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ON THE CONTROLLABILITY OF NONLINEAR 
SYSTEMS 

H. Tokumaru and N. Adachi ; Kyoto Univ ., Kyoto, Japan 

1. Introduction 
The concept of controllability of linear systems was intro

duced by R. E. Kalman. It is admitted that the concept plays a 
fundamental role in the modern control theory. Kalman's discu
ssion is based on the linear algebra, and essentially restricted 

. 1 z 
to linear control systems ' . 

A few authors studied the controllability of nonlinear 
systems. E. Roxin studied the controllability of special types 
o~ . nonlinear systems 3 . He introduced the concept of the reacha
ble zone and discussed the relations between optimal controls 
and reachable zones 4. L. Markus studied the local controlla
bility of nonlinear systems, controllability in the neighborhood 
of the critical point. He also showed that it is possible to 
apply global stability theories to the controllability analysis 5 • 6 

The generalization of the concept of controllability of linear 
systems _to nonlinear systems was also tried by H. Bermes 7 , He 
reduced the problem of controllability to the problem of non
integrability of some Pfaffian form, and discussed the relation 
between controllability and singular problems which appear in 
the theory of optimal control. 

In this paper, we discuss the controllability of non
linear systems with controls appearing linearly, by reducing 
the controllability of the _ given system to that of the auxiliary 
l ower dimensional control system. We introduce the concept of 
quasi-controllability, and show sufficient conditions for them. 
Sufficient conditions for the controllability can be obtained 
by connecting the conditions for quasi-controll~bility and local 
controllability. 

2. Definitions 
The motion of the given control system is described by a 

system of ordinary differential equations, 

dx. 
1 

dt 
fi(x 1 , x 2 , ••• , x...u'. u1 , u 2 , ... , ur) 

(i•l, 2, ... , n) 

(1) 



or in a vector form 

dx 
• f(x,u), (l) 

dt 

where x is a state vector and u is a control vector. The func
tions 

a f . (x ,u) :x. · (i, j • 1, 2, ••• , n) 
J 

are defined and continuous on the product space Rn x Rr. In · 
genera-l, the function f(x,u) is nonlinear wfth respect to both 
x and u. In the case when the function f(x,u) is linear with 
respect to control u, the system (2) is called a system with 
controls appearing linearly and expressed as follows, 

x • f(x) + G(x) u (3) 

where G(x) is n x r matrix with elements gij(x). The functions 

(i, j•1,2, ..• , n, k•1,2, ... , r) 

are continuous functions of x. 
In this paper we say that a control u(t) is admissible if 

it is continuous for all t under consideration, with exception 
of a finite number of t at which u(t) may have discontinuity of 
the first kind. If a certain admissible control u(t) is given, 
the equation (2) takes the form 

dx -or- • f(x, u(t)) (4) 

For ary initial condition x(t0 )=x0 , the solution of the equation 
(4) is uniquely determined~ This solution x(t) will be called 
the solution of the system (2) corresponding to the control u= 
u(t) for the initial condition x(t 0 )•x0 • If the solution of the 
system (2) corresponding to the control u(t) for the initial 
condition x(t0 )=xo satisties the condition x(t1)=x 1 at time t= 
t1, then we say that t he admissible control u(t) transfers the 
initial state x0 to the fina l state x1

• Since the systems under 
consideration is time-invariant we can set always t • 0. 

We def i ne several concepts with respect to the given system. 
Defi nition 1. For t he two gi ven state xO and x1 , if there 
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exists a f inite time t 1) 0 and an admissible - control which 
transfers the initial state x0 given at the time t=O, to the 
state x1 at time t=t1 , we say ~hat the state x0 is "controllab l e" 
to x1

. 

Definition 2. The state x0 is said to be "quasi-controllable" 
to x1 , if in every neighoorhood of x1 there is a state to which 
x0 is controllable. 
Definition 3. If the properties mentioned in Definition 1 and 
Definition 2 hold for all x0 f Rn~ the system is said to be 
"controllable" to x1 or "quasi-controllable" to x1 respectively. 
Definition 4. If there exists a neighborhood U of the origin of 
Rn and every x (; U is controllable to the origin, the system is 
said to be locally controllable. 
Remark 1. In all of the above definitions if x1 is the origin 
we say only "controllable" or "quasi-controllable" for simplicity. 
Remark 2. A sufficient condition for local controllability is 
obtained by L. Markus 6 . From these definitions, if the given 
system is quasi-controllable and locally controllable, then the 
system is controllable (to the origin). 

3. Quasi-Controllability of Nonlinear Systems with Controls 

Appearing Linearly 
In this section we discuss the quasi-controllability of 

control systems with controls appearing linearly. Such system 
is described by the equation (3) 

x = f(x) + G(x)u (3) 

where f(x) and G(x) have properties mentioned in the preceeding 
section. Moreover, we assume that the column vectors g1 (x), .•• , 

gr(x) of t he matrix G(x) is linearly independent for all x~ Rn. 

Define the matrix D(x) as 

D(x) = (gij(x):) (i, j=l,2, ... , · r), 

then we assume, for simplicity, that D(x) is nonsingular for all 
x f- Rn. 

ow, we state a simple necessary··:condi tion for controlla

bility of the system ( 3' . 
Theo rem 1 . 

If t he system ( 3) i s c ontrollable (to the origin), a system 
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of linear partial differential equations 

( 

~ ~ f
1 

(x) + ••• · , + 2i._ f (x) = 0 
v 1 ~ xn n 

d p . ~· p 
-- glJ (x) + ... , + -- gnj (x) .. 0 
?xl ? xn 

(5) 

has no solutions which are independent at the or1g1n. 
Proof. Assume that the equation (5) has m (m .5.. n- (r+l)) solu
tions P1 , •.. , Pm, which are independent each other. Then the 
transformation 

=xi (i=m+l, ... , n) 

is no ~ ingular at the origin. By this transformation the equa
tion J) becomes 

y = F(y,u) 

with an appropriate function F(y,u). Here, by defini~ion of yi 
yi=O (i=l,2, ..• , m). Q.E.D. 

We show a lemma which is essentially due to E. Roxin 3. 

Lemma 1. 

If a state x0 is controllable to x1 with respect to the 
system 

x = G(x)u, (6) 

then the state is quasi-controllable to x1 with respect to the 
original system (3). 

We shall now transform the equation (3) into a simple form. 
Corresponding to the matrix G(x) consider· the following system 

of linear partial differential ~quations 

;; P a P ~P 
g1 J. (x) + g.2 . (x) + -- g . (x) 

0 Xl d Xz J () Xn nJ 
0 (7) 

(j=l,2, ... , r). 

In general, t he number of the indep~ndent solutions of this 
equat ion is les s than or equal to (n-r) . Here, we regard the 
sys tem (7 ) as a complete system, so that the equation has (n-r ) 

i nd epende nt s olutions. Let the solutions be Pr+l(x), ... Pn (x) . 
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Now, a transformation from x to (y,z) 

{( :~ : ;\x) 
1 1 

(i=1,2, ... , r) 

(i•r+l, ... , n) 
(8) 

is defined and assumed to give a one-to-one correspondence on 
the whole space. The equation (3) transformed by (8) is expre
ssed as follows with suitable functions ~(y,z) and ~(y,z). 

{ ~ .. 
z '"' 

'/ (y,z) + H(y,z)u 

tfCy,z), 

where H(y, z) is an r x r matrix which is nonsingular by the 
assumption on G(x). 

(9) 

Applying Lemma _l to the rewritten system (9) we have the 
following theorem. 

Theorem 2. 
Let (y0 ,z0

) c Rn be a given initial state, then (y0 ,z 0
) is 

quasi-controllable to the state (y1 ,z0
) where y 1 ~ Rr is an 

arbitrary fixed point in Rr. 

Proof. Corresponding to the system, consider a control system 

• H(y,z)u 
.. 0 

· since the matrix H(y,z) is nonsingular, a initial state 
(y~,z 0 ) is controllable to (yl,z 0 ). Then, the assertion of the 
theorem holds by Lemma 1. Q.E.D. 

Corresponding to the system (9) we define a (n-r)- dimensio
nal control system 

z • Y--cv,z) (10) 

where z E- Rn·-r is an (n-r)- dimensional state vector, and v E- Rr 

is an r-dimensional control vector. Between controllability of 

the system (3) and that of the system (10) there exist some 
relations. 

Theorem 3. 
If the given system (3) is controllable, then the system 

(10) is controllable. Conversely, if the system (10) is quasi

controllable with continuously differentiable controls, then 
the original system (3) is quasi-controllable. 

Proof. Assuming that the origina l sys tem (3) is controllable, 
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we shall show that the system (10) is controllable. Since the 
system (3) and the system (9) is equivalent, the system (9) is 
controllable. Hence, there exists an admissible control uO(t) 
which transfers a given initial state (y0 ,z 0

) to the origin in 
a finite time. Let (y(t;u0 ), z(t;u0 )) be the sulution of the 
equatio~ (9) corresponding to uO(t) with the initial state (yO, 
zO), In the system (10) we take the function vO(t) • y(t;uO) 
as a control function. Then v0 (t) transfers the initial state 
z0 of the system (10) to the origin of Rn-r. Since z0 is 
arbitrarily given, we conclude that the system is controllable. 
Now, _we assume ~hat the system (10) is quasi-controllable with 
continuously different~able controls, and shall show that the 
system (3) becomes quasi-controllable. From the assumption 
there exists a continuously differentiable control v0 (t) ~hich 
transfers the initial state zO E Rn-r to a given neighborhood of 
the origin at so~e finite time t~t 1 . In the control system (9) 
determine the control law by 

uO(t) = H- 1 (v0 (t), z(tiv0 )J[ :;0
- )PCvO(t),z(t,v0 ))}, 

then -this control law transfers the initial state 
~o • (v0 (0),z0 ) to the X1 • (v0 (t1),z(t1 ;v0 )). By Theorem 2 it 
will be shown that the given initial state xO • (y0 ,z 0 ) is quasi
controllable to x0 , .and xl is also quasi-controllable to ~he 
state (0, z(t1;v0 )). Since the solutions of the differential 
equations continuously depend on initial conditions, it is 
easily proved that (yO,z 0 ) is quasi-controllable to ·the origin. 
~. i . P. 

Remark : Under suitable conditions on the equation (9) we can 
prove that a state is quasi-controllable with a continuously 
differentiable control if the state is quasi-controllable with 
an admissble control. So, in that case, we may assert that 
quasi-cont~ollability of the ~ystem (10) is a necessary and 
sufficient condition for quasi-controllability ~f the system·(3). 

4. Quasi -Controllability of some Special Types of Nonlinear 

Systems. 
In this section we shall apply the general theory in the 

preceeding section to some special types of nonlinear systems. 
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(A) Linear Systems 

In the case of a linear time -invariant system, a transferr-
ed system corresponding to the expression (9) is expressed as 

follows. 

{ 

~ : Flly + F12z + Eru 

z - F21 y + F22 z, 
( 11 ) 

where Fi~Ci,j=1,2) are constant matrices with compatible dimen
J 

sions, and Er is an r x r dimentional unft matrix. Consider the 
f ollowing (n-r)- dimensional control system ; 

( 12) 

where z is an (n-r)- dimensional state vector, and v is an r
dimensiona l control vector. 

Th eorem 4. 

The linear time-invariant system (11) is controllable if 

and only if the system (12) is controllable. 

Proof. Define n x nr matrix M and (n-r) x (n-r)rmatrix N as 

f ollows, 

where 

( n-1 ) M · ~ H, FH, ... , F H 

( 
n-r-1 ) 

N = Fzl' FzzFzi····· Fzz Fz1J 

F = [
F 11, Fl2 Jl 
Fzl> Fzz · 

Then, we shall show that the rank of the matrix M is n if and 
only if the rank of the matr{x N is n-r. With simple calcula

tions, the matrix M is expressed as 

p I 
;-R 

where P is a r x (n-l ) r ma trix and 

·r:r = ( Fzl' FzzFzl' ... ' Fz~-ZF21 J 
and ~ is a (n - l )r x (n-l ) r nonsingular matrix. Since rankN 

rank\ and R is nonsin gular, ra~k. 1 = n if and only if rankN=n-r. 

( . E. D. 

(B) Syste~s with (n- 1) controls 
The transformed s yst em is de scribed in this case as follows. 



{ 
~ = 
z = 

10 

fCy,z) + H(y,z)u 

tfcy,z), 

where z is one dimensional vector. 

Theorem 5. 
If there exists a continuously differentiable (n-1)

dimensional vector .function v(z) such that 

z 'fCv(z),z)(O for all 1 zf R , z • 0 

then the original system is quasi-controllable. 

(13) . 

Proof. With Theorem 3 and simple stability considerations it 

is clear. 

5. Examples 

Example 1. 

Consider the case when ~(y,z) in the system (9) is linear. 
·The system equation becomes 

( 
y = 'f (y,z) + H(y,z)u (l 4) 
i: = F1y + F2z 

Here, ~ (0 ,0)=0, H(O,O)=Er are assumed. Then, from theorem 3 

and wel l - known controllability criterion2 for linear time invari

ant syst em , t his system is quasi-control l able if 

rank( Fl, F2F1 , ... , Frr-lF1 ) = n-r. (15) 

On tne other hand , consider the linear time-invariant system 

I ~ = Ay + Bz + E u 
. r 
z = F1y + Fzz . 

Here t he ma tr i ces A an d B are de f ined by 

-= .:>f( O,O) A 
"d Y 

B = ()~(0,0 ) 
;) z 

( 16) 

If t he s y s t~m (16) i s contro ll ab l e, then the critical po i nt of 

the s ystem ( 14) i s l oca l ly controllable 6 . From Theorem 4 the· 
l i near sys t em (1 6 ) is control l able if and only if the condition 

( 15 ) i s sa t isfied . Here, if the condition (15) holds the given 

s ys t em (14) is quasi-controllab l e and locally controllable, so 

tha t t he s ys tem i s controllable . 
-xampl e 2. 

Cons i de r a h ighe r order system 



x (n) + a x 
1 

- , ) 
+ • •• + 

(" ) cix c 1) where x 
1 = and a . is a fun cti on of x, x, . . . , x n - , 

. dti 1 
( 1= ,- , ·· · · n ) . 

(17 

-~we se t x· = x' x (n - 1) _r xl, = xz · ···· xn , then the sys c (1 
~ s equivalent to the system 

Since the linear system with contra v 

xn-1 = v 

s eo trollabl e clearly, the original system (17 ) i s quas i 

controllable by Theorem 3 . Moreover it is eas i ly verified that 

the system ( 18 ) is locally controllable. Hence, the hi gher 

orde r system (17 ) . i s controllable. 
Ex ample 3. 

xl gl(xl , xz, x3 ) + u 

xz xl + gz Cxz, x3 ) (19) 

X 3 xz + g3 ( x ~) 

wh ere gi ( O) = 0 ( i=1,2,3 ). 

This system is quasi -cont ro llable if t he s ystem 

X 2 ( 20) 
x3 Xz + g3 (x3 ) 

is quas i -c on tro ll able wi t h continuously diffe rentiable controi. 

This conditi on is satisfied since one dimensional system 

x3 = g3 (x3) + w 

is control labl e wi th suffi ciently smoot h control. 

Def i ne matrices A and B as 
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( r all a12, :~!] a r c o) , 
A= = 1 a22, dX 

0 1 a33 

dgi (O.O) 
•.o~:1e re a .. = , ( i, j = 1,2,3). Since rank of 
r ~J d X · 
l B, . B, A2B) = J3 the system (19) is locally controllable. 
Sinc e the system (19) is quasi-controllable and loca l ly contro
l~ able, the system is controllable. 

6 . Conclusion 
The concepts of controllability, quasi - controllability , 

et c. f or nonlinear control systems are introduced, and suffi
cient conditions for them are obtained. A global discussion 
of controllability for general nonlinear system is very diffi 
cu'r t. A known technique for them is an application of stability 
~hea r~ . But systems to which such a method is applicable are 
r estricted. In most cases we cannot discuss directly the 
controlollability of general nonlinear systems. So, we treated 
some special types of nonlinear systems ; systems which are 
nonlinear with respect to x but linear with respect to control 
u . In such a system, it is possible to reduce the discussion 
f or the original system to that of some corresponding lower 
di mensional system. 

In the case when the origin expresses the stationary state 
of t he controlled object, the concept of local controllability 
i s important. Connecting quasi-controllability and local cont

rollability ~onditions for controllability are obtained for 
several types of nonlinear system. 
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ANALYSIS OF RELAY SAMPLED-DATA SYSTEMS 
WIT H A NONLINEAR PLANT 

H.L. Burmeister 

Institut fUr Regelungs- und Steuerungstechnik der Deutsohen 
Akademie der Wissenschaften zu Berlin 

Dresden I GDR 

1. Introduction 

Sampled-data systems containing a relay as the only nonline
arity have been studied in detail during the past year~, major 
attention given to the determination of self-oscillations sus
tained in the closed loop. 
Besides the describing function method (harmonic balance) 1-9, 
which gives approximate solutions and basically applies oniy 
to oscillations with a dominating harmonic, several analytic 
methods to exactly determine the oscillations whose period is 
an integer multiple of the sampling period have been suggested. 
They are based more or less obviously on the principle of as
suming the relay output by trial as a periodic sequence of 
pulses, calculating the corresponding steady-state response of 
the linear element and finally checking by means of the relay 
equation, whether the assumed pulse sequence is sustained in· 
the closed loop. 
The methods differ by the description of the pulse · sequenoe 
(sequence of Sll:lPlitudes · 1 ~' 1\ z-transform 9 ' . 12- 1\ finite 
Fourier series a, 15 F 

16 or finite series of more general or
thogcnal functions 15 ) and the characteristics of the linear 
part (pulse transfer function · 8' .9, 12, 13, transmission ma
trix 11 , difference equation 14- 16 or state equations 10). 
Second-order systems have also been studied in the phase plane 
19 or a state plane ~0, combtned with analytic methods. A pro
cedure of determining all .the oscillations occurring ~ n the 
system on account of different initial conditions, by means of 
a f inite algorithm, has not been known till now. In trying to 
find an u~per bound for the period of ·all ·oscillations, t acitly 
simple oscillations were assumed 1J, 16 ' 18• 
As already emphasized in 21 ' 22 , the state equations are the 
natural mathematical tool for treating such systems. This 
holds all the more for systems with additional nonlinearities, 
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as e.g. extremum control systems, in whioh the plant baa a 
nonlinear steady-state characteristic with an extremum and the 
switching function of the relay may be nonlinear as well. Ap
plying transform methods ~J' 24 in .this oase leads to hardly 
manageable relations,. whereas the method of harmonio balanoe 2 ~ 
is subject to the limitations mentioned before. 
In the following the state equations are taken as a basis for 
analysing relay sampledooodata . sy·s~ems with a nonlinear plant. 
In this way exaot results suitaple for an easy computation are 
successfully derived under rather general assumptions on the 
plant structure, the puise element and the switching funotion 
of the relay. 

2. The oomplete ~zstem equations 

The blook .diagram .of. the system under consideration is Shown . 
in Fig. 1. Its el,ements are sub~~ot_ ~o __ ~e ~o~owing_ as~ptions: 

a) The nonlinear plant can be represented as a series~oonneotion 
of an r-th order linear -element, a statio nonlinearitT With 
parabolic oharac~istioa 

v • - ax2 (a > o) (1) 

and another s-th order linear element •. The rational transfer 
functions F(p) and G(p) of . the linear elements have stmple, nega
tive poles PJt (k = 1, 2, ••• . , .r) reap. q1 (l • 1, .2, - . •• , - s) 
and . arbitrary zeros • . After .f~rmally . inoluding the-regulating 
unit, . a pure integrator, in the first linear element, the fol
lowing partial fraction expansions hold _ ~with p0 • 0): 

. r o s d 
1 F(p) D L .:._}L G(p) • ). ..:L (2) 
P k=O p-pt ~ p-ql 

b) For i, k • o, 1, 2, 1 r; 1 • 1, 2, ••• , s: 

(J/ _ 

This condition rules out a kind of resonance between the two 
l inear elemep.ts. 

o) The pulse element consisting of a sampler and a Shaping unit 
generates the control rate as 
shape and different Qgns • 

pulses of equal 
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00 -

u(t) • L~ u[n~ h(t-DT) 

u[n] • _+ 1 and h(t) { ~ 0 in t ~ o, t ~ T 
•OinO•t<f 

!he transfer function of the shapiDg unit 
! 

H(p) • J e-pt h(t) dt 
. 0 

i• a regular analJtio :tunotion in the finite p-plane. 
Aa speoial. oases are included herein: 

' . . 

(4) 

(5) 

(6) 

H(~) • .1 -~e-P' ~~~ o <~<.m , , -~~ ~ • constant oontrol rate, 

with O<t"<! pure delay up to a sampling 
period. 

d) The relay . awitohi~ :tunotion ~[n] is a single~valued, oon~ 
tinuous :tunotion- of the sampled values y(DT) • y(n] and y[n-1] 
of the plant output: 

- -
Y[n] ~ Cf(y[n], __ ;r[n-~]) _, (7) 

controlling, aooo~~~ to ~e ~ tchi~ oondi ~~on 

utn+1] • u[n] sgn~(y[n+1], ;r[n)), (8) 

the sign ohaDges of .. the cont;ol . rate. x) 
By introducing canonical state variables (normal coordinates ) 
~~' 26, 27, the differential .equations. of the linear elements 
oorresponding .to . the . transfer functions (2) : are transformed 
into systems of unooupled ~~at order equations 

~(t) a PJc ~(t) + ck u(t) (k :a o,-1,2, ••• ,r) ( 9) 

71(t) • q1 y1(t) + d1 v(t) (l = 1,2, ••• ,s) ( 10) 
r . . s . 

x(t) a ~ ~(t) ; y(t) = ~ y1(t) (11) 
k;O 1;1 

x) Unlike the usual definition, the following one is assumed 
for convenience~ 

{
1 for x > 0 

sgn x = _1 n x ~ 0 
• 
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Eqs. (1), (4), (8) - (11) desoribe the relay sampled-data 
system for all t. 

J. The differenoe equations of the system 

The values of the system variables between the sampling 
instants do not in!luenoe the relay switohings and consequently 
not the system performance. Therefore one is led to desoribe 
the essential features of the system behaviour by difference 
equations for the samplei variables, while expressing .the in
termediate values, it neooessary, by the preoeding sampled 
values. 
For .this purpose, Eqs.(9) and (10) are integrated with initial 
values ~(n] and. y1 (n]; tlU.s gives in nT ~ t ~ (n+1) T: 

- 11c(t-nT) 
Xk(t) • ~(n] 8 + u(n] 1k(t-nT) (12) 

r . - -· (t-nf) .. -· . 
x(t) • L ~[n] el1c + u[n] J(t-~) (1J) 

k-0 -- . 

. - t PJcCt-'t") ~ 
1k(t) • ~f 8 h('c') dr 1Ct) • t;Q 4'kCt?_ 

. 0 - t (14) 

with 

and 
. -- q (t-nT) J q (t-t:) 

· 7 1(t) = y1 [n] e 1 -a~ e 1 x2('t") dt: 

. .. nT - (1,) 

After inserting (13) in (15), the integration oan be oarrie~ 
out explioitly as in 28 for relay systems without sampling. In 

this way the state variables .between the sampling instants are 
expressed by their disorete values and known funotions, defined 
in 0 ~ t ~ T • . . 

Putting t a (n+1) T in (12) and (1 5) and using the notations 
. T . . . . 

o<.k = e :C with 0(
0 

a ~ and 0 < ~ < 1 (k • 1, 2, •• -., r) (16) 

- q T . . . 
~l = e 1 with o < ~l < 1 (1 • 1,2, ••• ,s) (17) 

Ok = lk(T) = <1cc(.k H(l1c) (18) 

JT (pi + l1c - ql)t - - "'i«k .... ~1 . 
~lik • - a dl~l e dt a - a d1 pi + l1c _ ql . 

. 0 . (19) 
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- ! - (~-q )t 
,lk • - 2 a di~l J l(t) e 

1 
dt • 

0 - -

- [ - ~ - _ Ci«i H(p~) -- ~ H(ql-pk) P(ql-p~] 
•-2ad1 « L- - - + _ 

k i•O pi + PJc - ql 1 ql - l1c 
! - t 

o
1 

• - a d1 p1 J 12(t) ;ql dt 

-- 0 --

(20) 

(21) 

the following system of .linear and quadratic dif~erence equa
tions. for the dioorete Talues of the state variables is ob
tained: 

Xk[n+1 ] -- ~k Xk[nJ + Ok u[n] (22) 
- · · - -- -- r r -- - - -- r -- - ·· 

y1 [n+1] ·= ~l y1 (n] + L L co 1~ ~[n] ~[n] + L"lk ~[n]u[n)+i1 
i•O k-0 k=O 

. - ~ .. . . . 

In oontrast w1 th ~9, where multidimensional m-transforms are 
118ed .for setting up the difference equations of an LllL-oha.in, 

~ method presented here assumes that there is no additional 
sampling between the linear eleme!Rs. It applies ~ust as well 
to nonlinearities with a polynomial Gharacteristics. 

4~ Linearization of the quadrati~ ~:Lfference eg~tions · 

Introducing new state variables z1 [n] instead of y1 [nJ by the 
substitution 

and .. inaerting in (22), the quadratio terms and the absolute 
term are eliminated, if 

--adl 
c • ---~-~ lik pi + I1c - ql 

and 

can be chosen. For this it is necessary and sufficient that 
conditions (J) be fulfilled. 

(2J) 

(24) 

(25) 
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D~:fine _. 

;[n), ,![n] and r - ~e oo~umn ve~tors_ with components 

~[n] _u(n], ~(n] and 1k , 
A and B - the diagonal matrioes .with eleme~ta ock and ~1, 
.f2 - the (a, r + -1) matrix with elements 

(l)lk • S'llt - 2«1c ~ ~~ 'Yi • - 2~ "-J.~1 H(ql-pt) F(ql-lJc) (26) 
i•O 0 ql - Pk 

and 

!hen the li~~aed eq~ti!?DII r~~ 

~~~~] ~ (A. __ ~[n]_ + z? _u• [n] 

,![~~] ~ _ B -~[~l _ :t ~~[n] 

(27) 

(n • e,1,2, ••• ) (28) 

It is worth noting that . this ay: stem. of equations 0811 be wr1 tten 
down 1mmediatel.7 knowing the transfer fu.notions .and their poles 
without any .neoessity of setting up and transforming by (23) 
the equations -(22) • . 
The linear equations (28) .are - ~oined b7 the nonlinear· switohing 
ooQdition (8) as .the ooDditio~ .of olosing the loo~, whioh by 
(11), (22~, (23) _~ (27) ~e~~·~ 

u~ [nJ • sg~-Y~~(nl, _!_(n]) (29) 

Eqs. (28) and (29) give the .desired simplified desoription of 
the system performance by restrioting to . the sampled state 
variables. They represent .a B7ste111 of reourrenoe formulae, _ 
wbioh, given the initial values ~(o], ![0] reap • . ~[o], . 71 [oJ, 
u[o], render possible an easy computation of -transient•, ~ust 
as well forming the basis for determining the steady-state 
oscillations. 

5. Steady-state osoillations 

The method mentioned in -the introduction gives the most 
natural and general approaoh :for calculating •commensurable• 
oscillations. It oonsista in - . . 

a) determining~ given a periodio sequence u[n] (n ~ 0,1,2, ••• ) 
with 

u[n] s u[n+NJ (NT - period of the oscillation), 
(30) 
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the .initial TBlues !(0), a(O] oausing a tran9ient-fre~, peri
odio mo~i~n -~ ~e o~en-loop __ ~hain b~~~en u(n] a~d y(n~.' 

b) .oaloulating. by (28) the complete oscillation ~[n], ~[n] 
and 

o) oheoking, whether the values of u•[n] oaloulated from the 
switQhing condition (29) oorrespond to the presupposed values 
of u[n_]. 

-
Together with u[n), u*[n] i~ given by (27) as a periodio 
sequenoe. After apPlying (28) li times the following conditions 
for the 1nit1al value, result from the periodicity conditions 
%(li] • x[o], s(N] • z(O}: ' 
- - - :- - "':" . li-1 

![o] • Ali![o] + u[~] ~ u[N - 1 - i] Ail (.31) 

.. li-1 . 
~[o] • BN![o 1 + L BN-1-3 S2 ![j] . (J2) 

- - . . - . 3•0 . . 
Beoause of (17), Eq. (J2) .oan be uniquely solved for 1[0]: 

·- .. . N-1 - - · 
~(0] • (Is ~ :sli)-1 ~ B3 J2 !(~ .. - . ~ - j) • (JJ) 

The matrtx- ~1 ~ AN~ however1 is singular as ~0 • 1, henoe 
(.31) must be solved by oomponents: 

- - .. li-1 - - . 

~[o] • O(~(o] +L u[N-1-i]«itk (k=o,1,2, ••• ,r) (.34) 
. . - - . i=O -. 

These equations have a unique solution fork= 1,2, ••• ,r. They 
are solvable for k • 0 if e.nd only if 

N-1 L u(i] = 0 ; (.35) 
1=0 

in this oase x
0

(0] remains .undetermined. From (.35) can be con
cluded that N • 2M .is an even integer. 
Hence (.31 _) _has a_ . o~e-~~~ter_ family '?~ _solutions 

!(0] ~ !~[?~ + _£u[O] ~- _ (- oo < ~ < oo) (.36) 

with!~= c1,o,o, ••• ,o), ~he particular solution ~s[o] obtained 

by passing ~o- the _ ~t .~o ~ 1: · -1 _ . 
. !s(O] • u(O) lim · (Ir+1-AN)-1 ~ u(N-1-i)Aid - (.37) 

o{o~1 ~ -
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Further follows from (28) and (J6) 
- -- [ - -- N ~ N-1 - - . -- ] 

~Jn] ... u[n] lim · (Ir+~-A )- ~u[n-1-1 JA7+f£ 
o( -+1 - 0 

- 0 • -

(J8) 

(J9) 

and finally--
-- N-1 N-1 _ .! 

![n] z: 11m· L L u(n-j-~] u(n-1-j-2] .Q(ij)l + 
« ~1 - 1=0 j ... o - - (40) 

!? · N-1 . . 

+ f~~8-~5)-1 ; u(n-j-~) B3J2!0 (n :a 0,1,2, •• ) 

where the (s, r+1) matrix 

J2(1j) :a (Is - -:sli)-1 Bj.QA1 . (Ir+~ - AN)"~1 

_ (~!.j - o,1,2., ••• , N~1) 

has the elements 

(41) 

Cll(ij) :a cxi ~i . ( k • ~,1~2~ ·~·,r) (42) 

. lk (1 :-o<~)(~ - ~~) -~lk - l _• 1_,_2, _ - ··~, 8 

Eqs. (J8) and (40) give the most general expression for a~ 
oscillation sustained in the· open-loop chain by a periodio 
excitation. 
In spite of the double sum their numerical evaluation is not 
too laborious, since all its coefficients are equal to .z 1, 
and the matrix elements (42) can be easily computed too~ An 
alternative. way consists . in determining ~[0] and ![0) from 
(J4), ('9) and then the complete oscillation by recurrenoe 
from (28) • . -
Finally it must be checked by inserting in (29) whether the 
oscillation oontinues to exist in the closed-loop system. 
In special cases Eqs: (J8) _ and ~ (40) simplify. 

a) Let u[n+M] = -u[n] (2M = N) (4J) 

for all. n. Then . . M-1 __ 

![n] • u(n] [<I~~+AM)-1 L u[n-i-~) .A.i1 + E ! 0 1 (44) 
. i=O - J 



M-1 111-1 . . 

A[n] • f.~ ?.~~[n-~-1] u[n-i-~-a]Jl(i~)l + 

- . ' M-1 - - - . . 
+ E. (I

8
+BM)-1 L u[n-~-1] R~ .f2 !o · 

(lf.5) 

~-9~ 

fl(i~) • (IB-BM)-1 _ B~flAi (~1~AMy:·1 

;(i~) • o{ ~i Cl) 

lk (1 + oc::)(1 _- ~~) lk 
(lf.6) 

For c • Q) the oscillation is symmetrical: 

21c[n+M] • - ~[n] ; ~[»:+M] • --:a_[n] 

b) Let the oscillation be simple: 
, - ~ . . 

with M . . . -
qr(cx:) • 1-oc .Jl ; ,(1 ) • l1m !p(«) .. ' 

(1-0()(1+ ) <X-+1 
(49) 

6. Stabi~ity of stea4Y-state o~oillati~ns 

Using canonical state variables renders it possible to solve 
the stability problem in an almost trivial way. The following 
stability assertion holds: 

. . ·- - -~ . .. 

The steady-state osoillation ![n],. ,![n) is stable in 
the sense of Lyapunov ~f. f?r _ a~l -n 

. .Y~~!(nl, ! (:n)) • ~- ; (SO) 

it is unstable i.s.L., if for at le~s~ one n a n0 

~C![n0 ], ![n0 ]) • 0 and ![n0+1J + 0 • (51) 



23 

The stability proof is based on an extension of ideas 1n 20• 
27 . 
In the (r+s+1)-d1mensional _ (~, ,!) state space of . the discrete 
system the points ~[n], ~[n]) (n • o,1,21 ••• ,N-1) constitute 
the discrete "trajectory". of -the .oscillation. Around each of 
these phase points a ne~bourhood 

- { I~ - ~(n] I ~ ~ 
K[n] t . .· · r 

I z1 - ~[n]j ~ ~ Ll•lkl-"~ 
- · n kao 

(52) 

is defined; the union of these K[n) is a neighbourhood U of 
the "tra~ectory•. U (50) hold~, the conQtants .lk > 0 can be 
chosen so small that for all points in K(n] 

. - -· . . . -- ·- -. . . -. . ... -
sgn ¥ (~, .!) • · agn y-•~[n], ~[n)) 

If(~·,!') denotes the_image of(~,!) when mapping the .state 
space into it~elf by C28), the following estimation holds on 
account of _ (~~) and (5~): _ 

l xic-~[n+1 )j • oCk/~-~[n]j ~ 1~-~[n~l ~ .lk 
. . . - .. - . -- -- 1: . -

l zi-z1 [n+1 ~~ ~- ~l lz1-~[n~J. +~•n:ll ~-~[n~l ~ 
~ r .. .. r · r 

~ ~ ! L ICI)~Ilk + Ll•lkll~- i!r- Ll•lki.Ak 
-rl k-O ls:DO ·-rl k•O 

this means, that K[n]is mapped by (28) into K[n+1 ]. Eaoh 
"trajeotory" originating in U does not. leave u. By tlls the 
stability is proved sinoe U oan be made arbitrarily small by 
reducin& the -',te• 
If, hQwever, _(51) holds, any arbitrarily small neighbourhood 
of (~[n~], ![n

0
]) will contain points (~, ,!) with '!f1

(!, !) > 01 

for whioh 
. - - -

1Xk:-~(n0+1)ja jak(~-~(n0 ])- ~[n0+1JI~ 2j~[n0+1]j- «klk • 

For at least one k the right hand side .does not tend to zero 
for Ak~o; this proves the instabili~y. 
If .for all n

0
, for which ~(;[n0 ], ~(n0 ]) = o, at the same 

time holds ~ [n
0 

+1 ] = o, the oscillation is stable indeed, .but 
it becomes unstable when slightly varying the system parameters 
(structural instability). 



7. Mean value of a steady-state oscillation 

. The mean value of the plant output, in extremum control systems 
the so-oalled hunting loss, defined by 

. . lf-1 . 

M(y~ ~ -~ ~; y(n] , (5J) 

can be expressed by. the system parameters without calculat ing 
the oscillation itself. The appropriate · tool ·is the Fourier 
expansion of all periodic sequences a, 15 • 16: . . 

lf-1 

u(n] • L ,., f.$ n 
. f•O 

lf-1 

with (54) 

B-1 
~[n] • L ~,...,e~n 

~-o _, sl[n~ • ~ '1~~-; 
(55) 

From (J') follows ~0 •_0. 
Combining (55) with (28) and equating the coeffi cients leads to 

~ a _!t_ --1 (D a 11 2, • e e I lf-1) 
S k~ E. -«k o k ., 

, (56) 

~k~ • o Ck • 1, 2, ••• , .r) ; soo • e <arbitrary) 
_ · 11-1 2 r • 

1 
· 

M(~~[n]) • S.lo ~ - 1 -1~~ f.~: IJ,f ?; ,, ~cckk 
From (55) and (56) is obtained 

•(t ~~l~~[n~[~l)· ~oo"< f>,.,f~ ~te :;1~<~ 1 ~~"' 5 
L._, - - f ~ ~ ~ i N-~ k 

i•O k•O ~ • i•O k-0 ·· . 
(57) 

With regard to 
s 8 -_ .. 11 · ' . . . 

i.~ o~ • - · a -~ Pi + P]c - ql •- a G(pi + ~) 
using the notations 

s .lk 
01

k ·I: , - ~ 1 1•1 
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oos _ -2gs - oe 
vo (ex:) = 2 

1 
1-2Q{OO S T +ol 

sin .?.!S 
•s-<~ ) = ~ ~ 

1-2~oos y +ex. 

the final solution reads~ 

2 N-1 2 r r · -
M(y)= -ae, G(O)-aL~)~y/ L L_G(p1+~)[v~ (ci1)v~(o(k)+ 

~ •1 1-0 k=O . ( 58) 
.. --N-1 r . 

+w~(«i)w~(cik)] ~~ d'k+J.I--3'31
2
LvS'(cx:k)lllk Ok+ S 

~ k•O 

_Speoial _ o~~es: 

a) LN-ohain; .G(p/ • 1. . d . 

By passing to the 11m1t q~--+ - oo, d1~, - q1 -.1, ~~...0 
or directly from ('7) with o11k • - a it is fodnd that 

- .. ll-1 

•<Y> • - • [E
2 

+ ?./~:r·c ~>12 1 , ('9) 

FJ(z) . • ~ z ~k:~ •1 {~ F(p) H(p)J 
k.O .. 

where 

is the pulse transfer function of the linear .ohain. Eq. (59) 
can as welL easily be obtained by z-transforms . . __ , . " . 

b) NL-ohain# F(p) • __ 1 • . 
In this oase Eq. ('8) becomes wi h = 0 

e. A.pplioations 

The method outlined P.bove was applied to several types of 
extremum oontrol ~ys ~ems using the s~tohing o~ndition (8) 

u[n~1) =. u[n) sgn (y[n+~] ~ y[n]) (61) 

or slight modifications, whioh describe one o! the simplest 
extremum controllers. By specializing the general formulae, 
smooth and well manageable results concerning steady-state 
oscillations .and their existence regions as well as transient 
responses were found in the following oases: 
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a) if 8-impulses, i.e. H(p) ·• 1, are assumed; 

b) if simple osoillations, in partioular of least non-trivial 
period 4 T, are oonsidered; 

o? for systems with ~li-plant 27, 30 and liL~-pla~t; 
d) for -seoond- and ~-order systems with IjB-, ~B-, 
L1BL1-, BL1- and - B'La~~lan~~ respeotive~-- 27, 0; 

e) for seoond-order systems with rectangular pulses and puze 

delay. 

With certain modifioations the .method oan .be extended to 
systems w1 th the . input . or ou~t of -the nonlineari ty drifting 
with oonstant rate, a oase important in praotioe. 
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Abstract 

Analysis of relay sampled-data systems with a nonlinear plant 

H.L. Burmeister, Dresden I GDR 

An exact method of analysing a class of reley sampled-data 
systems with additional DDnlinearities, occurring e.g. in the 
field of extremum control of plants with parabolic charac
teristics, is suggested. It is simpler and applicable under 
more general conditions than the existing methods and proves 
to be practicable for numerical computation. 

The method applies to plants that can be represented as 

LrNLs -ohains, cons~ sting of stable linear elements Lr and Ls of 
any order and a parabolic statio DDnlinearity N. The pulse shape 
is arbitrary; rectangular pulses and pure delay are included as 
special oases. 

The sampled state variables (normal coordinates) satisfy a 
system of nonlinear difference equations, which is linearized 
by a suitable nonlinear transformation of the state variables. 
Transient responses may then be computed by merely performing 
matrix multiplications and evaluating the switching condition, 
which in general is nonlinear. Steady-state oscill ations are 
determined exactly, the switching condition playing the role of' 
a condition of existence. The mean value taken over a period, 
e.g. the hunting loss in extremum control systems, is evaluated 
vdthout oomputing the oscillation itself. 

The method was applied to several types of extremum control 
systems, in particular to second- and third-order sy stems. The 
results relate to steady-state oscillations and their existenc e 
regions as well as to the boundedne s s or diver gence of 
·t;ransients. 
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SUBHARMONIC OSCILLATIONS IN COUPLED 
RELAY .CONTROL SYSTEMS 

S. T. Nugent 
Di vision of Engineering Physics 
Dalhousie University · 
Halifax, Canada 

R. J, Kavanagh 
Department of Electrical Engineering 
University of New Brunswick 
Fredericton, Canada 

1. Introduction 

In single variable relay control systems, the phenomenon of sub

harmonic oscillations, when the system is subjected to certain periodic 
. 1 

inputs, is well kno~. A number of investigators including Sakawa , Gille 

and Paquet2 and Gille, Paquet and Pouliquen3 have given methods of predicting 
4 this phenomenon using the approach of Tsypkin and Hamel. 

With the increasing importance of multivariable control systems, 

and in particular, relay systems, it is necessacy to study all aspects of the 

behaviour of such systems so that designs may be optimized. It is therefore 

the purpose of this paper to extend the use of Tsypkin's method of analysis 

to the specific problem of predicting whether subharmonic oscillations may 

occur in certain multivariable relay control systems. While the approach 

is general as far as the number of variables is concerned, computational 

complexities restrict the usefulness of the method to two-variable systems. 

The specific class of syste~ to be considered is that shown in 

Fig. 1 _where the linear system transfer matrix has the typical element 
Hij (w) 

Wij(w)E It will be assumed that the frequency of oscillation is the 

same in both parts of the system but there may be a time shift between the 

oscillating waves. Only systems with symmetrical relays that have hysteresis 

or are ideal (that is the dead band is zero) will be considered. It will 

be assumed also that the relays have only two switches per subharmonic 

period. Because the relays are symmetrical, only subharmonic oscillations 

of odd orders can occur. 

2. Forced Oscillations in Relay Systems with Hysteresis but without Dead 
Band 

The conditions for a forced oscillation at frequency wf in this 
5 system have been given by Nugent and Kavanagh . Let the system inputs be 
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where A1 and A2 are the respective maximum values of r1 (t) and r 2(t), 

81 is the angle by which the output m1 (t) of relay 1 lags the error 

e1 (t), o1 is the angle by which r 1 (t) lags e1 (t) and a is the angle by 

which r 2(t) lags r 1 (t). In order for the system to exhibit~ forced 

oscillations, it was shown that the following conditions are necessary 

Im {R1 (w + 81 - o1) + .A1 (wf)} = -h1/2 

Re {~ (w + 81 - o1) + A1 (wf)} < 0 

and 

Im {R2(w + 81 - o2) + A2(wf)} • -h2/2 

Re {R2(w + 81 - o2) + A2(wf)} < 0 

where for w • wf and t • w/wf 

1 d cl (t) I 
A ( ) I - j cl(w/wf) 1 wf • - wf dt t·~ wf 

I 

Rl (w + 81 - o1) • A1 [f1 (w + 81 - o1) + j fl (w + 81 - o1)] 

and for t • 2w(l/2-T)/wf 

_ _: d c 2 (t) I 
A2(wf) • wf dt 

I 

R2 (w + 81 - o2) • A2[f2 (n + 81 - o2) + j f 2 (w + 81 - o2)J 

I 

where fi is the derivative of fi(wft + el- oi), i- 1,2 with respect to 

(1) 

(2) 

Wf t, 2WT/Wf is the phase shift between~ (t) and m2(t), and o2 • o1+2wT+a. 

Also, c1 (t) and c
2

(t) are the system outputs which are given by 

4 1 
cl(t) w [ L n {MlWll(nw)sin(nwt + 'll(nw)) 

n•l,3,. ~ . 

+ M2w12 (nw)sin(nwt + n2wT + ,
12

(nw))}J 

4 1 
c2(t) =-- [ L- {~w21 (nw)sin(nwt + , 21 (nw)) 

w n 

(3) 

n=l,3, ••• 

(4) 

Simultaneous satisfaction of the two sets of conditions (1) and (2) for some 

specified T and 81 - o1 indicates a possible forced oscillation. In addition, 

the following condi t ions on the number of switches of the relays per period 



31 

must be satisfied: 

and 

The R1 (n + B1 - o1) and R2 (n + s1 - o2) loci are closed curves 

centered at thew • wf points on the A1 (w) and A2(w) loci respectively. 

They are circles for the ·particular case of the sinusoidal inputs 

r 1 (t) • A1 sin(wft + s1 - o1) and r 2(t) • A2 sin(wft + s1 - o
1

- o). 

At frequency wf there exists critical values of A1 and A2 (AlK 

and A2K) since these values must be large enough to ensure that the 

R1 (n + B1 - o1) and R2(n + s1 - o2) loci intersect the -h1/2 and -h
2

/2 

lines respectively. If the critical values AlK and A2K are plotted against 

wf for a specific value of T, the curves will have the general shape shown 
1 in Fig. 2. In Fig. 2(a), AlK is the critical amplitude for fundamental 

oscillation and w01 corresponds to the frequency at which the A1~w) locus 

intersects the -h1/2 line when T•T 1 . Similarly, in Fig. 2(b), A2K is the 

critical amplitude for fundamental oscillation and w02 correspo~s to the 

frequency at which the A2(w) lo~us intersects the -h2/2 line when T•T1 • 

These curves which are conveniently obtained from the A loci 

divide the AlK' wf and the A2K, wf planes into two zones: the A1 > AlK 

and A2 > A2K zones in which a forced oscillation is possible and the 

A1 < AlK and A2 < A2K zones in which a forced oscillation cannot occur. 

For the two-variable system being considered, there will be a pair of curves 

similar to those of Fig. 2 for eacn value of T. 

3. Conditions for the Existence of Subharmonic Oscillations 

The conditions given in Section 2 can be generalized for the study 

of subharmonic oscillations. A subharmonic oscillation of order ~ is a 

periodic oscillation of the outputs c
1

(t) and c2(t), the frequency of which 

is an exact submultiple 1/~ of the input frequency wf (assuming that both 

inputs have the same frequency). That is, the period of ~he subharmonic 

oscillation is T~ = ~Tf • 2~n/wf. The outputs of both relays are assumed 

to have the same frequency of oscillation with a possible time shift of 

2~nT radians (with reference to the input period) between the oscillating 

waveforms. The new conditions for periodicity are obtained from the 

conditions given in Secti ·n 2 by replacing Tf by ~Tf · and wf by wf/~. The 

resulting conditions for periodicity are 
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I m {Rl (IJTT + a -1 01) + 1\ (wf/1.1)} : -hl/2 

Re {Rl (J.l1T + 8 - (\) + 1 (wfiJJ)} < 0 
1 

(5 ) 

and 

I m {R
2

( ]J1T + 81 - 02) + A2(wf/ J.l)} = -hzl2 

Re {R2 ( 1l1T + 8 - 02 ) + A2(wf/J.l)} < 0 
1 

(6) 

1<1here 

o2 = o
1
· + 2]J 1TT +a. (7) 

For a possible periodic solution, these conditions must be satisfied 

simultaneously. In addition, there must be only two switches of the relays 

per subharmonic p~riod. That is, the following conditions must be satisfied: 

and (8) 

Conditions (5) and (6) lead to a consideration of t he intersections, in the 

left half plane, of the R
1

(J..11T +Ill- o
1

) and R2 ( J..11T + 8
1

- o
2

) loci with the 

-h1 /2 and -h2/2 lines respect ively. The R
1

(1J1T + 8
1

- o
1

) and R
2

(lJrr + a
1

- o
2

) 

loci are identical to· the considered in the case of the fundamental 

oscillation but are centered at the w 
J..l 

wf/l..l points on the !I loci (and no·t 

at the wf points as in the former case). 

At frequency wf/J.l there exists critical values of A
1 

and A2 (A~ 
l..l and A2K) since these values must be large enough to ensure t hat the 

R1 ( 1J1T + 8
1

- o
1

) and R2 (J..I1T + a
1

- o2) loci in~ersect the -h
1

/2 and - h2/2 

lines respectively. These critical values can be plotted in t he AlK , wf 

and AZK' wf planes . The critical values for possible subharmonic oscillations 

can be obtained from the AiK and A~K curves by simple t~anslation towards 

the right by an appropriate amou~t. Typical curves are shown in Fig. 3 for 

third and fifth order subharmonics. In general, a ]J -th order subharmonic 

cannot occur if the values of A1 and A2 , in the ~K' wf and AZK' wf planes, 
J..l jJ lie below the A1K and A

2
K curves respectively. A subharmonic oscillation is 

possible if the values of A1 and A2 are above the respective A~K and A~K 
curves. Fig. 3 shows that there are regions in which only third order 

subharmonics are possible, and regions where only fifth order subharmonics 

ar e possible. There are also regions where both the fundamental and sub

harmonics are possible . The conditions represented by Figs. 3(a) and (b) 

mus t be satisfied simultaneously for an oscillation to occur. The 
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oscillation that actually occurs will depend upon the specific problem being 

considered. It. should be noted that a pair of curves similar to those sho~~ 

in Fig. 3 will be obtained for each value of T considered. 

The curves of Fig. 3 corr~spond to the conditions given by (5) ana 

(6). The conditions given by (8) must be satisfied also. If a system 

exhibits a certain mode of oscillation, it will continue to do so unless one 

·of the necessary conditions for this mode to occur is violated. For example, 

consider a two-variable syst.em that can have a third order subharmonic 

oscillation. Suppose the input frequency to the system is fixed at a certain 

value close to 3w , where w is the self-oscillating frequency of the two-o . 0 

variable system~ Fig. 4 shoW8 ·the critical values of the inputs plotted 

against wf when T·T~. A pair of curves -similar to the ones shown will result 

for each value of T considered. Now suppose that the values of A1 and A2 
ar~ such that the system is o~cillati~g at the frequency of the inputs. Upon 

decreasing~ and A2 , . the system will remain oscillating_ at the input fr e

quency until one of the necessary conditions for this oscillation is 

violated. The conditions represented in Figs. 4(a) and (b) must be sat i s

fied simultaneously. Thus, if the i~put amplitudes are decreased until 

either A1 = A1Kb OF A1 .- A2Kb, then any further decrease res~ lts in a third 

order subharmonic. If the input amplitudes are decreased until either 

A1 < AlKc · or A2 < A2Kc' then the system cannot have a third order subharmonic . 

For this case, the system exhibits almost periodic oscillations. 

If now the amplitudes are increased, third order subharmonics will 

be obtained when both A1 and A2 are within the shaded areas shown in 

Figs. 4(a) and (b). These subharmonic oscillations will exist as long as 

the necessary conditions given by (5), (6) and (8) are fulfilled. This could 

result in an area in the AlK' wf and AZK' wf planes where both fundamental 

and subharmonics can occur. The critical necessary conditions are the ones 

given by (8). That is, when either 

or (9) 

m in 

the system will go from the third order subharmonic to the fundamental 

oscill ation (see F' _. 5). The boundaries represented by (9) are shown by 

the dashed lines in Fig . 4 . Thus, if the input amplitudes are increased 

until either A
1 

> AlKa or A
2 

> AZKa ' then the system will go from the third 

order subharmonic to the fundamental oscillation. 

The boundaries represented by (9) can be found by first obtaining 



the output waveforms of c1(t) and c2(t), as given by (3) and (4), for some 

specified value of w
3 

and T. The inputs r 1 (t) and r 2(t) have known frequency 

(in this case three times the output frequency) and shape. Thus, e
1

(t) and 

e 2 (t) can be found since e
1

(t) • r 1(t)- c1 (t) and e2(t) • r
2
(t)- c

2
(t). 

In addition, if a ~-th order subharmonic exists, the following conditions at 

t • O, -2~~T/wf, ~w/wf and 2~~(1/2-T)/wf are true: 

e 1 (0) • h1/2 

e2 (-2~~T/wf) • h2/2 

e1 (~~/wf) • -h1/2 

e2 (2~~(1/2-T)/wf) • -h2/2 

e~<o> > o 
e2 (-2~~T/wf) > 0 

el<~~lut> < o 
e2 (2~~(1/2-T)/wf) < 0 • 

(10) 

Points on the dashed boundaries in Fig. 4 are obtained by changing the ampli

tude of ri(t) until ei(t) • -hi/2, i•l,2 at some point within the half 

period. This procedure is repeated for different values of frequency over 

the desired range. Since Fig. 4 shows the conditions for only one value of 

T, the whole procedure must be repeated for a number of values of T over its 

range. This means that a considerable amount of computation is involved. 

However, the whole procedure may be conveniently carried out by using a 

digital computer. 

Once a family of curves similar to those of Fig. 4 are obtained for 

a number of values of ; over its range, a plot of the critical values of the 

input amplitudes versus T can be made for a specified wf. That is, for each 

pair of curves similar to the ones shown in Fig. 4, the values corresponding 

to AlKa' AlKb and AlKc are plotted as functions of T, and those corresponding 

to A2Ka, AzKb and AZKc are plotted on the same plane. The common areas give 

the values of A1 , A2 and T for whi ch third order subharmonics are possible 

(see Fig. 6). Fig. 6 shows a number of possibili ties. If the values of A1 
and A2 fall withi n the shaded area, the system can have third order sub

harmonics with T somewhere between Td and ' c· If now the amplitudes are 

increased, the system will continu ~ to have t hird order subharmonics until 

one of the values of t he amplitude goes out side the area a b c f ~ d a. The 

system will then go over t o the f undamental oscil l ation. Once the system 

starts oscillating at fundamental f requency , the paramet er T assumes the 

value necessary to al low the osc illat i on t o occur. That is,the parameter 

T is not subj ect t o direct external control . I f the amp l itudes of the i nput s 

are decreased , the syst em will continue to oscill ate a t the f undamental 

frequency unt i l t he amplit udes approach the c d, d e lines of Fig . 6 . 

Because the parameter T is changing in some unknown manner, it i s dif f icult t o 
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say where the system will start oscillating with a frequency of one third 

the input frequency. 

For each point on the boundaries shown in Fig. 6, there is a 

value of 01 - ·sl and 02- sl. The values of ~1- sl and 02- sl for the 

Axa boundaries are obtained from (10) with~ • 3, whil~ the values for the 

~b and ~c boundaries are obtained from the intersections of the 

R1 (3n + S1 - o1) and R2(3n + S1 - o2) .loci with the -h1/2 and -h2/2 lines 

respectively. Then.using (7) with ~ ~ 3, a plot of ~l - S1 versus T can be 

made. For each intersection oi the R1 (3n + 81 - o1) and R2 (3n + B1 - o2) 

loci with the -hl/2 and -h2/2 lines, two values of 01 - sl and 02 - sl 

may be obtained. However, o~ly ~ne value of each need be considered as it 
. 4 6 

has been shown ' ·· that only the values which result from the intersections 

to the left of Re A 1.(wf/~) and Re A2 (wf/~) are stable, In order for a third 

order subharmonic to exist the value of a must be such that the range of 

possible T so obtained must correspond, at least in part, to the range of 

possible T shown in Fig. 6. 

Upon examining Fig. 6, it can be concluded that in order to avoid 

the possibility of third order subharmonics occurring, the amplitud~s of 

the inputs should be larger than Aa. On the other hand, if the amplitudes 

of the inputs are smaller than Aa, the value of 01 - sl' 02 - sl and T 

for the possible subharmonic oscillation can be determined as follows. 

From the intersections of the R1 (3n + s1 - o1) and R2(3n + S1 - o2) loci 

(which are centered at thew • wf/3 points on the A1 (w) and A2(w) loci 

respectively) with the -h1/2 and -h2/2 lines;obtain the values of o1 - B1 
and 02 - sl. Next, using (7), plo~ 01- sl versus T. Two values of 

5 o
1 

- s
1 

and T are possible but as was shown by Nugent and Kavanagh , only 

one value will correspond to a stable oscillation. The example being dis

cussed deals only with the determination of possible third order subharmonics. 

In a similar manner, possible fifth, seventh o~ higher order subharmonics 

can be predicted. 

4. Illustrative Example 

Consider the system shown i~ Fig. 1 where w11 (s) • w22 (s) = 
2 2 10/(l+s) , w

12
(s) =- w

21
(s) • -lOa/(l+s) and with relay parameters 

M
1 

= M
2 

= 1, h
1 

• h
2 

= 2 and ~l • ~2 • 0. Let the system inputs be given 

by r
1

(t) = A
1 

sin(3.7t + s
1

- o
1

) and r 2(t) = A2 sin(3.7t + S1 - o1 - o) 

where r
2

(t) leads r
1

(t) by 0.524 radians (30°) and the cross coupling gain 

a = 4.0. , 

The A
1 

and A
2 

loci are plotted . in Fig. 7 for a number of values 
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of T. From these curves, the critical amplitudes A1K and A2K are obtained 

for different values of frequency. Typical plots of these critical ampli-
3 3 tudes versus wf are shown in Fig. 8 for T • 0.16 and 0.34. The A1K and A2K 

loci are obtained by moving the AiK and A~K loci to the right as shown. The 

b~undaries where the system goes from the third order subharmonic to the 

fundamental oscillation (shown by the dashed lines in Fig. 8) are obtained 

by the method given in Section 3. When wf • 3.7 rad/sec, the AlKa' AlKb' 

AlKc' A2Ka, A2Kb, A2Kc loci, as obtained from a series of plots of the type 

given in Fig. 8, are shown in Fig. 9. Fig. 9 shows that third order sub

harmonics are possible inside the area a b c d e f g h a. Inside the area 

g h f g only third order subharmonics can occur whereas, inside area a b c 

d e f h a either third order subharmonics or the fundamental oscillation can 

occur, depending on the initial conditions of the system. Fig. 10 shows 

the critical boundaries in the o1 - S1 , T plane. ·For the value of cr 

specified,third order subharmonics are possible inside the areas a b c d e 

f g a and p q r p. Note that the range of T in Fig. 10 is included in the 

range of T given by Fig. 9. Since the inputs to the system are sinusoidal, 

the oi- s1 (A1Kb), o1 - s1 (A1Kc), o2 ~ s1 (A2Kb), o2 - s1 (A2Kc) boundaries 

where found by using the relationship 

(i•l,2). 

The o1 - B1 (A1Ka), o2 - s1 (A2Ka) boundaries were found by using (10). 

That is 

and 

./ 

(11) 

Before plotting the o2 - s
1 

values, 6rrT + cr must be subtracted from each 

value as required by (7). Only the boundaries of the possible stable 

oscillations are plotted. 

It can be concluded that since the parameter T cannot be directly 

controlled externally, it would be necessary to keep either A1 or A2 
greater than 22.0 (see Fig. 9) in order to be certain that third order 

subharmonics do not occur when wf = 3.7 ra~sec. However, this may not be 

possible and if third order subharmonics are undesir able, then some other 

fr eqyency may have to be us ed or perhaps the linear transfer matrix may 

hav e to be changed in s ome manner so that the possibility of third order 
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subharmonics occurring at this frequency would be reduced. 

Now suppose that A1 • 3.0 and A2 • 2.0. With these values of 

input amplitudes, the system would be expected to exhibit third order sub

harmonics (see Fig. 9). It is of interest to determine the values of 

61 - 61 , 61 - 61 +a and T. From Fig. 10, it is seen that the value of 

61 - 61 and T must lie within the area a b h e f g a. This reduces the 

amount of computation considerably. The procedure is to obtain the 
a a a a a a 

61 - 61 • f 1 (T), o1 - 61 • f 2(T)- 6nT- a curves and look for intersections. 

These curves were obtained by using (11) and (7) where the ·values of AlK 

and A2K were obtained from Fig. 9. The result is shown in Fig. 11. In 

this figure, 6~ - 6~ corresponds to the stable oscillation. It is seen 

that the system could have a subharmonic oscillation with frequency 1.23 

rad/sec when 61 - 61. a 1.39 radians and T • 0.267. The value of o
1 

- 6
1 

+a, 

which is the time shift of r 2 (t) referred to the time origin, is 0.866 

radians. 

When the inputs r 1 (t) • 3 sin(3.7t + 61 - 61) and 

r 2 (t) • ·2 sin(3. 7t + 61 - o1 - a) were applied to an analogue ·simulation 

wi th a • 4.0 and a = -0.524 radians, the system was observed to oscillate 

at a frequency of 1.23 rad/sec. Measured and predicted results are compared 

i n Table 1. 

TABLE 1. Measured and Predicted Results 

Measured Values 

w3 (rad/sec) a(rad) 61 - 61(rad) T 

1.23 -0.524 1.4 0.27 

Predicted Values 
~ 

w
3

(rad/sec) a(rad) On - 61 (rad) T 

1.23 -0.524 1.39 0.267 

5. Conclusions 

Tsypkin's method has been used to predict the existence of sub

harmonic oscillations in two-variable relay control systems. The validity 

of the approach has been confirmed by experimental investigat ions. The 

proposed method will lead to a better understanding of the behaviour of 

multivariable relay control systems and is of potential value in the design 
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of multivariable oscillators. 
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ОСНОВЫ ТЕОРИИ НЕЛИНЕЙНЬIХ СИСТЕМ УПРАВЛЕНИЯ 
С ЧАСТОТНОЙ И ШИРОТНОЙ ИМПУЛЬСНОЙ МОДУЛЯЦИЕЙ 

В.М .Кунцевич, Ю~Н.Чеховой, Институт кибернетики АН УССР, 
г.киев,СССР. 

В последние годы заметно возрQс интерес к имnу~ьсным сис

темам управления с частотвой (ЧИМ) и широтной (ШИМ) импульс -
ной модуляцией~-Iб.с праКтической точки зрения этот интерес 
оправдан тем, что по простоте технической реализации такие 

системы почти ве уступают релейно-иыnульсвым системам, но 

значительно иревосходят их по своим динамическим свой -
ствамi,2,6,9.с точки зрения теории рассматриваемые системы 
интересны тем, что в них имеют место весьма своеобразные не

линейные эффекты, связанные с изменением сквааности импульс

ной последовательности и не имеющие авалогов в теории непре

рывных и амплитудво-импульсных систем. Последвее обстоятель

ство позволяет обобщить постановки некоторых классических 

задач теории автоматическо~о регулирования (например, задачи 

об абсолютной устойчивости) и обогащает их вовыu содержанием. 

I. · Уравнения движения 

Рассмотрим нел~в~йную импульсную систему автоматического 

регулирования (рис.I), состоящую из вепрерывной ливейнQй час

ти (НЛЧ),последовательного корректирующего фил~тра (КФ) и не

линейного импулъсногq модулятора I-ro рода (ИМ). 
НЛЧ состоит из нелинейвых стационарных звеньев с сосредо

точенными параметрами и имеет дробио-рациональную передаточ -
вую функцию 

l . 
Bt(s) ~В; s' 

W {s) == -- = -->-:.::'---="",_"7'"""" -. 
л'" (s) sm +Е a.i .s' 

i•O 

(I,I) 

КФ nредставляет собой линейный корректирующий фильтр, 

описываемый уравнением 

о= C.,.(U-X)) (I.2) 
. х ( 1 (m-/)) 

где = .х., Х, ... , х ) - вектор-столбец фазовых координат 
си стемы; U=(t.~_,u_', ... , u..r",_"J); и.. - задающее воздействие; 



С- (с" с~, ... , с", ) -числовой :вектор-столбец; ci ==О 
при i>k (l~k~m-t); символ "т" обозначает операцию транспони

рования. 

Структурные схемы :возможных :вар~анто:в ИМ (осуществляющих 

различные :виды импульсной модуляции) изображены на рис.2. 

Эдесь ИЭ - ид~апьный импульсный элемент (амплитудно-импульс

ный модулв~ор); "звездочкой" сбозначена операция кв~тования 

по :времени, осуществляемая импульснw элементом: tr:.L~J{t-t,.); 
J {t} -единичнаа д -Функция; tn.-= '!;~ 7; -момент поя:вЛiния n.- го 
импульса ( t = О); ?;. -ин~ервал ме'Цу n. -м и (n.+ 1)-м импуль
сами; ~ = ем; ·а. (tn..- е.) ; ф - фикса~ор нуле~ого порядка (с пе-

D<Е.-о · 
рекенвым или постовиным интервалом фиксации); РЭ-релейный эле-

мент; f и Р -.:врекя-задающие элементы, управляющие фиксатора
миФ и импульсвыки . эле~ев~аки ИЭ. Идеальвый частотно-ииnульс

вый кодулятор (рис~2,а). · модулирует по частоте и знаку после
довательнос~ь r•(l:) единичных J 7импульсов. Реальный час
тотно-импульсвый кодулятор (рис~2,6) модулирует по частоте и 
знаку последоважельность . J((i)прякоугольных имnульсо:в,ко~орые 
имеЮ! пос~овиную длительность ~ и.единичную амплитуду.Ши

ротно-икпульсный кодулвтор (рис.2,:в) модулирует по знаку и 

длительност.и последовательность g (t) пря~оугольных иWiуль -
сов,следущих с постоянной частотой 1/Т • Наконец,частотно-· 
широтный импульсный модулятор (рис.2,г) осуществляет модуля

цию последовательности # (i) по знаку, частоте . и длительнос-
ти. . 

Для всех вариантов ИМ кодуляция , по знаку оnределяется ре

лейной функцией (характеристикой РЭ) 

при lo") >.~; 

при / (),.. 1 ~ ~ ; 
модуляция по частоте определяется законом ЧИМ 

(1~·3) 

т"_= р (~) (1~4) 
и модуляция по длительности - законом ШИМ 

. /. ) {<7~~. при /fJ'"./<t1o; (1.5) 
о~ z:- =f(o,., = '1' t 1 1 

tt == ,.. = cons при б;.,_ ~ ~о • 

Здесь Р (о) и f{r:r) -чётные однозначные функции, опреде -
ленные при всех(); fl(tr}>О,f(б"}~О,причем f(<Y) может об-
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ращатъся в нуль только при /(}/ J~C д; .:j о ;::. Ll -порог насыще -
ния ИМ .Разностные уравнения дБижения рассматриваемых сиетек 

nриводятся к следующему виду10,11,17,I8: 

Xlt+/ = Hn. (Х~~. +К,..}, (1.6) 

где Х = {х :r' xl:o-'J· х1'1""' ft·m xa1(i -Е.)· 
n ", ., •• ., " ' ,.. о<.:.-о " ' 

Hlt =- .Ч{Р(б,,.}j:: ехр АР (о"_)-

переходная матрица HJIЧ; Л -сопровождающая матрица харак
теристического полинома HJIЧ; К"_= К [ f(б",._)j i! (~) -вектор 
сменЫ состояний HJIЧ .Функция К ( f) зависит от .характера 
импульсной модуляции. При идеальной ЧИМ (рис.2,а) 

K(f)= С= (J,s: ... ,J'"'-1; Jr11=JrtJfoJ j Jfi)= ~-f[WfsJ]j 
nри реальной ЧИМ (рис.2,б) 

К (f) :с Н (-r:)R (rc}· j R (z-) = {tf'l:)~ 'l' (fj~ .. . , ."Lr",.orrJ) j 
tt(~) • ~-({f W6Jj; 

(1~7) 

(1~8) 

наконец,при ШИМ (р~с.2,в) и при двойной импульсной модуляции 

(ЧИМ и ШИМ,рис!2,r) . 

К (i)= H{-r"-)R {r,.) == H[-ffcr,,)j R{ff(Yit-J}. (1~9) 
Ла~ричное ур8Внение (!~6) описывает движение системы 

(рис.!) в естественном Фазовом пространстве Е"'= {Хп..} .Пока
жеы,что от (I.6) всегда коzно перейти к уравнению 

X"n~1 = ~ {Xn + KJ (1.!0) 

в разностном Фазовом пространстве ;ь"!.:{Х,J, Хп..= (хл,х"~ 1, .•. J x"•m-") 
Составим следующую сиетеку уравнений10,1I: 

- HfL I О • • • О О Х... Нп К" 
О - Нмf 1 ... о о х, . ..~ J.ln+f k",{ (1.1!) 

о о -н~., ... о о . х,нt = , Н".zК".г . ... . .. ... ••• • •• 
о о ••• -1-/ f 1 

n+m-{ 

ft+fJI· Xn.4m Hn+m-1 К"#",_, о 

где 1 -единичная матрица. Система (I.1I) имеет прямоуголь
ну ю иатрицу размера m 2

x m(т+l) и ранга mг. .Поэтому можно, 
полож~в пе ременные :r~~.+~· (i = o,l, .. . ,m-1) известныыи,разрешитъ 
(1. II) относительно xn.+m.. • Этот резу~~тат,представленный в 

vатричной форме, дает ураБиение (1.IO)~ 
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В дальнейшем мы будеw пользоваться уравнениями движения 

только в форwе ( I~б ),так как она проще связана с параметрами 

системы и удобнее для исследования. 

2. Устойчивость равновесных состоянirй 

Воспользуемся дискретными аналогами теорем арямого мето

да Ляпуноваii,I9,20~рассмотрим основной случай,когда НЛЧ сис
темы уСТО~ИВа, И - ПрОСТеЙШИЙ КрИТИЧеСКИЙ случай,zс гда НЛЧ 
нейтральна~ Для того чтобы система (рис.I) имела равновесное 
состояние, положим LL = со_п. st 

Основной случай. Согласно (I.б) вектор-столбец)[~ коор -
динат равновесной точки должен удовлетворять равенству 

х = (н-f -I 1-
1K 

QO С10 ) QD) (2~'1) 
где 1-/CD и K«J - матрица HI'L и вектор 1<~~. цри xi'L = XQo . . 

При /и/~ д/сt ( С1 >О -элемент вектора С ) уравнение (2 ~I) 
имеет нулевое решение х_ =О, т .е. система -имеет равновесную 
точку в начале координат.Этот факт легко nровернется простой 

по;цстановкой~ При fu./> ~/cf решение Х =F О ,причем в общем СJТУ
чае решений может быть нескол::ько2I; ~ 

С помощью nодстановки Jen=E:+JCCD nереместим начало коор
динат фазового пространства Е'".. в равновесную точку системы ·. 
В новых координатах вместо (I.б) n~лучим 

E:~f =Н"" (Eit" + к:)' (2 .2) 

где 

(2.3) 

Функцию Ляпунова выберем в виде положительно определенной 

квадратичной формы 

Р>О. 

Первая разность функции (2.4) в силу (2.2) равна 
.d'lТ с _f&o)r(P-/1 )Е"+ "tolтtf !(о+ fк.о)"/'1 Ко 

n.. l' n) ( 1 n tt C{t::.") n n l 1 n n n ; 

Мп"" Нпт р Н" . 
(2~5) 

Система (2.2) аси:дптотичес~и у сто u чива в целом, если при 
С' о~ о всех c..n 7- функция (2.5) отр.щательна,т.е. е сли выпел-
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вены неравенства11 ,I9 ,20 : 

P-M~~.>D; 

(Ео)т(Р-!1 )Е о_ f!_ f[ojт/1 Ко.> (Ко )т/'1 К о 
11 "j t J n. "_ ( l ") п. ~ ( j n..j п. n. • 

(2~6) 

(2.?) 

Показано,что ~/;_n:;, М[Р{о-:)]=О,поэтоиу сущеатвует клаоq до
статочно больших функций (1.4), при которых условие (2.6) вы
полняетсн22.допустим,что {I.4) принадлежит этому ~Qка еще не
известному нам классу, и обратимся к условию (2.?). 

Расскотрим уравнение поверхности, на которой функция (2.5) 
обращается в нуль: 

(2.8) 

Условие {2.?) будет выполнено,если пр~ всех Е;*о эта по
верхность не существует. Подставим в (2.8) вместо ~ ,рпреде
ляемоrо из (2~-3) ,вsражение ~-о ,rде ~- СтЕоо, а.. о- -произ
вольвый вещественвый параuетр,ве зависящий от е: : 

( Епо)т{Р- м}Епо- f!.{E:Y М Ко= f<;т М Ко; !'Js f'1n. /б;.. с б;,-~; (2 .9) 
ко_ к· 1 

- fi{(J,..cб"",...-6"' • 

. Уравнение {2.9) описывает сеыейс~о nt-uepвнx элхицсои-

дов, зависящих от · параметра () , причем поверхность (2 ~8). в е 
сущеQтвует при E"

0

=i=O, есmt . при всяком ()=!=О эллипсоu 
{2 ~9) не соприкасается с плоскостью сте:= б" (рвс.3 ,a)II ,20. 
Построим плоскость 

(2.IO) 

касательную к эллипсоиду (2~9). Тоrда условие {2~?) траве
формируется в неравевство 

/o/>/f{fJ)j, о:#О, /б""/~LJ". (2~II) 

Для определения функции рС~) заnише~ обще~ уравнение 
плоскости, касательной к эллипсоиду {2.9) в векоторой точке 
fl U-23: 

{Епо)т{Р-М)Ео(А)- {Е"0 + [.
0(/1}}

7 
/1 Ко= {ко) т М К 0 , (2 .I2) 

где Е 0(д) -радщус-вектор точки касания {рис ~3,а). Плоскости 
(2 . 10) и (2.12) аовпадают, если при векоторои rJ..._ >О 

(Р-М)Ео(А)- t1 Ко= о< С; 
(К~ т /1 Ко+ [ Ео(А)Гf'1 Ко "" с).. f (о). 

(2~13) 
(2.1lf) 
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Совместное решение (2.9),(2.!3) и (2.!4) дае~I,22: 
.J. 

. p(oJ={(кV1M+f1(P-мJ~к·c''{P-мi~}' St)n.~ + С?(Р-мГ'м Ко. с 2 .IS) 

Заметим, что в тех случаях, когда /и../~ ~/с( ,фующия (2. IS) 
обращается в нуль при /~/( 4 и не равенство (2 ~II) достаточ
но проверит:ь лиш:ь при /~/>~ • 

Условие (2.!1) и формула (2.15) цолучены в предположении, 
что при всех о+О имеет место (2~6),однако проверят:ь выпол
нение этого условия ва всеа оси ~ нет необ~одимости.в самом 
деле,допустим, что при о-~ неравеиство (2.6) выnолнено,а nри 
о= ~.;=о; нарушено; тог;~tа обнзател:ьио найдется такqе ~= (~,6;}, 
при котором матрица GP-H) вырождена и функция (2.I5) претерпе
вает разрыв непрерывности. Это означает, ч~о проверку (2.6) 
достаточно произвести всего в одной . (любой) точке каждого ин

тервапа непрерывности функции (2.15). Тепер:ь окончательвый 
результат моzно сформулировать СJiе;цующим обр~зом: в осиовном 

случае равновесвое состояние](~ системы (1.6) асимптотически 
устойчиво в целом, ecJIИ выполнено условие (2.!1) и внутри 
каждого ивтервапа непрерывности функции (2.I5) моzно указат:ь 
хотя бы одно значение ~- ,при котором выnолняется веравен

ство (2.6). 
Простейший критический ецучай. В простейmем критическом 

случае один кореи:ь характеристического уравнения Л т (s) =О 
равен нулю {Cl

0
•0}, матрица 11 вырождена и имеет ранг т-1. 

Преобразуем уравнение (I.6), умножив его слева иа матрицу22 

R= 

I 
о ... 
о 

о 

ttz Q."._/ 1 
a.f а;- т, 
I .-.. О О 

о 

о 

. ~ . ... ... 
. .. 
1 
о 

. .. 
о 

I 

После неслоzиых преобразоваиий получим: 

fo =Н 1F/+~) б""• Cr{U-X"')•- Cr~o' (2.I7) 11-Фf n ( 1 " ' "' 

""' - "" - "" r\·f "" 1 где е:= х"'- U; Х,.,= RX,...; J<fl.- R 1(,_, j C={R) С; н,... IC R. Hfl. R- = 

= dt."J{I, (Н"~f}; {rl:)~f - матрица порядка m-1 ,полученная 
из Н,. вычеркиванием I-й строки и I-ro столбца. Уравнению 
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(2.I7) соответствует множество~ nоложений равновесия, на 
котором 

(x,J
1 

= (x,Jf == oj /и.- !if,,)= /и-хл.l~ ~= ~ . (2.I8) 

Эдесь (Х}, -вектор-столбец,nолучевный из Х -вычеркиванием 
I-го элемента; х1,11-и cf· -элементы векторов Х,._ и Е 

Функцию Ляnунова выберем в виде 

V = (;;о)Т р во 
.... lt=-n. А. ) (2.I9) 

nотребовав доnоJIНИтельно от матриЦЬI Р ,чтобы P=li<4J {1, {P)f, 1 }; 

(Р~1 >.О. Тогда 

~~ ~- (в:o~т{P-f1~~~(~~+2(E;)тfi·i_+ /?,.1"f1,.R"_; 
,.._ ""т А,.. 

М,.= Н,._ РН,... 
(2 .20) 

В соответствии с дискретным аналогом теоремы . I.Ла-салля 

множество ~ равновесных . состояний системы (2.I7) асимптоти
чески устойчиво в целом, если II,20 

·c2.2r> 
Из (2 .20), (2 .I?) и оnределения ~ следует, что nервое из 

двух усло~ий (2.2I) всегда выnолняется. Проверка второго усло
вия (2 .2I) аналогично .. nредыдущему приводит нас к геометричес
кой задаче: найти условия, при которых ПL-мерный nараболоид 

!f.o).тfp_fil ft,ol_г!f")"'HK= R.,RR'. ~=~/~ .. -(5" j (2~·22) 
t~" . fl' ~fl'п4 ll"J ' К=К / 

,._ ..., f\, б;;. = - сr-

не соприкасается с плоскост~ю с/ е: :: о (рис .3 'б) .как и ранее t 
решение этой задачи nриводит к неравенству (2.II). Опуская 
проt евуточные выкладки (аналогичные выполненным в освовном 

случае), запишем выражение для функции уСо) 22 : 

р r J ::0 - с_:. {r.,_-~- rкJ.,Гrй1 + rr11 (P-ni{ff)){R), т-:г. k 1 1 L ( ~~ '(1 f' t1 

_: 5' (ё i ( Р- fi1}"~1 (ё:},} + {f J;{ Р-R J.: ( f1/.,( R~ , . 

(2.23) 

где lr1 -элемент ~ектора К • 
Функция (2.23) обращается в нуль nри /о/~ А ,nоэтому в 

nростейшем критическом случае (независимо от величины и ) 
неравенство (2.II) достаточно проверить лиш:ь при /о/>.:З. 

Дополнительное условие (2.6) в простейшем критическом 
случае принимает вид 
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{Р- 11)1.-f > о. (2.24) 
С учётом последних замечаний сформулируем окончательный 

результат: в простейшек критячеекои случае множество ~ рав
новесных состояний системы (1.6) асимптотически устойчиво в 

целом, если при 1~/>А выnолнено условие (2,II) и внутри каж
дого интервала непрерывности функции (2.23) можно указать хо
тя бы одно значение бi ,при которок выполняется неравенство 

(2 .24). 
Критический коэффициент передачи НЛЧ.Представиы (I.I) в 

виде W(s)• k Wofs), где постоянная k (назовем ее коэффициен -
ток передачи НЛЧ) равна &т W(s) в основном и -tt·m s Wfs) . в 

.s-o t.-o .· 
простейшем критическом случаях. Тогда неравенство (2.II) при-

f[J :::> J Jo { 6"") 1 J . (2.26) 

водится к виду 

где fo(~) находится по формулам (2~15) или (2.23) ,если вместо 
(I.I) подставить ~(s) .Из (2.26) следует,что критический 
коэффициент передачи,(т.е.наиыеньшее k ,при котором не соблю
дено условие устойчивости) соответствует наибольшему числуj, 
при котором функция jо(б-) содержится в секторе [о} f] (рис~4). 

Абсолютная устойчивость равновесных состояний. Система, 

состоящая из нелинейнога элемента (НЭ) и линейной части (ЛЧ)9 

называется абсолютно устойчивой, если она асимптотиЧески ус -
тойчива в целом при всех характеристиках НЭ, прин~лежащих не

которому классу24 , 25.в исследуемой системе (рис.!) нелиней
ным элементом является ИМ,свойства . которqго nолнqстью опреде

ляются тремя хара~теристиками:(I.3),(!.4) и (I.S). Поэтому 
задачу об абсолютной устойчивос~и здесь иожно_рассматривать 

в трех различных постановках: !)известны (!.4) и (I.S),тpe- . 

6уется . найти класс допустимых функций (I.3);2)известны (~.~) 
и . (I.5),требуетqя нш1ти . класс доnустимых законов ЧИМ (!~4); 
3)известны (1.3) .и (!.4), требуется найти класс допустимых 
законов ШИ~ (1.5)26 • 

.Для упрощения задачи положим в основном случае u о::: О 

Тогда условие устойчивости в целом примет вид: 

/о/=> /J(6")/ J tJ < /o/s; <J(). (2.27) 
I-я постановка задачи об абсолютной устойчивости триви

ьна и полностью решается ус_ловием (2 .27). В самом деле ,ес
ли при векотором ~-=.1i' условие (2.27) выполнено.то оно бу-
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дет выполнено и при всех J~A •• Последнее неравенство nолно
стью . решает задачу, т.к. оно определяет искомый класс функции 

(I.3). 
Для решения задачи во 2-й и 3-й nостановках представим 

функцию у (б"") при о> О в СJiедущей форме: 

pC(S") = J~ [r;(~J, f(oJ] = j., (~!), ();.О · (2~28) 

При fl-+ оо и при f- о исследуемая систеиа размыкается .По 
условию НЛЧ устойчива (или nредельно устойчива24), nоэтоку 
доnустимый класс функций Р (б) ограничен сии зу, а f (б) -сверху. 
Рассмотрим уравнение 

. rr = 1-s (r; f)) ():>о, (2.29) 
соответствующее границе области усто~ивости,обесnечиваемой 

не~ав~нством (2.27).Если функция (I.S) задана,то уравнение 

(2.29) неявно задает функцию 
б""= J~,j {Р) , ~>О. (2.30) 

Функция (2.30) определена и nоложительна на интервале 
/?е:(,;:).,) ,где t:;,~ О -Qаибольше.е ~начение fl ,nри котором 
нарушаются условия (2.6) или (2~24)~ Поэтоку существует nоло
жительная обрати~ функция ;;, r~J= J;,~ (rr)' с помощью которой 
условие (2.27) можно nривести к виду: 

/l{<Гj > ~ {rY}: J.,:; (б) J OS {AJ -1 0 }. (2.3!) 

Цолучеиное неравенство определяет искомый класс функций 

(I.4).Аналогично класс допустимых функций (I~S) определяется 
веравенством 

f r~J < t ro-J ~ ~~~ r(JJ, Об (.1, 4.J. (2.32) 

Обратные функции f~:f {б") и J~~ (б') в общем случае не удает
ся найти в аналитической форме ,однако они легк.о находятся 

графически26 • 
Область асиыпто~ической устойчивости.Если условие (2.27) 

нарушается при o:.1fE (.1,<1..] ,то исс_ледуемая система не обла
дает асимптотической устойчивостью в целом, но она имеет об

~ (в пространстве Е m) асимптотической устойчивости .Оцен
ка · этvй области является наибольшая из открытых областей,ог

раниченных поверхностями v-,.-:: р= c.oиs"i и удовлетворяющих нера -
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венству j() / < df .Нетрудно nо казать, что в основном а npoc -
. тейшем критическом случаях, соответственно, величина f рав

няетсн26: 
А, 

(2,33) 

Замечание относительно выбора Функции Ляпунова.Из иэло -
женнога следует, что неравеЕства (2.3I) и (2.32) обесnечива
ют область устойчивости при любых Р> О " tef;o, соответственно. 
Неплохие результаты и существенное уnрощение выкладок можно 

получить, если выбрать 

P==s·s) P-s·:JJs, (Р~~= :;·s НАЧ (P~.,-s1Js~ (2.34) 

где S -матрица, преобразующая матрицу 11 или (А~, , со от -
ветственно,к нормальной жордановой форме; ~·-матрица,эрми
тово сопряженная с $; 2 -диагональная матрица с nоложи -
тельными эЛeмeнorauиii,I7,I8,20-22,26. 

3. Устойчивость стационарного вынужденного режима 

Рассмотрим систему (I~6) в простейшем критическом слу -
чае nри и (i) = cv t (режим слежения за линейно нарастающим 
задающим с.,rналом). с помощью ПОдставовки Xn.= ~-е"- при -
ведем (I.6) к следующему виду: 

Е"~.,= нn. (eiL. + L;.), . Ln.::: нlt~f~н - ufL - к"" . (3 ~I) 

Можно показать,что nри и (i}- w t это уравнение не з&
висит явно от t"- и для него существует предельное равенст~о 
!im Efl - Еоо , где Е .. -числовой вектор27 .Согласно (3 .I) 
п- .... 
вектор е должен удовлетворять равенству: .. 

(11-1-I)e .., L · L == lm. L . (3.2) 
м Q> о. ' .,.. п-...., fl. 

Uожво по казать, что всегда существует J4НТервал cv s { '-Jf) cuz) 
( w, > ~.(~ d), при кот о ром уравнение ( 3 .2) имеет по крайней 
мере одно решение27 ~ Путем подстановки Е":: fictl- Е: nервместим 
начало коор~инат фазового пространства в точку, соответству

ющую исследуемому стационарному режиму~В новых координатах 
вместо (3.I) получим: 

-

Е:~~=:. н"- (в.:+ L:), L: =- (I- нп-) EtJ() -Lf\.) ~ = с"'{ е...,- Е/&0). < 3.3) 
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Аналогично предыдущему прео~разуем уравнение (3.3), ум

ножив его слева ва матрицу (2.16): 

to = ii tto + Z·) ~ = ~ {&_- e:J:: ~- c-rf:) (3.4) ,,." ,._ l ( ,._ ,._ ' -

где [: ~ R 1..:, {· eg., ( остальвы~ обозначения соответствуют .цри -
вятыu ранее)~ 1равв9ние (3~4) аналогично уnавневию (2.I7),од~ 
нако вместо множества ~ равновесных состояний система (3.4) 
имеет одну равнов_есную точку &: =О ~ При выборе функции Ля
пуво~а в виде (2.!9) ус~ов~е устойчивости (аналогично предыду
щему) получим в виде (2.II), где 

f (.;) ~ _д i.· {f('l'+ ( [ 'i, 1 f1}"+ ( f1},.(P-MJJN ~J({'i, + ( 3 .s J 

+ ~~J(CJ,'(P-fiЦ~(C{j + (ё),'(Р-М{~(М}.JL), . 
f 

4.Пределъная ограниченность <диссипативность) 

В тех случаях,когда условие асимвтот~ческой устойчивос

ти в целом не выnолняется, в системе (2.2) возможно существо
вание стационарных периодических режимов. Точная и приближен• 

ная методика анализа таких режимов ва практике мало эффектив

на, так как она громоздка и требует априорных сведений о фор

ме периодического процесса (число имnульсов ва полупериод,по

рядок - их чередования и т~п.) или перебора всех возможных ва -
риантовiО,II,2В.лучшие результаты даёт метqдика исследования 
предельвой ограниченности Сдиссипативности) автоматических 

_;;; 
систем. 

Сист~ма (2~2) называется предельно ограниченной (дисси -
пативной) в целом, если существует такое АОМП~тное квоже -
ство ~ (асимптотически устойчивое ~~), что при лю
Сiых НаЧаЛЬНЫХ УСЛОВИЯХ Хп.......,. (; IIpil rt-liO .На ОСНQВанИИ 
дискретного аналога теоремы ·т.иоmизавы система (2.2) предель
но ограничена, если О!'раничено МНОЖеСТВО n ,иа КОТОрОМ 
функция (2.5) неотрицательна11 ,29~оценкой асимптотически ус
тойчивого множества ~ является замкнутая область,ограни -
ченная поверхностью ~ =.f ( O<.f':coпJt), описыва~щей~ II,29 ,39 
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Представим матрицу Р ква..11ра~ичной форw (2 .4) в виде Р= r/Q 
и преобраэуем·· уравнение (2~2) ,умножив его слева на Q: 

~.1 ::Qf/~~.Q-
1{Y,..t-QK:)) ~:QE,..0 • (4~1) 

в пространстве eQ"'= (У,,} поверхность 'V;"=jf представляет 
собой сферу и,следовательно, границей асимптотически устой

чивого МНОЖеСТВа е ЯВЛЯеТСЯ сфера, ОПИСанНая ВОКруг ШIО
аества ~ 11,29•30 .Для сиетек 2-го порядка этот вывод при
водит к простой графичес~о~ процедуре (рис.S)~что существен

но упрощает исследование. 

Прикеры исследования устойчивости и предельной огра

ниченности конкретных систем читатель найдет в рабо -
т~I,I7,I8,2Q-22,26-30. 
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Рис.!. Структурная схека веливейвой импульсвой систекы ав-

томатиче~кого управления. 
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Рис.2о Струнтурвые схемы нелинейных импульсных модуляторов: 

а - идеальный частотно-импульсный модулятор; · б - реальный час

тотно-импульсный модулятор; в - широтно-импульсный кодулятор; 

г - частотно-ииротный импульсный модулятор. 
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Рис.3. Графическа~ интерпретация условия устой~ивости 

(2.II) в основном (а) и простейше~ критичесиом (б) случаях. 
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Рис.4. Определение критического коэффициента nере~ачи НЛЧ. 

Рис.S~ Определение асимптотически устойчивого множества 
nредельно ограниченной системы 2-го порядка. 
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ANALYSIS OF NONLINEAR A.C. COKTROL 
SYSTEMS 

1. Introduction 

W. Fieguth and D. P. Atherton 

Department of Electrical Engineering 

University of New Brunswick 

Fredericton, N. B., Canada 

A.c. ;carrier control systems may be classified as linear systems 

nonlinear systems with nonlinearity in the low frequency portion of the 

system, or nonlinear systems with nonlinearity in the high frequency 

portion of the system. 

Linear a .c. systems have been widely studied and are well under

stocx:l.. A large . bibliography is given by Ivey1 'Ibe use of envelope 

transfer functions2 allows any linear a.c. system with sinusoidal carrier 

signals to be transformed into an equivalent d.c. system to which any of 

the numerous methods of linear analysis can be applied. 

If nonlinearity is restricted to the low frequency portions of an 

a.c. system, envelope transfer functions can still be found for the 

linear high frequency links. The equivalent d. c. system in this case 

is nonlinear. 

Systems with nonlinearity in the a.c. link, simply called nonlinear 

a.c. systems hereafter, are not immediately reducible to equivalent d.c. 

systems. 'lhey occur frequently in practice, since mcx:l.ulators and demcx:l.

ulators may be inherently nonlinear and a .c. amplifiers are subject to 

saturation. A good understanding of and suitable methcx:l.s of analysis 

for such systems are therefore of practical importance. However, very 

little work on this problem has been reported. 

Krasovskii gives the only known treatment of a.c. systems with non

linearity in the a .c. ;t.ink3' 4 . His describing function. methcx:l. for this 

case consists of dropping frequency components of the order of 20 and 

hi gher at the output of the nonlinearity, where 0 is the carrier 

frequency. Unlike the ordinar~ describing function method, this method 

i s cle.imed to become exact in the limit as 0 - '"'. 

This method is valid for a special class of self-oscillations in 

two-loop systems having a common nonlinear a.c. link to which Krasovskii 

restricts!himself. However, for two-loop systems with more general 

inputs and for any single loop system Krasovskii' s method, although 

remaining exact f or high carr i er frequencies, is not a quasilinear 

method and becomes extremely difficult to implement. 
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In this paper a general quasilinear method is presented for the 

analysis of nonlinear a.c. systems, and some special properties of the 

linearized system are discussed and illustrated by means of examples. 

Some special modes of operation unique to nonlinear a.c. systems are 

also discussed and illustrated with tests on a small a.c. position control 

system. 

2 . Quasilinear Analvsis of a Nonlinear .a . c . Proce ss 

2 .1 Reduction of the Qeneral Nonlinear ·a.c. Process 

A completely general nonlinear a.c. carrier process is shown in Fig. 

l, where Gf(s) is a filter removing frequency components of the order of 

0 and higher. In order to simplify the analysis of systems incorporating 

such processes it is . desirable to replace G1 ( s) and G2(s) by equivalent. 

inear blocks Gi(sm) and G2(sm) outside the a.c. path, as shown in Fig. 2 . 

The following conditions obtained by .setting a(t) = a' (t) and y(t) 

r ' ( t) in Figs. l and 2, govern the transformation and shifting of the 

l inear blocks: 

(a) Either Mik = 0 for all k f l or Gi(jw) is essentially zero 

outside the range 9f frequencies :0/2 < w < 30/2, where i = 1, 2. 
(b) Over the range of frequencies 0 - (wm)ma.x < w < 0 + (wm)ma.x' 

Gi (jw) has either co~stant gain and linear phase characteristics or even 

symmetric gain and odd symmetric phase characteristics about w = 0. 

It has been assumed that the input frequency is restricted to the 

range 0 < w < (w ) < 0/2 . ~e parameters of the transformed system - m- mme.x 
in Fig. 2 are easily shown to be5 

G~ ( sm) = Gi exp(ms,m)) if Jai (jw)j is constant 
eik = o1k arg Gi(jO, ) 

(3) 

The above conditions governing the shifting of linear blocks out of 

the a.c. path are not excessively restrictive because most a.c. networks 

do have the required symmetry about 0. I .... is useful, therefore, ~o 

consider the basic nonl inear a .c. p:-ocess sho-.rn in Fig. 3, where for 

generality ~ anc1 ~ are not restricted to be sinusoidal. 

2.2 Linearization of the ]§sic Nonlinear a.c. Process 

The process in Fig. 3 may be rege.rded as a multi-input nonlinearity 
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(4) 

This nonlinearity can be characterized by its equivalent gain to the input 

signal, x , which is given by 

- 1 2 I 2 Kx = xy x = xm2 f(x~) x ( 5) 

wher e the bars denote time averaging. Writing (5 ) as an ensemble average , 

(6) 

and making the reasonable assumption that the input, x, is unrelated to 

t he carrier signals, gives 
Q) 

K -2 J N(x) p(x) dx . (7) 0 X 
X X _a> 

where 
Q) Q) 

N(x) J J m2 f(x~) p(~, m2 ) d~ dm2 
(8) 

-CO -0> 

N(x) is a modified nonlinearity equivalent to the entire process in 

Fig. 3 and allows any nonlinear a. c. system to be reduced to an equiva

lent nonlinear d.c. system. 

Alt hough this completes the formulation in principle of a method of 

analysis of nonlinear a.c. systems, it is interesting to consider such 

syst ems in greater depth. They possess a number of properties not found 

in ordinary nonlinear systems, which may be of practical importance. 

3· The Modified Nonlineari ty 

In this section &ome of the properties of the modified nonlinearity, 

given by (8), are considered. 

Although it is possible to formulate expressions for the joint 

probability density, p(~, m2 ), of common carrier signals and to use 

these to evaluate N(x) from (8), it is often simpler to obtain N(x) using 

the time average equivalent of (8), 

N(x) = ~ f(x~) (9 ) 

wher e x is considered fixed during the averaging process . 

Fairly simple expressions for N(x) in t erms of t he original non

linearity or its equivalent gains resul t for common carrier s ignals. 

For example, if the carriers are square waves, 

m; (t) =M. sgn[cos (Ot + ~ . )] . ~ ~ 
(10) 

averaging (9) over one cycle of the carrier gives 

(ll) 
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I f the nonlinear i ty is odd and cp
1 

= cp
2

, ( ll) becomes 

N(x ) = ~ f(~x ) (12) 

That is, the for m of the original nonlinearity has remained unchanged , 

but it has been s caled along its i nput and output axes. 

I n the much more common case of sinusoidal carriers 

mi ( t ) = Mi cos(Ot + cpi) 

(9) becomes 

N(x) ~ cos(cp2 - cp1 ) cos Ot f(xM:t_ cos Ot) 

- ~ sin(cp2 - cp1 ) sin Ot f(~ cos Ot) 

( 13) 

~~x- [cos(cp2 - ct>1 ) Re K(x~) + sin(cp2 - cp1 ) Im K (x~) ]/2 

(14) 
where Re K(A) and Im K(A) are the in-phase and quadrature portions of the 

equivalent gain of the nonlinearity f(a) to an input a = A cos wt. 

Equations (11) and (14) make the determination of N(x) trivial for 

sinusoidal or square wave carrier signals. Two very general properties 

of N(x) are discussed and illustrated below. 

3 .1 Odd SYmmetry 

The modified nonlineari ty is almost always an odd function. This i s 

seen by inspection from (11) and (14) for square wave or sinusoidal 

carrier signals, but can be shown to be true more generally. From (8) 

N( -x) = J J ~ f(- x~) . p ( ~, ~) d~ dm2 ( 15 ) 
-<» -<» 

Setting ~ = - ~ gives 
<» <» 

N(-x) = J J ~ f(x~) p(- ~. ~) d(-~) d~ (16 ) 
-<» -<» . 

Comparison of (16) and (8) shows that N(x) is an odd function, that is, 

N(-x) = - N(x), if 

J ~ p ( ~, m2 ) d~ = J ~ p ( -~, m2 ) d~ ( 17) 

Since ~ and m
2 

are periodic signals with the same time period, the 

point (~, ~) traces out a closed trajectory in the ~-m2 plane. The 

condition given by (17) is equivalent to requiring this trajectory .to be 

symmetric through the origin or about the m
2 

axis . This follows because 

p ( ~, ~) is a line density of probability along the trajectory. 

I t is easily shown that a sufficient, but not necessary, condition 

f or (17) to hold is t hat the Fourier series of ~ and ~ contain no even 

t erms. Most carrier signals sat isfy this cond i tion , resulting in odd 
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symmetry for N(x) regardless of the nature of the nonlinearity f (a) in 

Fig. 3· 

This symmetry of N(x) affects the type of subharmonic oscillation 

which is likely to occur in a nonlinear a.c. system. Although there is 

no rigid rule relating nonlinearity symmetry to possible orders of sub

harmonic oscillations in a nonlinear d . c . system, there are strong 

tendencies. A system with an odd symmetric nonlinearity tends to have 

odd order subharmonics, and a sys tem with a strongly asymmetric nonlinear

ity tends to have even order subharmonics. As a qualitative test of the 

symmetry of nonlinear a .c . systems an analogue computer simulation was 

carried out of the system shown in Fig . 4 in both its a .c. and d.c. 

versions, that is, with and without modulators. The d.c. system exhibits 

very strong , spontaneously starting second order subharmonic oscillations 

over a wide range of input frequencies and amplitudes. For the a . c. 

system no second order subharmonic could be found for any operating 

conditions . 

3.2 Single-Valuedness 

If the modulator input is sufficiently slowly varying with respect 

to the carrier, the modified nonlinearity, N(x), is single-valued. This 

is fairly obvious . A double valued nonlinearity with a modulated carrier 

input will impart a phase shift to the carrier , not to its slowly varying . 

amplitude . 

In analogy t o (6) the quadrature portion of the equivalent gain of 

~he basic nonlinear a . c. process in Fig. 3 is given by 

K. 
X 

(18) 

' f x i s independent of ~ and m2 . 

For sinusoidal and square wave carrier signals N(x) is given by (ll) 

and (14), and is independent of x. Therefore Kx = 0 . The same result 

holds for other carrier signals. 

Although the only condition on x in deriving (7) and (18) was t hat 

x be ind~pendent of ~ and m
2

, it is also necessary, in the case of 

doub l e valued nonlineari ties, to restrict x to be slowly varying. other-

;;ise f (x~) in (ll) cannot be described analytically, and i t is improper 

!.0 cons ider X fixed during the averaging process i n (9) . 

In rder t o determine how lar g ' t he ratio of carrier to modulator 

·n?ut freq ency must be to ensure a purely r eal equivalent gain of a 

oasic a . c . process having a double valued nonlinearity, a series of 
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direct analogue computer measurements was carried out for the case of a 

relay with hysteresis. 'lhe results of these measurements are shown in 

Fig. 5· It is seen that a frequency ratio Q_ of the order 
1

of 30 is 
w 

necessary to reduce the gain angle to around.~O. 

'lhe theoretical equivalent gain expression for this relay computed 

from ( 7) ·using N(x) given by ( 14) is 

K = 8(E'(l/X)- K'(l/X)]/n2 (19) 
X 

where E' and K' are complete elliptic integrals. 'lhis curve is also 

plotted in Fig. 5 and agrees well with the measured ma.gni tudes for 

Q_ > 10. 
w - \ 

m It can be shown that the sinusoidal equivalent . gain of an a . c · 

process with sinusoidal carriers and a piecewise linear nonlinearity can 

always be expressed as a finite series of elliptic integrals. However no 

such closed form solution appears possible for Gaussian input signals. 

'lhe fact that the high f~equenc,Y multiplicative carrier signals 

modify the nonlinearity so as to ma.lte the low frequency input see only a 

single-valued characteristic is an interesting general property, analogous 

to an identical effect for additive high and low frequency inputs to a 

double valued nonlinearity. 6 

4. Closed Loop Behaviour of Nonlinear a. c. Systems 

Predictions of the behaviour of nonlinear a.c. systems can confidently 

qe made using the equivalent nonlinear d. c. system des er ibed above provided 

one can assume that the modulating signal is relatively slowly varying 

with respect to, and is independent of, the carrier signals. 

However, as in the case of nonlinear d .c. systems, which may exhibit 

effects such as subharmbnic oscillations~ which are not predicted in a ,.-

simple describing function analysis, nonlinear a.c. systems ' may have 

modes of behaviour not predicted by a quasilinear analysis of the equiva

lent nonlinear d.c. system ;if either of the above assumptions is not 

valid. Two such special effects which are unique to a. c. systems having 

nonlinearity in the a.c. link are discuased and illustrated below with 

tests on a small a.c. position control system. 

4.1 Self-Oscil1ations at Submultiples of ~e Carrier frequency 

If the modulator input in a nonlinear ·a.c. system has the form 

x(t) = X co~ [(O/s)t + 9] (20 ) 

then for a sinusoidal carrier the modulator output, which is the non-
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linearity input, is given by 

a(t) = MllX cos ~ [ ( s + 1)/ s ] Ot + 6 ~ 
+ Mt1X cos ~ [(s - 1)/ s ] Ot - 9 ~ (21 ) 

Thus the nonlinearity has two sinusoidal inputs whose frequencies are 

related by the ratio ( s - 1)/(s + 1). In general, therefore , t he non

linearity output components at the frequencies (s + 1) 0/s and ( s - l ) 0/ s 

are not in phase with the corresponding input terms. For the relevant 

large values of s these phase angles are small, but they do cause sel f 

oscillations to occur at submultiples of the carrier frequency where t he 

phase ~hift through the linear elements is slightly different f r om l8o0
. 

Si nce this deviation is small the error involved in finding the fr equen cy 

and amplitude of oscillation assuming unsynchronized behaviour is slight . 

These carrier-synchronized oscillations have been observed in analogue 

computer simulations with values of s as high as 40. They are similar to 

the r ipple-instability oscillations which have been observed in pulse 

modulation systems7, but are of much higher order. 

4.2 Low Frequency Output Response Produced by High Fr'eguency Inputs 

In a linear a.c. system with no dynamic elements in the a.c. pat h 

t he modulation and demodulation together are equivalent to a multiplicat ive 

sampling signal 

s ( t) = ~(t) ~(t) = Ml~[cos ~ + cos (20t + ~)]/2 (22 ) 

where t he carrier signals are given by (13) with cp
1 

= 9 and ~2 = ~ · In 

analogy t o a sampled data system8 a low frequency output signal is 

obtained for inputs wm near 20. 

This effect extends to lower input frequencies in a nonlinear a. c . 

sys t em due to the production by the nonlinearity of harmonics and int er

modulation frequencies. In particular if x ( t) and ~ (t) are assumed 

sinusoidal the nonlinearity input is the sum of two sinusoids and its 

output b (t) can be expressed6 in a series form. Inspection of the ser ies 

reveals that b(t) contains output frequenc i es near 0, which yield low 

frequency t erms on demodulation, far input frequencies 

w ~Is ±. k - 11 n 
m - s .:!:, k 

(23 ) 

where ask is t he output coefficient for the nonlinearity. To clarify 

the above, s~ppose a brPothetical nonlinearity is such that ~O = a91 
and ~l is the only other non-zero output coefficient. Then putting 

s = k = 1 in (23) gives w ~ 0/2 . That is, input frequencies near 0/2 
m 

l 
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to an a.c. system contai..i ng the above non · nearity will give rise t ow 

fyequency outputs with amplitude dependent on ~1 . Figure 6 shows a 

ske tch of the f orm of the frequency response magnitude of such a syst em 

wi t h an arbi~rary linear plant. 

The above effec t has been clearly demonstrated by analogue computer 

simulations. For common hard spring nonlinearities low frequency out put s 

are :;>revalent for input frequencies ll' near 20./(2n + l) and D./ 2n f or 
m 

integers n up ~o 4 or 5· 

5 · Tests on an Acutal a .c. §ystem 

A block diagram of the small a.c. position control system is shown 

i n Fig . 7 . Tne angles denote the phases of the carrier s ignals , wh~lst 

t he nonl inear element and the parameters nand kT were open to choice. 

The t ransfer function G( s) was added to provide an additional time 

const ant so that self oscillations occurred for low values of kT. No 

a~tempt was made to determine a sophisticated nonlinear model for the 

servomo~or as mos t of the tests performed were of a qual itative nature. 

The inear transfer function given for the motor in Fig . 7 was determined 

from a frequency response test i n which a control phase voltage comparable 

to t hat occurring -in th~ self oscillation experiment was used. A simp

l i fied block diagram of the system,with a saturation nonlinearity as 

used i n all the tests, is shown in Fig. 8. 

5 -l Step Response wi th an Asymmetrical Nonlinearity 

The response of the system of Fig. 8, with parameters of b1 = 1.5, 

b2 = 0 .5 and K = 5 for t he asymmetrical satura~ion and n = 50, kT = 1. 0 

f or ~he l inear elements, is given in Fig. 9 for step inputs of approx i 

matel y 8o0 in e ither direction. This symmetrical output may be compared 

with the step response in Fig. 10 of an approximately equivalent non

linear d .c. system ob~a ined by analogue simulation. 

5. 2 Self Osci llations 

The sys~em was set u? with the parameters b1 = b2 = .0 . 03, ·K = 200 , 

c. = 24 and kT = " . The resulting self oscillation was found to have an 

amplitude of 34° at a frequency of 3. 0 Hz, and was shown to be phase 

l ocked to the carrier at a frequency 0/20. This compares with a theoret

ical solution of 28° at 3 -34Hz obtained using the theory presented 

ear lier which assumes t he self oscillation and carrier are unrelated. 

As the conditions for shifting given in section 2.1 are satisfied by 

G(s) in this example it was replaced by its equivalent transfer function 
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• G'(s ) =_a. __ 
m s +cr. (25) 

m 

preceding the modulator, whilst the equivalent gain of the resulting non

linear a.c. process was calculated from (14) and (7). 
The parameter a. was varied in order to study the locking phenomenon 

in more detail. It was found that the oscillation remained at the fre

quency 0/20 for cr.~ the range 22.9 to 24.9, which corresponds to a 

change in phase of about 2.5° for a signal of frequency 0/20 through the 

linear transfer function of the system. As a first approximation this 

can be taken to be the maximum possible angle of the describing function 

for s = 20. 

The relatively large discrepancy between the predicted and measured 

frequencies of oscillation given above is probably due t9 inaccuracies 

in the transfer functions used to model the system components . This is 

supported by analogue computer studies where differences between measured 

and computed values are found to be compatible with a describing function 

angle of 2 or 3 degrees. 

5·3 Low Freguency Responses to High Freguency Inputs 

To demonstrate the behaviour discussed in section 4.2 an electrical 

demod.ulator and modulator were added to the system immediately preceding 

the saturation nonlinearity. A narrow band Gaussian noise near 40 Hz, tbe,t 

is 20/(2n + l) with n = l, was applied to the input of the electrical 

modulator. Figs. ll and 12 show the measured low frequency random out

puts of the system with parameters b1 = b2 = 2, K = 4, a. = lOO and kT = l 
for different noise levels. 

For low levels of noise there is little or no output. This is 

expected for a system with a saturation characteristic because the effect 

is nonlinear and an input large enough to cause strong saturation is re

quired to generate the harmonics and intermodulation components which 

cause the low frequency output. 

6. Conclusions 

A method has been presented for the analysis of a.c. systems with 

nonlinearity in the a.c. link. Dynamic elements in the a.c. link are 

transformed and shifted to the low frequency part of the system. The 

remaining nonlinear a.c. process is equivalent to a single nonlinearity. 

Thus a nonlinear a.c. system can be reduced to a nonlinear d.c. syst em, 

allowing exact or quasilinear analyses by known methods. 

A number of unique properties of nonlinear a.c : systems have been 
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discussed and i llustrated. These include inherent symmetry of the syst em, 

a tendency of self oscillations to synchronize with the carrier, and the 

low frequency response of such a system to high frequency inputs, which 

can render it less immune to noise than expected. 
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Figure l C~neral Nonl i near a. ~ . arr i er Process . 
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Figure 2 Nonlinear a .c. Carrier Process Equivalent to that i n Fig . l . 

Figure 3 Bas i c Nonlinear a. c. Process . 
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Figure Nonlinear System Te s ted for Se cond Order Subhar monics . 
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Figure 6 Frequency Response Near 0/2 of a Typ i cal 
Nonlinear a. c. System . 
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Figure 7 Block Diagram of a.c. Position Control System. 
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Figure 8 Simpl i f i ed Bl ock Diagram of the a . c . Pos it·on Contr ol 3ystem 
in Fig . 7 . 
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Fig~e 9 Step Response of Asymmetric Nonlinear a .c. System . 
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Figure 10 Step Response of Asyrrmetric Nonlinear d. c. System. 
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Figure 12 Low Frequency Response of Nonlinear a.c. System to 
High Frequency Noise of Moderate Amplitude. 


