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DETERMINATION OF THE SPATIAL STABILITY

OF THE AXIAL FLUX SHAPE OF RE-ENTRANT

FLOW GAS-COOLED POWER REACTORS WITH
AUTOMATIC POWER CONTROL

By: R.L. Carstairs
B.H. Bickers
Atomic Power Constructions Limited,
Sutton,
England.

INTRODUCTION

Conventional automatic control of steady-state power level in
gas-cooled power reactors operates to maintain constant outlet gas
temperature. The axial neutron flux shape is not controlled, and its
spatial stability depends on the balance between neutron leakage and
destabilising factors such as positive reactivity-temperatﬁre coeffi-
cients and xenon 135 burn-out. The spatial stability also depends on.
the control arrangements, and is affected both by the amount of auto-
matic control rod group penetration and by the amount of penetration
of coarse control rod groups. The axial spatial stability problem is
an example of a type of auxiliary control problem which can put con-
straints such as limited rod movement, for example, on what is other-

wise a straightforward reactor power control loop ‘problem.

For cores having a single coolant flow direction the effects on
axial stability of neutron flux shape and automatic or coarse control
rod group penetration are well understood1. For re-entrant flow
systems with cooclant flow in both directions the interactions between
parameters are more complicated, and the spatial stability margin
depends in addition to the features already mentioned on the re-entrant

to forward flow ratic and the heat transfer between the flow paths.

This paper describes an approximate method for the determination
of axial flux shape stability margins in conventionally controlled re-
entrant flow advanced gas-cooled nuclear reactors. Simplified equa-
tions are developed and various methods of solution suggested based on
a trajectory method which is suitable for both analogue and digital
computation. Results for a typical advanced gas-cooled reactor are
presented and discussed, and ccmpared with more detailed transient

sclutions.
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* DESCRIPTION OF REACTOR

Fig. 1 shows a schematic section of a single fuel channel, show-
ing the re-entrant cooling flow arrangement. Part of the coolant flow
carries heat from the moderator and mixes with the by-pass flow at the
bottom of the core. The total flow then passes upward through the
main coolant channel, taking heat from the inner sleeve and fuel.

Fig. 2 shows typical neutron flux distributions. The spatial
distribution of the flux depends on the local neutron leakage and
multiplication effects. Any local flux disturbance is naturally stable
due to the resultant change in local neutron leakage, but if the '
disturbance gives rise to an increase in local multiplication suffi-
cient to offset the extra leakage, then instabilify'could result.

Changes in local multiplication or reactivity are due to tempe-
rature effects of fuel and moderator, changes in the concentration of
xenon 135 nuclei, and local effects due to control rod movement. The
temperature coefficient of the fuel is usually negative and therefore
stabilising, but that of the moderator is often positive and destabi-
lising. The xenon reactivity coefficient is always negative, but the
time constants of the various processes involved in the production,
burn-out, and decay of xenon may result in a divergent long-period
oscillation when combined with the temperature effects. The overall

effect of xenon is destabilising.

In considering flux shape instability, it is useful to consider
the flux distribution as an expansion in harmonics. The fundamental
mode is controlled by the total power control operating on outlet gas
temperature, and flux shape instability can only arise if one or more
harmonics are present and are unstable. Since the first harmonic is
the least stable, the condition for flux shape stability is that a
first harmonic perturbation should be stable, both intrinsically and

in the presence of fundamental mode control response.

A physical explanation of the occurence of first harmonic insta-
bility is given in Fig. 3. Assume that a reactivity increment near the
top of the core causes a first harmonic flux disturbance as shown. The
diagrams below show the resulting moderator and coolant temperature
perturbations and the corresponding reactivity increments due to a
positive moderator coefficient., The first harmonic component from

both sleeve and moderator in destabilising, but the fundamental compo-
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nents result in control rod movement which could either suppress or
aggravate the initial disturbance depending on the rod position and
the relative magnitudes of moderator and sleeve componenfs.

It should be noted that the effect of the moderator temperature
changes on the coolant are considerably diluted by the by-pass flow,
and thus the sleeve effects dominate with the result that the tendency
to instability is greatest with the rods at the top of the core.

The steady-state flux shape, re-entrant flow fraction, amount of
intersleeve heat transfer and the proportion of the moderator coeffi-
cient due to the sleeve have been found to affect very strongly the
balance of the various effects, and hence the stability. Some typical
results are discussed later in this paper.

EQUATION DEVELOPMENT

It is first assumed that reactor spatial behaviour in the axial

and radial-azumithal directions can be considered separatel&, and

that the axial behaviour can be described by considering conditions in
a single representative fuel channel. A multivariable transient.
distributed parameter representation2 of considerable complexity still
remains, however, and considerable simplification is required if para-
meter survey work is to be carried out with conveniénce and reasonable
economy.

Suitable simplified equations describing the system are deve-
loped in the Appendix. It is assumed that small disturbances are
being studied, sc that a linear perturbation representation can be
used, and that the heat production in the fuel and moderator is pro-
portional ‘to the neutron flux.

It is further assumed that the time behaviour of disturbances
in practice is dominated by the xenon and iodine equation time con- °
stants which are measurable in hours. The remaining time constants.

are therefore neglected in comparison.

Equations (1) to (11) now form a set of 9 algebraic and 2 first-
order differential equations which may be solved for a series of axial
points with the spatial differentials expressed as finite differences.

The quantities expressed are in general axially veriant.

This solution of the :quations may be obtained by analogue or
digital computationc, but is expensive and time consuming for initial

studies or parameter survey work.
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The approaéh describved in this paper overcomes these disadvan-
tages. It is assumed that all variables have an exponential time
behaviour, eWt, w being in general complex. The iodine and xenon
equations are then combined to give the xenon parameter Q and the re-
sulting equation used as a characteristic equation inw o give the value
”o of @ for which thg real part of w is zero. Qo is the maximum value
f

of § for which the system will be stable.

The problem is now reduced tc finding a value of some adjustable
parameter such as the mcderator coefficient ag for which a first har-
monic disturbance can exist. This value,usually expressed as a margin
a! above the expected reactor equilibrium value, can ve regarded as a
stability margin.

It is shown in the Appendix that the heat transfer equations can
be combined to express all the variables in terms of a mixed coolant
temperature, the normalized power, and the intersleeve heat transfer
variable A. This arrangement otviates the necessity for integrating
against a coolant flow, which can cause numerical instability in the

solution.

The resulting equations (14), (19), (20), (21) can be solved to
find the value of a as an eigenvalue for which the boundary condi-
tions are satisfied. Conditions (22), (23), (26) are apparent from
Fig. 2, and (24),(25) follow from the assumption that the control
system is perfect and acts to keep the outlet gas temperature constant.

The cooclant inlet temperature is also assumed constant.

The control reactivity 5 is assumed to be represented by a step
fanction over a narrow bandwidth 28. The bandwidth value is not
sensitive, and the amplitude of § is unimportant, because § is the
only isolated term in the equations, and so acts only as a scaling

factcr on the solution amplitude, without affecting the eigenvalue.

METHOD QF SOLUTION

Various approximate methods” have been attempted for the solu-
tion of the equations but these do not take into account generalized
variations in initial flux shape, or allow for intersleeve heat trans-

fer or axial pzrameter variation.

A trajectory method has been found most satisfactory for the

solution of the equations, and may be used equally well on analogue

o

r digital computers.




“

Both methods employ integration from the bottom of the active
core with iterative methods to determine both the starting values of
the variables, and an eigenvalue which will enable the three boundary

conditions at the top of the core to be satisfied.

The analogue trajectory technique has been used for representa-
tions without intersleeve heat transfer, using an X-Y plotter. The
calculation is terminated after a fixed time (equivalent to the time
taken to integrate along the active core length), the firal values of
the variables noted, and the process repeated with new initial values
until convergence tc the boundary conditions is obtained. The
iterations can be performed simply, guided by parameter-error plots,
or may be done automatically by means of a variable gain control which
sets new initial conditions based on the preceding final conditions.

The latest digital computer program uses a 4th-order Runge-Kutta
integration procedure, and for a given eigenvalue estimate performs
four integrations with two values each of Ao and Ve The v.alues of
these quantities to satisfy (24) and (25) may now be readily found
as the values of e and A at the top of the core are linearly depen-
dent on the starting values of A and v. The process is repeated for
each eigenvalue estimate.

The problem is now to find an eigenvalue (which may be either Q
or ag and which may have more than one value), to satisfy (26). A
typical plot of the convergence parameter -(% +v)vs a's is shown in
Fig. 6., and the points at which this crosses the axis are the eigen-
values required for the solution of the equations. In practice the
lowest value is usually of greatest 'interest but in some cases this
could be associated with a higher harmonic than the first.

The procedure for finding the zeros of (26) is to carry out a
search, increasing aé until three points are found which indicate that
the condition is satisfied in their vicinity. The next value of a; to
be attempted then depends on the pattern of the convergence parameter
shown by the preceding values. If the patterns suggests convergence,
then a zero is indicated in the immediate vicinity, and an iterative_
sequence based on quadratic fitting is employed to find the exact
value of aé to satisfy (26).

Thus the margin in = .Jerator coefficient for first harmonic in-

stability to be possible is known, and the axial shapes associated
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with the harmonic of any of the variables may be plotted.
DISCUSSION

Figs.4,7& 8 show the results of a parameter survey for a typical
re-entrant AGR. Fig. 4 shows that in general flux distortion away
from the control rod position is de-stabilising. The rods are working
in a position of low flux and therefore have reduced-effect, while the
reactivity changes in the flux peak region are accentuated. Thus the
reactivity distribution due to the moderator becomes nearer to a first-
harmonic shape with a corresponding reduction in the stabilising fun-
damental.

Increased inner sleeve reactivity-temperature coefficient and
the inclusion of intersleeve heat transfer represéntat:i.on have been
shown to affect the harmonic very similarly to flux distortion, reduc-
ing the stability with control at the top of the core and increasing
it with control at the bottom.

Fig. 5 shows the results of a check with an analogue transient
sclutiona. Intersleeve heat transfer was not included in the transient
solutions, and a comparable representation was used for the trajectary
solution. Good agreement was obtained.

The double roots occurring in Fig. 4, and marked A & B in the
typical case shown in Fig. 7 may be explained by a consideration of the
corresponding flux shapes, also shown in Fig. 7. Case B has been
enalyzed and found to have a negative fundamental component ( a posi-
tive second sine mode component ensures no resultant power change)
which gives a destabilising influence from the sleeve. Increasing aé
further from the threshold value of 68 mN/T tends to change the balance
between control and temperature reactivity effects. The shape of the
first harmonic shape changes such that for Case A, also analyzed, a
positive fundamental component appears and the stabilising effect of
the moderator becomes dominant. Further increases of ag’ then result

in increasing stability.

The é.ffect of varying the re-entrant flow with the control rods
at the top of the core is shown in Fig. 8. It may be seen that with
low flux distortion the increased moderator temperature is stabilising
at low re-entrant flows, but with high distortion the moderator reac-

tivity is predominantly first harmonic and becomes destabilising.
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CONCLUSIONS

First harmonic flux instability in a nuclear reactor may be
initiated by control movements under certain circumstances. For a
re-entrant flow reactor the conditions under which this can occur are
seen to depend on a fine balance between the opposing effects of dif-
ferent moderating components. This leads to unexpected results, such
as an increase of stability with moderator reactivity-temperature co-
efficient, and the rapid changes of margin with flux shape change,
which occur in some conditions.

Effective automatic control using rods with tips very near the
top of the core is very unlikely in practice, and current designs of
advanced gas-cooled reactors have a large margin of aﬁd stability
in all practical conditions.

It is however important in design work to be able to deter-
mine conveniently the axial stability for a wide range of parameters,
and the method discussed in this paper has been found useful for this
purpose.
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NOMENCLATURE

moderator temperature-reactivity coefficient
fuel temperature-reactivity coefficient
xenon reactivity coefficient
intersleeve heat transfer term

coolant specific heat

heat production term

re-entrant flow fraction

convective heat transfer coefficient
iodine concentration

effective total conductance term
neutron multiplication factor
extrapolated core height

normalised power term

Xxenon parame ter

radiative heat transfer coefficient
temperature

axial power gradient

Ed ¢ 8 OO Ww-b‘w‘tqo!»
mf xmﬂmmm

coolant mass flow

xenon concentration

X

z axial co-ordinate

z, automatic control rod tip position

8 control reactivity term

A fraction of aS attributable to component

A iodine decay constant

k; xenon'decay constant

Ag extrapolation distance

oy xenon absorption cross-section

29 control term bandwidth

$ neutron flux

w time constant

SUBSCRIPTS

el main coolant r automatic control rod tip
c2 re-entrant coolant poslEion

gl inner sleeve . ity

g2 'outer sleeve 5 fuel

m main moderator i Shaady atnin,. on

value at bottom of core
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APPENDIX
EQUATION DEVELOPMENT

The one-energy-grour neutron diffusion equation is used to des-
cribe the distribution in space and time of neutron flux in the reac-
tor. In its axial perturbation form it may be approximated for slowly
varying conditions as .

Mzz 2:% + (kg -Mp + tkp =0 (1

The perturbation in neutron multiplication is a summation of
various effects as follows,

By =at + ‘g("‘ltg‘l + 121:82 + Agty) tB X+ 8 (2)
The perturbation form of the heat transfer equations (see Fig.2)
may be approximated for slowly varying conditions as

0=Ep-k (t -t) : (3)
C = kus(tu - ts) - h_ 4 (ts - tc‘l) + rg1tg1 -t %)
3t 4 .
(we), —--af:| e Baet{ty = Boq) ¢ Boqoq(teq - toq) )
= Ez,lp - hs“ﬂ(ts“ - tc,‘) - k,‘ts,‘ + katgz +rt - rg,lts,l (6)
= Egzp - hsaéa(tsz - to) + k1t81 L kztsz +Tt - rsatgz (7
RO T T S D g (8)
%y 1 ® T Tgl2e2 g2 T g2 mc2' m - c2 :
Bxlpy- hmca(tm i th) g, g rgatgz 9)
The xenon and iodine equations are as follows,
& -
3t - 0P - Al (10
S 11
= = Mt - oiox - cxpﬂoxo - AX (1)

A modal time behaviour of the form x = x'ewt is assumed and
(10) and (11) combined to give

o i SRS

s B el s )

(w0 + g xPo.o + 1;{)

Equation (12 is treated as a characteristic equation for w, and
solved to give a threfhold value Qo for Q below which the real part of
w is less than zero , thus indicating stability. Then

R T ax"x'opoxo
° T GlPy t 1yt

(12)

(13)
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Adding equations (3) - (9) and introducing a combined coolant
tempera'ture tc = tc1 - tcz

ey, 2% _ 4
; . zﬁp o

A further variable A is introduced to describe the heat transfer

between the sleeves, and is conveniently expressed as

-2
L ('in17E:')1 Uo Byt - Joe hyods :l (15)

where h,, = ks1tg1 lt:gzt82 (16)

All component temperatures may now be expressed in terms of p,
te and A by algebraic manipulations of the equations. ' The separate
coolant temperatures are related to the combined coolant temperature

as follows,
Eu + Eg1

tc'] = T tc - A (17)
E +E
2" m A
to { 2 ) t- % (18)

Equations (1) and (2) may then be written as

) (kgg-1) P
é = r - & :%_ a A +asH+Q°}"p__M_°.z {au+asG1}
i e z

2
P
{ ity A} + Mo ia 62] {eztc + A } P%. (19) .
2 M
z
(20)

&

A, G, H, e's are constants comprising heat transfer coefficients,
heat production terms etc.
Equation (15) may be expressed as a first order differential

equation as follows,

% " '(31_071 Bz (21
Equations (14), (19), (20), (21) form a set of non-linear first
order differential équations. All" the quantities can be z-variant. The
boundary conditions as described in the text may be summarised as

follows,

= )\e,‘ ¥ tc s O (22) 2 = Le - )\92 : tc =0 (24)
P o= A v (23) A =0 (25)
P == (26)

The control term takes the value § for (z -8)<z<(z_+8), and is zero
elsewhere, e % .
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MAIN AND INTERSTITIAL MODERATOR, ARE
ASSUMED COMBINED.
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DISTRIBUTIONS.
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MATHEMATICAL MODELS FOR THE DYNAMIC
BEHAVIOUR OF STEAM HEATED HEAT
EXCHANGERS FOR STEAM FLOW OR

CONDENSATE FLOW REGULATION

R.Isermann

Institut fiir Verfahrenstechnik und Dampfkesselwesen
Universitdt Stuttgart, Germany

1. Introduction

Because heat exchangers belong to the class of systems
with distributed parameters, the frequency responses are trans-
cendental functions and are too complicated to use in a simple
manner for practical cases (designing of control loops, simula-
tion on analog or digital computers). Therefore it was neces-
sary to develop simplified mathematical models for steam heated
heat exchangeré.

A further goal exsists in investigating the dynamic be-
haviour for two different valve locations. In the case of regu-
lation on the steam side the control valve influences the steam
flow and therefore the heating of the tubes as a result of

steam pfessure changes, Fig.la.
In the case of reqgulation on the condensate side the con-

trol valve influences the condensate flow thereby changing the
effective heating area for condensation by storing the conden-
sate, Fig.lb.

In the following the outlet temperature S%a of the secon-
dary flow is regarded as the controlled variable and the posi-
tion of the steam flow or the condensate flow valve as the ma-
nipulated variable. Simplified mathematical models (approxi-
mate frequency responses) for the transient behaviour in tube-
shell heat exchangers will be shown for changes of the manipu-
lated variable. Mathematical models of the transient behaviour
for different disturbances are indicated in 1.

In past literature only frequency responses for the regu-
£e3p8e3y but either
they are too complicated for practical purposes or they are

lation on the steam side were shown,

only valid for special cases.



1.1. Requlation on the steam side

In the case of steam side regulation the steam flow ¥
is the regulated flow. One has to distinguish between two
operating conditions according to the time behaviour of the
steam flow after a change of the manipulated variable:

D

Operating condition 1: In the case of over critical pressure
ratio across the control valve (PDd < 0,58 PDV) the steam

flow does not change after the variation aM according to

DY
the variation AY of the control valve, Fig.2, because a change

in the steam pressure APDi does not influence the steam flow
rate.

Operating condition 2: In the case of under critical pressure
ratio across the control valve (PDi > 0,58 PDV) the steam

flow changes after the variation AMDY according to the varia-
tion AY of the control valve, Fig.3. Changes in the steam pres-

sure ApDi, caused by changes of the temperature 3? of the se-
condary flow &F then influence the steam flow and therefore
the heating of the tubes.

Thus the left hand classification, Fig.4, is obtained.

1.2. Requlation on the condensate side

In the case of condensate side regulation the condensate
flow &K is the manipulated flow. The steam flow ﬁD changes
according to the heat flow qwn(t) steam-tube wall.

One has to distinguish between vertical and horizontal posi-
tion of the tubes, Fig.4,right hand.

2. Mathematical models for the dynamic behaviour in the case
of requlation on steam side

After a variation aY of the control valve the steam flow
changes proportional to the slope cobtained from the operating
characteristic of the control valve

My, = ¢, . AY, (1)
The frequency response then is

aMy (s) Aﬁ%aR(s) Aﬁ%a(s)

Fy(8) = —9ar WL (ST TR (T © Sy-Fup () Fag (). ()

MD



In the following first the frequency response of the tubes

Fyp(s) = &% - (s) / At (s) (3)
will be described and then the frequency response FAK(s) of

the outlet header. |
The influence of the heat storage in the shell on the

dynamic behaviour of the outlet temperature 3faR of the se-
condary flow is negligiblel,if

i
20 |
!
I

b a D
a WDa 3 <
— = = 0,25. (4)
By aypidpP |
That is applicable for heat exchangers with shell diameters
D3 2 0,2 m. |

The dynamic behaviour of the tube part of the heat exchanger
can be described by the dynamic behaviour -f one single tube
of the length 2 .

The parameters for the dynamic behaviour of a heated tube are 1:
4aWFl
¥, = ———— (fluid parameter) (5)
3 dl”FchF j
(dg'df) Pwu |
Ty = g (time constant of the (6)
“WF-1 wall inner side)
T, = é— (dead time constant) (7)
F
a...d
WD ™2
3 ® eyl (heating factor) (8)
*wF-1
d.p.C
T, = . —%—E—E (fluid time constant) (9)
e *WF
T Bty g e
r = WE _ 271 PW'W (time constant of the (10)
WD z 4°WDd2 wall outer side)

2.1. Operating condition l: constant steam flow

In the case of over critical pressure ratio across the
control valve the magnitude of the steam flow rate and there-
fore the heating of the tubes is independent of the inside
pressure P
(2 '="a).

- : B
For a tube the exact frequency response is

pi respectively of the tube wall temperature 9y
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Rl
— WF‘ -
¥ g () 1 1 % Typs*1 b
¥y = i o B R e SV f .
MDS Ay (S) MDS T,s T1+T,s)
Fé(s) (11)
with
I
De
FMDS (0) ﬁ;?F— (12)
T
2 WF
% (2 +3 )Tt
F
T
T, = wg ' (13)
WF
(1+ -'f-_)
F

Approximate frequency responses of the tube part: (compare
Fig. 5)
a) For the transcendental part of the frequency response the

approximation o
g owES
| bg
e ~a+1—+7r:—:-s— (OglFSZ) (14)
S
is valid with
a=e N; (15)
b = bs =1-a (16)
-k
To = Tos = 1-a %Twr "y

As approximate frequency response for eq.(1l1l) is

-7
¥ fnd = B ll8) & phe . lopwabar: Ll gad -—b—s——-)e t&l (18)
“DS1 ws© - T3 - T 13T

FMDS(S) and F (s) agree very well, Fig.5.

MDS1
b) For bs = O one obtain

~ > o 1 -Ty8
fups2 (%) = Fups(® T3r3 - THT,s [1"’ ’ ] -~

N

0
2 T 1- e

2]
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c) With a = 1 and bs =0

' -’I'ts
Fyps3(8) = Fypg (0) Ti; ; TT:%;ET [l-e ] (21)
d) Neglecting the heat capacity of the tube wall (TWF = 0)
N ; : -Tts
Fypsa (5) = Fypg (0) - 75 [l-e ] (22)

e) For 0,7 = “F £ 5,0 the waves in the frequency response
curves, arising from Fé (s), eq.(11), can be neglected and
then reads, compare eq.(19)

% 1 1
Fypss (8) = Fypg (O) T+T,3) * TI+T,9) - (23)

The approximate frequency response ?MDSl(s) and FMDSS(S)
show the best agreement with the exact frequency response

MDS(S), Fig.5.

For the dynamic behaviour of the outlet header in the ca-

se of ideal mixing (wF > 0,5 m/s) one obtains

¥ (s)
Fa 1
F (s) = T O a— (24)
AK &FaRfSS 1+TAKS
with
m
2o
Tan TR i

F
The mathematical models for the dynamic behaviour of the out-
let temperature S%a of the heat exchanger are with
FY(S) = cv‘FMD(s)'FAK(s) (PDi < 0,58 PDV):

For 0,7 £ NF < 5,0: (? 5(5))
Y AY(s) s (14T si (1+T235 e 1+TAK5
For X, < 0,7: ( MDSl(s))
Azﬂ%‘a(s)
Fy(s) = —37s)
1 bg W
=Sy Fups (@) - T 1S (1+T,s) [1—(a+ 1+Tbs.s)'e 14T, . S N

Mhaximum error of the amplitude ratio about 30 - 45 %
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For estimating cne can use eg.(26) also in the case of
2y < 0,7.

2.2. Operating condition 2: Changeable steam flow

In the case of under critical pressure ratioc across the

control valve the steam flow rate and therefore the heating of
the tubes depends on the inside pressure PDi respectively on the
tube wall temperature ¢,, For a tube the exact freguency respon-

se is »

FMDK(S) = AA&FaRQS) + 841
By (s) g _WD -T,s
1 F ¥ TWDS*L:—Z G |
=Gy > s 1-e e J (28)
TupTe® *(Tp—7 *Typ) sl
with
oo
Gyp = i;gsif_l A ai_ . g& . % : : (29)
2 WF 1

Approximate frequency responses of the tube part:
a) For the transcendental part of the frequency response the

approximation
™ TWDs+1
R
WDs Z bK
E T <
e ~a + TS A (0 & Q? £ 2) (30)
bK
a=e (15)
LB
%17z
= = - 31)
b bK e a (31)
° (32)
T, ‘=T = — %®T 32
b b )2 T WE
The approximate frequency response for eqg.(28) then is:
1 bK -TtST
F (s) =G 1- (a+ee——) e
MDK1 MD 2 1tz + [ e
TWDTFS +(TF — TWD)S 1 o
)

For the operating condition 2 as well as for the operating con-
dition 1 several approximate freguency responses, Fig.6, were
investigated:



b)

(s)
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= G 1

by e
[ 1=(at T:T——E).e (34)
bK

MDKZ MD (1+TFs . 1+TWDs
~ 1 -Tts
) Fypgsls) =G e [ e L
MDK3 MD (1+Tps) - (1+T,ps). | 1 (a+§K) e (35)
-T.8
- s t 3
d) FMDK4(S),= GMD T:T;E [1' (a+bK) e ] comp . (36)
&) Forrels) = Py (O} v —— (37)
MDK5 MDK (1+T3si " (1+T4s)
The best agreement with FMDK(S) are FMDKl(s) and FMDKS(S)'

Therefore the mathematical models for the dynamic beha-

viour of the outlet temperature 3%3 of the heat exchanger
are (P, > 0,58 P, ):
For 0,7 & %, & 5,0: (Fy.-(s))
i isia A%als) i s 1 e
Y 3Y (s) v* (1+T3s) 5 (1+T4s) 3 (1+TAKS)
with
fho=1") d
De 1 2 1
Q) = —0Fr— . — . =— . = (1-9) (39)
WDK wdzl CuF dl z
T, =T
3 31
T € Poo =P (I-f) = { - (40)
// WD 31 F T4 = TWD
y AL
; WD\T 2 T, =T, (1-y) — {T3 "4 (41)
WD 31 F T4 = T41
Tp < Typl: see
-%, 22
o= e 1+2 (42)
G e TF (1-y) (43)
For xF< 8 82% 1] WDKl(S))
2, (s)
FY(S) s R
AY (s)
b
b Y
1 [ X 1
Gl G el 1-(a+ ——).e J
v _4D 3 - .
1+2 I+7. .8 1+T
TupTpS +(T g T L bK :
(44)
’)wax1mum error of the amplitude ratio about 20 - 45 3
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For estimating purposes cone can use eg. (28) for the case of

’ACF % 7.

2.3. Dependence of the dvnamic behaviour on the load in the
case of steam side regulation

In regarding the secondary flow MF as the load by con-
stant temperature difference (8%a - Q%e) one obtains different
curves for the gains F
and F
response FMD(s) {changes of manipulated variable) as shown in
Fig.7. Crossing the critical pressure ratio while reducing the

MDS(0) (over critical pressure ratio)
MDK(0) (under critical pressure ratio) of the frequency

load, the gain rises from a small value FMDK(O) to a greater
value FMDS(O). In general, therefore it is not possible, to
obtain a good quality of control across the whole load region
with only one single adjustment of the controller. For low
load MF the control loop can be instable because TMDS(O)RJI/EF.
- However a part of the load dependence can be compensated using
a control valve with equal percentage characteristic. Fig.8
shows transient curves in dependence on the load &P.

3. Mathematical models for the dynamic behaviour in the case
of requlation on condensate side

3.1. Vertical heat exchanger

For the condensate flow valve
alfy = c_.aY
and therefore the frequency response for the manipulated variab-
le becomes

ah (s) sd, g (s) Aﬁ"Fa(S)
Fy(s) . T AMK(s) As%aR(s) = cv.FMK(s).FAK(sL (45)

From the mass balance of the stored condensate one obtains for
the vertical heat exchanger .

28 (s) P (D) ! % ik
s el S i e, e
MKS AK®
with
Fuks (00 = ﬁ;%; (47)
T ha i§;£ 8. (. condensate density) (48)
MKS Ty i il » K

Sup
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1-H

Te el T e (H condensate level) (49)
F -

o AH = AH'AH _ Stored condensate volume (50)

" wd, ~ wdzH  change of heating area

g is called condensate volume number.
For a tube part with steam at the outside of the tubes
g= ;% [ (;3)2 = B ]_ (51)
The value of the time constant T, is influenced mainly
from the value of the condensate volume number g. To obtain a
small time constant TMKS’B has to be small, which means, with
constructive arangements the condensate storage volume must be

as little as possible.

3.2. Dependence of the dynamic behaviour on the load in the
case of condensate side requlation

Also in the case of condensate side regulation the gain
FMKS(O) ~ l/b'dF increases with reduced, secondary flow. Becau-
se the time constant too increases, one obtains a great depen-
dence of the transient curves on the secondary flow, Fig.9.

A part of the dependence of the gain on the load can be
compensated by using a control valve with equal percentage

characteristic. Due to the large time constante TMKS in the

case of small secondary flow one obtains a very slow reacting

transient behaviour at low loads.

4., Comparison of the dynamic behaviour for both steam side and
condensate side requlation

tor a heat exchanger with the data

Dol 0,2 m; d1 = 0,021 m; d, = 0,025 m; 2= 5 m; n = 37;
= 2- = oC - = o . = o/ . = .
Ag = 14,4 m%; &Fe = 70°C; 3~Fa 90°%; »?'De 130°C; wy = 2 m/s;

the transient curves of the tube part are shown in Fig.10.

In the case of st€am side regulation the equali. .cion time is
TG = 2,3 s. In the case of condensate side regulation the time
constant is T = 91 s. Thus this v:ilue is about 40 time grea-

MKS
ter than the equalization time TG in the case of steam side re-
gulation.,In the case of condensate side requlation the dominant
time constant is always much greater than in the case of steam

side regulation.
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In Fig.ll the schematic curves for the gains and for the
time constants of the transient curve in changing the manipula-
ted variable are shown in dependence on the.load for both steam
side and condensate side regulation. Both the secondary flow ﬁF
in the case of constant temperature difference (’%a - E%e) and
the temperature difference (&, - A?e) in the case of constant
‘secondary flow is regarded as load.

When the secondary flow is regarded as load, the gain and
the time constants for both cases show a similar trend. In
both cases there is danger of instability for low load, becau-
se the gain goes to infinity for ﬁP" 0.

When the temperature difference is the load, the time
constants change little with load, but in the case of steam
side regulation the gain becomes very small. Within the low
loads region one can obtain a better quality of control with
condensate side regulation, because the gain is nearly indepen-
dent on load.

5. Conclusions about the control of steam heated heat exchangers

The principal differences of steam side and condensate side
regulation is the value of the dominant time constant of the
transient curve for changes of the manipulated variable. In the
case of steam side regulation the equalization time is relative-
ly small (TG ~ 1 . . . 30 s). However in the case of condensate
side regulation the equalization time constant is 30 to 100 time
greater than in the case of steam side regulation. But the time
constants for changes in the disturbance hﬁF and Aﬂ%e in both
cases are nearly equal.

If the velocity of the disturbances is small, one can ob-
tain a sufficient quality of control, when the secondary flow
is not too small. But if the velocity of disturbances is great,
the steam side regulation is to prefer.
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7. lNcmenclature

o
w

surface of condensate level (for one tube)
(AH = Angs/n)

specific heat of the fluid

specific heat of the tube wall

inner diameter of a tube

a o
s 4

outer diameter of a tube
inner diameter of the shell

W N

specific enthalpy of the condensate
specific enthalpy of the steam before steam valve

heated length of tube
mass of the fluid in a header

| el acd B © T o7
o
o®

=

steam mass flow rate
secondary mass flow rate

Sl a®

condensate mass flow rate

mass flow rate referring to one tube

g
n number of tubes

PDi steam pressure in the heat exchanger
PDV steam pressure before the steam valve
9up heat flux steam - tube wall

r specific heat for evaporization

s complex variable s = i

W velocity of the secondary flow in a tube
Y

manipulated variable
D ~%wDi heat transfer coefficient steam- tube wall

%uDa heat transfer coefficient steam-shell wall

Ay hsat transfer coefficient =-ube wall - fluid

Sbe steam temperature before steam valve

ﬁb temperature of the fluid

»ou outlet temperature of the secondary flow of the
heat exchanger

3?e inlet temperature of the secondary flow of the
heat exchanger

SFaR outlet temperature of the secondary flow of the
tube part

S?eR inlet temperature of the secondary flow of the
tube part

B temperature of the tube wall

°p fluid density

oy tube wall density

2
% 17z
[ v = e

w frequency
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Stellung

‘a) Regulation in

steam flow

b) Regulation in

condensate flow

Fig.l. Control loops for the outlet temperature of the
secondary flow of steam heated heat exchangers.

aY
e
aMp P
. Mp =const
AMDVIJ

Fig.2. Steam flow after a
change AY of the control

valve under over critical -

pressure ratio
(operating condition 1)

Fig.3. Steam flow after

a change AY of the control
valve under under critical
pressure ratio

(operating condition 2)
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Fig.9. Transient
responses for a
change in the con-

densate flow MK
dependent on

/‘eﬁ. Fig.10. Transient
> responses for a
i\ , change in the steam
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THERMAL TRANSFER FUNCTIONS FOR A HOLLOW
CYLINDER WITH INTERNAL HEAT GENERATION

by E. Cosimo, S. Petrarca
C.N.E.N. - Lab. Ingegneria Nucleare
Casella Postale 2400
00100 Rome (Italy)

1. Problem formulation

We solve the problem of radial heat transmission in a
cylinder, assuming its conductivity and diffusity are constant:
= const.,

= k/pc = const. 1.2

The full cylinder has been already treated '~ in this
work we will deal with a hollow cylinder, with or without in-
ternal heat generation, whose surfaces are either isolated or
in contact with moving fluids. We assume the thermal power
density, if there is, is uniform.

The problem to be solved is described by the Fourier

squation (in cylindrical coordinates):

32Tc 13T 1 31; o
5+~ - - = - - &
or r dr % dt X
with t?e following boundary conditions:
T
_ c - ER
k (57 )r = R, By (2, = Tyhs (1.2)
awc :
ks (—5;-)r e (Tce ] Te)' (1.3)

e

T. is the temperature of the medium in contact with the
cylinder's inner surface. If such a medium is a clad, hi is the
inverse thermal resistance per unit surface at the contact; if
it is a fluid, hj is the convection coefficient. The same is
valid for T,, the temperature of the medium in contact with
the outer surface, and for hg.

In the general case, both heat exchange coefficients
depend on fractional powers of flow rates:

W,
8 ms \
= { — g i { \
by =5, -w.o) ' (1.4)
.
"s m
AN / yBe (1. 5)
ne s \W ) . N,

an

The exponents m. and m_ usually have values between 0,4
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end 0,8. The index " "™ in (1.4) and (1.5) refers to steady
state. We just take iInto account smell variations of flow ratec,
so we linearize:

i P

o 1 e
b,.= b+ 55— AW, (1.6)
10
heo me
he = heo + = o ZSWe, (1.7)
eo
where:
e =N, - Voo
Ave = 'e - Weo.

As equation (1.1) is linear, it remains unchanged when
considering variations; (1.2) and (1.3), written in terms of
variations, turn into:

OAT y h - m (D -7 . )

=h, Ar-Ar )+ =222
R A1 ci

o "cio =

- k( . )r - B wio - Awi, (1.8)
QAT Hh.. m (T =P )

c < i3 €0 e "ceo _eo : \

- k( o )r < Re- heo(ATce ATe)+ weo Awe, (1.9)

if terms including products of variations are neglected.
It is very useful to rewrite the above equations as follows:

BATC R, b,
~ Sewrt Ri= e (Ami-Amci) + by Awi ’ (1.10)
amc s X
w A -5;—-)r = Re= = (ZSTce-Z&Te) <y Awe 4 (1-11)
with
) m (T - T,) a3
i e ; o
“ e Yo (Teo Bl (1.13)
4 Weo : s

Equation (1.1) may be solved by Laplace transform. For
the sake of generality we introduce two dimensionless variables:

a=iRe VS/O( . (1.14)

a Lo
T . & T
e
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and three dimensionless parameters:

= héo

Ry
il L (1.17)

-
Bom (1.18)

By means of these notations, equation (1.1) and boundary
conditions are rewritten as follows (from now on, symbols we
introduced above for physical variables will be used to de-
signated Laplace transform of variations: ’.L‘c stands for f.[ATo] B
ete):

a®r 1 ar A
+ o o— ] wmlsmeee (1.19)
dx2 x dx 3 a2k
ar
“(x=2)_ _ g A [(1,-7 )eb, W], (1.20)
ar
[}
“xt) _ =u (7 -1) -v W] (1.21)

So we put the problem in terms of dimensionless variables:
X, including both space and time-dependence, and a, which
contains the time-dependence only; furthermore, we have just
to deal with three dimensionless parameters, M, R and H, whose
meaning is quite evident.

2. Exact solution

The homogeneous equation associated to (1.19) is the
zero-order Bessel equation, whose general solution is:
T, = A Jy(x) + BN (x),
while a particular solution of complete equation is:

R: :
O TR
. a2k
Thus complete solution of (1.19) is:
2
Rﬂ
P{x) =T, + T, = AJO(x) + BNO(x) s i o (2.1)

e

e 1 2
. ak
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with A and B tc be deduced by imposing boundary conditions.
Before we do that, .t is suitable to introduce simpler symbols
for several functions recurring in the equations we will write.
We use simple symbols, without specifying arguments, to de-
signate Bessel functions calculated for x = & (i.e. r = Re):
Io(a) , d.=7 (a) , N=N,(a) , N =K (a) : (2.2}
instead, to designate the same functions calculated for
x = Ra (i.e. r = Rj), we use the symbols:

= = = ( = 3
JOR-JO(Ra), J1B J1(Ra), NOR No\Ra), N1R N1(Ra) » (2.28)
Since:
dJo(x) CLINEY

=y T - : .3

i J1(X), iz N1(1) , (2.3)
from (2.1) we deduce:

dT .

-Xx E;— = x [AJ1(x) + BN1(xﬂ P
Thus (1.20) and (1.21) are written:
2
Be
Ra(AJ1R+EN1R) = RHM[%i-AJOR-BNOR+ ;52 + b, W}
£
a(AJ1+BN1) =¥ AJ0+BNO-Te se=s- - b ':] .
ak
and from that we obtain:
<4 HM(MNO—3N1) Fi - M (IM NOR + aN1R) Pe ,
D(a)
£ - HM(MJO-3J1) ?i + M(BEM JOR + aJ1R) Pe

2 D(a)

where:
R2

P, = T + — D+ b W 2 (2.4)

3 a2k

RZ

Fe = T + —5- D+ b W . (2.5)
a k

D(a) = (HMJOR+3J1R)(MN0-3N1)-(HMNOR+aN1R)(MJO—aJ1). (2.6)

Substituting A and B into {2.1) we finally get:



=
? (x) = C,(x) B,+C (x) F,_ - ;%; P, (2.7)
o g I ENEIN )N, (x)]
M [(MN -aN_)J . (x)-(MJ .-ad )N (x
gorr ety [
¢, (x) = o) ‘ (2.8)
m[-(mmonﬂmm) Jo(x)+(HMJOR-aJ1R)No(x)]
Ce(x) = 3(a) . (2.9)

The above equations ((2.4) through (2.9)) allow us to
obtain transfer functions from inner and outer temperatures
and flow rates (T3, Wy, Ty, Wg) and from power density, p, to
the temperature at any point of the cylinder; in particular
we get transfer functions to the outer surface temperature,
Toe (by putting x = a), and to inner surface temperature, Toi
(by putting x = Ra).

For the average temperature we have:

R a
e
Fc = ——32"(—2%1' Tc(r) dr = '-2—2—2- x Tc(x) dax (2.10)
T(R-R;) a”(1-R")
e i R aR
i

To calculate this integral, remember that, for any integer
n

n
Jn_1(x) dx = x Jn(x), (2:11)

n
X Nn_1(x) dx

—_— g
M

x° N, (x). (2.12)

3. Transfer functions

The inner temperature, Tj, appears just in Fj (defined
by (2.4)); then C4(x), in (2.8), is the transfer function from
inner temperature to cylinder's temperature:

Tc(x)
T.(s) " ¢, (x). : (3.1)

Similar considerations lead to establish the other transfer
functions:

Tc(x)
Te(s) - Ce(x) ) (3-2)
Tc(x)
W (s) - %1 ¢ (x), (3.3)
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TC(XI

we(s) = bé \'_e(x) ) (3-4/
2

Fix) B

] e

e E [Ci(x) - Ce(x) - 1] . {3.:5)

Before deducigg transfer functions to surface (T.: and
Tce) and average (Tc) temperatures, it is useful to recell a
property of Bessel functions, we will use many times later on:

No(x)J,(x) - F (07,(x) = 55 - (3.6)

It is alsc useful tc put:

Ly = %o 7y = Jor™;

et T Sl

)

(3.7)
TR TR
14 = No JOE - JONOB 5
By these notations, equation (2.6) is rewritten:
2 2
D(a) = aHML, + &ML, + a L3 + HM L4. (3.8)

Calculating the integral in equation (2.10) and using
(3.6) we get:

B2
b = S e
Tc(a) = Ci(a)Fi+ Ee(a)le azk D,
with:
2 RHM 2 N
e [na‘m‘a'“’ T (a)
oy~ M1 ) ==L - (3.9)
Sy D (a) Ti(s) ! X
2 X 2 HV
< R [ﬂa’m1'a“3 T (2)
C (a) = = = {3.10)
e D(a) &e(s)
Putting x = Ra into (2.8) and (2.9), end using (3.7), we
find:
? .(8) HE(ML. + a L)

P

A
4 o
T, (s) D(a) o iy LIARE
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M

T ,(8) h—
"l RR [ v -
T (8) D(a) Cei(a) i (3:12)
and putting x = a:

2HM
n {8} =
ce Ead
T.(s) - D@ - %ie(®) o (3.13)
T. (s) M(HML +al,) ‘
ce o g
(5 - o) " et (3.14)

The other transfer functions may be obtained from e-
guations (3.9) through (3.14) making use of general relations
(3.3), (3.4) and (3.5).

In particular, we may also deduce transfer functions
relating each to the other surface temperatures. The ratio of
(3.13) to (3.11) yields:

Tce(s) 2/7¢

= ; (3.155
Tci(s) ML4 + aL1
and the ratio of (3.12) to (3.14):
T .(8) :
ci 2/ TCR
= ¢ (3.16)
Tce(e) HML4 + aL2

4. Exvansion of transfer functions in Heaviside's series

A1l transfer functions we deduced in the previous para-
graph have the form:

- EZ(a) |

G(a) = D(B.) (4-1)
The poles of G(a) are given by the equation:

D(a) = 0 ] % (4.2)

which has infinite, all real, simple and symmetrical roots
We order these roots as follows:

m-1

a > a (m = 4,.2,:35504)

G(a) in (4.1) may be expanded in Heaviside's series:

o G
o = E S ( )
3(s)  n5- s, ’ (4.3)

'
~



n

o <j-2a] :
“m 'Ld D(a) | Ao

From (4.4):

ds_ 2&a g
aa = - —32 b (4.6;
e
and then:
2 2
R R
B 8 4D(a) __e D' (a) (2.7
d s 2da d4da 2xg L
2¢am
» 2 E(am)
e .
G = : (4.8)
m 1)
[D (a)] e=e_ '

In order to calculate D'(e) we must recall, besides e-
quations (2.3), the following equations:

d J1(x) J1(x)

. = Jo(x) = - s 1 (4.9)

d N1(x) N1(x)

e K () - P (4.10)
We may put [b'(aﬂ into a very eimple form if we

notice that, when a is a root of equation (4.2), the follow-
ing identity is true:

e - a J1R + HMJOR > e N1R + HMNOR : Yt
a J1 - MJO a N1 - HNO

After 211, we get:

& 2 2 x g \

Gl - - -1, (4.12)
m m

where:

a’ + H2M2

x 2 s ud 3
D (am) = (am + M) L(am) - -—TEE;T- (4.13)

Thus (4.8) becomes:
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a_ E(a )
ol m m

G = P e (4-141
m Bi D (am)

Substituting numerators E(ap) of (3.9) through (3.14) in
to (4.14) and making use of (3.6) and (4.11) we get the follow
ing residues (first index refers to the fluid's or clad's
temperature, second to cylinder's surface; e.g. (Gie)m is the
residue, in the m-th pole, of the transfer function from Tj to

e 2 L(a ) + H ’
= _ _4xHM m
(Gi)m = R2 (1-32) [L(am) D’(am)] ’ (4.15)
e
2 H+L(a ) .
a o S o
e
3 t
(e,,) =22EHE ' (4.17)
i'm T T2 [T (a) (e, )| ’ ;
e
2
oxy | Zm
(G ) w Femeg [—-—] ; (4.18)
ei’m R R2 D’(a )
e m
2
(6, ). = 5.2 8 —-a-m—— (4.19)
ie‘m R2 x (63 ’ i
e m
a2 L(a )
(Gee)m 5 ZazM[ mg mJ y (4.20)
R D (a
e m

Equations (3.3) and (3.4) allow us to deduce immediately
from previous equations (4.15) through (4.20) the residues of
transfer functions from flow rates W; and V.

As regards (3.5), we must notice that, if E;(x) and E.(x)
are numerators of Cj(x) and C.(x) respectively, we may write:

Tc(x) R: {Ei(x)+Ee(x)_D(a)} ;
Xk

p(s) a2 D(a)

Thus, if Ppm is the residue of the generical transfer func
tion from thermal power density in the pole ay, we have:

8 i

| »
A B gui(x) + E_(x)
m 2 . | d D(a) ’
s k|
e d s a=a
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since D (a = @
Ulti mately we get:
oy
e - a,i . L(Gi,m + (Ge)m]' (4.21)

To summarize: if values of « and Re and dimensionless
paremeters R, H and M are given, the knowledge of the roots
of equation (4.2) is enough in order to calculate poles of
all transfer functions, by means of (4.4). For the calculation
of residues it is useful to employ function L(a), defined by
(4.11), and function D (a), defined by (4.13).

There are several importaniy connections between the
residues we are dealing with. For instance, the residues of
transfer functions from outer temperature, T,, are obtainable
from corresponding residues referred to inner temperature, Ty,
simply multiplying them by L(ay)/H (efr. (4.15) through (4. 20)):

(ae)m (Gei)m (Gee)m L(qh)

e I m _ m _ ; ' (4.22)
@), g T LT T .
Another noticeable relatior is the following:
(e ) (@, )
Ty =T - R Ley)- (4.23)
ei’m ii‘m

In order to calculate residues of transfer functions from
power density, nothing but thermal conductivity k (constant)
of cylinder must be besides specified.

Finally, residues of transfer functions from fluids' flow
rates are simply proportional tc those of fluids temperatures
through b; and by, defined by (1.12) and (1.13).

We carried out numerical programs for IBM 7094 computer,
which calculate roots of equation (4.2) and corresponding
residues and poles, and we obtained tables of the first 1C
roots, for several values of M, R and H. These tables will
be included in a report in preparation 3.

5. Approximation of transfer functicms

Rewriting (4.3) in terms of time-constants we have:

- Grm?'_m
G(s) =ZE: e (5.1)
g m
where: &
R
T = e —= 2 (5'2)
B sm X g

m
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Notice that, as m increases (i.e. as T_ decreases) the
gain Gp Tp decreases very rapidly, so that %ne first 4 3+ 6.
terms are enough to achieve a good approximation in practical
cases.

If we hold in account just the first n terms of any series
resumed in (5.1) we introduce errors in both the response to
high frequencies and the steady state gain (the response tc a
step ia initially slower and the final value is smaller). Let
Gf be the steady gain of G(s); it is:

imeTm G i i

The difference Gg - Ga is the sum of steady gains of neglect
ed poles, which all have time-constants smaller than the last
held in account. It is then suitable to modify the gain and
the time-constant of n-th pole, by compensating the steady
error and slightly reducing its time-constant; G, T, and Tp
are replaced by

x
(6n Ty) ™ = Gn'tn + (Gf £ Ga),

This manipulation is logical and effectual for series
whose terms are all positive. But some of series represented
by (5.1) turn out to have terms of alternate sign; in these
cases it is suitable to choose an even n and to modify gains
and time-constants of the last two poles.

If values of Gy Tp, for m>n, are available, it is enough
%0 add the sum of positive neglected gains to the gain of the
last positive pole, and the sum of negative neglected gains
to that of the last negative pole. Otherwise, the same end can
be attained by making a diagram with S, as abscissa and Gpzp
as ordinate and then deducing remaining gains by extrapolation.

In the recent literature we found other methods of approxim
ation, which - in our opinion - give results less accurate:
see for example references 4 through 7.

List of symbols

a defined by (1.14), non-dimensional variable

ba, by defined by (1.12) and (1.13), °C/(kg/sec)

c specific heat, J/kg°C

D(a) denominator of transfer functions, defined by
2 (2.6) or (3.8)

D {ay) defined by (4.13)

defined by (2.4) and (2.5), °C

non-dimensional parameter, hio/heo
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DETERMINING OF HEAT EXCHANGERS DYNAMICS.
BASING UPON THEIR STRUCTURAL
CHARACTERISTICS

G. DAVOUST

Electricite de France

Directory of Studlies and Research
Automation of Production Means Department
78 CHATOU - FRANCE

I - INTRODUCTI QN

Determining of a heat exchanger dynamics for pertubations
with various origins needs mostly long and delicate experiments
performed on the plant under different operation conditions.
This identiflcatlion problem, basing only upon the knowledge of
the structural characteris.ics aud stetic operation of the ex-
changer, has been treated by numerous authors ke 8 3¢ B ' 7
A majority of these researches are based on the theoretical method
elaborated by Professor PROF(S8 A Doy . We propose here a study
permitting to extend the domain of application and to make more‘

easy the use of the above method.

11 - HYPOTHESES

The method is not based on an accurate and complete mathematical
model. It is designed to facilitate the control loops: setting,

by a simple predetermining of proper dynamic charscteristics of

she exchanger. It can be applied to certaln types of exchangers
and is based on some simplyfying assumptions.

The exchangers under study are of parallel-tube, superheater or

resuperheater type. Supposing that the steam flow and calorific
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flux ere the same for all tubes, the overall exchanger’s study

reduces to one of the single-tube exchangers.

The perturbations srising in the system have low amplitudes and

the system behavior in the vicinity of the operating poinmt is

supposed linesr.

Heat transfer equations utilized are based on following

agsumptions:

1l - MNetal conductence coefficient is infinite in tranaverse
direction and is zero in axlal directionm.

2 - 3team conductance coefficent is infinlte in axlal direc-
tion and is zero in transverse direction.

3 - HNetal-steam comvection coefficlent satisfies NUSSELT’s law

" 4 - Steam variations do not affect the flue gases charscteristics

5 = The specific heat and mass density of the steam are locally
time-invariant, but vary along the ex:hanger.

6 - Geometric characteristics of the tubes and thelr nature as

well are constant along the exchanger.

111 - NOPATIQN
We 11 denote. with the indices m, v, or f the following
variables corresponding to metal, steam or flue-gsses respect-
ively:
Cp - specific hest
- mass density
- cross section

tempe rature

H P w0 w
]

- mags flow
and
G - tube interior perimeter

bpy - metel-steam convection coefficient
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Qc « quantity of heat caerried by flue gases /function of
their flow and tempersture/.
The index K 1indicates absolute temperatures, and the indices

E, 8 - input, output respectively.

IV - PARTIAL DIFFERENTIAL EQUATION GOVERNING THE EXCHANGER
DYNAMIC BEHAVI (R

Iet us consider an elementary segment of the tube, having unit

lenght and receiving s calorific flux q /fig.l/ in the unit time

interval. This flux entering into the metal depends upon Qe and

em
Ag .A_Qp_-x_A_s_!_ /1/
q Q% P ek

On the basls of the assumptions presented above, various heat
balances can be written:
- on the metal side:

1=Cn %n Sy _:?_/Bul +7rh“/0vn -ev/ -

- on the steam side:

2 >
T O -8 /a8, M0, 8, B+ ey’ 1 /3

- the NUSSELT’s law gives

A
= L a A% /4
mv L
After introduction of the parameters:
t = cgv Qv g cgv Sv Sv
Ay I . T hny



c
ol = mgn Sh £ = K(‘}m-c"v/
va Qv Sv mK
and linearisatlion of the heat balance equations, the Laplace

transform application when eliminsting Vy leads to the equation:

1 3/ T - 1
[fe gk L /ol von, e e R

Py

SR R b
oy ey R b [_Q:c /1 + /1-m/E +/1-m/puLT1/_Q: /5/

This partial differentlal squation, where derivatives are taken
with respect tc') x and t, gives the steam temperature wvariation

Qy 283 8 function of the steam flow and flue-gases hest variastionms,
Qu and Q. respectively.

V - ANALYTIC INTEGRATION OF THE PARTIAL DIFFERENTIAL EQUATI OGN
The purpose of the integration 1s to establish & formula for the
exchanger output temperscure variation as a function of the
following principal quantities variations: steam temperature at

the input, steam flow and the flue gases heat quantity. The

formula:
B0 =2 /oiaf +r /2% . /A% /61
s Oy E Qv Qv Qe Q

where Fp_ /v/, Fov /p/ and Foe /p/ represent three character-
istic transfer functlons of the exchanger.

The most widespread method of integration consists of integrat-
ing the first order equation with respect to x assuming in
addition that: '

- the quantity L 4is constant along the exchanger
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- the terms containing the variable p are constant

- 8 tempe reture gradlent BB@ is constant along the exchanger
x

By masking use of these assumptlons, the three transfer functions

take forms:

P&v /p/ = O

¥ /o) =g /o/[1-2 /o] /71
Qv Ov

- £ /p/

. /o/ «h /p/[ 1-¥ /p/]

When the steam specific heat 1s practically constant /case of

a resuperheater or of a small-lenght superheater/, the igtegra-
tion accuracy is conditioned on the last two assumptions only.
This i1s not the case, however, when one considers a fragment of
a superheater, which possesses a certaln lenght and operates
under pressure of 125 or 163 bars and temperature adjacent to
400 or 45000. The specific heat varles then in too large in-
terval, as it is shown in fig.2, and so falls to satisfy the
first of the last three sssumptions.

Moreover, the experience shows that for such superheaters the
static gain 8 of the tranmsfer function. Fqy /p/ 1s often much
higher tpan the unity. This implies the following: the exvlicit
solutions proposed for the trensfer functions PQV /p/ and FQe /1
lead for these exchangers to a final decrease of the steam oute
put temperature when the steam flow 1s decreased or when the
quantity of the heat carried by flue-gases 1s increased, all oth

factors remesining unchanged. This result does not conform to
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the_ actusl experience, so one hes to search for the cause in

the assumptions relative to the integration end in the way the
latter is sccomplished.

The last assumption is out of the question. Indeed, a resl ex-
c!_:nbgu' analogy simulatlion based upon the initial differentisl
equations has shown that the distribution along the exchenger
of the heat flux q entering to the metsl had only s minor effect
on the exchanger responses to varlous perturbations. So, the
first two lumptiom remain only.

Certainly, it is possible to assume for C,, @ linear function

P
of Oy /hence 1t is function of x due to the third assumption/,
on condition that the steam temperature increase ‘AB; between
the input and the output is not too high. 1In this case, it 1is
possible to accomplish a more rigorous integration, but the
transfer functions obtained in this way are too complex, in
contrary to our goal which 1s the simplicity of the consegquent
application.

Thus, the only way of integration that remasins is s numericsl

Vi, - NUMERICAL INTEGRATION (F THE PARTIAL DIFFERENTIAL EQUATI ON
A. Method applied

An explicit method of integration . i.e. the trapezoldal met;txod9
is applied. The integration is donme by meshes, the /1,3)/ node com-
putation being done on the basis of the nodes /i-1,3/, /1-1,3-1/,
/1,3-1/ and /1,3-2/ /£1g.3/.

The derivatives are defined by the relations



__a_, 8 = 1.1 - 1|J-1
ot i, t
o
2 s 28 s
3 s = i,0- A,0-14 1,3-2
atz 1,] 2
t
4 o
32 s s s S
- - 1,1 - 1.1-1 - 1.l + 1.1
ox at 1, x ¢

o o0

where x  and t; are 3 and t steps. 3
For convenience and for computation time economy, the integra-
tion has been first done in x, next in t.

Stability and acouracy studles have shown that the choice of
400 pointsin x and of 600 points in t /up to obtaining a steady

state for step inputs/ is sufficilent.
Partial differential equstion /5/ shows that the inputs Q e#nd Q,
differs by the only term:

[1 +/1a/t + /la/ p< ’1]

Taking into sccount the low values of £ /approx. 0.02/ and of /1
/ca 0.2/, when an additional impulse for step input is fed to Q,
the time response is not modified in s significant manner. Hencs,
this term has .boan neglected, and the 1n£mta Q. and Q, sre no
more distinguished /except sign, of course/.

The programming has been done on CDC 6600 computer. To obtain
one time response, a time of 4.8 secs was necessary. The static

gains were computed by an independent suproutine. .

B. Method verification
In order to verify the partial differential equation validity,

or the validity of the simplifying assumptions and integration
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method, serles of experiments on the plant were performed with
the superheaters of wvarious characteristics and under various
load conditions. The experimental responses have been plotted
in BODE plane and have shown a good consistence of the theory
and practice.
As an example, 1in figure 4 a shape of the frequency response of
Fqv /p/ for s superheater of 125 MW boiler turbine unit is shown.
These results,as well as the study of a certain number of the ex-
changers have shown thet the exchsnger dynamics can be charsc-
terized meinly by the perameters:

X = L

VST

called s reduced corrected lenght /where L is the exchanger
lenght/

£ = &1‘1
n 1+'E

called a local corrected time constant.
Another more important parameters are:
- operating pressure

- steam mean temperature 5'1, equal to &VE + &!ﬁ
2

- steam temperature 1ncreaseA&: between the input and the
output

- coefficient &L , 1.9. the ratio of metal - to steam calorific
capacity by the lenght unit.

On account of application of the reduced psrsmeters 3" amd T°, ,

the coefficient € does not sffect the dymamics. On the contrary

it preserves 1ts influence on the transfer functions ststic zeins,
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while the coefficient d 4s eliminated.

C. Systematic study
In view of fact that the steam characteristics variations along

the exchanger havovpreaontod the main problem, three practical
cases have been considered for french power plants, depending
gﬁiquely on the exchanger operating pressufe:
- 125 MW boiler-turbine unit’s supe rhes ters-

pressure at the input = 125 bars
- 250 and 600 MW boiler-turbine unit‘’s superheaters

- pressure at the input = 163 bars
- the superheaters of sll above units

with the operating pressures varying from 10 to 40 bars,
the range in which cpv can be viewed as constant.
For the superheaters the law of the steam charscteristics
variations is based on the law of mean evolution of the pressure °
between the drum and the HP input, for a load close to 3/4 of
the full load.
Mathematical relationships selected to represent va end v are
of type:

/% -'9;0/ log ¥ = const

or / 3 -3,/ log Y = const

due to the assumption concerning temperature gradient.

For each superheater we have selected 4 mean operating
temperatures 3‘1 differing by 5000 steps distributed uniform-
ly between the saturation point and the final overheat tem-
perature.

The exchangers segments under study correspond to the steam
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tempe rature 1ncresseséﬁi equal to 50,100 snd 150°C.
Selected time scale corresponds to 8 locsl time constsnt:
Tm = J,Tl equal to 10 s.
The 2 ,d and £ paremeters have been selected within thelr
ususl ranges:
- X from 3 to 20 with 10 values .
- & from 5 to infinity with 9 vniues
- £ from 0,015 to 0,030 with 4 wvalues.
The results required from the computer were:
- the static gain, computed by subroutine
- the exchanger dynamics characteristics for each input, com-
puted by the main program.
For input temperature steps the response 1s speriodic and well
defined by an inflexlon tangent and the time intervals T, et T,
/fig.5/ that characterize a STREJC - type transfer trensfer
function:
S

7L /m /8/
For the steps of the flue gases heat quantity , or of the steam
flow, the time response hss 8 unique form cheracterized by e
maximal-slope tangent crossing the origin, and by a _2%5_ ratio
/£1g.6/. i

VII1 - RESULTS

As the principel gosl was the simplicity of the method applics-
tion, the grsphical representstion by nomogrems has been pro-
vided. Hence, it has resulted ib an e post'eriori search of the

laws relying various parsmeters of the exchanger and in their
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representation within accuracy of 1%. The goal has been achieved

in all céases, and the accuracy with respect to the theoretical

results calculated by the computer, mostly is best than 0.3%.
Turning to the global accuracy Qr the method with respect

to the reality, the verification experiments undertaken on a

125 MW Dboiler-turbine uﬂqt guarantee an accuracy of 10% order

of the dynamic product nT /order n multiplied by time constant

T/ arising in a representation /8/.

A. Transfer functions static gsin
For the transfer function Fy  /p/, the static gain can be

represented by:
U

s.ch -€&x
e
The term efex is glven directly by a nomogram.,
For the transfer functions Fg /p/ and Foy /p/ of each of the
three exchanger types, a nomogram has also been established.
An example relative to 250 and 600 MW boiler-turbine unit 1is
given in fig.7.

B. Iransfer functions dypamics

1. Transfer function Fg_ /p/.
The formuls of STREJC /8/ has been preserved for this transfe
function, the order n being non necessarily entire.
Such a representation is sdvantageous in the sense to enable
'the use of the records and nomograms already elaborated for
the power plants controle.
The results have shown that the stesam cherscterlstics had

not any remerkable influence on this transfer function
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dynamics: two plots, valid for every exchanger type, give the

reduced time constant T/T; end order n /fig.s8/.
2. Transfer functions FQc /p/ and FQy /p/ ;
The characteristic shape of the time response led us to an uni-
que forms

FQe,qv /o/ = G /1+ 0.2 /9/
i 1+ Tp/ /1+ 0.5 Tp

This representation, temporsrily satysfying,can slso be done
in the plane of BODE, as it 1s shown if fig.o.
Three nomograms, corresponding to esch exchanger type, have
been plotted, and supply the reduced time constant T/T'm.
The figure 10 shows the nomogrem for the exchangers of 125 MW
boiler~turbine unit.

Remark

An exsmination of the nomograms representing the static gein
and the transfer functions Fg, /p/ and Foy /p/ dynamics shows
that the assumptions on va and 3, steadiness, applicable to
the resuperheaters, correspond only to the asymptotic solutions
of plots established for the superheaters.

Thus, if @ segment of superhester of 125 MW boiler-turbine-
unit, with the followling charscteristics:

By =430°%  ABS = 100 degr. Y=8 =20 E= 0,0225

is considered, then the exact solution ylelds:

G = 115 T/T; = 5.37

while the ssymptotic sclution /va end o constant/ would give
G = 89 T/Tn; = 4.27
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VIII. - PRACTICAL APPLICATION (F THE METHCD

The nomogrems mentioned sbove were sssembled into s document

describing in detall the sequence of operations to obtain the

exchanger transfer functions:

- collecting the structurel and operating data of the exchanger
‘/number of tubes, tube lenghts, diameters, metal kind, steam
pressure, flow Qy, 0'1,«40"; o 4

- computing the characteristic parsmeters / % '1'" y ol €/

- determining the transfer functions /their static and dynamic
parameters/

To avold any onerous intermediary stage, the exchanger pars-

meters computations are facilitated due to the plots. (me of

them, established on the basis of 8 formula difficult to appl},
1s given as example in fig.ll and ensbles the computatlion of

metsl-steam exchange coefficlent h .

For example, the fig.l2 represents a computed varilstion of the

output temperature of 125 MW boiler-turbine unit’s superheater

due to a step change of steam flow, when the pressure comtrolled

automatically.

IX - CONCLUSI (N

The present study has shown the influence of steam charscter-
istics varistions on the dynamics of modern power plant’s super-
heaters. .

Moreover, determining of the exchangers transfer functions has
could be reduced to the use of a few plots. We think the simple
representation of our study results will maede more easy to set

up the temperature control loops of the superheat and resuper-
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hest, in exlsting plents as well es in the projected omes.
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ON THE DYNAMICS OF HEAT TRANSFER BY GASES.
THROUGH PIPES AND CHANNELS

by
Herbert D. Eigner
c/o SGAE
Lenaugasse 10
A-1082 Vienna, Austria

Introduction

The problem dealt with here is encountered for instance
in long-distance heating lines where the pipes are assumed
to be insulated against heat losses, or in a cooling canal
of a gas—cooled nuclear reactor, in which case heat is
absorbed by the canal along its entire length. The follow-
ing are the important assumptions made here:

1. The heat conduction is neglected with regard to heat
convection.

2. The specific heat is constant at constant volume;
this assumption is important from the physical view-
pointj

3. The dependent variables of density, velocity, pressure,
and temperature vary only with the length of the canal
and not with the cross-section, i.e., the cross-
section of the canal is averaged out.

Four equations obtained on the bésis of the conservation
of mass, impulse, and energy and on the basis of an equation
of state are necessary for determining the magnitudes p,

u, p, and T. Originally, the Van der Waals equation of
state was to be used, but for mathematical and physical
reasons2 the equation of state for ideal gases will be

used here. At the beginning, gravity and friction will also
be taken into account im accordance with Blasius's law of
resistance 3 in the moment and energy equation.



evaluable, but the relation between x* and ut
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Thus the following set of equations is obtained:

‘P'%T?;

%+u§ + ? % = 0,
S@+ud)+ 3§+ pu' + 990
g[cg(g--&-u?r:)-r -g- -glxi-ugl -% gu3 +hooy,

in their nondimensional form equations (1) to (4) become

.1*1- ?

%-&-u 39 +© ‘b“ =0,

g (AL +ur )+(345{;+|329+u"4- P36*-0,
S Ty B ) a4
with ¢-RF-T;-§’L.

p“‘g‘g:u?z) \3z=2_‘:': pa"-a%;-
f"G’QP:T' fz-zaTLE%f;—» 3= él{f
h*(x*) .C—gl—érm— h(x*Lr).

Thus it will be observed that given constant heat-

ing of the canal in a stationary condition the problem is

reduced to the solution of a differential equation of
the Bernoulli's type for ut

3 unfortunately the integrals

obtained in the process do not lend themselves to uniform
svaluation for Ba= 42 = O

the integrals are

2 =33 = 2: 3= O.

Q)
)
3)

&)

)
©)
1)
(8)
9

“o)
)

(12)

is transcendent.
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The Stationary Case with Arbitrary Heating

Tt follows from (6)

*u' = A4, (13)
trom (7)
A.,u*+ﬁ>«P+= s ,' Q)
grom (5)
aBa A TTa (A= Agut) (5)
and from (8)

«e)

WEodut+ 8, =0

1u; = S,‘ + ‘842‘ 5& (1‘7)

with .
§,=arsgrdA, “9)
(2‘!‘&1"4\) A1

§, = 23B4(T+Ay) | “9)
(2+ag1) A,
xt

I= [h" (6 dx'; @0)
(+]

(16) will be of the fourth order for a Van der Waals gas.
-The integration constants A; (i = 1, 2, 3) are determined
by means of the inlet magnitudes P 'l‘g, and Wi, they
are

A= Wet (21)

Az = -P:‘e-, (dwe'? g P P4 Pe*z), : (22)

A=t Te* (3L L. (W Te* 4284 pe™?)) | (23)
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furthermore
Ce = % Fi‘?_ \ (24)
A fé \ (25)

f signifying the number of degrees of freedon of the gas
molecules”.

The Linearised Dynamic Case with Arbitra:v Heating

The following linearised dynamic equations are derived from
equations (5) to (8)

pa'=a(¢a T Ta'g"), ‘ \28)
%—4«1%&;4-(1@?11— ?ab—-t-g"'a““- @
*(n}i‘ +u+ + u"uas—)+u+ du* =© “ﬁ'*v%r =0, (28)

+ +3
accordlng to the Laplace transformatlon with regard %o t*
with

Lg% = R™, (30)
dua = U*, @n
Lpa=pr @
" iy REvY (33)

Lhta = HY @
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from (26) to (29)
Pt a(T*R*+*T*) |
WRM+ (UM + )R+ g UM e g UF= €7,
W RY A UM g (uMesd U+ B4 PY 2 A,
CTHRY+ A THes T g p U T W o P g T H
with
3.
By eliminating p® from (37) and (38) by means of (35)
AR+ T M T )m - aB TR BT U™ RS AU 1)U+ A, )

ATH S gt s)T=(@qut THU TR PS¢ TR ¢ T+ HY
S

from (39) and (40) we derive
J‘“:A ,
Do

174': Aa
°

with

2 ut(A+a
Do=dPqAl Lldbad)+ o

By=- % (faR"+faRY+Fs U+ f U +£5) )
832 -(91R"+g,R% g3 u* +9,U*+gs),
fa= B TH (e gauties)

fa- %A‘n&‘ &_:‘ [A‘!T*(‘*f'«u'“i- ) ‘h+“+] )

fa= %‘5_ [LL“"' (dgqut+ o)+ P U T ] :

g§ 88 8

(39)

(40)

(1)

%2)

(u3)
()

(45)

(48)
)

(8)
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fo= B [Wriuse)agauts )+ sB.ut T], 9)
fse - Alagaute 5)-aPa s (A, T% Ut HY, 50)
Ga==4PBy A, TY, (51)
92= ES;IE-* (S*h*+AQHT*), (52)
93= A*Bagta g"‘T"'— Af‘ | (53)
9= S* B T A, (un+s)) (54
95 ~-4B4G (Q* T+ HN )+ Al ; (55)
from
(&) - &

we obtain

ka R*" +icg R* + kg R ke UM hes UMtk U™+ ben (56)
with
k= -4034 A,T"E-l"(«*r«)i-s]. LY))
ka= S (0" AT Avdara) +5) - A T*‘}(\:“(«-m)q-s) *
FABa (At dga) A TH Y, G8)
ky= %i&; {(mnh*u") u'- A.,(u‘"Tﬂ-u“ Tt AT @“(1M)+5]} .
~ﬁ-|*(4+¢ﬁ)+s]- i"‘-i—“(h*u*— A«T*u*X1+¢¢-4) ut, 53)
ky= 2y AY (U2~ PBaga T (4 g +5) (60)

ks=- A« &&ﬁ,‘[(«-q*‘)u* THagaut TH)-uP (M 3eaga) +2 s]}

[u*‘(1+¢m+s) + (A+dga) AL Bag THu) B0 @)
ko= ﬂd— iu*'(u*‘ F U (A +5)+dB (N THur T )+u*’- u"} .
[u*‘(1+¢r0+s]+(4+e.g-.) A4 («L(31T*' ut(uts s)] R (62)
Kg= %‘- i‘ An* (““(A-l-&a"a)*-s] *ﬁ‘A‘ et T u*"T')+s(31u+H“}-

[u"‘(4+¢a~4)+s]+(4+M“4)A1?\1u’2—d134(A1T utHY)) 55 (63)
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from (56), (36) and its derivation %o x* we obtain

T
R+= A; )
]

with
A LWL UM U + Ly
A:?[.: n,U"‘"+nzu*‘+n3U"'+ Ny )

D5 =k (UtuM o (Ut s)Qutes)) + uH(ka(ute o)~ kaut),

Lo= -ut(€kat Ut Ky)

la=-ut(2¢ kattt k) + @* (ute -t ke )

Ly= ~uF (¥ Kk vutko s (it es-Utka),

W= +ur Q¥ ka-Utka)-gt (2utrs-utk))

M= (Uke+ T k) (UM + 8) )

Ny = (u+ks+2§“k4)(u“+ $)+St (urka-ut i),
Ny = (utke+ SH k(U +8) +§H (utkz-ut' k),

Ny =(U'ka= §* ka)(ut+-5) ~ §* (Ut k3 - utk,) ;

from

0]

(€5)

(66)
©n

(©9)

(70)
)
(12)
(13)
)

VE))

(78)
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we finally obtain

‘
Wy, UM+ UM evyUWaw, 5
with

)
vue litla=na AT

3 at ! (¥8)

Lavla=m _ A% L
Vpmt2tla=ta 45 Lo
SRR *omlls A : (9

I‘
Va = L;'-n;_ Os Ly
3 ——T:——- ]i?--t: ) (80)
==l +ny _ A% L ;
i Al - - &

" from (77), (64), (42), and (35) we obtain in that sequence

vt ’ R* ’ J+. and p+.

The Linearised ‘Dynamic Case with Constant Heating
We have

h* < H* = 0; : (&)

we now introduce a new independent variable by means of

y*=x*te by, z"a2y* @83)
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and (17) acquires the form

ut = SA +' gl, 2.' (8“')
with . "
(2+if1)A1 84
Sht= o | (85)
'y | &34 ht
b = J 1 T2r ™) Aq g (86)

Moreover, the reference length Lr in x* is chosen so that
|2 (x*+ 83)|£ 102 (:)

and the calculation is continued as the first approximation
for small Z* . We then obtain, sinre related back to (17),
&* 2%« &, - which is also binding

Sa=Eq4 = &(A151‘Az)) (88)
(23
92757 1 €22 S4(ASa-Ad), @)
é
93= €, ’%[*f’ﬂ Az = (A+dg) A,‘é‘], (0)
Yu= £8 | g4m Sy A ’6‘ '
2“" % ai( 2‘3A4 4)A1) (31)

9s= €52 g (A= Ay= 4B4HY), C7)
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AO.% ) Ee = ?1 Aq &34 (4+'L1"'4),

©3)

AS=Zh ) Eq=-28382A,, )

Lt |, Si=-2828,42, -

ol ) for(1edt ) a0 8 (A6,424,),

Lasdy |, fa=-28.82A0, ' (9%)
L= Ju 5, Fi = -4+ 8888 (2A2- 3A4E+ 434 HY) i (38)
M=zt , Qu=-Fs, 99)
Na=2% ) M= M, (400)

o=, My = 8¢ Ad {%— LSumm)—%«uﬁ)}m[s-(z«um)%ﬁR:]} o1

v zﬂg ) M= = (AN SN A, - $BAHY) A,

(102)
Ut+a. Uy az ur tas W= ay, (103)
Aa= VaZ¥ =V, +z-:1 = 0, (10%)
Qo= Vo2Zt2-v, +;3:z = 2% —;—, ) (105)
as= V32*3=0, _ (106)

s_ A (o9
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with
g
=t

The solution of (103) to (107) is 6

u’_f.z'f[&s,:lz(z\/?q—’;’,E V= )+ BzNz(zEIE,‘—E'V? -2(—:*—,,)+ B, (408)

with the integration constants By (1i=1, 2, 3). It is note-
worthy that the Laplace argument s in (108) finds admission
only via §4° Moreover, we obtain from (64), (42) and (35)

in that order

R* =& (et e Rz 5)0% 5 Ut S,2%), (103)
J T "é:—a? {(84 1'(44-&3_34)3* 0++ (52012‘.‘ AT & Eq) 0+ »

+EMmEtre fre, eq)UHenyre. Ty res &q)z*} (#10)

P*= ﬁ:.‘\_/\-‘\ (-54 + &G (A2-2A, 81)2+)R*+%$ ¢ % Z+) J+ (1)

with

Ut\j}"z;_’t V?[a,n,(z\@’——:;‘"’ " Bqu(ﬂj’%l‘ E)]'z%?,)n‘“‘
0*-22: 2 B 2 2 Bk EEE T, um
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The integration constants B, \i_’l 2, 3) are generally
determined from the input 1nterferences P «‘7"' and
W; , where the definition equation

w* -%—1(1- % U+ G+ & =N)RT (1)
» .
is to be taken into account, we obtain

N By=(Eq A= b )AyHEEq Tetc) By + (EqWe' ~di) By, ,  (H5)
AL Ba=—(E+ R bu)ho~(Ecce ek Co) b~ (EaWe - du) A,  @1©)
OF By= (63 R&-by)AaH(ecer dorc)hza+(EaWe-dy) Das  GY)

with
51:1—:%: &&(Az-m,&mwf)ﬁ, 3e+%bs, - 3,)3:55%’? +
+93\o8 35 - B (4-{}1"" ), 8)
o T (e on e BN BN
mf{é"uz] Aot u-2 e (#9)
b:’ o, e Sulhe- 20805y ) 5, - S < (4-§ R) (420)
s berdim-208)05 ) 65, ’ﬂ)- Acsy-&g), @
T-: 24D Yes, Y25, Emarens3 +%z(‘aiz?,- 9.)+Ee cq]\‘ﬁ;jj +
rea'28 32, (122)
cz-‘fz:s:i?_ﬁ;:"s ".23:(id‘lqi“-z?q)Ng“'EiC'zE"’1)‘*83&1)@N:+83‘Z_§;N§}'“Z3)
Ca= E4M3 E;+ €T+ €€ : (24
Cy= (&411,+e¢‘c*+esea)\'—' % als +e (s~ g+t | (2s)

iR+ ¥y)

der A2 S5 Vi o o) sy [t e ) o5 Towl o5 - - S) s I
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+73qr2_5—3‘ J:) ) (126)
o= {255 1~ 81, ) o, Nl s siNGH B SN
25209 + 9o ng)) =

dy= er (4= & g, Y+& +6u25) 9, -

dy= zT::T‘y;S It(m&\rz?i)(ﬁ(?z* ‘%)*"]‘A‘f‘“”%ﬁ;)ﬁ}’ it
I =3 2eagh *as,

NT = Ni@Vzaes Vag,

L= 0.112)

ij being the complements of the elements in the section
- of the i-th line and the j-th column of

b1 b‘l b3

Ao = Ca Ca Ca (130)

do: oyl

Finally the following transfer functions result with (115) to
{130) from (108) to (114)

Pat - Pac'= Ga () Pt & Ga) e + op) We' “31)
T = Jao = Gy () B* + G5 () 92" + Gt We', “32)

Wa' = Was = 6g (Rt + Gs ()T + Gg () We' (133)
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with

a9 =i, [ 61t (A= 2481) 2 8][4, 28 y 4 (4 22- YOX,+%2y,) +

+ '%f‘ (4=~ ’% Za") Gy (9)) (“34)
6{9 ’e_‘ ;‘ A4 [‘E.‘ +&4 (AI'ZA4&\) 21.“][915:“’;*‘ (?12'& = %) X4+ Y3 ”1_] +

+ 322 A““ (4- ;-f! 2d") Gg(9), 435)
G.scs).a 2l +SyAe-2A8)2 )1, 2 W B2~ 9 x4 1, %) +

+71:(4 )6, (120)
Cu(9)= -5 fEmer 2 Bt (Ea(nm b - v H B gs 0, +

+(e1‘L3 =0+ &1?5*- ey €3) \f.‘ ) “33)

Cs(s)= e Y@.’wezy,)z Vit (E2 (% 28~ 0a)+ Ex83)G+

Es&‘
+(8aMy2tate, N+ &y E#)'f’z_} ) i
s ‘E"‘ET {(&’11*-&;?1)!‘3-’1’3*'(&1(’1#&- YA+ Ea€a)Xa +
(439)

+(E 2R +eadstesel) il
Gxsr= M- § 2 QA G ERD L E - I 1)y 10
Gs(s)= 3“(4- §i2%) A Gttt (2% G)L,+ 93 F,)) U
Gats) = (1 .1 L) fHE (6 S a)[‘ht a5t - 99Xat 13 f3), L)
Poronm E&*&W‘ 28,8003 )22 Put(Rad- )X+ 95 Pyt Py )+

¥ %‘.:i‘(b g}z&)JJ , “Uy3)
> --&%-a i(&ﬂhi- £29) 28 pyt(Ea(h et - 1)+ £584 )2y +
+(EA TRt e, Pyt E48q ) Pyt (B4 € Rt £563) 33-} ) b

.:’ o —_(A §~2+°')?Q (81*'&‘2- )[&th’@'{*p_i‘._‘h)x“i'%‘? -Q-‘fq. 20} (4“5)

a3 K4 ’éa(% a(Jz ou - Nz A)* Aa], (46)
K59, = &r (2% (32 Az - NE Az)+ A2 )i )
I

Aofi=&ah(Jya ~NTa )+ 4w se)

At € =Za (J{’(—qu.“ﬂ\;Aa ~dyan)+N; (bydp~Cudn +
Ir
*a Al woh
+ d“' ABZ)] £ b\; QA+ Cy Qpn - du,A_-,; o i’%ﬁ—:—% ) (A4s)
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on,-e;\lz-a—x (28 (3%au-NYaw),

l\o:[zf'EGEv'z_ ';EE? (:’q'lizﬂ P14 alzz) )
AoI.za €32t VEE:(Jq sy~ N,‘ A:z),
Botve REGE [ (v +CuBu- deaz 14 NI (by Aea”
~cea+deaan))- L
th-?.h ﬁvb (Jsam - NQM),
“’l 2&&121911(300?.1 NoAu);
Ao‘l’l 2¢x (30631“N06.n),

A% pee 20 [3 (D40t Cy By ~de0y 4 NS(byd a4 A za + d«mn)]

) 'J;(zﬁt‘;':—“qhi 1 NT=NG (2 ‘ a) (=012,

. (450)

“s1)
(452)

“s3)
sv)
(4SS)
Use)
)

we should like to point out once more that the Laplace argument
s 1in (134) to (145) appears only via &5,34, 1{_3, M, and if

there are no disturbances in the heating, even only via 113.

The latter expressions are after all also only a first

approximation for small z¥. We shall now examine the physical

significance of (87). For this purpose we shall take the
input pagnitudes as reference magnitudes:

Ut= G =pt aTe = Wehe 1

ziven v+ T; and w;, we then obtain from (5) or (9)

e’

¢=ﬂ)

from (10)
2

(51=-m

Vl’éTo R

from (25) and (158)

2
1"1=.f_)

(158)

(459)

(460)
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from (12) and (24)

W e Lh o

from (21) to (23) with (158) to (160)

A= 1,
Az= 4+ B,y

A3 2A+ ‘F—"P: (A+ ?.P‘\);

from (18), (158) to (160), (162) and (163)

3 $+ DA +RA)
RN € T N

from (85) with (158) to (165)
£ bt B4 (_‘_l_-f-t—?. 7‘
ppt | E(ﬂ,ﬁ Ba )
and from (86) with (158)A to (162)
£ .‘I{.B“ ht
Combining (87), (161) and (166) we obtain
_fleet 4 _f+2 "| -2 Lr
L (3, -H2)|=107 5,

8(+1) Wehh
The validity of

S -\lu({mhpm—h el
‘ & \- RWe Te ($+2)(R+1) £ %

(4161)

(462)
(463)

(A6%)

(465)

(4e6)

(Ae7)

(468)

(469)
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also represents advantage for the quality of the approximation

given here.
It also follows from the heat flow g of the heating

at the surface of the cooling channel with the thermic dia-
meter

h=%q @0)
If 8, > 10, the approximations
||_,,-_T__;fg’:.'f‘ |€ 5.107°Lr _ )
and

R)

‘ 5; X
Ak Geovpe |+ uehls < 1

can be used for (168) and (169).

(171) and (172) contain a contradiction, thus the
approximation given here is thus not very good for Bﬂ.> 10,

The following approximate values are recorded in gas-
cooled fast breeder reactors for helium (m=4" 'IO-3 kg/mol,

£f=3): g

d =2+ 10 %m;
q = 10° Watt/n%;
p.= a0 at; ;

T:=1O3 deg. K;

we=10 kg/mzsec (corresponds to a throughput rate of approx.
1 % of the speed of sound at 103 deg. K);

thus according to (159)

B = 4,63 « 10

and according to (171)

I,=%+10° m = 80 kn

with

d =4 ° 10 2m;

q = 104 Watt/m"
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Pg = 1 atm.,
2
T =107 deg. K
. g .2
Wy = 1C"kg/m"sec
becomes according to (159)
B = 0.463,

according to (168)
Lr=§-1o3m=1.41m
and according to (169)

l%\c 0,9 <1

in this case the transfer functions developed here can be
used and have a considerable degree of accuracy; however,
due to the reality of 54 z;, La may not be longer than about
7 metres.

Nomenclature

Latin letters

cP specific heat at constant volume (Wattisec/kg deg.)
d diameter (m)
g 9.81 m/sec+2
h Watt/m3
Jn Bessel function of the n-th order
i
L length
molecular weight (kg/lol) ’
Nn Neumann's function of the n-th order

P pressure (kg/m szca)
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R 8.317 Wattsec/deg. Mol

s Laplace argument

& time (sec)

T temperature (deg. K)

u velocity (m/sec)

w. Q u mass flow density (kg/masec)
X coordinate (m)

Greek letters

A coefficient of friction
P density (kg/m’)

Subscripts

a on the output side

d dynamic

e on the input side

T designates| reference magnitudes
Superscripts

a output side

e input side

designates dimensionless magnitudes
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DYNAMIC RESPONSE OF CROSSFLOW HEAT
EXCHANGERS

MASAMI MASUBUCHI

YOKOHAMA NATIONAL UNIVERSITY
OHOKA-MACHI, MINAMI-KU
YOKOHAMA, JAPAN

1. Introduction

The research on the dynamics of heat exchangers has become increasingly
active and important with the development of automatic control. Numerous
papers on the dynamics and control of counter-and parallelflow and multi-
pass heat exchangers have been published. The knowledge of dynamic response
is not only indispensable to operate heat exchange processes satisfactorily
by using automatic control, but also is necessary to effect a good design.

Meanwhile, crossflow heat exchanger has been used extensively in the
fields of gas turbine and air conditioning processes and its static response

has been known to us for many years 1_3, but, the dynamic analyses are

§=
very few 6.

In this paper, three patterns of crossflow heat exchanger which has
series and side capacities are analyzed by frequency response method and

some numerical examples for dimensionless parameters are compared.

2. Fundamental equations
The three patterns are shown in Fig.l. They are:
1) Both fluids unmixed case; There is a temperature distribution in
both x- and y-directions in each fluid.
2) One fluid mixed, the other unmixed; The first fluid has temperature
distribution in both directions, but the second fluid has temperature
distribution in y-direction only.
3) Both fluid mixed case; The first fluid has temperature distribution
in x-direction only and the se;ond fluid in y-direction only.
Moreover, in the follpwing analysis, it has been assumed that;

a) Fluid velocities, heat transfer coefficients are all constant and do

not change with the temperature of fluid or heat exchange surfaces.

b) The fluid and wall capacitances are independent of temperature, time

and position.

c) Longitudinal conduction in the fluids and in the walls is assumed to

be zero.



d) There is no heat loss to outer circumferences.

The fundamental equations of dynamics can be obtained as follows:
Case 1)

In the first fluid, consider a fluid element %4141 with temperature
6, e shown in Fig.2(a). The heat balance through an infinitesimal area
AZAZ in the first fluid gives

4 %4341- 6,)=K(6,-6,)-axay
From this W,

de

26
- 4Ya 1_——'- 3, %417612_ k(Bz B,)Azqa

So that finally

Vgi?c' + 5 T, 2% = K (62-0,) ()

Applying the same consideration to the second fluid gives the dynamic

equation as -

2326, Wwﬁ‘* S U e
Z, ot 29
Nomencluture
A=sectional area perpendicular to flow r=L2/Ll=vlyo/(v2xo) dl.
a,=x y‘!"(w v.) dimensionless parameter r= 0(2/0X, di1.
a,=xX Y c!(/ (W V5 ) dl. parameter s=Laplace transform operator
i-x v o(,/(lel) dl. parameter for T
a-x s o(,/(w vy ) dl. parameter t=time
b, =x «“/(C dl. parameter v=fluid velocity
2-x Nﬁ/(c2 1 dl. parameter W=A7 c=heat capacity of fluid
-xoa'l/(C vl) dl. parameter per unit length in the flow
C=heat capacity of wall per unit length direction
C1 for fluid l,C2 for fluid 2,C for x=:nc/xo dl. coordinate
series capacity Y=y/y° dl. coordinate
c=specific heat of fluid xo=length of heat exchanger in
K=over-all coefficient of heat x-direction
transmission y =length of heat exchanger in
L1=x0/v:L ; : y-direction
1J2=yo,/v2 x=coorfdinate in the fix'jst flow
p=Laplace transform operator for y=coordinate in the second flow
X-or'Y

/
R=0(s; /O, . R= Os2/0(,



Case 2)
For the first fluid, the same relation as equ.(l) yields

Eﬁ.g.l”l 26, =K (6.-6,)

%o 2t ﬂ,mzl i (3)

For the second fluid, by the heat balance through an area x.aa for &t ,

the following equation is obtained.

%
Waay a0, + wzv,_ataaag‘ =| ayat k(6. -6,)dx

finally
X
C WS +wzv;39*— k("6 -6,)dx
24 o A s
where , ez is a function of y.
Case 3)

For the first fluid, the similar relation as equ.(4) yields
[

20 36( a2
W-ljt""wl I'bz' =K So (62-6:)d3' (5)

where, 6‘ is a function of x.

and for the second fluid

K{(’(G.—Gz)olx

where, @, is a function of y.

26,
2t

? 9:.

24

In the above basic equations, heat capacities of all walls are neglected.

W= +W, ’V}

(6)

&, =coefficient of heat transfer between ®= j 6 e

the first fluid and series capacity

({z=coefficient of heat transfer between f @e dx or

the second fluid and series capacity 'PT’
K¢ =coefficient of heat' transfer between J- Be

the first fluid and side capacity “{-den51ty of fluid
d;z="befficient of heat transfer between ‘t‘:t/Ll dimensionless time

the second fluid and side capacity
6 = temperature
Sufix: 1,2 for fluid 1 and 2 respectively, i for inlet,o for outlet, s for

wall capacity
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Now, by using the non-dimensional parameters T ajs a, and ¥,
following fundamental equations are obtained.

From equ.(l) and (2)

20 20
-bxl 85 ﬁl' = & (e?.—el)

26, 26,
.le +T‘bt — 01(9,- Bz)

From equ.(3) and (4)

?e '
l 2?( =a|(ez—6’)

?ez_ alj (el e )dx

(8)

»ez
27

From equ.(5) and (6)

26, , 26 _
2% Yot =T

20 !
3Y1+Y:;-e£ ” al! ( 0~ ez)dx
3. Transfer functions >
Case 1)
i) Assume the boundary conditions are {®|=®.;_ for X= 0
Qz= (o] for Y= 0

where, @u’. is a function of s only.

1 .
a | (6.-0,)dY i
(]

This means that the input signal @ is a temperature variation and
that there is no temperature variation at the inlet of the second fluid.

When the corresponding output ®|o is taken, the transfer function is defined

as ®lo
)Y . ey
G(s.7)= B8

ii) Second boundary conditions are { ®z=®ai for Y= 0
®| =0 for A= 0
where, @,; is a function of s only.

The seconé transfer function is

CT:.(S Y)_®lo

2
Now, consider the transfer function CT| as an example. The Laplace

transform of equ:.(7) for T yield
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'%2—?‘ + (S+0.|)@' = a’(®3_

%z + ('s+0a.)®, = a:0,

By the second Laplace transform of the above equations for Y, and by

putting s + a; =1' » TS + a, =lz » following result yieldd

?? vt X.@, = a.®z

and from the boundary condition ®z¢'. =0

P@z + ll& = ag,@'

From these two equations

28 -ty ee
2 X +(7\.| P+7Lz)®'_o

is gziven, and the solution is obtained as
~ A2
®,=C@XP{—( i P"'K)x} Cacemsf_

In the boundary conditions, ®, = ®.,'_ for X= 0, and ®“-' is a function

of s only, that is, @) is not a function of Y, then
®.=£[®.;]=@F" for X=0

Therefore @ ’
Y i

o

At X = 1, the solution is S G.a; )
0 -® 1 4.a. ®u P+A. —(M=F3%,
®"X=i— P M/P{ (l\ P+l )} P+Lz e ala:

'®ue (e e ){ P+h}

nverse uaplace transform p =» ¥ of this relatlon ylelds

in

[@.]x =@, =0:&"(€V'T, (2/Gay) 1 $ F (23 )41
& (a.a.y)"
where N (2 Va. ) ZJ (’V\ 0 )z
o xls FEE YRm!
£s Ja s l:ﬂ e l:-kﬂk'.

p+A

The transfer function is thus determlned as
i " Arhres @a.) YK
@ "Rl XZYM a GY) o 2
G=Be_ " T FEAD L ST a2 T jeim
®; s (m!) "=0 "0 h-o
But, the third term with n = k can be cancelled by the first term in this

equation, so the result is reduced to
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X ~haYE

ZZ,(a. a,)

_@, - 4 |
GilsY)=g7 =€ Z’,(a b) = e 2 "'—wv- <y

By the similar manipulations, the second transfer function is given

A=Al

CT,_LSY)' —aé’ Z(Mz*)mw ag” "3 ) T

u m=0 M=0 k=0 mik! )&M-kﬂ Ry

For cases 2) and 3), the similar mathematical analysis gives

ot

he transfer

ct

functions and the result is shown on Table 1.

4. With heat capacities
Consider the cases with three kindsof heat capacities of the walls. They
are one series capacity and two side capacities as shown in Fig.2(b). All

heat capacities of the walls are assumed lumped.

Case 1)
Wall I :
Cl 'b't = s (et o es:)
Wall II
26
z?_tszz Asz (ez_ sz)
Wall III

C28 = x(8,-6)+ct(p.-6)
For the first fluid

wl%%.+w ,’?b‘i'—g,oc (B-81)+ Y,%s (Bsi = 6,)

For the second fluid

s 28 e (B2

These equations can be modified by using dimensionless parameters as

%eé‘ = b, (8, — 6s,)
%gits_z-— b2 (6,— 6s2)
) %Tec' b(e‘_e)+f'b(ez"e)
2 2 —a(6-b)+Ra/(6s-6)) e
?ez 496 o 0z(6—-6,)+R'G; (852 - B2)

2Y
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Case 2)
Wall I 39

C _b;‘ “su(e|"65|)
Wall II ,be

C). sz. 0(s (ez__ esz)
Wall III bt

C?e =% (8,-6)+x(6.-06)
First fluid

w22 W 22 =y o, (6,-61) + 4,0, (6~ )

Second fluid

w.zz?tz w,\,-'zea’ Jo(e—e,'_)d'l+1,0(sz(esz-ez)

Fundamental equations with dimensionless parameters are:

%e_cj. = bl (6,— asa)
2921- b2 (6, - 6s2)
b(e. 6)+br (ez 6)

(13)

gécl l%l(.—a. (6-6,)+ Ra) (65 - 6:)
\ rg?c‘-\-z—e—‘- =a J(G -6,)dX + R0, (B:2-82)
Case 3)
i s = o (6,- Bs1)
Wall II ‘Cl ";91:
S C, 3= a5 (62— 6s2)

c '.b_.e_ = O(\(O,—e)+°(z(ez—6)
First fluid Y%
W%Qt"'&'wt”]—" ‘Joo(a(esa 6)4‘“'5 (6 CILY:
Second fluid
W, %et—+w;1rzw‘ = Xo%sz (Bgy = 62) + X2 (9 B2)dx

These are reduced to the following equations: 0



91

?;%?li== bs ( Bl "f’su)
202 = b (62~ Bs2)

(1)

A

39 =b(6,-0) +br'(6,-8)

1
ze.+ 20— g/ [ (6604 + R (6- 6)
'39:.+ 'bez q"S (8- ez)dX-Q'R @ (6, — 62)

The transfer functions from these equs.(12),(13) and (14) are shown on
the Table 2. :

5. Numerical examples of frequency response

function by putting s = jW .

The dimensionless parameters used are:

a= 1 R:R:=l

52=l r=r=1

¥ e = o

a= 2 % b= bl- b2- 1, 10 and 20
a;= 2

Figs.3 and 4 are for case 3) and Fig.5 is for case 2). These figures
show the effects of series and side capacities.

Fig.6 shows that the frequency response may vary according to the
position of the detecting means. This suggests some possibility of detecting

phase advance.
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Table 1
output .
Case WpUt Tramsfer <Fwnc‘\'i on

@ _%}on “_J__ .
8o | o5 (aaf € S p (o T P

1 GDlD A=AV oo m
o G& E(“ﬂzY)T -age é’g_(o' ’“‘UL"‘“

ﬂqﬂ; d.az(,_ Xl)}

o | g g e

+
2 @ . )\z_a\xaz q'q"(l e-xl)
> Al 14 Qa2 'Al
Do a.a;e*)e-{x,-% 3 (1o}

692{ 24

De G 82(1=€ 'T(»\ne ) g,
3 " X‘)‘,-—a.q,()u-p 2 YA+ e L)

N O\.X.Xz(l—e')“)(l - "‘*)

®a AN =08, O, + € 2 X\ +€711)

whkere , A\ = S*¥0,, A,=rs+a,
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Table 2

3 -
Case ?%;% Tramsfer  fumctiom
@ | Mg RN
1 | W™ «F:’o""l" mz-:ou-o’h‘.k!l“"‘
@ aibel’ (wr)“‘ -Mi'« (MY )™
Bn | st LZmae € 2, e )
@__o e—h. aaibv(-€ X')z( |_e°)‘£Y)
- Rro b TX,
| @ | abrl-e™) _yy
D A (s+b+v'b)
- AL -@~A)*
&, =X alalb'r '(I—I‘—e;— U-x—")
3 i AIK;(S““'""I})"— |qz By l(, I-e Xux —I- X.) ‘
Do a,:.b(5+b+“'b)(l—e-x‘)(l— —\x)
B | Adalsrbrvbl-alalitr(1- 25 - =)

VJQIM' )\.|=$+n:+Q:K-a(b'R— qlb

S+b| S+b4br’

N.=vs+ai+alR/— QbR air’b
. S+b, S+b+br

h’ = ) G:a;’. b:r/ A.
B )*z(s+b+wb)‘ ')
M = Q. a;b v

(s+b+r'b)?
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Fig.l Crossflow Heat Exchanger
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