He MMeeT MeCTO: NpH OTKIOHEHMAX INOCTABOK YAaCTO OKA3HBAETCH
HE BOBMOXHHM BHIOJHHUTH TPEOOBaHMA IO BHYTDUCHCTEMHHM 3aKa3aM,
a CleZ0BATEeJNbHO - MpH JCLEHTPANHW30BAHHOM TEKylleM MNJIaHMPOBARU!
BO3BHUKAET HEOOXOZMMOCTH ONTMMANBHO COMU3MEDUTH OTKJOHEHHA OT
Tpe0yeMHX YpOBHEi.

lcnonp30Banme - MECTHHX (YHKIWOHANOB B dopme (I.I2) EHe
ZaeT pemeHMA 3TOr0 BONpoca, TaK Kak caMd QyHKOUA TFi(pP)
eCTECTBEHHO ONpeZiefieHH TONBKO HA OOJACTH CYLECTBOBaHUA peme-
Hult.

OcoGeHHO OCTpO#t ABAAETCA 3Ta NpolieMa AJNA CTPYKTYDH TH-
na TexHoyoruueckoft memm (7,131 , rZe 2JEMEHTH O00BEAMHANTCA
nocirezoBaTeNbHO ¥ TaK, YTO JuUWb MOCHEZHHUY 3JEeMEHT Lenu BHZa-
€T KOHEUHyl HOPOAYyKIMO C M3BECTHHMM OLEHKAMK KOMIIOHEHT.

BuecTe ¢ TeM, ZNA aHaAM3a TaKO# CTPYKTYPH MOkeT OHTH NpU-
MEHEHa CXeMa JeleHTpanu3alud, INOCTPOeHHAadA Ha 0a3e AMHAMUYECKO-
IO NPOT'PaMMHPOBAHUA.

~ [lpu aTom,BOOCmE TOBOPHA, HEOOXOZAUMO JMUB NOCTDOEHMUE 3aBU-
CUMOCTH 3(QPEKTUBHOCTH KaXZOTO 3JAEMEHTa OT paclojiaraeMHX Decyp-
COB IIp¥ MAaJIOM M3MEHEHMY HX OT ONTHUMANbHOI'0 NMJAHOBOT'O YPOBHA.
B paGore (I3] OHwJNO MOKa3aHO, YTO JOKaNbHO-TOUHaA aNNpPOKCHMa-
Uuf QYHKUUH OeJd ZJA KakZOoro SJleMeHTa C HOMepoM p  TEeXHOIO-
THYECKO#l Lemu, COTJacOBaHHAS C M3BECTHHMA OLUEHKaM:H KOHEUHOH
NpOZYyKOUM, MOXeT OHTH NpeZCTaBleHa B BUZE KYCOUHO-JIUEEHO
QyHKOUN

-~ 4
= * min . AN W,

5‘, () &P,opt eee: P g <2.9)

rne v o~ ManHHa—CTOKCeu OTKJIOHEHuUft oT ONTHMMYMa YDOBHA

DECYPCOB, MNOCTABIAEMHX 3JEMEHTY * P OT NpeAmecTBYOIEIo IO
TEXHOJNOTHYECKO Oenu. AHAJOTMYHH{ XapakTep MMenT X 3aKOHO-
MEPHOCTH ZJIA 3aBMCHMOCTER OT W  KaxZOT0 U3 BUZOB MPOAYK-
LUu¥, BHIOYCKAEMO# ZaHHHM 3JEeMEHTOM. [IpM nepexoZe X YyNpolueH-
HOii ammpokcumauuu Tunma (2.I), MomyuuM, YTO 3IABUCUMOCTE OT-
KJIOHEHUA OT ONTMMANBHOTO NJNaHa oGO}t KOMIIOHEHTH NpOJYyKIMA
37eMEHTa P OT MajHX OTKIOHeHZt 00O KOMIOHEHTH MOTpelide-
MOTO M3 P-4 pecypca mpercraBuMa (QyHKOMeH Tuma $cv) (CM.
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(2.2)).

970 00CTOATENBCTBO NPUBOZUT K 3HHERTy BaKONNEHRUA BIUFHUA

$MOKTyaunit, BH3BAHHHX HEDaBHOMEDHOCTHN B3aMMHEX NUCTAEIlK,
BZONB TEXHONOTHYECKOR LENH, eCAM B Helf HE NPEAyCMOTPEHO HAJK-
Uyl HEOOXOZUMOTO ypOBHA HAUaNbHOTO pe3epBa (3afiena) INA Kak-
ZOT0 3ieMeHTa. Je#CTBuTEeNBHO, QJOKTyalMX NOCT3IBOR HAa NEPBLi
SNEMEHT LEeNU, ZAKe eCHU OHM B CPEZHEM COOTBETCTBYNT NIAHOBHM,
IPUBOZAT K HEBOSMOXHOCTH BHZEDXATHh CPEZHUfi YyPOBEHD HOCTaBOK
OT MEPBOTO BJAEMEHTa KO BTODOMY M T.A. B CHIy 3TOr0, AelicTBU-
TeNbHHE CPEZHWE YPOBHM NOCTABOK ANA MOCHEAYDNMX SIEMEHTOB MO-
I'yT OKa3arbCAd CTOND AalleKuMs OT NN4HOBHX, YTO CaMy ONEEKM -
BEKTHBEOCTH OTKIOHEHMH, CIPaBEANMBHE JUUB B OKDECTHOCTH MNIaHa,
CTaHYT HeBEpHHMM. [09TOMY CaMO ONTHMANBHOE NJAHADOBAHUE MOHET
OHTH 3(QOEKTUBHHM TOJNBKO, €CIM OHO YyUMTHBAET HalMuMe M HeoOX0-
ZINMOCTH 3aTpaT Ha GOPMHDOBAHME DE3€DBOB, NO3BONADMAX JOKaIU-
30BaTh BIWAHME HEDaBHOMEPHOCTH.

EcTecTBeHHO, 4YTO CO3ZAaEMe M COXPaHEHHE DE3EepPBOB MpPEZCTaB-

JAeTCA HEOKOHOMUUYHHM C TOUKH 3DEHHA NOCTUXEHMA LEIAH CHCTEeMH,
OZHAKO TaKXEe OHO HEOOXOZMMO M MMEeT TOT Xe CMHCI, YTO BBeZe-
He U3CHTOYHOCTY B TEXHUYECKNE CHCTEMH, COCTABJICHHHE U3 HE
BNOJHE HAZeXHHX 3JeMEHTOB. CieZyeT NOAYEpPKHYTh, UTO 3AECh KJAET
peus He 00 20derTe (QUOKTyauui BHEWHUX yCIOBHH,N0 OTHOWNEHMD K
KOTOpOMY HEOOXOZMMOCTH DPE3EepBHPOBaHUA OCLENDUHATA, a 00 afder—
Te BHYTPUCUCTEMHHX (QIUOKTyaluii, CTUMyJIUDYESMEX HENONHHM ZeTepMui—
HU3MOM OOmECHCTEeMHOTO NJNaHUPOBaHMNA.
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ON THE SYNTHESIS OF MULTI LEVEL LARGE
SCALE CONTROL SYSTEMS

by

Andrzej Straszak
Instytut Automatyki PAN, Warszawa, Poland

1. Introduction

The diﬁensionality of modern control problems has been in-
creasing very rapidly in the recent years, and large-scale
control systems are gaining ever growing importance in  the
control theory as well as in the applications. The multi-level
approach to the design of large scale control systems has been
generally accepted By 5, 8 , however, the synthesis of multi-
-level control systems is still at an early stage of develop -
ment. Multi-level control systems have been considered using
the general systems machinery 8, 10, 12, and many of the par-
ticular multi-level control problems have been solved by mod-
ifying the existing optimization methods s 9 11, but such
basic structural problems in the synthesis of multi-level con-
trol system as the determination of the number of control lev-
els and the allocation of various control algorithms to  the
particular levels needs further studies.

In the present paper some solutions of these problems are
presented.

2. Statement of the Problem

Let us consider a multi-level control system (Fig. 1). Such
a system consists of:
(1) a given dynamic process
1 = 2@, dt, ®)
where: x1 - gtate vector of the process, u1 - a first 1level
control vector, and a given performance index
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%
1
=9 e(x', ulyas
o
(2) a first-level controller
u1 = cq(x1, uz, )
where u2 - & second~level control vector, which must minimize
the index of performance subject to a boundary condition and
subject to (control vector u or state vector z*) process
constraints
;-3
R(u') < Ry
or/end
w(x') < W,

if such comnstraints exist,

(3) a second-level controller

e cz(xa, w, %)

where: x2 - an output vector from the firct-level control sys-
tem, u} - a third-level control vector, the goal for the sec-
ond-level controller is not given,neither are given the dimen-
sions of vectors u , W, X,

(4) a third-level controller

W = (2, ut, t)

where: 13 - an output vector from the second-level control
system, u - a four-level control vector, the goal <for +the
third-level controller and the dimensions of the vectors u3,
u#, 13 are not given,

(5) a four-level controller and so on up to a top level con-
troller

of = X, t)

where xk - an output vector from the (k - 1) level control
the goal for the top level controller and the dimensions of
the vectors u, xk are not given.
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It is easy to show that if such a first-level optimal con-
troller exists

1

uy = Cg(x1, u®

s )

where ug # 0, which minimizes a performance index I,then the
first level optimal controller also exists

2
ol® = od®x', W, %) = %", ©)

where ug = 0 , which minimizes the performance index I, and

al = ol

It follows therefrom that if no additional constraints are
given, the first level control system is optimal and no high-
er levels of control are needed. However, if we consider not
only process constraints but also controller constraints, for
example due to a given bounded date processing ability, then
a multi-level control system becomes a necessity.

Let us introduce a complexity measure of a control algo-
rithm 4 11, 12, 14. Fach control algorithm needs a 1list of
data processing operations: my operations o, mp operations
Py My operations ¥ , etc., hence the complexity measure of
a given control algorithm may be introduced in the following

form:
Z = muka + mﬁkﬁ + m-a,kx + eee

where: k ,- complexity of the operation o , kﬁ - complexity
of the operation p , k'&’ - complexity of the operation Y etc.
In general, for a large scale control system it is neces-
-sary to assume that the overall list of available data pro-
cessing operations is limited, hence the overall complexity
of the control algorithms must be limited too.
Since

Z, = Z1 + Z2 * wee * Zk-s Z

g ]

where: Zg - the overall complexity of control algorithms in
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the multi-level system, z1 - the complexity of a control algo-
rithm in the first-level control, Z2 - the complexity of a con-
trol algorithm in the second-level control, Zk -the complexity
of a control alforithm in the top-level control, Z° - the giv-
en complexity of the available data processing operations, and

since the complexities of each control algorithm depends on
the dimension of control and the type of the control algo-

rithm 1, 12, therefore the synthesis problem for a multi -
~level control system may be formulated as follows:

Given a set of all the known control algorithms for  the
first-level and higher-level (supervisory) controls,given the
overall available data processing operations, we find an op-
timal allocation of control algorithm (including determination
of the number of control levels,dimensions of the control vec-
tor in each control level and types of control) and adjoin the
data processing operations such that the optimization of para-
meters (by adjusting the parameters to given control algo-
rithms) can guide to the most desirable value of the perfor-
mance index I, and render the overall complexity of control
admissible.

3, Control Algorithms in Multi-level Control Systems
and their Complexities

In multi-level control systems we have two different clas-
ses of control problems. One which is connected with the di-
rect control of the multi-variable process controlled or set
of processes controlled by a set of direct controllers, and
the other one which is connected with the supervisory control
(adjustment) of the set of control systems by supervisory con-
trollers. All direct comtrollers belong to +the first-level
control and all supervisory controllers belong to the second-
and higher-level of control.

Let us first consider a direct control problem.Since a full
description of the process as well as the performance index
and all the process constraints are given, we may use in many
cases the existing optimal control theory methods 1,3 and try
to find the general form of the solution (without determining



52

the values of all parameters precisely)

1 |

Uy = Co(x s B)
For example, if

*1 1 1

X =Fx + Gu

where F, G are (n1x n1) constant matrices, and

e~}
I =S [(x")TQ,x" + (u1)TRu1ldt
)
then ug = ch1

where cg is a (n1 X n1) constant matrix, if

%
I =.S at and sup |uy| < g4
0

then 1 4
Uoy = Loy sigm hy(xg)

where h(xg) - a nonlinear function.

In spite of +the optimal solutions in the control system
practice and literature, many sub-optimal solutions are known
which require a less complex list of data processing opera-
tions, for example, more linear operations instead of nonline-
ar ones.

If general forms of solutions are found, we can determine
lists of data processing operations for each optimal and all
sub-optimal control algorithms. :

For example, for linear multi-variable direct control algo-
rithms we require:

(n1)2 operations of multiplication by a constant, and

n operations of summation 4
therefore Z = (n1)2kd + (n1)k , where n - dimension of the
control problem; for a non-linear multi-variable direct con-

-

trol algorithm
' 1.2 1
z = zlnt, @M%, @h?, o)
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Since in multi-level control systems we have a set of di-
rect controllers instead of one, we have to decompose the di-
rect control problem into a set of direct control problems.

By decomposition of the overall direct control problem we
obtain the following sub-problems:

Given

x‘l = fi(x;s U.;, gil %)

R(u]) € 05(Rpy up, u' = (af, u))

S
WD € 0 (Ve X0 b3 = @y, uD)y Iy = § oy0x],u)as
%

1 1 1 0
X = (X5, X3) {
£ind ey T
ug = Ci(xy, €59 039 @iy %)

then find the list of data processing operations, and
zfelals 40 040wy 0] = 2D

where n; = dim ul .

Some solutions of this type of control problems are givenn
in the literature, for example in 21 6y 9y 1

Let us consider now a supervisory control problem.In gener-
al, the supervisory control goal may be formulated as follows:

Given a set of supervisory control systems controllable by
the auxiliary vector u> , find x> and u® = C2(x>,t) which
will minimize the overall performance index I.

If

= (£500410,)

where éo’ ¢ o» W, = optimal interaction vector obtained
from the optimal solution of the overall direct control prob-
lem, then the two-level control system will be optimal +too if
and only if a direct control (first level) is optimal.

Since the dimension of each direct optimal controller, due
to decomposition, is not large, the complexity of these optim-
al controllers may be acceptable. However, the complexity of
the optimal supervisory controller may be too high, therefore
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more often we must use sub-optimal solutions for supervisory
control. Usually the supervisory controller allocates the re-
sources or interactions to the particular direct control sys-
tems, hence the supervisory control problem can be transformed
to linear or nonlinear prograﬁging problems for which solu-
tion algorithms are known “°’ . However, since we use sub-
-optimization, it is usefull to find a few different general
forms of sub-optimal control algorithms.

After having found the supervisory control algorithms, we
can find the lists of data processing operations which are
needed, and define

2(¢%) = z(n%), where n° = dim u
Of course, the second-level supervisory control problem may
be decomposed into a set of second-level supervisory control

problem, and the third-level supervisory control problem has
to be introduced.

4, Structure Synthesis

Let us assume that for a given multi-level control problem
we have:

a set of direct control algorithms A1 » Where Cz j€ A1,
J=0,1, 2, seey, a complexity function Z(Cl’j) adjoint with
with each Ci,j ’ 3

a set of second-level supervisory control algorithm Y Gl
where Cf’j € A2 , and a set of complexity function Z(C§,5> ’

and so on up to a set of k-level supervisory control algo-
rithms A% , where Cf 5 € A* with adjoint complexity func-
tions Z(Cg'j). LS

These sets of control algorithms can be ordered according
to the values of the complexity functions Z for a given di -
mension of control, such that

S o I I ¥ of I r
<Ci,0' Z(Ci,o)> <ci'1’ Z(Ci’1)> ce e <ci’j, Z(Ci’j)>
where

L r r P
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and
1(c§’o) <I(c§’1) < Icci"z) g <1(c§’3)

where: cﬁ B optimal control algorithm, ci’a, J = 125000y =
sub—optimal control algorithms.

Each of the complexity functions Z is a function of the
dimension of a given control problem, therefore

7, = Z(CE, 55 o)

Zyq = Z(c1 j, n§'1) * Z(cla"’;. n§'1) 4 oaee +
+ Z(Cf';, ni ) + eee + Z(Ck % n§'1)

® ® e 8 & s e 8 e s s o s e & e s e s e e

= Z(C1 1,3 n1) + Z(02 .3 n;) + eee +

+ Z(Ci’j, 1) + cuo s Z(Cg’d, n))

where ng i~ dimension of the control wvector for the control
-
algorithm Cj .

1,3
Since in thé general case we can have several possible con-

trol algorithms for each control level, there exists a set of
Z function models of the multi-level control system. From this
set we must choose the admissible 2 function models of the
multi-level system and then choose the comtrol structure which
can give the most desirable value of the performance index.

The problem of control structure synthesis can be solved by
using the following minimization procedures:

By solving the following minimization problem:

minimize 2 = min Z + min Zk +o0ot min 2
g min - % -1 1
g ... .2 c éAk c&-1eaF1 clen?

n dim u

Il see ||

k

a k

dim u
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we ¢an find if an admissible Z <function model of the multi-
~level control structure exists.

An approximate sclution of this problem can be easily ob-
fained by assuming that nk, nk'1, vesy nk are no integers
from

T
Z 4 2% : 97

paazsm=ﬁ_&_§1_a,, AR L, <Al
an® an’ an®

and then by choosing fthe best integer approximation of the so-
lution.

If min 2 ain 2 Z_ o the admissible structure does not ex-

i 8 °
n

ist in the given set of multi-level structures, and it is nec~
essary to find and to include in this set new more simple sub-
-optimal control algorithms, of course if such control algo-
rithms exist.

It mig Zg oty @ Zo , only one admissible multi-level con~

trol structure exists, and the structure synthesis problem is
solved. ;
If mii Z8 sl <'Z° s in general, several admissible multi-
n
-level structures exist, and it is necessary to choose such a
structure which gives after parameter optimization the most
desirable value of the performance index I .Since the sets of
control algorithms are ordered, the solution of the following
minimization problem:

minimize2 ZB max = max. Zk + max Zk_1+...+ 1max1 Z1
'na = dim u ckeAk ck'1e Ak'1 C €A
nk = dim uk

gives the answer, if the multi-level e¢ontrol structure with
optimal control algorithms is admissible or not.
If mip 2, nay <% » the solution of this minimization
n
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problem gives us the optimal multi-level control structure,
however in general it is not necessaryly the unique optimal
control structure.

ik miia zs B >Z° and mix; Zs ata < Zo s there may exist
n n

several admissible multi-level structures, however, all these
structures guide to some performance index I losses. To mini-
mize these losses we are looking for the most complicated sub-
-optimal algorithms for which

mig Zgz Z,
o ;

Example. Let us consider a very simple example.We first as-
sume that we have found one direct optimal control algorithm
03 with a complexity function Z(Cg) = k,‘[( n1)2/n2], one op-
timal supervisory control algorithm for +the second level of
control G5 with a complexity function z(c3)| = k,[(n%)>/0%]
and orne sub-optimal supervisory control algorithm for the sec-
ond level of control Ci with a complexity function Z(Cﬁ) =
= k3[(n2)2/n5 , one optimal supervisory control algorithm for
the_third level of control C7 with a complexity function
Z(Cg) = ku(n5 )5 s One sub-optimal supervisory control algorithm
for the third level of control 02 with a complexity function
2(c3) = k;(s2)? .

'I‘henzwe assume that n1 = 8, ‘nk,‘ = k2 Seaee t k5 =R Z‘:> =
= 40, n°, n5 > 1, and formulate

§-2- +-(';2)—2 + (22)2

ngin=minz1+ minZz+ min23= >

cleal e Bec o 08 @

2
and find  min 32, p = 28, where 1” = 4, »’ = 2 (Fig. 2a).

By N
Since min Zg mip <%y » we formulate
>
n
2 2\3
ngax= maxz1+ maxZ2+ max2.3=-8-?:+(n) +(n3)3
cleal c2es? Pes 2 w
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and find min 2 = 40, where n2 =2, 00 =0 (Pig. 2v).
2n3 £ max
9

Thus we have accepted the multi-level structure of Fig. 2b,
however, if Z° ¢ 40, the acceptable multi-level structureis

the one presented in Fig. 2a.
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0 TEOPUM YNPABJIEHUA CIOXHHMU CHCTEMAMM
A A KyxTerko
Urcruryr ruGepHeTmkuM AH JCCP
Kues
cccp

B pane nydnnxalmnl'4 yEe OHJNO NMOKa3aHo, YTO M3yYEHHE
CIOXHHX CHCTEN 1O HEOOXOZMMOCTM NPUXOZNTCHA NMPOH3IBOAUTE NpPU MC—
NONB30BAHMN DABIMYHHX ypoBHeit aGCTpPaKTHOrO ONWCaHNWA. B 3aBuCHU-
MOCTHM OT HAB3HAUEHMA CHCTENH MOXeT OHTH HMCMNONB30B3HA, HAIDAMED,
JA%00 TeopeTMKO-KHHOPMAUMOHHAA TPAaKTOBKA 3a/auyd, JAU00  JOTUKO-
MaTeMaTHUeCKad, MANHAMUUECKasA MIM, HAKOHeN, 8BPUCTUUECKad. B
IefCTBUTENBHOCTH X€ Yale BCEr0 NPUXOZUTCH MCHNONB30BATh OZHOBPE
MEHHO HECKOJNBKO DAB3AMYHHX yPOBHEH aGCTPaKTHOTO ONUCAHHA.

He ocraHaBiuBagch 37€Ch NMOBTOPHO HA XapaKTepUCTUKE Tep-
¥UHEa "Cj0ZHAA CHCTEMA ynpaBleHUA™, NMpuUBEAEHHO# B padoTe” ,0TNE-
THM TOJBKO TO OGCTOATENBCTBO, YTO HEOOXOZUMOCTH ONMCAHUA CIOR~
HO{f CUCTEMH yNpaBHNEHHMA OZHOBPEMEHHO HA HECKOJABKHUX a6CTpaKTHHX
YPOBHAX 3aCTaBAfET MCKATh MATEeMaTUYECKUEe CpeACcTBa, NO3BOAANNKE
3T0 ZenaTh. OZHAKO MONHTKW NMDUMEHEBMA AJNA STOH Heau Xopomo uU3-
BECTHHX METOZOB TEODUM QBTONMATHYECKOTO DPEryanpoBaHUs WiM,BOOG-
mne, TEOPHH ZAWHAMUIECKHX CHCTOM, TEODUM KOHEUHHX aBTOMATOB,leH-
HOHOBCKURt Teopunm MHGOPNAIMA U T.A. NMOKABHBANT ABHYH HECOCTOR -
TEIBHOCTE KAXZOT'0 M3 HUX ZAnA 3Toiff memu, llo meHmme# wepe, 9TO
MOXHO yTBEPEZATH OTHOCUTENBHO HHHE CYMECTBYNDIEro MOAOXKEHMS Zel.
Haxyaa M3 BeTBejt BCero HAyYyHOI'0 HANpaBIEHUA, CBA3AHHOTO C IIpod
neuoit yupaBiieHus, pa3BUBaNach CaMOCTOATENBHO M TOJNBKO B C3MNO€
NocNeZHee BPEMA HAMEYaWTCsH KOHTAKTH MeXAy HuMHM., OnucaHum u3 -
BECTIOT0 B OTOM HANpaBleHuM ¥ OOCYXAEHNWD HEKOTODHX BO3MOXHHX
nyTeil MCCAEeNOBAHME CIOXHHX CUCTEN yNpaBJIEHUT M MOCBANEED HAcTO-
Aree cooldedne, aBiAlLEOCs pepepaTWBHHEM W3JNOKEHUEM 4acTH Oolee
noxsoll padoTh, MOATOTOBACHHO{ QBTOpPOM A NEYaTdA IO ZGHEOMY
BOLPOCY .

§ 1. 0 ezunofl KORUENOWN B TEOPUM KOHGUHHX aBTOMATOB
4 ANHAMNYECKO# TEODUM yNpaBlAeHns

Bnozne acTecTBEHHO, YTO Mpexze, ueM OyzeT coszaxa "OOuasn
TEODUA yupaBienus", KoTopas [O3BONAAXT BCECTOPOHHE M3yyaTh NOBE-
A€HUe CHOXHOM CUCTeMH YNpaBlieHUA, DPAa3NUuUHHE MCCIEZOBATENH IIH-
T2RTCA DeunTs Golee NpocTyo 3alavyy, CTPEMATCA CO3ZAATH METOZ,
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O0XBATHBANmU{ OZHOBPEMEHHO X0TA OH TOJBKO ABE M3 YMUCA3 BO3MOX-
HHX a0CTpPaKTHHX TPaKTOBOK 3ajad. Hampuwep, B pado'raxs'6 aBTOPH
X NpUIArapT yCUIUS B HanpaBiAeHUK OCBEZUEEHMA METOZ0B JMHAMA-
4yecKoli Teopuum ¥ TeopuM HHPopwamuM. C 3TOH TOUKM 3pEHMs BeChHMa
WHTEPECHH B3INAAN, M3NOXEHHHE B padoTe’ ,aBTOpP KOTOpO# moxasan,
9YTO €CJNM MCINONH30BaTh HEKOTODHE MZeW aOCcTpakTHO## ainreGpw, TO
MOTYT OHTH BCKPHTH I'TlyOOKHE 8HAJOTHM, CYLECTBYDUNE MEXZAY Teo-
pueji KOHEUYHHX aBTOMATOB M AMHAMUYECKOH Teopueit ynpasiaenus. Ec-
11 _KOHEUHHi{t aBTOMAQT Muim mpezcTaBuWTh, KAk 9TO OCHYHO W JienaeT-
cae, NATEPKOil BENNUMH:

M= X258, 1. £,

rie X # Z - COOTBETCTBEHHO, BXOJHOHl M BHXOZHOH  aupaBUTH
aBTONaTa} )
Sy - MHOXECTBO BEIMUMH, ONPEACAADUMX COCTORHME aB-
TONMaTa;

Zy= 52(59,3")' XapaKTepUCTHIECKasH (YHKIMA, HAa OCHOBAHMM KO-
Topofi OMpeAeNADTCH BHXOAHNE BENMUMHN aBTONATA,
8CNM W3BECTHH BXOZHHE BEIMUMHN M €r0 COCTOH -
CH

SM--:L(S.O 2y) - XBPaKTEPHCTHUECKAN (QYHKIMA,HA OCHOBAHME KOTO-

: pofi onpeielfeTCA COCTORHMe aBTOMaTa B V+{ TakT,

€CJW M3BECTHH BXOJHNE BENUUMHH M COCTOSHUE
aBTOMaTa B Y TagT,

70, KaK MOKA3aHO B, ANA AMCKDETHOH HKANH BPEMERH T‘:{o,f,z,—.},

npr mpexmonoxesun, uro X , Z , S npeAcrasuMH  aGeneBHME

( KOMMYTATUBHHMY) Tpynnawum, cucreMa (T.e. asronar M ) Gyzer

BIONHE aAZNTMBHA B TOM ¥ TOABKO B TOM ClIyuae, KOTZA CYMECTBYOT

TAKUE TONOMODPHM3NH

e s XrS; Ci8+Z; D X~2;

YTO ANS BCEX $°€$ , x€ X ¥MENT MecTO COOTHONEHHS

Siu=F;(8, x,)=AS,+Bx,,
Zy=1 (&) x,)=C3y +Dxy,

ROTODHE MOXHO 3&0MCaTh B Gonee DPA3BEPHYTON BUJE
-1

59”:: :&Cs’lm‘l Eri ‘TN):A $,;+'§' Ar--m*“
-4 L rre? :
29=)€5<Sg, Raginns Cn)=CA” S,*-;’;;fCA BT D=z,
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Ecau Tenephr BBECTH 0003HAUEHUA

ny=CA™"
h(m)=

npg m =0

[_ CA: B mpy M >0,
TO BHpDaEeHHE AJNA 3(2 WoxHO OYZeT 3amUCATs B CIEAYOUEN BuZe:

2y= J((va,» sc..)=ct>(n)59+§wh<m)x,.-m

3aNeHAs, HaKOHEN, AMCKDETHOE BpPEMs HENPEDHBHHM ¥ NEpPeXois OT
roNoMopdE3Na I'pynn K TOMOMOPHU3NMY BEKTODHOTO MPOCTPAHCTBA, HO-
clefHEeNy BHDAXEGHWD MOXHO NpHZATh BUZ, xOpomo U3BECTHH B auHel
HOf TEOopMM AMHAMUYECKUX CHCTEM ynpasneuz

2= Pt o (£)+ ] h(t- }’)u(}’)d})

rae 2z (¢) - P-wepnuit nenrop, ® XapaKTEepUSYDMMI BHXOZ CUCTENH;
x (¢) - h-MepHEHl BeKTOD, XapaKTepU3yDUUH COCTORHNE CH=
CTONH B MOMEHT BpeMemM £, ;
w(t) - 7 -uepmuit Benmop, XapaKTepU3yOLA BXOZ CUCTENH;
@({;) pxn) - MaTpuua, L =it cronben KOoTOpo#t NmpeicTaBIAAET CO-
Go#f peaKuMp CHCTENH B MOMEHT BDENEHH T ;
Ll«)- MMIYIbCHAA NEPEXOZHAA QYHKIMA CHCTEMH.

B BO3NOXHOCHI TAaKOTO pOZA NEPEXOZOB OT COOTHOWEHMH TEOpuUX
KOHEYHHX aBTONATOB K COOTHOMEHWAM NUHEHHOH AMHaMmMueckoit Teopun
W NpOSABIHETCA TA TAyOOKas CBA3b, KOTOpas MOBBONAET TOBODUTH O
eIMHO/t KOHNENIMHM A STUX ABYX DaHEe HE3aBUCHNO Da3BUBABIMXCH
BeTBell HAayuyHWX 3HaHM{t. llpescTaBrAeTcA, OAHAKO, HEOGXOZMMHY
CenaTh eme OXMH WAT BNEDEX MO MyTH OCBEAMHEHMA NOTMYECKOR X
IMHANMUECKO#t TPaKTOBOK 3a7au TEODHM YNDAaBIEHHA CHOEHHMU CUCTE-
Nanyu, OGCYRZeHMD BO3MOXHOCTH Uero M MOCBAWEH CHEAyONUA naparpad

§ 2. 0 HOTMKO-ZAMHANMYECKUX CUCTEMAX

He TpyzrO 0CO3HATH, UTO KpOME AENOHCTPauUMKM CaMOTO daxTa
CyllecTBOBaHMA THIYOGOKOit ¢BA3M, OCHApyXMBaeMO#l MEXZy Teopueit xo-
HEYHHX aBTOMATOB M Teopmeft AMHEAHHX AUHAMAUECKUX CHCTeM,  AIf
DaKTMYECKOT'0 M3YUYEHMUS CJNOXHHX CUCTEN yNpaBIAEHUF, COCTOAMUX
O7IHOBPEMEHHO M3 JIOTMYECKUX M AMHANMNUECKUX 3BEHBEB, MMMAHEHTHO
00DbeZMHEHHHX B OJIHO Lieloe, TpedyeTcs NOCTPOEHUE COBEDUEHHO HO-
BO}f Teopuu, a ANA ITOTO TpeGyeTCH TaKKE HOBHE MATEMaTUUECKUE
cpeacTBa. OCHOBHOE 3aTpyAHEHWE, BO3IHMKAKNEE NMPU HSYUEHAHM JOTU-
KO-ZMHaMMYECKUX cuUCTeN (Kaxk paZ¥ KpaTROCTH OyZeM WX MNEHOBATH),
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3aKIDYaceTCA B TOM, YTO HEOOXOZMMO HaiTu Taxo#f ruOKMil A3HK,KO-
TopHil Mo3BONMA OH OMEpPUPOBATH OZAMHAKOBO yAOOHHM OGDasoOM KaKk ¢C
OCHYHHMM N€PEMESHHHMM NaTeMaTHYeCKOI'0 aHanu3a, TaKk ¥ C JOTHYec-
KMMI TIepEeMeHHHMH,. [Ip¥ cO37laHMM TAKOTO pOjia A3HKA, NO-BUAUMOMY,
MOXHO UZATH DaBIUUHHMKM NYTaAMM. C 3TOff TOUKM 3pEHUA 3aCAYEMBAET
BHUMGHUA: A3HK Fl-anxnnﬂII, ONepaTopHOE HCUNCIEHHE Aia Oyie-
BHX QYHKIMI™=, f3HK HENpPEpPHBHOH nornqu3 n Zp. B uacTHOCTH ,
ANS 3TUX Re ueneil B padomeI4BBonnrcs NOHATHE TUODPHAHON PYHKIUM

G (.'JCA, o on 5lp - R N SR npeicTaBispneit co6o#f mpousBezeHUe OOHU-
HOYl QYEKIMM ZefiCTBHTENBHOTO NEeDeMEeHHOTO - EF(CCL,- hepata i
DYyEKOAM JOTMYECKUX NEepPEeMEeHHHX 5—(9:';, e gl ) . 5 el

G(‘xl, Caey xe)= g-(xé,-") xn)§(x.)) ) mm)

Joruueckasg QYyHKOUA §'(3Cj,...,c:n,) MOXeT OHTPH NpEeZMKaTOM ,
dopuymIoif UJIM KBQHTODOM, HO OHA MOEET NPHHMMATH TOJBKO ZBa 3Ha-
yerng: I (mctuEa) # O (JMOEB), OZHAKO MOMEHTH, KOTJZa 3T0 GyzeT
NpPOUCXOZUTH, 33BUCAT CJHOEHHM 00pa3oM OT 3HAUEHHUA NEpPEMEHHHX
pasn’uHoft NpupoZH. OHU MOTYT OHTH:

I) npezpuxaranyd, 3aBACAMMME OT QYHKOMH AeificTBUTENBHOTO Ie-

PENMEHHOTO,
2) YacTMYHO ZeiicTBUTENBHHMM NEePEeMEHHHNM, 8 YaCTHUHO — JIO-
. THUYECKUMM INepPEMEHHHMY ,
3) TONBKO JIOTMUYECKUNN TNEpeMEeHHHNM, He 3aBACANUME OT zeiicT-
BUTENBHHX NEePENEHHHX, ‘

Bce 370 C037aeT pasH000pa3HHE BO3MOXHOCTH NP ONHMCAHMM JIOTHKO-
INHaNUUSCKUX CHCTeNM. K coxaneHuD, caM (aKT BBeZIeHUA T'MODPUZHOM
OyEKIUN eme He 03HAyYaeT, YTO yXe HMEeTCHA HeOOXOZUMHI HaM A3HK.
Hyzrn ZzanbHefimne KCclefioBaHMA, CBA3AHHNE C paspalOTKOil MpaBui,
NpY NOMOHM KOTOPHX MOXHO OHJNO OH NpOM3BOZNTE HEOoOXOZuMHE Zeil -
CTBUA C TUODUAHHMYM QYHKIMAMM (ZudHepeEnMpoBaTh UX, UHTETPUPO -
BAaTh ¥ T.Z.), NODTOMy BONPOC O CO37AHMUM MATENQTHYECKOTO anma -
para, NPUTOZHOTO AN W3YyYEHUS JOTUKO-ZAMHAMNUYECKUX CHCTEM,0CTa—
eTCs elle OTKPHTHN. YKe MMenTcA pacoTH, B KOTOPHX pa3BUBAETCH
anmapaT, OCHOBAHHH{l HA NOHATUM I'MOPUAHOH qyymcuuul , HO MMNEDNT-
G ¥ KDUTVYECKHE padomuIG, B KOTOPHX TAQKOT'0 pojZa BOSMOKHOCTH
oTpunanTcs. Ceityac MOFHO TONBKO OTMETHTH, YTO M3BECTHOE Npefi-
cKasaune [x.poH-HeliMaHa O HeoOXOZMMOCTN CHUSHUA METOZOB HE -
NPEPUBHOY ¥ KOHEUHO# MaTenMaTUKU (T.e. CAMSHUA METOZOB MaTeMa-
THYECKOTO aHanusa, ONMUpapiuXcH HA (axT HENPEpPHBHOCTH NEpeMeH-
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HHX, M METOZO0B MaTeMaTHYeCKO}# JOTWMKM, ONEPUDPYDUUX C AUCKDETHH-
MM JOTMYECKMMM NEepeMeHHHMM) cOnBaeTad ¥ HYyXZH MOCTDOEHUA TEo -
pPMH JNOTMKO-ZAMHANAUYECKHX CUCTEM, MO-BUAWMMOMY, OYAYyT NOOyXZaTh
NHOTEX MCclIeZoBaTeldeit ckopee MATU K 3Toit nexan.

MoxHO TaKXe OTMETHTH, UTO HE MEHBNME TPYZHOCTHM BO3HUKANT
M NpA W3YyYEGHHH CHCTEM, TpPeOYyOOUX OZHOBPEMEHHOTO MCIONH30BAHUSA
ABYX INOHX APyruMX aGCTPaKTHHX YPOBHEHl ONMUCAHNUA CIOXHHX CUCTEM,
Hanpuuep, JNOTHYECKOTO M 3BPICTHUECKOTO. Eme Gombmue TpyZHOCTH
BO3HUKANT, 6CAM HMCNOAB3YETCHA OAHOBPENEHHO HE 7Ba, a TPU YPOBHSA
a0CTpPAKTHOTO ONNCaHUA CHMCTEM, Hampuwep, MHOOPMAUNOHHHH, JOTH -
4yecKuit, aBpUCTHUECKMit. CO37laHMe MaTEeMaTHIECKUX CPEACTB, MO3BO-
NALONX BECTH HCCNEZOBAHMA B TAKUX M eume O0Nee CHOXHHX CIydYasX,
M ABIAEeTCA TIaBHO# Lexsn oOmeit TeopumM ynpaBleHUs CIORHHMA CHUC—
TEMaNH.

§ 3. O mpoGmewe MHOTOMEPHOCTH B TEOPHM CIOKHHX CHCTEM

OTMeueHHHE BHEE TPYZHOCTM He ABIAANTCA EAUHCTBEHHHMNM, C
KOTODHMM NpPUXOAUTCHA BCTPEYATHCA MPU MCCHAEZOBAHUM NMOZOGHOT'O po-
7a chcTeM. CymecTBEeHHHE 3aTpyAHEHMA BO3HUKADT W NpU MCIOAB30 -
BQHMM OAHOTO KAaKOT0-JI100 yPOBHA aOCTPAKTHOT'O ONUCAHUA, €CIU
CUCTEeMa COCTOMT M3 MHOTMX B3aUMOCBA3QHHHX ZAPYyT C ZADYTOM 3JIENEH
TOB MIA NMOZCHUCTEN.

llpn aTom "mpokAfATHEe MHOTOMEepHOCTH" (M0 0GPa3HONY BHpAKE-
HUD P.BennnauaI7) B OZMHAKOBO! Mepe TPYZHO MpEOZONEeBAEGTCA NpH
UCNONB30BaHUN JNOOTO U3 ypoBHEit aGCTpakTHOT'O onmucaHug. Tax,Ha-
npuMep, B TEOPUH KOHEUHHX SBTOMATOB 3aZauy JIETKO M UBAWHO pe-
WapTCs NpU MaNoit pasNepHOCTH CUCTEM, M TPYAHOCTH CYMECTBEHHO
BO3pacTanT KaK TONBKO DPasMEpPHOCTH M3yuaeMo# CUCTENH BO3DPaqTaer.
lloaToMy BNOJHE €CTECTBEHHHM NyTeN BO3HMKAET KeJaHWe HajiTk Taxue
TyTH NpeOZONEHMA TPYAHOCTEH, CBA3AHHHMX C MHOTOMEDHOCTHN CHGTE-
MH, KOTOpHE, HaNpuMNep, OHNA OH OZHOBPEMEHHO NDUTOAHH AJA U3y -
YeHUA MHOTOMEDHHX ZIMHAMHUECKUX M JIOTMUECKUX CUCTEeM OOIbmOi
pasMepHOCTH. Kak HaN NpezcTaBIAETCHA, OOPOTHCH C MHOTO#EDHOCTHN
! MHOTOCBA33HHOCTHN CIOXHHX CUCTEN MOXHO HE TOJNBKO NyTeN U3HC-
KaHUS HOBHX MaTEMaTUUYECKNX MeTOZOB (ueM, B OCHOBHOM, TOJBKO U
OTPaHMYNBANNCE), HO M MyTeN MCNOAH30BAHNA PUINUECKUX U HHEEHED
HHX CBeZieHHll 0 M3y4YaeNHX cucTeMaX, Tak, MOXHO WMCIONB30BaTh TOT
pakT, uTo cHcrena (OyZb OHA TEXHMUECKOT'O, DKOHOMUUECKOI'O, OUO-
JNOTUYECKOT0 WJM CONUANBHOI'O XapaKTepa) COCTOMT M3 GONBNMX TPy
OZHOTHUIHHX B37EMEHTOB, Ecay 3T0 TaK, TO CTAHOBATCH BO3MOXHHN
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ICTIONB30BaTh MAaTEMaTWUECKUll annapaT, paspaGoTaHHHI AnA omuca -
EUA MHOTODA3HHX EWAKOCTEH, KaKk 2TO Npejnarand ZenaTh IpU U3y —
yeHun Takoro pozacucteN H.M.Tensdany u M.ﬂ.ueﬁtnnula. Bropoit
BOBMOXEH{ NYyTH NPESOZONEHNA prﬂnocmeﬁ, CBA33HHHX C MHOTOMED =
HOCTBH 3aZaun, DPacCMOTPEHHH{ B , TaKke 0asUpyeTCA Ha (GHSUUECKHX
npeZcTaBIeHNAX., A NMEHHO: KOTZa CHCTENa B TOM MIM MHOM CMHCIE
CHUMNETDUYHA, NPEACTABAANTCH BO3MOXHOCTH CYMECTBEHHO YMPOCTUTH
HCCJIeZ0BaHNe CHOEHOH CHCTEMH OONBIO# Pa3MEPHOCTH KaK IpH ZM -
HaNMUECKOii, TaK # JOTHUECKOff TpPaKTOBKe 3azay. B 9TUX ciayvasx
MOXHO BOCNOJB30BaThCH METOZAMH TEODUM I'pynn—~, a TOUHEe — Teo-
puUy NpeACTaBIEHNA TPYyNn-—-, CTOAS MUPOKO NPUMEHAEMHMM B KBAHTO-
BO# (QU3UKE, KBAHTOBOW XMMUM M B COBDEMEHHO# TEOpUM 2JEMEeHTAap -
HHX qacmué =23, .

He cnezyer npu 3TOM monaraTsh, YTO DEYb MAET HENPEMEHHO O
CHMNETDPAM UMCTC I'eOMEeTPUYECKOTO XapakTepa. OTHOA® HeT. HamGoxee
BARHHMM, ANA HHTepecybmeil Hac NMpPOONEMH KCCASZOBAHUA CHCTEM OONb-
moji pa3MepHOCTH, ABAANTCA O0ZNee INIyOOKO CKPHTHE CBOolfcTBa CUMMET
pur, Tak, ANA MHOTMX M BechbMa Da3HOOODA3HHX JANHANMAYECKHX CHC -
TEM CBOWCTBO CHMMMETDUM NMPOABIAAETCA B TOM, YTO ZAJsA HUX JaTpaH -
EWaH (WM TaNUIBTOHMAH) OCTAETCA MHBADMAHTHHM OTHOCHTENBHO JH-
HellHuX npeoOpa30BaHuit KOOpAuHAT. Ecan E TEM MM MHHN CNOCOGOM
YyCTAHOBNEE (HaKT HANUUUA CHUMMETpUA (HAmpuMep, 9TO MOXEeT ONTH He-
NOCPEeZCTBEHHO OCHAPYXEHO IPA UCMONB30BAHUM MaTDPHYHOA GOPMH 3a-
NUCH ypaBHEHUil), To GopManbHHil annapaT TEOPUM NpPEeACTABICHHUA
TPYyNn MO3BONAST UCXOZHYD 3aZauy OONbWOf pa3MepHOCTM 3aMEeHMTH
HECKONBKUNN OZHOTUNHHNM 3a7auyaMyil 3HAUUTENBHO MeHblell pasuep -
HocTy (HampuMep, B IO man B IOO pa3 weHsumeit pasmepHOCTH). CyTh
JEena Ipy 3TON 3aKINY3ETCH B TOM, UYTO COOTBETCTBYWmAs MCXOZHARA
¥aTpuna OONBHOJ Pa3MEPHOCTE MOXET OHTEH MO BHOJHE ONpefielieHHO
penentype, 0OCyCIOBIEHHO# BUZOM MMewNelca CUMMETDHM, CBEZeHa K
6M0YHO=-ZNATOHANBHOMY BUAY

ri_(Qp) 0 TR R
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T7lle Kaxjzas U3 cyOMaTpul, CTOMUWUX HA TNAQBHOK ZAMAroHAMM,y#E SB-
NIfeTCH HENpUBOZAUMOK, T.€. HE MOXET OHTH eme OZUH pa3 IpeZcTaB-
JeHa uepes MaTpUIN ele MeHbme#l pasMepHoCTH. Teopus mperncTaBic—
HWSl TPYNN IO3BOAAET OTBETUTH HA BONDOCH O TOM, KAKOBE MOUET
OHTH Pa3MEpPHOCTH CyOMaTpHIl FLJQFDB , KaKoBO MX QUCIO, CKOJB—
KHUNM PA3IMYHHMH CHOCOGaMM MOXHO NpOMBBOZUTH TAKOTO DPOZa INpei-
CTQBIEGHNE MATPUON OONBMO# PaBMEPHOCTM C MOMOWBN M3TDUL  MalNok
pa3MepHOCTH, B YAacTEOCTH, ZaeT KPUTEpUH ANA CYELEEUA O TOM
BO3MOXHO WA HET JeNbHejimee pasJOReHUe CcyOMaTpul F}j(p)ua uaT-
pUIH eme MeHbmeji pasMepHOCTH ¥ T.A. [Ipd KpaTKOM N3IOKEHHU HEXD
37 ONMUCaTh BCE T€ NPOIEAYPH, KOTOPHE IDUXOZUTCSH NDH BTOM NpPaK-
TUYECKN BHIOJHATH: PasOUTh 3NEMEHTH T'PYNN Ha KJIacCH, HalTy xa-
paKTep MIA KaEZOTO Kiacca, T.e. caez cyowarpums Sell Mg (PNl
ONpeZeNuTs KaHOHMUECKUHt 6a3uc ANA MCXOZHOTO MHOTOMEDHOTO BEK -
TODHOT'O NPOCTPAHCTBA ZAHHOH# 3azauu ¥ T.Z. CO BCEN! HEOOXOZMMH—
UV TOHATHUANM ¥ TeopemMaMy (DKBUBAIEHTHOCTH M TOMOMODHUSM TpYNM,
neunn llypa, Teopenn Jlarpanxa ¥ Bursepa u T.Z.) @ METOZUKOMH
NONb30BQHUA UMY MOEKHO O3HAKONMUTBHCH 10 YK33aHHHM BHUE KHUTAN ,
MOCBALEHHHN W3JOKEHNO TEOPUM T'PYNN ¥ TEOpUU NPEACTABAEHUA
rpyun18'23. [locKONBKY UCCNEAOBATENN YAcTO MpPEeACTABAAETCSH BO3-
NOEHOCTH CaMONy (ODNMDOBATH CTPYKTYPy M3yuaeNoil cIOZHO{ cucre-
M (HampuuMep, NMpH yNpaBAEGHUM 3KOHOMUUYECKUMA CHCTEMAMM ¥ NPOU3=
BOZICTBEHHHMUM OOBEKTAMU), TO, BHODAB CTPYKTYpPY CUMMETDHUHOH
¥MeeTcs BO3MORHOCTD BOCIOJNB30BAaTHCH HAEANMU TEOpUM NpPEACTaBIe -
HUA TpYyNm, B CBA3M C YEN NMOCHEZHsAA NpuoGpeTaeT BechMa OCIBLOE
NpaKTUYEeCcKoe 3HAYEHUE.

Ins nofcHeHUs CYTH Jiela PacCMOTDHM BIEMEHTaDHO MpoCTOi
NpuMep - KOoJNeGaHUf HEKOTOPO# MEXaHMUECKOH cucTeMH (CM. AeTalb-
Hee4). )
llycrs ypaBHEHHMfA, 3anucaHHHEe B MATPUUHO# Gopve, OYZYT

UMETH BUA:
MX+KX =0,

rIe M - zmaronansmas warpuma wacc,
K - wvarpuuya zecrrocreit,
X - BEKTOP~-CTONGEL IeDPENMEHHHX
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Taxuy 06pas3oM, HEOOXOZUMO HUCCHEZ0BATh KONEOAHMA CUCTENH, NMEK—
meit MQTPUIH pasMEpHOCTRH S5 . 3a7avya 3aripiaeTcs B TOM, YTOOH,
NOJB3YACH CBOECTBOM CUMMETDHUH, BMECTO UCXOZHOH 3aZaum MOXHO Oh-
10 OH peuuTdh 3azauy MeHbme# pasuepHocTH. [loap3ysachk M3BecTHOH
METOZUKO} Teopuy MpPEACTABIGHUS TPYyII—- 5 u reu daKToM, UTO
WccnenyeMas KoineOaTenbHAf CUCTENMa CHMMETPUYHA (UTO MPOABIAET—
CH B CHUMMETDUM MATDHUI), NOTYT OHTH HaiiZicHH HOBHE NEDEMEHHHE
}1“'}h2 hz,/1zz !125 , KOTODHE CBA33QHH CO CT3DHMU NepEeMEHHH-
w x,y 55' TAKVMU COOTHONEHNAMYM, YTO 337Z34Ya pas—
MEpPHOCTH Sxé pacnanaemcn HA LBE O VHAKOBHE 3aZauil pa3MepHOCTH
2x2 u OZHY 3a7ayy pasuepHocTs IxI. He m3naras 37ech BCEX IO -
IpoOHOCTE]l npeoGpa30oBannit, OCHOBAHHHX HAa UZEAX TEOPHY NMPEACTaB
JIeH¥s Ipynn, BHNNWEM KOHEYHHE COOTHOWEHUF, CBA3HBANUUE CTApHE
7 HOBHE IEeDPeMEHHHE
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B maTpuyHOif JopMe BTM Xe COOTHOWEHUR MOTYT OHTH 3aMUCAHH B
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OGpaTHdA CBA3h HOBHX NEPEMEHHHX CO CTapHNM B M&TDUUHOM  BUje
3aNMCHBAETCHA B BUZAE ypaBHEHHUA
4
H=R™'X,
rae R - warpuma, oGpaTHas mo oTHOmeHED K MaTpune R .
NozcTaHOBKO! MMHeAHOTo mpeoGpasoBanus X=RH B NCXOZHOE

ypaBHEHME W YMHOKEHUEM ClieBa Ha MaTpULy Rt , ucxomsas cu-
crema ZnddepeHuManbHEX yPaBHEHUHA NDMBOAUTCA K ONOYHO-AMATOHAND
HOMY BUZY:
A st oyt
R"MRH+R "KRH=0,

rze R_LMR - IMarToHAJNBHAA MATpUIa MacC Buza
m o o O O
-1 0 m, o o o
(e} O O 0 m |
>
a R™IKR - dnoqﬂo-ﬁnaronanbuaa MaTpuLa KEecTKOCTell BU7a
R3K,+K, '—37";—‘ o o o
3 o (o) (e}
: " 2’ 5
R‘ KR= o B K1+K2 = 2 o
3K, L '
R o
.1 0 o o QO BKA+K2- !
Ta.iun 06pas3oM, Ha OCHOBAHMM BMNOJHE ONpeZAeNeHHO{ Npoueay-
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PH MH TpDUINM K GAOYHO-ZMaTOHANBHOMYy BUAY MATpUI. B ZaHHOM Me-
TOZle 3TO ZENAETCH He HA OCHOBE METOZA NONMHTOK, @ NO BIONHE

ONpeZieNeHHHN aATOPUTMAN, €CAM MCXOZHAsS CUCTEMa CHMMETPHYHA.Cu-
creva AMpHepeHUMAaNBHNX YPAaBHEHUH B HOBHX NMEPEMEHEHX ENEET BUZA:

m/{,,+(,/3;<,+Ka)h,,+i\@Kah,a:o}

m, .;z*zs'Kz/z,z—i/znghuso

m Ay + (B ha - V3K, h,ﬁo}

™, oyt 3K oy 4+ fE Kby =0
e+ (5 Doy = O

TaxuM 06pa3oM, HarifgZHO BUZAHO, YTO BMECTO pemEHUA 3aZAYH
pasMepHOCTH 5X5, 7ZleN0 CBOZUTCA K ABYXXKPAaTHOMY pEUERMD OZHOH M
To# Xe 3aZay¥ pPa3MEpPHOCTH 2X2 ¥ OTZENBHOMY pEemNeHMD ypaBHEHNs
pasuepHocTH IxI.

Mn mHTEpecyeMcs NpoGneMoit ynpaBleHMs CHORHHMMU CHCTEMaMy,
a N3JNOBEHHH{i TONBKO YTO METOZ Z@aeT BOSMOXHOCTH MCCIEZA0BATH
TONBKO OTAENBHO B3ATH{I 00BEKT ynpaBieHUT, MMEDMA# CHUMMETDUUHYD
CTPYKTYPY, €CIM cUCTEMa yNpaBleHMs He cHMMETpHuHAa. [losToMy B
TAKOT0 pOZa cAyyadxX 3aZaud ycToiumBOCTH, MHBADMAHTHOCTH, OMNTU-
MaNBHOCTH M Zp. ABIANTCA CAMOCTOATENBHHNU 3ajayaMiu, Kaxzas M3
KOTODHX pelaeTCd Ha OCHOBE MCMNOJNb30BAHUA CBOHCTB HCHUMMETpPHH
o0pexTa. Tak, 3aZaya yCTOHUYMBOCTH MOXET OHTH DElleHA NMyTeM uc-—
NONH30BaHNA METOZa JEKONNOSUINM, C NOMONMBM KOTOPOT'O BCA CUCTE-
M@ pacujieHAeTCHA Ha MOACUCTEMH. B mepByb M3 3TUX NOACUCTEM BXO-
IUT 00BEKT, ONUCHBAENH cnuuéwpnqnon uarpuneit, a B0 BTODPYR
NMOZCUCTENYy — CUCTEeNa yNnpaBieHAs. llepBOHAUANBHO HCCIEAYETCH
YCTO#YMBOCTS KaXzoif U3 NMOZCHUCTEM, NpUYEM NPH M3YUYEHUH yCTOilum—
80CTH 00BEKTa, B3ATOI'0 OTAENBHO, UCMNONB3YNTCHA CBOHCTBA CHMMET-
puuEOCTH €ro. OnpeZennB yCTOKUYUBOCTH MOACUCTEM, 3aTeM, HA OCHO
BQHNN, HanpUMep, M3BECTHOH# TeopeuH Beilm, woryT OWTH Onpefe -
JIEHH YCHOBUA QCUMITOTUYECKON yCTOHUMBOCTM ANA BCEH CUCTENH B
nesod. 0co60 MHTEDPECHHMH ﬁnnﬂnmca 337iayy ONTUMANBEHOT'0 yIpaBie-
HUS ZJIA TAKOT'O Ee poja OOBEKTOB, KOTZA COBMECTHOE MCNONH30Ba -
HYE MEeTOZa ZEKOMNO3ULUM ¥ MZeif Teopuy NpeAcTaBAEHMit rpynn, mno-
3B0JZeT pewaTh BechNa TPYyZHHE MHOTOMEDHHE 3a7ay¥ ONTUMANBHOTO
yupasleHus. QPaKTUUECKas ZEMOHCTpamUf MOZOGHOTO pOZa BO3NOE -
gocTell TpedyeT OTZENbiOT0 COOGCWEHUS.
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8§ 4, 06 yHuBepcanbHOCTM SIBM M MOozenMpoOBaHUN
IpOLEeCCOB yINpaBIEHUS CHOXKHHMM CUCTEMaMn

TnaBHas 0COCEHHOCTEH TEOpUM CIOKHHX CHUCTEN, KaK M KUGEepHe-
THKN BoOOmE, NMpPOABAAETCH B TOM, YTO OHA AONXHA JaBaTh BO3NOX~
HOCTH M3yuaTh OOGBEKTH JOOH# MPUPOZH (TEXHUUECKUE, SKOHOMAYEC-
Kue, OMOJOTMUYECKUE, COLUANBHHE) HA COOTBETCTBYWNEN aGCTPaXxTHOM
ypoBHE. [I03TONY HEOOXOZMMO 3300THTHCHA HE CTONBKO O CO3ZAHLH
"OGueit Teopur cucTeM", U3 KOTOPO# Kak UYacTHHE CIydYaW MOIyda -
nUCH OH YaCTEHE Teopud (TEOpHA AMHEHHNX ZMHAMMUECKAX CUCTEM ,
TEOpUA WHHOPMALUM,TEOPHA MAPKOBCKUX MPOLECCOB M T.A.), K UENy
MHOTZA NpU3HBANT 4, CKONBKO O CO37aHUM MHOTUX BETBEif Teopuu
LA Pa3NNUHHX ypoBHe#t aGCTPaKTHOTO OMUCAHUA CHCTEM. PaccmMoTpe-
HMe 3ajayy¥ Ha KaKON-JINGO0 OZHOM ypOBHe aOCTpPAKIMM MO3BOJNAET AATh
OTBETH TOJNBKO HA ONpEZeleHHYD I'DYyNNy BONDPOCOB, 4 ANE NOIYUYEHUR
OTBETOB Ha ZpyrUe BONPOCH HEOOXOZUMO MPOM3BECTH UCCIEZOBAHUSA
Ha ZpyroM ypoBHEe aOCTDPAKTHOTO ONMUCAHMUA CUCTEMH.INA AOCTUREHUA
MaKCHUMAJBHO BOSMOXHO MOJHOTH HEOOXOZUMO M3yueHUEe OZHOH M TOii
Xe CACTEeNH Ha BCEX NOZXOAAMMX ZANA LQHHOT'O CIAyuyas ypPOBHAX abCcT-
pakuuu. HauGonee nenecooOpas3HHM ZJA 3TO#f HeaM U NPAKTUYECKU
ZOCTYMHHM ABAAETCA NYyTH MaTEMaTHYECKOTO MOZennpoBaHud. XoTsa
06HYHO Ha JIBM CMOTDPAT NpOCTO Kak Ha BeChMa OHCTpOZeiicTBybmuii
BHUMCIATENb, B ZICHCTBATENBHOCTN XEe OHA ABIACTCHA YHMBEDPCANBHHM
yCTpOiicTBOM, KOTOPOE KDOME OHCTPOT'0 CYeTa CHOCOOHO NMpPOU3BOZAUTD
00paGoTKy OYKBEHHHX WM ZPYyT'UX CUMBOJNOB, NPe0oGpPa30BWBATEH MHHOD
ManMp B HEOOXOZAMMYD HaM gopMy, ZeaaTs "ymosaxapyeHua", "BHBO-
ZN" u T.m. Bce 3T0 nmo3BonsAeT ¢ nmoMoubk JUBM M3yuaTh HE TONBKO
MHPODPNAUUOHHHE NIPOLECCH B CJIOKHHX CHCTEMaX yNpaBIeHUd,HO M JO-
THYECKUe, JUHAMUYECKHUE W IBPUCTHUYECKNE TDAKTOBKN 3aZay TaKxe
MOTYT GHTH OGCTEeZoBaHE. B HacTofllee BPEMH CO3ZAHH CIEHHANBHHE
aGerpaxTHie mswkM (Cmuckpuir, SIMPAC , GPSS  u zp.% ),
N03BOJANLME DKOHOMUTH BDEMA U YCMIUA, CBABAHHHE C MPOTPaMMUPO-
BaHMEN ¥ CaMUM MPOIECCON NOZEeNMpOBaHMA. [I03TOMYy UMEHHO 3TOT
NyTe uCnonb3oBaHua SUBM zAnA MOZENMPOBAHMA M SABIAAETCH B HAcTOA-
mee BPEMs TVIABHHM NpHU pa3padoTKe AeificTBUTENBHO CHOXHHX CHUCTEM
ynpaBieHun. 4acTo Takxe MUAYT HA CO3ZAHUE CNENUANBHHX HAYUYHHX
LEHTPOB, NpPEeZHA3HAUEHHHX UCKINUMTENBHO ANA leNell MOZeANDPOBAHUA
pa3paCaTHBaeMoil CIORHONH CUCTEMH yNpaBIEeHUA. B KauecTse npuMepa
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MOXHO NPUBECTM HayuHH{ LEHTD, CO3ZaHHHH CNELMANBHO AJNA pas3pa-
GOTKYM CHCTEMd 3BTONATHUECKOT'0 YNPAEBNEHUA BOBAYUHHM IBUEEHUEM
HaZ TepputTopueil 3anagHoOi Enponu2 . YTOOH 0XapaKTepusoBaTh zZeii-
CTBHUTCIBHYD CHAOXHOCTH MOZOCHOTO POZAa CUCTEM WIpaBIEHMA, MOXHO
NpUBECTH ZAQHEHE O NpOTpanNNax, HEOOXOZAMMHX AJA yNpPaBIEHHUA C IO-
voumsl SIBM ¥ ZpyTMX TEXHHYECKMX CPeACTE (pPaloNOKalMOHHHX CTaH-
Lk, CBABHOT'O OCODPYZAOBAHVA ¥ T.Z.) IOTORAMM CaMoJeToOB (OOGmUM
uyycnom 300-600) Haz TeppuTopueit , MpOTAEEHHOCTHEH O0KOMO2000KM“.
Tonpko ZnA paspaCOTKM TaKMX NMPOTDaMM HEOOXOZMMH ycuaus 250
NPOTPaNMACTOB B TEYEGHUE 2-X JeT B OOmMee KOIXYecTBO KOMAHZ B
9TUX Nporpa¥Max cocTasaseT 2,5 MiIH., He cnNoTpa Ha TO, YTO CTO-
UMOCTDH TAKOTO pOZA HAYYHO-MCCHJIOBATENBCKUX MOZENMPYOUHMX LEHTDOB
Z0CTATOYHO BHCOKA, SKOHOMUUECKAd LEeNecoo6pasHOCTh UX CO3AQHUS,
npi pas3paGoTKe ZeCTBUTENHHO CHOXHHX CUCTEM YIDABIEHNA, HECOM-—
HEHHas ¥ MO DTOMy NMYTH MZYT BO MHOTMX CIyuYafX KaKk NPHU pEmNEeHMH
TEXHUUECKUX, DKOHOMUUECKUX UNN OCOPOHHWX 3aZay, TaK ¥ IpU BH-
MONHEHRM KPYNHHX COLMONOTUYECKUX UCCAENOBaHMIA. [l0aTOMYy CTONE
3HQUUMOH CTAHOBUTCH NpolCieMa pa3paloTKM oOuel Teopuu mpeodpa -
30BaHUA anropuTyoB (axaz.B.M.layuxos<®) u BooOme Teopud ynpas-
JEHNA CTOXEHMM CHCTEMaMy, 00 OTZENBHHX acHeKTax KOTOpOoil BHue
una pech, TAK KAK TONABKO NpM HaAUuUUM €€ B NMOJHOff MEepe MOTYT
OGHTH> NCHONBL30B3HH CTONG MONHHE CPEACTBA MATEMaTUUECKOTO MOZE -
NXpoBaHMA. B HacToAmeM 0630pe OTMEUEHH, KOHEUHO, TOJNBKO HEKO -
. TODHE M3 OOWMMX BOIPOCOB TEOpHM CHOXHHX CHCTEN M He Haliu oTpa-
XGEJMS OUEHBL MHOTWME BaXHHE aCNEKTH ee, CBA3aHHHE C NpoOAeMaTy -
KO HaZiIeRHOCTM CJOXHHX cucren" s D(OHEXTUBHOCTH nxoLs32y Telle
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