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DETERMINATION OF THE SPATIAL STABILITY 
OF .THE AXIAL FLUX SHAPE OF RE-ENTRANT 
FLOW GAS-COOLED POWER REACTORS WITH 

AUTOMATIC POWER CONTROL 

By: R.L. Carstairs 

B.H. Bickers 

Atomic Power Constructions Limited, 

Sutton, 

England. 

INTRODUCTIOO 

Conventional automatic control of steady-state power level i 

gas-cooled power reactors operates to maintain constant outlet gas 

temperature. 'Ihe axi-al neutron flux shape is not controlled, and its 

spatial stability depends on the balance between neutron leakage and 

destabilising factors such as positive reactivity-temperature coeffi­

cients and xenon 135 burn-out. 'Ihe spatial stability also depends on . 

the control arrangements, and is affected both by the amount of auto­

matic control rod group penetration and by the amount of penetration 

of coarse control rod groups. 'Ihe axial spatial stability problem is 

an e.xample of a type of auxiliary control problem which can put con­

straints such as limited rod movement, for example, on what is other­

wise a straightforward reactor power control loop~roblem. 

For cores having a single coolant flow direction the effects on 

axial stability of neutron flux shape and automatic or coarse control 

rod group penetration are well understood
1

• For re-entrant flow 

systems with coolant flow in both directions the interactions between 

parameters are more complicated, and the spatial stability margin 

depends in addition to the features already mentioned on the re-entrant 

to forward flow ratio and the heat tran~fer between the flow paths. 

This paper describes an approximate method for the determination 

of axial flux shape stability margins in conventionally controlled re­

entrant flow advanced gas-cooled nuclear reactors. Simplified equa­

tions are developed and various methods of solutio~ suggested based on 

a trajectory method which is suitable for both analogue and digital 

computation. Results for a typical advanced gas-cooled reactor are 

presented and discussed and c pared with more detailed transient 

solutions. 



DESCRIPTirn OF REACToR 

7ig. 1 shows a schematic section of a single fuel channel, show­

i ng the re-entrant cooling flC?~ arrangement. Part of the coolant flow 

carries heat from the moderator. and mixes with the by-pass -flow at the 
- -

bottom of the core. The total flow then passes upward through the 

main coolant channel; taking heat from the inner sleeve and fuel. 

Fig. 2 shows typical neutron flux distributions~ The spatial 

distribution of the flux depends 9n the local neutron leakage and 

multiplication effects. Any local flux disturbance is naturally stable 

due to the resultant change in local neutron leakage, but if the 

disturbance gives rise to an increase in local multiplication SUffi­

cient to offset the extra leakage, then instability·coula ·result. 

Changes in local multipl~cation or react~vity are due to t9mpe­

rature effects of fuel and moderator, changes in the concentration of 

xenon 135 nuclei, and local effects due to control rod movement. The 

temperature coefficient of ' the fuel i~ usually negative and therefore 

stabilising, but that of the moderator is often positive and destabi­

lising. The xenon reactivity coefficient is always negative, but the 

time constants of the various processe~ involved in the production, 

burn-out, and decay of xenon ~ result in a divergent long-period 

oscillation when combined with the temperature effects. The overall 

effect of xenon is destabilising. 

In considering flux shape instability, it is useful to consider 

the flux distribution as an expansion in harmonics. The fundamental 

mode is controlled by the total power control operating on outlet gas 

temperature, and flux shape instability can only arise if one or more 

harmonics are present and are unstable. Sine~ the first harmonic is 

the least stable, the condition for flux shape _stability is that a 

first harmonic perturbation should be stable, both intrinsically and 

in the presence of fundamental mode control response. 

A physical_ explanation of the occurence of first harmonic insta­

bility is given in Fig. 3. Assume that a reactivity increment near the 

top of the 'core causes a first harmonic flux disturbance as shown. The 

diagrams below show the resulting moderator and coolant temperature 

perturbations and the corresponding reactivity increments due to a 

positive moderator coefficient. The first harmonic component from 

both s~eeve and moderator in destabilising, but the fundamental compo-



5 

nents result in control rod movement which could either suppress or 

aggravate the initial disturbance depending on the rod position and 

the relative magnitudes of moderator and sleeve components. 

It should be noted that the effect of the moderator temperature 

changes on the coolant are considerably diluted by the by-pass flow, 

and thus the sleeve effects dominate with the result that the tendency 

to instability is grea~st with the rods at the top of the core. 

The steady-state ·nux shape, re-entrant flow fraction, amount of 

intersleeve heat transfer and the proportion of the moderator coeffi­

cient due to the sleeve have been found to affect very strongly the 

balance of the various effects, and hence the stabili:ty. Some typical 

results are discussed later in this paper. 

EQUATI~ DEVELOPMmT 

It is first assumed that reactor spati~ behaviour in the axial 

and radial-azumithal directions can be considered separately, and 

that. the axial behaviour can be described by considering conditions in 

a single representative fuel channel. A multivariable transient 

distributed parameter representation2 of considerable complexity still 

~emains, however, and considerable simplification is required if para- . 

meter survey work is to be carried out with convenience and reasonable 

economy. 

Suitable simplified equations describing the system are · deve­

loped in the Appendix.. It is -assumed that small disturbances are 

being studied, se that a linear perturbation representation can be 

used, and that the _heat production in the fuel and moderator is pro­

portional ~o the neutron flux. 

It is further assumed that the time behaviour of disturbances 

in ·practice is dominated by the xenon and iodine equation time con­

stants which are measurable in hours. The remaining time constants . · 

are therefore neglected in comparison. 

Equations (1) to (11) now form a set of 9 algebraic and 2 first­

order differential equations which may be solved for a series of axial 

points with the spatial differentials ·expressed as ~inite differences. 

The quantfties expressed are in general axially variant. 

This solution of the ~quations may be obtained by analogue or 

digital computation2 , but is expensive and time consuming for initial 

studies or parameter survey work. 
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The approach described in this paper overcomes these disadvan­

tages. It is assumed that all variables have an exponential time 

behaviour, e wt, w being in general complex. The iodine and xenon 

equations are then combined to give the xenon parameter Q and the re­

sulting equation used as a characteristic equation :in w iD give the value 

Q
0 

of Q for which the real part of w is zero. Q
0 

is the maximum value 

of Q for which the system will be stable. 

Ihe problem is now reduced to finding a value of some adjustable 

parameter such as the moderator coefficient a for which a first har­g 
monic disturbance can exist. This value, usually expressed as a margin 

a ' above the expected reactor equilibrium valu~ can be regarded as a 
g 

stability margin. 

It is shown in the Appendix that the heat transfer equations can 

be combined t o express all the variables in terms of a mixed coolant 

temperature, the normalized power, and the intersleeve heat transfer 

variable A. This arrangement obviates the necessity for integrating 

against a coolant flow, which can cause numerical insta~ility in the 

solution .• 

Ibe resulting equations (14), (19), (20), (21) can be solved to 

find the value oi a as an eigenvalue for which the boundary condi-
g 

t ions are satisfied. Conditions (22), (23), (26) are apparent from 

Fig . 2 , and (24) , (25) follow from the assumption that the control 

system is perfec t and acts to keep the outlet gas temperature constant. 

Ihe coolant inlet temperature i s also assumed constant. 

The control reactivity 5 is assumed to be represented by a step 

f'..L'1cti on over a narrow bandwi dth 29. The bandwidth value is not 

;sensitive, and the ampli tude of 6 is unimportant, because 6 is the 

only · solated term in the equations, and so acts only as a scaling 

factcr on the soluti on amplitude , without affecting the eigenvalue. 

Various approximate 

METHOD OF SOLUTION 

2 methods have been attempted for the solu-

tion of the equations but these do not take into account generalized 

variations in initial flux shape or allow f or intersleeve heat trans­

f er or axial p=:- ameter variation. 

A tra j ectory method has been found most satisfactory for t he 

solution of the equations, and may be used equally well on analogue 

or ai gita_ computers . 
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Both methods employ integration from the bottom of the active 

core with iterative methods to determine both the starting values of 

the . variables, and an eigenvalue which will enable the three boundary 

'conditions at the top of the core to be satisfied. 

The analogue trajectory tecbr.ique has been used for representa­

tions without intersleeve heat transfer, using an x,_y plotter. The 

calculation is terminated after a fixed time (equivalent to ·the time 

taken · to integrate along the active core length), the fir.al values of 

the variables noted, and the process repeated with new initial values 

until convergence to the boundary conditions is obtained. The 

iterations can be performed simply, guided by parameter-error plots, 

or may be done automatically by means of a variable gain control which 

. sets new initial conditions based on the preceding final conditions. 

The latest digital computer program uses a 4th-order Runge-Kutta 

integration procedure, and for a given eigenvalue estimate performs 

fou,r integrations with two values each of A
0 

and v
0

• The values of 

these quantities to satisfy (24) and (25) msy now be readily found 

as the values of tc and A at the top of the core are linearly depen­

dent on the starting values of A and v. The process is repeated for 

each eigenvalue estimate. 

'Ibe problem is now to find an eigenvalue (which msy be either Q 

or a and Which may have more than one value), to satisfy (26). A 
g 

typical plot of the convergence parameter -(~ + v) vs a' is shown in 
1\e g 

Fig. 6., and the points at which this crosses the axis are the eigen-

values required for the solution of the equations. In practice the 

lowest value is usually of greatest interest but in some cases this 

could be associated with a higher harmonic than the first. 

The procedure for finding the zeros of (26) is to carry out a 

search, increasing a' until three points are found which indicate that 
g 

the condition is satisfied in their vicinity. The next value of a' to 
g 

be attempted then depends on the pattern of the convergence parameter 

shown by the preceding values. If the patterns suggests convergence, 

then a zero is indicated in the immediate vicinity, and an iterative 

sequence based on quadratic fitting is employed to -find the exact 

value of a' to satisfy (26 ) . g • . 

'Ihus the margin in ,Jerator coefficient for first harmonic in­

s tabili t, to be possible is known, and the axial shapes associated 
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wi th the harmonic of any of the variables may be plotted. 

DISCUSS I ell 

Figs.4,7& 8 show the results of a parameter surv87 for a eypical 

re-entrant AGR. Fig. 4 shows that in general fiux cti.atortion aW87 

f rom the control rod position is de-stabilising. 'lhe rods are worki.Dg 

in a position of low nux and therefore have reduced · effect, Whi,.le the 

reactivity changes in the flux peak region are accentuated. 'lhua the 

reactivity distribution due to the moderator becomes nearer to a first · 

harmonic shape with a corresponding reduction in the stabilising fun­

damental. 

Increased inner sleeve r,actiyit,y-temperature coefficient and 

the inclusion of intersleeve heat transfer representation have been 

shown to affect the harmonic very similarly to flux distortion, reduc­

i ng the stability with control at the top of the core and increasing 

i t with control at the bottom. 

Fig. 5 shows the results of a check with an analogue transient 

solution
2 • Intersleeve heat transfer was not included in the transient 

solutions, and a comparable representation was used for the trajectOry 

solution. Good agreement was o~tained. 

'The double roots occurring in Fig. 4, -and marked A & B in the 

typical case shown in Fig. 7 may be explained by a consid,ration of the 

corresponding flux shap~s, also shown in fig. 7. Case B has been 

analyzed and found to have a negative fundamental component ( a . posi­

t i ve second sine mode component ensures no re.sultant power change) 

which gives a destabilising influence from the sleeve. Increasing a· g 
further from the threshold value of 68 mN~ tends to change the balance 

between controi and temperature reactivity effects. The shape of the 

f irst harmonic shape changes such that for Case A, also analyzed, a 

positive fundamental component appears and the stabilising effect of · 

the moderator becomes dominant. Further increases of a' then result g 
in increasing stability. 

The effect of varying the re-entrant flow with the control rods 

at t he top of the core is shown in Fig. 8. It may be seen that '4th 
l o\·1 flux distortion the increased moderator temperature is stabilising 

a t l ow re-entrant flows, but with high distortion the moderator reac­

ti~ity i s predominantly first harmonic and becomes destabilising. 
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COOCLUSIOOS 

First harmonic nux instability in a nuclear reactor may be 

initiated b7 control movements under certain circumstanc~s. For a 

re-entrant flow reactor the conditions under which this can occur are 

seen to depend on a fine balance between the opposing effects of dif­

ferent mode~ting components. This leads to unexpected results, such 

as lll.l increase of stability with moderator reactivity.:temperature co­

efficient, and the rapid change• of margin with flux shape change, 

which occur in some conditions. 

Effective automatic control using rods With tips very near the 

top of the core is very unlikely in practice, and current designs of 

advanced gas-cooled reactors have a large margin of axial sta1ility 

in all practical conditions. 

It ie however important in design work to be able to deter­

mine conveniently the axial stability for a wide range of parameters, 

and the method discussed in this paper has been found useful for this 

purpose. 

Axial stability calculations for once-through reactor cores 

using trajectory methods were first carried out by B.E. Roberts, 

J .B. Pollard, and R.I. Vaughan, then at the UKAEA. 'lbe re-entrant 

core combined. coolant temperature form was suggested. by Mr. W.M. 

l'-1aclnnes-, whilst at APC. 

1. A.J. Hitchcock, Nuclear Reactor Stability, Nuclear Engineer­

ing Monographs, Temple Press, 196o. 

2. B. Wilson, J.R. Enselmoz, A.J. Hartley. 

Axial Stability Calculations for AGR Systems. 

UKAEA TRG Report 1138(R), Decembar 1965. 
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NOMENCLATURE 

a moderator temperature-reactivit,y coefficient 
g 

au fuel temperature-reactivity coefficient 

ax xenon reactivity coefficient 

A intersleeve heat transfer term 

C coolant specific heat 

E heat production term 

f re-entrant flow fraction 

h convective heat transfer coefficient 

i iodine concentration 

k effective total conductance term 

k= neutron multiplication factor 

Le extrapolated core height 

p normalised power term 

xenon parameter 

r 

t 

radiative heat transfer coefficient 

t emperature 

V ~al _power gradient 
w coolant mass flow 

X xenon concentration 

z axial co-ordinate 

zr automatic control rod tip position 

control reactivity term 

fraction of a attributable to component 
g 

w 

i odine decay ~onstant 

xenon decay constant 

extrapolation distance 

xenon absorption cross-section 

control term bandwidth 

neutron flux 

t ime constant 

SUBSCRIPTS 

c1 main coolant 

c2 re-entrant coolant 

g1 inner sleeve 

g2 outer sleeve 

m main moderator 

r automatic control rod tip 
position 

s can . 

u fue l 

o steady state, or 
value at bottom of core 



, 1 

APPENDIX 

EQUA miON DEVELOPH:l'lT 

The one-energy-group neutron diffusion equation is used to des­

cribe the distribution in space and time of neutron flux in the reac­

tor. In its axial perturbation form it may be approximated for slowly 

varying conditions as 
2 

M 
2 .!.E. + (k __ - 1 )p + t)t.;p

0 
= 0 

z ?tz.2 -u 
( 1 ) 

The perturbation in neutron multiplication is a summation of 

various effects as follows, 

~ = autu + ag(~1tg1 + ~2tg2 + ~tm) + axx + ~ 

The perturbation form of the heat transfer equations 

may be approXimated for slowly varying conditions as 

0 = Eup - kus(tu - ts) 

0 = kus(tu- ts) - hsc1 (ts- tc1) + rg1tg1 -rats 

(WC~ ~c1 = hsc1(ts- tc1) + hg1c1(tg1 - tc1) 
az 

0 = Eg1P- hg1c1(tg1 - tc1)- k1tg1 + k2tg2 +rats- rg1tg1 

o = Eg~- hg2c2(tg2- tc2) + .k1tg1- k2tg2 + rmtm- rg2tg2 

·atc2 
-f(WC~~ = hg2c2(tg2 - tc2) + hmc2(tm - tc2) 

0 = Emp- hmc2(tm- tc2) - rmtm + rg2tg2 

The xenon and iodine equations are as follows, 

31 . 
at= axP~o - ~~ 

(2) 

(see Fig.2 ) 

(3) 

(4 ) 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

: = ~i- a;,cP
0

1
0
x- ~xPI0x0 - ~x (11) 

A modal time behaviour of the form x = x 'e wt ia; assumed and 

( 10 ) and (11) combined to give 
axx' ~Ox1o 

n ----a (--- --lx) ""- p'- x ~+W "'xoo 
(12) 

(w + axPo1o + ~) 

Equation (1~ is treated as a characteristic equation for w, and 

solved to give a threshold value Q
0 

for 

w is l ess than zero
1

, thus indicating 
- axDx1opoxo 

Qo = a ¥ p + 1 . + l. 
XO O "'i. "'X 

Q below wh:i,ch the real part of 

stability. 'lhen 

(13) 
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Adding equations (3) - (9) and introducing a combined coolan1. 

temperature tc = tc1 - f tc2 

at ewe>, --2. = tE (14) 
az p 

A further variable A is introduced to describe the heat transfer 

between the sleeves, and is conveniently expressed as 
. L 

A = (~C)1 [J: h12dz - J o e h12dz J (15) 

(16) 

All component temperatures may now be expressed in terms of p, 

tc and A by algebraic manipulations of the equations. · The separate 

coolant temperatures are related to the combined coolant temperature 

as follows, 

- A 

A 
1 

(17) 

(18) 

Equations (1) and (2) may then be written as 

OV -az f - (k-o-1) - Po { a A1 + a H + Q } J p 
PO 

.... 
M 2 ;z u g 0 -~ 

M 
z z z 

{ e1tc -A'\ po 
[aga2J {e2tc +!} - Po 6 ]'+-

M 2 f ~ z 

(19) 

z 

V (20) 

A, G, H, e's are constants comprising heat transfer coefficients, 

heat producti~n terms etc. 

Equation (15) may be expressed as a first order differential 

equation as follows, 

~ - 1 h12 (21) 
Oz - lWCY, .. 

Equations (14), (19), (20), (21) form a set of non-linear first 

order differential equations. All · the quantities can be z-variant. The 

boundary conditions as described in the text may be summarised as 

follows, 

z = >..e1 ' t c 
p 

0 

A V e 

(22) 

(23) 

t = 0 c 
(24) 

A = 0 (25) 
p =-lev (26) 

The control term takes the value 6 for (zr-9)<Z<(Zr+8), and is zero 
e lsewhere. 
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PIN 

• 
.. 

~ • < 

INLET 
~ 

COOLANT 
z 
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A P.PE NDI X ANNULUS AND INTERSTITIAL COOLANT, AND 
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FIG.1 SCHEMATIC FUEL CHANNEL SECTION. 

OF CORE 

Z• 0 

, - -- ...... NOR MAL STEADY STATE 
/ ~--....-......_ 

// ',' 'FLUiDISTRI8UTIO• 

' 
FLU X DISTRIBUTION /', 
WITH COARSE CON,.ROL ' 
ROD GROUP PART INS!RTED ' 

' ' 
FROM CORE TOP 

TOP OF 
~--~----------------------~-------r--~cORE 

,.,~---
ACTIVE CORE 

HE 16 tt1 L 
A.2 4--

. EXTRAPOLATED t6----------- HE I 6 HT L • ---------fl 

FIG. 2 TYPICAL Sl f. OY STATE NEUTRON FLUX 

01 S TR I BUT IONS. 
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BOTT~ 
0 F CORE 

TOP OF 
CORE 

+-P:LOW DIRECTION 

.-...FLOW DIRECTiON _____________ :;;;;-_ 

_. .... ---- ...... ...... ____ _ 

--- ---

........... __ ---
ASSOCIATED CONTitOL OUTLET 
ROD REACTIVITY CHANGE GAS TEMP . 

CHANGE 

~ I(b) 
(b) (C) 

~ r (b) (c) 

SUMMARY : RODS AT TOP SLEEVE 

BULK MOD . 

RODS AT BOTTOM SLEEVE 

BULK MOD . 

REACT I V ITV INCREMENT NEAR 

TOP OF CORE PRODUCES 

FIRST HARMONIC FLU X 
PERTURBATION 

ltESULTING COOlANT 

TEMP~RATURt CHANGES: 

liE -ENTRANT 

MAIN COOLANT 

TYPICAL MODERATOR 

TE NPE-ItATURE CHANGES: 

SULK MODERATOR AND 
OUTER SLEEVE 

INN! R SLEEVE 

ltESUL Tl NG REACT I V ITV 

CHANGES DUE TO: 

(a) 1ST. HARMONIC SLEEVES 

AND IULK MODERATOR 

(lt) FUNDAMENTAL SULK 

MODERATOR AND OUTER 

SLEEVE 

(c) FUNDAMENTAL INNER 

SLEEVE 

CHANGES IN OUTLET GAS 

TEMP . (DUE TO(b)&(c) ONLYJ 

AND CONTROL ROD REACTIVITY 

RODS AT TOP 

RODS AT BOTTOM 

DESTABLISING 

STABILISING 

SUBILI SING 

DESTABLISING 

FIG. 3 PHYSICAL EXPLANATION OF FIRST HARMONIC 
AXIAL INSTABILITY FOR RE-ENTRANT FLOW 
SYSTEMS 
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TRAJfCTORY RfSULTS _____ _ 

TRANSIENT RESULTS 

' I FLAT FLUX 

0.2 0·4 0·6 

CONTROL ROD TIP POSITION 
(FRACTION OF CORf HfiGHT) 

lO '"le DISTORTED 
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MATHEMATICAL MODELS FOR THE DY- AlviiC 
BEHAVIOUR OF STEAM HEATED HEAT 
.EXCHANGERS FOR STEAM FLOW OR 

CONDENSATE FLOW REGULATIO 

R. I sermann 
Institut fUr Verfahrenstechnik und Dampfkesselwesen 
U~iversitat Stuttgart, Germany 

1 . Introduction 
Because heat exchangers belong to the class of systems 

with distributed parameters, the frequency responses are trans­

cendental functions and are too complicated to use in a simple 

manner for practical cases (designing of control loops, simula­

tion o1n analog or digital computers). Therefore it was neces­

sary to deyelop simplified mathematical models for steam heated 

heat exchangers. 

A further goal exsists in investigating the dynamic be­

haviour for two different valve locations. In the case of regu­

lation on the steam side the control valve influences the steam 

flow and therefore the heating of the tubes as a result of 

steam pressure changes, Fig.la. 

In the case of regulation on the condensate side the con­

trol valve influences the condensate flow thereby changing the 

effective heating area for con~ensation by storing the conden­

sate, Fiq.lb. 

In the following the outlet temperature ~Fa of the secon­

dary flow is . regarded as t~e controlled variable and the posi­

tion of the steam flow or the condensate flow valve as the ma­

nipulated variable. Simplified mathematical models (approxi­

mate frequency responses) for the transient behaviour in tube­

shell heat exchangers will' be shown for changes of the manipu­

lated variable. Mathematical models of the transient behaviour 

for different disturbances are indicated in 1 

In past literature only frequency responses f or the regu-
2 3 4 5 . lation on the steam side were shown, ' ' ' ' but e~ther 

they are too complicated for practical purposes or they are 
only valid for special cases. 
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1.1. Regulation on the steam s ide 

In the case of steam side regulation the steam flo~ ~ 
D 

is the regulated flow. One has to distinguish between two 

operating c~nditions according to the time behaviour of the 

steam flow after a change of the manipulated variable: 

Operating condition 1: In the case of over critical pressure 

ratio across the control valve (PoJ.i ·< 0, 58 Pov> the steam 

flow does not chaQge after the variation eMDY according to 

the variation flY of the control valve, Fiq.2 1 because a cha.n')e 

in the steam pressure ~Di does not influence the steam' flow 

rate. 

Operatinq ~ondition 2: In the case ·of under critical pressure 

ratio across the control valve (PDi > 0,58 P0 v> the steam 

flow changes after the variation llMuy according to the varia­

tion flY of the' control valve, Fig.J. Changes in the steam pre s ­

sure flPDi, caused by changes of the temperature ~F of the se­

condary flow ~ then influence the steam flow and therefore 

the heating of the tuQes. 

Thus the left hand classification, F i q.4, is obtained. 

1.2. Regulation on the condensate side 

In the case of cond~nsate side regulation the condensate 

flow ~ is the manipulated flow. The steam fiow ~ changes 

according to the heat flow ~WD(t) steam-tube wall. 

One has to distinguish between vertic a l and horizontal posi­

tion of the tubes, Fig.4,right hand. 

2. Mathematical models for the dynamic behaviour in the case 
of regulation pn steam side 

After a variation 4Y of the control valve the steam flow 

changes proportional to the slope obtained from the operating 

characteristic of the control valve 

~MDY = CV • ~Y, 
The f requency response then is 

6 ~a (s) 

. ll )FaR (s) 

( 1) 

(2) 
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In the following first the frequency response of the tubes 

F MD ( s ). = 6 .9p aR ( s ) j 6MDY ( s) ( 3 ) 

will be described and then the frequency response FAK(s) of 

the outlet header. 

The influence of the heat storage in the shell on the 

dynamic behaviour ·of the outlet temperature ~FaR of the se­

condary flow is negligible!,if 

b a 0 
a WDa 3 ~ 0, 2 5 • ( 4) 

bi 13WDid2n 

That is applicable for heat exchangers with shell diameters 

o3 ~ 0,2 m. 

The dynamic behaviour of the tube part of the he~t exchanger 

can be described by the dynamic behaviour ~ f one single tube 

of the length t • 

The parameters for the dynamic behaviour of a heated tube are 1 

~F 

T 
F 

dlpFCF 

4aWF 

2 2 
(d2 -dl > Pwcw 

4aWDd2 

(fluid parameter) 

(time constant of the 
wall inner side) 

(dead time constant) 

(heating factor) 

(fluid time constant) 

(time constant of the 
wall outer side) 

2.1. Operating condition 1: constant steam flow 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

In the case of over critical pressure ratio across the 

control valve the magnitude of the steam flow rate and there­

fore the heating of the tubes is independent of the inside 

pressure PDi respectively of the tube wall temperature 

{ z = 0) • 

For a tube the exact frequency response is 6 

w 
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FMDS(s) 
1 

TV.Ts 

[ 

-~F TWFs+1 -Tts] 
l-e .e 

'-------v--~ 

F) (s) {11) 

with 

T • 1 

T 
(1+ TWF) 

F 

Approximate frequency responses of the tube part: (compare 
Fig. 5) 

(12) 

(13) 

a) For the transcendental part of the frequency respo~se the 
8 approximation 

-2t 
T\'lFS 

e 
F TWFs+1 bS 

,., a + ~~--
1+Tb5.s 

is valid with 

a = e 
-~ 

b 1 - a 

1 ~'-T 
1-a -r- WF 

~ 2) 

As approximate frequency response for eq.(11) is 

FMD5 (s) and FMDS l (s) agree very well, Fig.S. 

b ) For b
5 

= 0 one obtain 

K2 1 
F ·"DS2(s ) = FMDS(O) -1+., • -l+T 

•'1 .L 1 s 25 
r -T s] L1-a et 

.( 14) 

(15) 

(16) 

(17) 

(19) 

( 2 . 
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c) With a =· 1 and b5 = 0 

FMDS3(s) = FMDS(O) 
1 1 [l-e - Tts ] 

Tts 
. ( l+T 

2
s) 

d) Neglecting the heat capacity of the tube wall (TWF 

-T s 

_1 [l-e t ] FMDS4(s) FMDS(O) Tts 

( 2 1) 

0) 

( 22 ) 

e ) For 0,7 ~ ~ ~ 5,0 t~e waves in the frequency response 

curves, ari~ing from F) (s), eq. (11), can be neglecte~)and 
then reads, compare eq.(l9) 

- 1 1 
FMDSS (s) = FMDS (O) (l+T

1
s) • (l+T

2
s) • (23) 

The approximate frequency response FMDSl (s) and FMD55 Cs) 

show the best agreement with the exact frequency res·ponsa 

FMDS(s), Fig.5. 

For the dynamic behaviour of the outlet header in the ea-

s e of ideal mixing (wF 

.9- Fia(s) 
FAK (s) ,S. () 

wit h 

mFK 
TAK =A • 

F 

FaR s 

> 0,5 m/s) one obtains 

1 (24) 

(25) 

The mathematical models f or the dynamic behaviour of the out­

l et temperature ~Fa of the heat exchanger are with 

Fy( s) = cv.FM0 (s).FAK(s) (PDi < 0,58 P0V): 

For 0,7 :: ~ ~ 5,0: CFMDS5·<s> >I 

FY (s) 
~~Fa (s) F~DS(O) 1 1 (26) 
~Y(s) c . (1+T 1s) ( l+T 

2
s) . 

1+TAKs V 

Fo1r ~F < 0,7: cF'MDsl <s> >j 

FY (s) = 
6 1~a (s) 

6Y (s) 

(27) 

~aximum error of the amplitude ratio about 30 - 45 % 



23 

For estimat i ng one c an us~ e~ . ( 26) also in the c a s e o f 

aeF < o,7 . 

2.2 . Operating condition 2: Ch2na e able steam f l ow 

In the case of under c r it ea_ ressure ratio acros s the 

control va;ve the · steam flow rat and therefore the heating of 

the tubes depends on the ins i e pres sure PDi respectively on t . e 

tube wall temperature ew. For a tube the exatct fre quency res pon­

se is 6 

FMDK(s) 

with 

r l l-e 

Approximate frequency ll:'esponses' of the tube part: 

J ( 28, 

( 29 ) 

a) For the transcendental part of the frequency response t h e 
8 approximation 

-ZF 
TW0s+l 

T s+l+z 
WD z bK 

(0 ~ ~F ~ 2} (30) e -a + 
l+TbK"s 

-~ 
a = e (15 } 

z 
- 3IF 1 +z 

b = bK = e - a ( 31 ) 

b · 
Tb = TbK 

K 
'afFTWF . {32 ) 

( '2 l-a J 

The approximate frequency response for eq. {28) then is: 

(3 3 } 

For the operating cond . t ion 2 as well as for the operating con­

dition 1 several approximate frequency responses , Fig.6, were 

invest igated : 
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b) FMDK2(s) 

-T s 
c) FMDK3(s) GMD 

1 
[ 1-(a+bK)· e t ] ( 1+TFs) · O+TWDs) . (35) 

-T s 

d) FMDK4(s) . = 
1 

[ 1- (a+bK) e t J 4 (36) GMD 1+TFs camp. 

e) FMDK5(s) = FMDK(O) 
1 1 (37) (l+T3s) (l+T 4s) 

The best agreement with FMDK(s) are FMDKl (s) and FMDK5 (s). 
Therefore the mathematical models for the dynamic beha­

viour of the outlet temperature ~Fa of the heat exchanger 

are (PDi > 0,58 P0v>: 

For 0,7 ~ ~ ~ 5,0: 

FY(s) 
69pa(s) 

= c 6Y(s) 

with 

FMDK(O) 
(iDe -i') 

1Td2R. 

ITF < Twol: see 
z 

-~ 1+z 
;ji = e 

1 

V 

T41 = JTF TWO (1-ljl) 

For dlp < 0, 7: 

=cv • G'1D • 

( F MDK5 ( s) ) I 
FMDK(O) 1 . (1+T3s) . (l+T 4s) . 

1 d2 1 (1-ljl) 
aWF . er- z 1 

= TF (1-tll) - { 
TF (1-tlJ) { 

(FMDKl (s)) I 

1~ax ~mum e rror of t he ampl i t~~e rati 

1 •) 
(1+TAKs) 

TJ = T31 

T4 Two 

TJ T41 

T4 = T41 

ou .... n - c15 5 

(38) 

(39) 

(40) 

(41) 

(42) 

(43) 
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For es~~mat~nq purposes one can use eq. (28) for the case o f 

'i1fF , 7 . 

2.3. Dependence of the dvnamic behaviour on the load in the 
case of steam side reaul ation 

In regarding the secondary flow MF as the load by con­

stant temperature difference rtFa - ~Fe) one obtains different 

curves for the gains FMDS(O ) (over critical pressure ratio) 

and FMDK (0) (under . critical pressure ratio) ·of the frequency 

response FMD(s} (changes of manipulated variable) as shown in 

Fiq. :7. Crossing the criti~al pressure ratio while reducing the 

load, the gain rises from a small value FMDK·(o) to a greater 

value FMDS(O ) . In general, therefore it is not possible, to 

obtain a good quality of control across the whole load region 

· with only one -single adjustment of the controller. For low 

load~ the control loop can be instable because ~MDS(0)-1/~T. 
· However a part of the load dependence can be compensated using 

a control valve with equal percentage characteristic. Fig.a 

shows transient curves in dependence on the load ~-

3. Mathematical models for the dynamic behaviour in the case 
of~ regulation on condensate side 

3.1. Vertical heat exchanger 

For the co~densate flow valve 

AL~ = CV. t:.Y 
and therefore the frequency response for the manipulated variab-

le becomes 

t:.~(s) t:. ~FaR(s) t:.~Fa(s) 
Fy(s ) = t:.Y(s} . t:.MK(s) . t:.fFaR(s) = cv.FMK(s) .FAK(s). (45) 

From the mass balance of the stored condensate one obtains for 
1 the vertical heat exchanger 

t:. ~Fa (s } FMKS(O) 
-Tt (.e.-H) 

1 
FY(s) AY c . 

l+TMKSs 
e 

l+TAK"s 
(46) 

V 

with 

FM.KS (O) 
r ( 4 7) 

l~CF 

TMKS 
pK.r 

(pK condensate density) ( 48) 
q\-1 
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i-H 
(H condensate level) (49) Tt ( i -H) = --

WF 

~ ~-6H stored condensate volume (50) a = -= --- .. change of heating Trd2 wd2~H area 

s is called condensate volume number. 

For a tube part with steam at the outside of the tubes 

. 8 ~ :~ [ ( ~~r -n ] . ( 5 l) 

The value of the time constant TMKS is influenced mainJy_ 

from the value of the condensate volume number s. To obtain a 

small time constant TMKS'B has to be small, which means, with 

constructive arangements the condensate storage volume must be 

as little as possible. 

3.2. Dependence of the dynamic behaviour on the load in the 
case of condensate side regulation 

Also in the case of condensate side regulation the gain 

FMKS(O) - 1/~ increases with .reduced , secondary flow. Becau­

se the time constant too increases, one obtains a great depen­

dence of the transient curves on the secondary flow, Fig.9. 

A part. of the dependence of the gain on the load can ·be 

compensated by using a control valve with equal percentage 

characteristic. Due to the large time constante TMKS in the . 

case of small secondary flow one obtains a very slow reacting , 

transient behaviour at low loads. 

4. Comparison of the dynamic behaviour for both steam side and 
condensate side regulation 

r or a heat exchanger with the data 

J 3 = 0,2 m; d 1 = 0,021 m; d 2 = 0,025 m; t= 5 m; n = 37; 

R 14,4 m
2

; ~Fe = 700C; ~Fa = 90°C; ~De = 130°C; wF = 2 m/s; 
the transient curves of the tube part are shown in Fig.lO. 

In the case of steam side regulation the equali ~ . cion time is 

TG = 2,3 s. In the case of condensate side regulation the time 

constant is TMKS = 91 s . Thus this v<. lue is about 40 time grea­

ter than the equalization time TG in the case of steam s i de re­

gulation • • In the case of condensate side regulation the dominant 

t i me constant is always much greater than in the case of steam 
~ ide r egula tion. 
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In Fig.11 the schematic curves for the gains and for the 

time constants of the transient curve in changing the manipula­
ted variable are shown in dependence on the.load for both steam 
side and condensate side regulation. Both the secondary flow ~ 

in the case of constant temperature difference (~Fa - ~Fe) and 

the temperature difference (tFa - ~Fe) in the case of constant 
·secondary flow is regarded as load. 

When the secondary flow is regarded as load, the gain and 

the time constants for both cases show a similar trend. In 

both cases there is danger of instability for low load, becau­
se the gain goes to infinity for t\. .. o. 
' When the temperature difference is the load, the time 

constants change little with load, but in the case of steam 
side regulation the gain becomes very small. Within the low 

loads region orie can obtain a bett:Jer quality of c'ontrol with 

condensate side regul~tion, because the gain is nearly indepen­

dent on load. 

S. Conclusions about the control of steam heated heat exchangers 

The principal differences of steam side and condensate side 

regulation is the value of the domi~ant time constant of the 
transient curve for changes of the manipulated variable. In the 
case of steam side regulation the equalization time is relative­

ly small (TG~ 1 ••• 30 s). However in the case of condensate 

side regulation the equalization time constant is 30 to 100 time 

greater than in the case of steam side regulation. But the time 

constants for changes in the disturbance /b~ and A ~e in both 

cases are nearly equal. 
If the velocity of the disturbances is small, one can ob­

tain a sufficient quality of control, when the secondary flow 

·is not too small. But if the velocity o~ disturbances is great, 

the steam side regulation is to prefer. 
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Fig.l. Control loops for the outlet temperature of the 
secondary flow of steam heated heat exchangers. 

Fig.2. Steam flow after a 
change 6Y of the control 
valve under over critical -
pressure ratio 
(operating condition 1) 

• 
q}.;~o~onsl 

A~r / 

-, 
Fiq.3. Steam flow after 
a change 6Y of the control 
valve under under critical 
pressure ratio 
(operating condition 2) 
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dependent on 
the secondary flow ~. 
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THERMAL TRANSFER FUNCTIONS FOR A HOLL W 
CYLINDER WITH INTERNAL HEAT GENERATION 

by E. Cosimo, s. Petrarca 
C~N.E.N. - J~b. Ingegneria Nucleare 
Casella Postale 2400 
00100 Rome (Italy ) 

. Problem formulation 

We solve the problem of radial heat transmission in a 
ylinder, assuming its conductivity and diffusi ty are constant: 

k = cons t ., 
ct = k/ j'C = cons t. 

The full cylinder has been already treated 1
'

2
; in ~his 

wo rk we 'Nill deal with a hollow cylinder, with or without in­
t er nal heat generation, whose .surfaces are either isolated or 
in contact· with moving fluids. We assume the thermal power 
density, if there is, is uniform. 

The problem to be solved is described by the Fourier 
~quation ( in cylindrical coordinates): 

rlT ~T dT p 
c c c ( ) --2 +-------=- 1.1 

dr r ~r ~ dt k 

with the following boundary conditions: 
dT 

- k (Tr)r R . = h. ( Ti Tci ) ' ( 1 • 2 ) 
l. 

1. 

dT 
- k (Tr) r R = h ( Tee - T ) . ( 1 • 3 ) = e e e 

T. is the temperat·ure of the medium in contact with t he 
cylind~r's inner surface. If such a medium is a clad, hi i s t he 
inverse thermal resi'stance per uni t surface at -che con tact; if 
it is a fluid, hi is the convecti on coefficient. The same · s 
valid for Te, the tempera~re of the medium in contac v with 
the outer surface, and for he· 

In the general case, both hea t exchange coef f ' c ' e s 
depend on fra~tional powers of flow r ates : 

W. 
h . = h . ( ~) mi . 4 ) 

l. 10 w. 
l.O 

' 1 • 

_ e ~ xponen m. an m usua_ly ha v _ va es be -:wee .. _ 
l. e 
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and 0,8. The index " " in ( 1.4 ) and ( 1. 5) refers to s tead,/ 
state. We just take ~nto account small variat i ons of f l ~a~c c 
so we linearize: 

h. m. 
hi . = hio + ~~ ~ ~wi, ( . 6 ; 

l.O 

h m 
h = h eo e ~w ( 1 . 7) + w e' e eo eo 
where: 

6Wi = w. wio' l. 

6.W = w - w e e eo 

As equation (1.1) is linear, it remains unchanged when 
considering variations; (1.2) and (1.3), written in terms of 
variations, turn into: 

d~ h. m.(T . -T. ) 
hio C6ti- ~Tci )+ 

l.O l. 1.0 c~o!:::::. W ( i . 8 ) k(~)r = = R. w . i' 
l. io 

oD.T h m ( T -T ) 
k(Tr)r h ~T -~T )+ 

eo e ceo eo . 
( 1. 9 ) 

= R = w !::::.we, eo ce e 
e eo 

i! terms including products of variations are neglected. 
It is very useful to rewrite the above equations as follows : 

()D.T Ri hio 
(r ~)r = R.= k (~ Ti-~Tci) + bi f:::::.Wi (1. 10) 

l. 

a6.T R h 
(r T>r e eo (!:::::. T -!:::::. T ) - b R = k = ce e e f:::::.w (1.11 ) 

e e 
with 

m. ( T. - Tcio) 
bi 

~ ~0 
= w. 

l.O 

m ( T - Tceo) 
b e eo 

= w e eo 
(1. 13) 

Equation (1. 1) may be solved by Laplace transform. For 
the sake of generality we introduce two d~mensionless va r iable 

a = i R Vs/o<. ( 1 . i 4 1 
e 

a 
x =R r 

e 
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and t hree dimensionless ,parameters: 

M = 

R 

H -

R h . e eo 

R. 
_! 
R 

e 

k 

h . 
22 
h eo 

(1.16) 

( 1.17 ) 

By means of these notations, equation (1.1) and boundary 
conditions are rewritten as follows (from now on, symbols we 
introduced above for physical variables will be used to de-· 
signated Laplace transform of variations: Tc stands for L(A.TJ, 
etc.): 

d
2

T 1 dT R 2 __ c c T e (1.19) 
dx

2 +- -- + = 
- a 2k 

p 
' dx c 

X 

dT 
[< Ti -Tci )+bi -(x · d~)x Ra = RHM wJ ( 1. 20) 

dT 
we] -{x dxc)x = M [< T -T ) - b (1.21) = a ce e e 

So we put the problem in terms of dimensionless variables: 
x, including both space and time-dependence, and a, which 
contains the time-dependence only; furthermore, we have just 
to deal with three dimensionless parameters, M, Rand H, whose 
meaning is quite evident. 

2. Exact solution 

The homogeneous equation associated to (1.19) is the 
zero-order Bessel equation, whose general solution is: 

T
1 

=A J
0

(x) + B N
0
(x), 

,Hhile a particular solution of complete equation is: 
2 R • 
e 

TP 
a k 

Thus complete solution of (1.19) is: 
R2 
~ .,., {x ) = T,.

1 
+ T2 = ·_J 0 (x) + :EN

0
(x) - ? p 

a-k 
I 2 • 1 ) 
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with A and B tc. be deduced by imposing boundary con'di tione. 
Before we do that, _t is eui~able to introduce simpler symbols 
for several functions recurring in the equations we v;ill wri te . 
We use simple symbols, without specifying arguments, to de­
signate Bessel functions calculated for x =a (i.e. r = R ): 

- e 
J 0=J0{a), J 1=J

1
{a), N0=N0{a), N 1 =~ 1 (a) ; (2.2 ) 

instead, to designate the same functions calculated for 
x = Ra (i.e. r = Ri), we use the symbols: 

J0R=J0(Ba), J 1R=J 1(Ra), N0R=N0(Ra), N1R=N 1(Ra) . (2.2a ) 

Since: 

from (2.1) we deduce: 
dT 

-x dx c = x [ AJ 1 ( x) + BN 1 ( x >] • 
Thus (1.20) and (1.21) are written: 

[ 

R2 

Ra(AJ1R+BN1R) = RHM Ti-AJOR-BNOR+ a~k + bi 

a(AJ1+BN1) = •[AJo+BNO-Te- :ik P- be we] 

and from that we obtain: 

HM(MNO-aN 1) F i - K (BM NOR + aN 1~) 1' e 
A = D(a) 

- HM(MJO-aJ1) Fi + M(HM JOR + aJ1R) Fe 
B = D(a) 

where: 
R2 

1 = T. e b. w .. +- p + 
i 1 a~ l .. 

R2 
F T e 

b w = +- p + 
e e a

2
k e e 

Substituting A and B into 1 2 . 1 ) we finally get: 

(2.3 ) 

(2.4) 

(2.5) 

(2.6) 
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R2 
e T (x) = C.(x) Fi+C (x) F - ~ p , 

c . 1 e e ak 

where: 
BM [<o0-aN1 )J0 (x)-(MJ0-aJ 1 )N0 (x~ 

D(a) 

M~(HMNOR+aN1R) JO(x)+(HMJOR-aJ1R)NO(x~ 
C (x) = e D(a) 

(2.7) 

(2.8) 

(2.9) 

The above equations ((2.4) through (2.9)) allow us to 
obtain transfer functions from inner and outer temperatures 
and flow rates (Ti, Wi, Te, We) and from power density, p, to 
the temperature at any point of the cylinder; in particular 
we get transfer functions to the outer surface temperature, 
T0 e (by putting x = a), and to inner surface temperature, T0 i 
(by putting x ~ Ra). 

T = c 

For the average temperature we have: 
R a 

2 ~ 2 lr
8

T
0

(r) dr = 2 
2 

2 ~x T
0

(x) dx 
1\ (R -R } ) a ( 1-R ) 

e i R aR 
i 

(2.10) 

To calculate this integral, remember that, for any integer 
n: 

(2.11) 

(2.12) 

J. Transfer functions 

The inne·r temperature, Ti, appears just in Fi (defined 
by (2.4)); then Ci(x), in (2.8), is the transfer function from 
inner temperature to cylinder's temperature: 

T (x) 
c 

T. (s) = 0 i (x). 
l. 

(3 .1) 

Similar considerations lead to establish the other transfer 
functions: 

(3.2) 

(3.3) 



~ x ) 
c 

W ( s ) = t e: ·e ( x ) ' 
e 
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T ( x) R2 • 

__£_( ) = + [C. ( x ) + C ( x ) - J . 
P s a k - e 

(3. 4) 

( 3 . 5) 

Before deduci~g transfer functions to surface (Tci and 
T0 e ) and average (T0 ) temperatures, it is useful to recall a 
property of Bessel functions, we will use many times later on: 

It is also useful to put: 

1 1 = NOR J 1 - JORN 1 

12 =NO J1R- JON1R 

13 = N1R J 1 - J1RN1 

14 = NO JOR - JONOR 

By these notations, equation (2.6) is rewritten: 

2 2 D(a) = aHML 1 + aML2 +a L
3 

+BM L4 . 

(3.6 ) 

(3.7) 

(3.8) 

Calculating the integral in equation (2.10) and using 
(3.6) we get: 

T (a ) = C. (a)F.+ C (a)! 
c 1 1 e e 

with: 

2 REM [2_!_ - ML 
- a ( 1-R2) 1CR a 2 

C.(a) - D (a ) 

2 
C ( a ) = a ( 1-R ) 

e 

(3.9 ) 

(3.10 ) 

Putting x = Ra ·nto ( 2. 8) and (2. 9) and using (3.7), ~e 
.... ind: 

i ..:.. 
e ) (3 . 1 



T . ( 8 ) 
c~ 

T ( s) 
e 

2M 
rrR 

D(a) = cei (a ) 

and pu t ing x = a: 

T (8 ) 
ce 

Ti ( s ) 

T . ( 8) 
ce 
T ( s) = 

e 
= C (a) ee 
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3; 2 

(3.13 ) 

(3.14 ) 

The other transfer functions may be obtained from e­
quations (3.9) through (3.14) making use of general relations 
(3.3), (3.4) and (3.5). 

In particular, we may also deduce transfer functions 
re l ating· each to the other surface temperatures. The rat io of 
(3.13) to (3.11) yields: 

(3.15) 

and t he ratio of (3.12) to (3.14): 

T c i ( s ) 2/ 7t R 
T c e ( s ) = _HM_L;;;;;.4~+...;;.;;..a_L_2 

(3.16) 

4. Exnansion of transfer functions in Heaviside's series 

All transfer functions we deduced in the previous para­
graph have the form: 

- .llil . G(a ) - D(a ) ( 4. 1) 

The poles of G(a ) are given by the equation: 

D(a) = 0 (4.2 ) 
2 which has infinite, all real, simple and symme t r i cal r oots 

We order t hese roots as follows: 

a 
m 

,. a 
m- 1 

(lll: = 1, 2, 3, .•• ) 

G( a ) i n (4. 1) may be expanded i n Heaviside 's seri es : 

CP G 
G(s) - ~ m 

- L m 8 - s 
m 

wher"" , by vi r tue of (1 . 14 ) : 
()( 

? - ,-

2 
a 

( 4 . 3 ) 



and G _s the res~due o~ u ( s ) iL s : 
~ m 

G - ~ E ( a ) m - d D(a ) 
d s 

From (4 .4 ): 

d s 2 a£ a 

s=e 

-=---' d a R2 
e 

and then: 

m 

R2 
d D(a ) e d D(a) 
ds =-2ota da 

2«a 
m 

- - 2- E(a ) 
R m 

G = __ e.._ __ _ 

m [n• (a)] a=a 
m 

R2 
= _e_ D' (a) 

- 2 Ol a 

. (4. 5 ) 

(4.6 ) 

( 4. ' 

(4 . 8) 

In order to calculate D'(a) we must recall, besides e­
quations (2.3), the following equations: 

d J
1
(x) J

1
(x) 

dx = Jo(x) x (4.9) 

d N
1
{x) 

dx = No(x) (4.10) 

We may put lJ>• (a~ a=am into a very simple form if we 

notice that, when a is a root of equation (4.2), the fotlow­
ing identity is true: 

L(a) 
a J1R + HMJOR a N1R + HMNOR 

= a J 1 - MJO 
-= a N - MNO 

(4.1 1) 

After all, we get: 

[n• (a~ a=a 
2 D~ (a ) = ---1'Ca m m m 

where: 

L(a ) 
m 

(4.13 ) 

Thus (4 .8 ) becomes~ 
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Substituting numerat ors E(am ) of (3.9) through (3.14) ~B 
to (4.14) and maki~g use of (3.6) ana (4.11) we get the follo~ 
i ng residues (first index refers to the .fluid's or clad's 
temperature, second to cylinder's surface; e.g. (Gie)m is the 
residue, in the m-th pole., of the transfer function from Ti to 
T . ) : 
ce 

(G ) - ...- ex m Au2 [H+L(a )J 
e m - R2 (1-R2) ~(am) 

e 

(Gii )m c 

2
R"':2• [t (a:~ lJi(aJ 

e 

(G · ) - ~ [ a! J 
ei m - R R2 D~(a )] ' 

e m 
2 

G = 2 o< H M~ am J 
( ie)m 2 ~ ' 

R (a ) 
e m 

2 
2 o< M[am L(am)J (G ) = ---- . 

ee m R2 D~ (a ) 
e m 

( 4 0 15) 

(4.16) 

( 4. 17) 

( 4. 19) 

(4.20) 

Equations (3.3) and (3.4) allow us to deduce immediately 
from previous equations (4.15) thXough (4.20) the residues of 
transfer functions from flow rates Wi and We. 

As regards (3.5), we must notice that, if E1{x) and Ee(x) 
are numerators of Ci(x) and Ce(x) respectively, we may write: 

c e ~ e T (x) R
2 

[E.(x)+E (x)-D(a)] 
~ p(s) = ~ · D(a) • 

a K 

Thus, if Pm is the residue of the generical transfer func 
t ion from thermal power density in t he pole &m' we have: 

R
2 IE.(x) + E (x)] P __ e_ ~ e 

-m - a 2 k d D(a ) ' 
m d s a = a 

m 



s i nce D ( a = 0 . 
m 

Ultimat ely we get: 
R2 

P e 
m= a2 k 

m 

( Gi ) + (G ) J . m em 

43 

To summarize: if values of ~ and Re and dimensionless 
parPmeters R, H and M are given, the knowledge of the roots 
of equation (4.2) is enough in order to calculate poles of 
all transfer functions, by means of (4.4). For the .calculation 
of residues it is useful to employ function L(a), defined by 
(4.11), and function n•(a), defined by (4.13). 

There are several important connections b~tween the 
residues we are dealing with. For instance,' the residues of 
transfer functions from outer temperature, Te, are obtainable 
from corresponding re si dues refer1·ed to inner temperature, T1 , 
simply multiplying them by L(&m)/H (cfr. (4.15) through (4.20)): 
(G) (G.) (G } L(a) 

e m e1 m ee m ~ 

(G ) = (Gii)m = (Gie)m ---H--- • 
i m 

Another noticeable relation is the following: 

(4.22) 

(4.23) 

In order to calculate residues of transfer functions from 
power density, nothing but thermal conductivity k (constant) 
of cylinder must be besides specified. 

Finally, residues of transfer functions from fluids; flow 
rates are simply proportional to those of fluids temperatures 
through bi and be, defined by (1 .12) an~ (1.13). 

We carried out numerical programs for IBM 7094 computer, 
which calculate roots of equation (4.2) and corresponding 
residues and poles, and we obtained tables of the first 10 
roots, for several values of M, R and H. These tables will 
be included in a report in preparation 3. 

5. Approximat ion of transfer functicns 

Rewriting (4.3 ) in terms of time-constants we have: 
t:$J G "t" 

G(s ) = L ~ rms 
m m 

where: 
R2 

e 
=--;-=--2 

m «a. 
m. 

( 5.1) 

(5.2) 



Notice .that, as m increases (i.e. asT decreases ) t he 
gain Gm Tm decreases very rapidly , so tha t ~e first 4 ~ 6 . 
terms are enough to achieve a good approximation in prac t ical 
cases. 

If we hold in account just the first n terms of any series 
resumed ~n (5.1) we introduce errors in both the response t o 
high frequencies and the steady state gain (the response t o a 
step ia initially slower and the final value is smaller). Let 
Gf be the steady gain of G(s); it is: 

~- G r = G -F Gf. 
fm m m a 

The difference Gf - Ga is the sum of steady gains of neglec1 
ed poles, which all have time-constants smaller than the last 
held in account. It is then suitable to modify the gain and 
t he time-constant of .n-th pole, by compensating the steady 
e rror and slightly reducing its time-constant; Gn 't" n and "t"n 
are replaced by 

( Gn 't n) it = G n -r n + ( G f - G a) ' . 

T~ = 
n 

• 

This manipulation is logical and effectual for series 
whose terms are all positive. But some of series represented 
by (5.1) turn out to have terms of alternate sign; in these 
cases it is suitable to choose an even n and to modify gains 
and t ime-constants of the last two poles. 

If values of Gm"t"m, for m>n, are available, it is enough 
"'::o add the sum of positive neglected gains to the gain of the 
las t positive pole, and the sum of negative neglected gains 

o that of the last negative pole. Otherwise, the same end can 
be attained by making a diagram with sm as absc i ssa and Gm~m 
as ordinate and then deducing remaining gains by extrapolati on. 

In the recent literature we found other methods of approxi~ 
a t ion, which- in our opinion - give results less accura t e: 
see for example references 4 through 7 . 

.uis t of symbols 

..! e ' · ·i 

defined by (1.14), non-dimensional vari able 
defined by (1.12) and (1.13), °C/(kg/sec ) 
specific heat, J/kg°C 
denominator of transfer functions, defi ne d by 
(2.6) or (3.8) 
defined by (4.13 ) 
defined by (2.4) and (2. 5) , °C 
non- di mension-al naramete r , h . / h 

• 10 eo 



he, (hi ) 

i 
Jot J, 
k 
L(a ) 
M 
met ~ 

No, w, 
p 
R 
Re, (Ri) 
r 
s 
Tc 
Tee' ( Tc.i) 

T ' e ( Ti) 
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heat exchange coe~ficient at the outer (inner) 
surface, W/ m2 oc 

.:..maginary -unit 
Bessel'e functions of first kind 
thermal conductivity, W/ m oc 
defined by (4.11) 
Biot's number for the outer surface, Re heofk 
exponents of flow rates in convection coefficients 
(see (1.4) add (1.5)). 
BePsel's functions of second kind 
thermal power density, W/m3 
non-dimensional parameter, Ri/Re 
external (internal) radius of the cylinder, . m 
radial coordinate, m _

1 Laplace's variable, sec 
cylinder's temperature, °C 
external (internal) surface temperature of the 
cylinder, °C 
external (internal) fluid's or clad's temperature, 
oc 
non-dimensional variable, a r/Re 
mass flow rate of external (internal) fluid, 
kg/sec 2 diffusivity, m /sec 
density, Kg/m3 
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DETERMINING OF HEAT EXCHANGERS DYNAMICS , 
BASING UPON THEIR STRUCTURAL 

CHARACTERISTICS 

I - INTRCI>l1C'l'l Cll 

G. DAVOUST 

Electr1c1te de France 

Directory of 8tud1e~ and Research 

Automation ot Production Means Department 

78 CHATOU - PRABCE 

Determining or a beat exchanger dJnamica for pertubations 

~ith various origins needs moatl1 long and delicate experiments 

performed on the plant under different operation conditions. 

This identification problem, basing only upon the knowledge ot 

the structural cbaracteris .. cs aud ste '=ic operation or the ex­

changer, has been treated by numerous authors 1 • 2
• J, 4 • '' 6 

A majority or these researches are based on the theoretical1118thod 
1, a, 

elaborated by Professor PR<P<B • We propose here a study 

permitting to extend the domain or application and to make more 

easy the use of the above method. 

I I - RYPC1l'HE3ES 

The method is not based on an accurate and complete mathematical 

model. It is designed to facilitate the control loops: setting, 

by 9 simple predetermining ot proper dynamic characteristics or 

~ he exchanger. It can be applied to certain tJpes of exchangers 

and is based on some s1mplyry1ng assumptions. 

The exchangers under study are of parallel-tube, superheater or 

r esuperheater type. Supposing that the steam flow and calorific 
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.f'lU2 are the same for all tubes, the overall e2cbanger'a atudy 

reduces to one of the single-tube e2chsngera •. 

The perturbation& arising in the system have low amplitudes end 

the system behavior in the vicinity of the operating point is 

supposed linear. 

Heat traDater equatiooa utilized are based on following 

aaa•pt1ous: 

1 - .. tal coaductance coefficient 1a infinite in transverse 

d1rect1an and 1a zero in a2ial direction. 

2 - Steaa cGDductance coe.f't1cent 1a infinite in a21a1 direc-

t1GD aDd 1a zero 1D transverse direction. 

) - letal-ateam con•ect1ou coe.f't1c1ent aatiat1ea RUSSEDr'a law 

4 - at••• ftr1at1cma do not at.f'ect the tlue gaaea cbaracteriatics 

' - Tbe apee1t1c beat and .... density or th• steam are locally 

t1ae-1nvar1ant, but vary aloog the e ~ :.1anger. 

6 - GeCIII8tr1c cbaracter1at1ca or ·the tubes and their nature as­

well are constant along the e2changer • . 

Ill - I QlA%1 Cl 

We'll denote. with the indices a, v, or t the following 

'ftriablea correapOGd1Dg to ••tal, steam or flue-gases respect-

1YelJI 

Cp - apecit1c beat 

' - maaa dena1tJ 

s - croaa aect1oa 

& - temperature 

Q - •saa .f'low 

'1T' - tube interior perimeter 

bmv - metal-steam convection coefficient 
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Qc • qaantit7 ot beat carried by tlue gases /tunction or 

their tlow and temperature/. 

The inde~ K indicates absolute temperatures, aDd tbe indices 

E, s· - input, output reapectivelJ. 

IV - PARTIAL DIFFEREJITIAL EQUATICJI GOVERBIJIG THE KXCHABGER 

DlHAKIC BBBA VI (E 

Let us consider an elementarJ segment ot tbe tube, baving UDit. 

lenght and receiving a calorific tl~ q /tis.l/ iD the unit time 

interval. This tluJ~ entering into the meta 1 depend a UpOD QC and 

em 
~ ~ - K 

Ae
11 

q • Q 
~mX c 

OD the basts of tbe assw.ptiona presented above, various beat 

balances can be written: 

- on the •tal side& 

q • cpm 9 • S. ~ 16 .J. +11' b I 0"- - & I 
~ ll . JIV Jl V 

- on the steam aide; 

Ill 

121 

1t h /& - fr I • s .1_ /cpv o v 
JIV Ill V V ~t J 

e- I + Q c l...J& I IJI 
v' V PV ~~ V 

_ the NU3SELT •a law g1vea 

• • 

After introduction or the parameters& 
0pv Qv 

l • - T1 • 
hmv Jt' 

/41 
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E • 

aDd 11Deariaat1on of the heat balance equations, the Laplace 

tranator. application when eliminating Vm leads to the equation: 

l l_ ~~ I 
()2 V a 

, t l_ I& I [L1Qc - /1 + /1-m/E. +/1-a/ pc:£. T ;A~] /5/ 
~2 V ~ . · 1 ~ 

Th1a pertS.l differential equation, where deri~tivea are taken 

with respect to :a aDd t, gives the steam temperature variation 

Qv as a function at the steam tlow aDd flue-gases beat variations, 

Qy aDd Qo respectively. 

1' - OALftlC Ift:&GRATI CB Qii' THE PARTIAL DIFFERENTIAL EQUA'l'I (J{ 

The purpoM ot the inte~ration is to establish a formula tor the 

e:acbanger ou.tp~t temperacure variation ea a fUnction of the 

tollowing principal quantities variations: steam temperature at 

tbe iaput, steam flow and the flue gases beat quant1tJ. The 

tor.laa 

.1& • p /p/~& + I' /p/ AQV + F /p/ AQC /6/ 
a 6-v E Qv Qv Qc ~ 

where F&y /p/, FQv /p/ and FQc /p/ represent three character­

istic transfer functions of the e~cbanger. 

The most widespread method or integration consists or integrat­

ing the tirst order equation with respect to 2 assuming in 

addition that a 

- the quantity l is constant a long the e:acbanger 
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- the terms containing the variable p are constant 

- a tem~ rature gradient is constant along the e~cbanger 

By making use of these assumptions, the three transfer functions 

take · forms: 
- f /p/ 

"e-v /p/ • e 

P /p/ • I /p/ [ 1 - P /p/ 1 
Qv &v 

P I p/ • h I p/ [ 1 - P I p/] 
Qc ~ 

/7/ 

When the steam specific heat is practically constant I ea se ot 

a resuperheater or of a small-lenght superheater/, the integra­

tion accuracy is conditioned on the last two aammpticms onl7. 

This is not the ease, however, when one considers a fragment ot 

a superheater, which possesses a certain lenght and operatea 

under pressure of 125 or 16) bars and temperature adjacent to 

400 or 450°C. The specific hea~ varies then in too large in­

terval, as it is shown in tig.2, and so tails to satisfy the 

first of the last three ass.tmptions. 

·Moreover, the · e~perience shows that for such superheaters the 

static gain S of the transfer function . FQv /p/ is often much 

higher than the unity. This implies the following: the e~plic1't 

solutions proposed for the transfer functions PQv /p/ and FQc IJ 
lead for these e~cbangers to a final decrease of the steam out .. 

put temperature when the steam flow is decreased or when the 

quantity of the beat carried by flue-gases is increased, all oth~ 

factors remaining unchanged. Tbis · result does not conform to 
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the actual e3perience, so one has to _search for the cause in 

the aaaumptions relative to the integration and in the way the 

latter is accamplished. 

!be last assumption is out of the question. Indeed, a real ex­

cbaaser am.lOSJ a~lation based upon the initial d1fferent18l 

equat1c.a blla abOIID that the distribution along the e.Jcbsnger 

ot tbe beet tlu2 q entering to the metal had only a minor effect 

aa tbe e2CbaDger responses to various perturbation&. So, the 

tirat t ·wo assumptions re•in only. 

Certainly, it ia possible to a aaUJie for Cpv a . linear tunct ion 

ot ~ .. /hence it is tUDction of .1 due to the third assumption/, 
a 

• cODditioa that the atea• te11perature increase .Afr B between 

tbe input and the output ·ia not too high. In this case, it ~s 

possible to acccaplish • more rigo~au.s integration, but the 

traaater tunctioas obtained in this way are too comple.1, in 

contrary to our goal which is the simplicity of the consequent 

application. 

Thus, tba only way of integration that remains is a numerical 

cme. 

n.· ;_ JUXERICAL IBTEGRATICB CP THE PARTIAL DIFFEREHTIAL EQUATI Cti 

.l. Method applied 
9 

An e.Jplicit method of integration , i.e. the trapezoidal method · 

is applied. The integration is done by. meshes, the /1,j/ node _com­

putation being done on the basis ot the nodes /i~l,j/, /i-l,j-1/, 

/i,j-ll and /i,j-2/ /t1g.)/. 

The derivatives are .defined by the relations 
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~ . • • 
• iaJ - i 1 J-l 

~ i,j t 
0 

~2 a 2a • 
a • i.J - .i.J-1 + i.j-2 

~ t2 i,j 2 
to 

~2 a a • s 
a • i,J - i 1 J-1 - 1-1 1 J + 1-1,3~1 

~c) 2-~"':"t- 1,j 2 t -
0 0 

where 2
0 

and to are 2 aDd t atepa. 

Por couwnience aDd tor c011puta tion time econ0111, the integra­

tiou baa been tirat d~e in 2, ne2t in t. 

Stabilit1 aDd aoOUJ'IIcJ' atudiea bave ahowu tbllt the choice td 

4 00 po1ntsin 2 and ot 600 points in t /u.p to obtaining a ateadJ 

state tor step inputs/ is sufficient. 

Partial differential equat i on /'/ shows t~t the inputs ~ and Q., 

dittera b1 the onl1 term : 

[ 1 + /1-a/B + /1-m/ p cL '!1] 

Taking into a CCOUDt the low values of f /appr02 • 0. 02/ ·and Of /1--J 

/ea 0.2./, when an additional impulse tor step input ia fed to~, 

the t~e response is not modified in a significant manner. Hence, 

tbia term baa been neglected, and the inputs ~ and Cly are no-­

•ore diatiasu1ahed ' /e2cept ·aign, ot course/. 

The prosn ... 1Dg bas been do~e OD CDC 6600 computer. To obta 1n 

one time reaponae, a time of 4.8 aecs was necessar1. The static 

ga1na were computed bJ an independent suProut1ne • . 

B. Method verification 

In order to verity the partia 1 d itferentia 1 equation valid it1 , 

or the validitJ ot the aimplif1ing assumptions and integration 
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method, series o~ e~parimenta on the plant were performed with 

the superheaters of wrioua charscterist1ca and under various 

load coDd1ticms. The e~parimental reaponaea have been plotted 

1D Bc:llB plane and bave shown a good conaiatence or the theory 

aDd practice. 

Aa a a a2ample, 1D figure 4 a abape of the f'requenc.r response or 

~'Qv /p/ tor a superheater or· 125 P boiler turbine unit is shown. 

!beae reaulta,aa well aa the atudy o~ a certain number of the &2-

cbaqera haw abown tbll t the a2cbanger dynaDtioa can be cha ra c­

terisecl • ·iDl..r b7 the paraaeteraa 

L 
.. l/l+E/ 

called a reduced coi'Hcted lenght /where L is tbe e~cbanger· 

leaght/ ., .. 
• • 

~lled a local corrected tS..e coaataDt. 

Another more S..portaat ~ra•etera area 

- operating preaaure 

- steam mean temperature 6-i, equal to ~vE + frvs 
2 

s 
- steam ~emperature 1ncreaae~fi-E between ·the input and the 

output 

- coefficient ~, i.e. the ratio of metal -to steam calorific 

capa cit7 by the lenght uuit. 

OD aocOWlt ot application of the reduced parameters 1• aDd T•m , 

the coefficient E does not affect the d1nsmics. OD the cont.rar.v 

it preserves ita influence on the trs nsfer functions static gains, 
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while the coerricient ~ is eliminated. 

c. Systematic study 

In view or ract tbat the steam characteristics ,.~iationa alOQs 

the e~cbanger bave presented tbe main problem, three practical 

cases have been coasidered tor trench power plants, depeDd1ng 

uniquely on the e2cbanger operating preaau~e: 

- 12' MW boiler-turbine unit•• supe rhee ters-

pressure at the input • 1~ ba·rs 

250 and 600 IIW boiler-turbine unit-. superheaters 

- pressure at the input • 16) bars 

- the superheaters or all above units 

with the operating pressures varying from 10 to 40 bars, 

the range in which Cpv can be viewed as coastant. 

For the superheaters the law of the steam characteristics 

variations is based on the law of mean evolution of the pressure · 

between the drum and the BP input, tor a load close to )/4 of 

the full load. 

Mathematics 1 relationships selected to represent Cpv and v are 

of type 1 

l&v - · & I log r • coast 
VO 

or I ~ - ~ 
0

/ log Y • cons t 

due to the assumption concerning temperature gradient. 

For each superheater we have selected 4 mean operating 
0 

temperatures &1 differing by 50 C steps distributed uniform-

11 between the saturation point and the final overheat tem-

perature. 

The e~changers segments under study correspond to the steam 
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s 
temperature 1ncreasea~WE equal to 50,100 aDd 15o0C. 

Selected t1me scale corresponds to a local time constBnt: 

Tm • oL~1 equal to 10 a. 
I 

The l ,c( and£ parameters have been selected within their 

usual ra ngea: 

- ?..' from J to 20 with 10 values 

- cL from 'j to intinit7 with 9 values 

- E from 0,01.5 to O,OJO with 4 wlues. 

The results required from tbe C<Dputer were: . 

the static sain, computed by subroutine 

the e~cbanger dynamics characteristics for each input, com-

puted by the main program. 

For input temperature steps the response is aperiodic and well 

defined by an intle~ion tangent and the time intervals Tu et Ta 

/tig.'J/ that characterize a STREJC - type transfer transfer 

function: 

la/ 

For the steps ot the flue gases heat quantity , or of the steam 

flow, the time response has a unique form characterized by a 

maximal-slope tangent cross i ng the origin, and by a TVA ratio 
TVS 

/f'1g.6/. 

I 

Vlll - Rh:SULTS 

As the principal goal11as the simplicity of the method applica­

t ion, the graphical rep r esentation by nomograms has been pro­

vided. Hence , it has resulted in an a posteriori search of the 

laws r elying various parameters of the e:xchanger end in their 
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representation within accurac1 ot 1~. The goal has been achieved 

in all c~IISea, and the accuracy with respect to the theoretical 

results calculated by the computer, moatl1 is best than o.)l. 
Turning to the global accu1'8cy o~ the method with respect 

to the reality, the veri.fica tion e~per1ments undertaken on a 

125 MW boiler-turbine unit guarantee an aceuracy ot laf order 

of the d1namic product nT /order n multiplied by time coaatant 

T/ arising in a representation /a/. 

A. Tran~~er ~unctions static gain 

For the transfer ~unction F9v /p/, the static gain can be 

represente_d b11 

. s • 
c 
~e 

pvS 

-EX 

-£X The term e is given directly by a nomogram. 

For the trans~er functions FQc /p/ and FQv /p/ ot each ot the 

three eJrchanger types, a nomogram bas also been established. 

An e~ample relative to 250 and 600 11\Y boiler-turbine unit 1-a 

g 1 ve n 1D ~ ig • 7. 

B. Trans~er ~unctiogs dynamics 

1. Trans~er function F&v /p/. 

The formula of STREJC /s/ has been preserved for this trans~e 

function, the order n b~ing non necessarily entire. 

Such a representation is advantageous in the sense to enabl~ 

the use of the records and nomograms a lresd1 elaborated for 

the power plants control. 

The results bave shown that the steam characteristics had 

not an1 remarkable influence on this transfer function 
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dynamics: t-ao plots, valid for every e~changer type, p;ive the 

reduced time constant T/~ aDd order n /fig.a/. 

2. Transfer functions FQc /p/ and FQ;r /p/ 

The characteristic shape of the time response led ua to an un1-

que r 01'1111 

FQc ,Qv /p/ • G /1 + 0.2 Tp/ 
/1 + T:p/ /1 + 0.5 Tp/ 

19/ 

This representatioa, temporarily satystying,can also be done 

1n the plane or BODE, as it is shown if fig.-9. 

Three nomograma, correapondiDg to ea eh e2cha n~er type, have 

been plotted, •Dd supply the reduced time constant T/T' • 
m 

The figure 10 shows the nomogram for the e2changers of 125 KW 

boiler-turbine unit. 

Remark 

An e~aminatioD of the namograma representing the static gain 

and the transfer functions FQc /p/ and FQv /p/ dynamics shows 

that the assumptions OD Cpv and !v steadiness, applicable to 

the resuperheaters, correspond only to th~ asymptotic solutions 

of plots established for the superheaters. 

Thus, if a segment of superheater of l25 MW boiler-turbine­

unit, with the following characteristics: 

6-i • 4J0°C .AD": • 100 degr. 'i • 8 cf.• 20 t• 0,0225 

1a considered, then the e~act solution yields: 

G • 11!5 T/T~ • !5.)7 

while the as~mptotic solution /Cpv and v constant/ would give 

G • 89 T/T' • 4.27 m 

.. 
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VIII. - PRACTICAL APPLI CA Tl ON CF THE MET Ha:> 

The namograms mentioned above were assembled 1nto a document 

describing in detail the sequence of operations to obtain the 

e~ebaaser transfer fUnctions: · 

- collecting the structural and operating data of the e ~cha nger 

-/uumber of tubes, tube lengbts, diameters, metal kind, steam 

pressure, flow Qv, &-i ,A~ • • .I 

- co.puting the characteristic parameters I ,., , '1'' , cl ' ,E. I 
m 

- determining the transfer tunctiona /their static and dynamic 

pa rameteral 

To avoid any onerous intermediary stage, the e~ct.nger para­

meters ca~~putations are facilitated due to the plots. ODe or 

them, established on the bllais- of a formula difficult to apply, 

is given as e:.ample in f1g.ll and enables the computation of 

metal-steam •~change _coefficient ~v· 

For e~ample, the f1g.l2 represents a computed variation of the 

output temperature of 125 KW boiler-turbine unit's superheater 

due to a step cJ:lange or steam flow, when the pressure controlled 

autc.atically. 

IX - C Ql CL USI CJt 

The present s~dy has shown the 1nt'luence of steam character­

istics variations on the dynamics of modern power plant•a super­

heaters. 

Moreover, · determining of the eJrcba ngers transfer functions has 

could be reduced to the use of a few _plots. We think the simple 

representation of our study results will made more easy to set 

up the temperature control loops of -the superheat and resuper-
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heat, in existing plants as well sa in the projected ones. 
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ON THE DYNAMICS OF HEAT TRANSFER BY GASES. 
THROUGH PIPES AND CHANNELS. 

Introduction 

by 

Herbert D. Eigner 
c/o SGAE 

Lenaugasse 10 
A-1082 Vie~, Austria 

The problem dealt with here is encountered for instance 
in long-distance heating lines where the pipes are assumed 
to be insulated against heat losses, or in a cooling canal 
of a gas-cooled nuclear reactor, in which case heat is 
absorbed by the canal along its entire length. The follow­
in0 are the important assumptions made here: 

1. The heat conduction is neglected with regard to heat 
convection. 

2. The specific heat is constant at constant volume; 
this assumption is important from the physical view­
point •1 

· J. The dependent variables of density, velocity, pressure, 
and temperature vary only with the length of the canal 
and not with the cross-section, i.e., the cross­
section .of the canal is averaged out. 

Four equations obtained on the basis of the conservation 
of mass, impulse, and energy and on the basis ·of an equation 
of state are necessary for determining the magnitudes p, 
u, p, and T. Originally, the Van der Waals equation ·of 
state was to be used, but for mathematical and physical 
reasons2 the equation of state for ideal gases will be 
used here. At the beginning, gravity and friction will also 
be t aken into account i~ accordance with Blasius's law of 
resistance 3 in the moment and energy equation. 
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Thus the following set of equations is ob~ained: 

1>• ~ Tf' 

f+u~+~~ -o, 

~(~+Lltt-)+~ +~ fU2 + f.9 • 0, 

~~+u~)+f~+ug)·~ ~u3 +~HJC)i 

in their nondimensional form equations ( 1) ·to ( 4) become 

Thus it will be observed that given constant heat­
ing of the canal in a stationary condition the problem is 
reduced to the solution of a differential equation of 
the Bernoulli's type for u+ ; unfortunately the integrals 
obtained in the process do not lend themselves to uniform 
evaluation for {3~ • -r-2 • 0 the integrals are 

(1) 

(2) 

(3) 

('+) 

lS) 

(6) 

(?) 

(8) 

l9) 

(10) 

(11) 

(12) 

evaluable, but the relation between x+ and u+ Ls transcendent. 

Throughout the following elucidations B2 :B3 = 2= 3= O. 
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The St ationary Case with Arbitrary Heating 

It fo l l ows from (6) 

§>+u+ • A1 , 

f rom (7) 

A1 u+ + f->1 p+ = A2. , 

f r om (5) 

o..~.., A1 T+ 2 u+(A2 - A1u+) 

and from (8) 

u•2-2cf1 u.+ + &'2. =- o, 

,u; - 6., ± ~ &12- ~a.· 

with 

r- :a (-1-t- o.~ .. ) & 
01 I 

(2.+d..~~) A,. 

&2 = 2•81 CI+ Ai) ·• 
(2.+c&.f"1) ~ 
x+ 

I :a J h + ( x.•) d.x0+ i 
0 

(16) will be of the fourth order for a Van der iNaals gas. 
·The integration constan·t;s A1 ·(i = 1, 2, 3) are dete:nnined 
by means of the inlet magnitudes p~, T~, and w~, they 
are 

A2: ~+ (d.We+2.Te++ ~1 pe;.2.), 

A3=W.+~+~+~ ~+ (ckWe"'aTe++2B" pe•a)); 

(13) 

(11t) 

(15) 

(1&) 

(1'1) 

(11) 

(19) 

(2.1) 

(22) 
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f signifying the number of degrees of freedon of the gas 
molecules5. 

The Linearised Dynamic Case with Arbitra:~ Heating 

(2't) 

(25) 

The following linearised dynamic equations are derived from 
equations (5) to (8) 

+ . ( + T+ .,-+ +) 
. ~=d. ~a. ·+ 10..~ ) 

.lU +lL+ '5>9} + u+a. (»+ 1- o+a. ~+ + o+ C>u.1:t = 0 
~+ ()x 'S+ ) 5;:t= l 'Wi+ I 

,;t-t~). +u+ au11.+ u.'"a. ~+ )+ u+ au,+ Q+a. +a. ~ki =- 0' ) \ W" ax+ ai+ ) l-11 

o+i an. + u.+ aut +U.+a. a-r+)+ u.+ ()Ti' ~ +4•d ,.tat.L\,+p~ ~)-h~(x+). 
~ \~ ax-+ '3x.-. ax+ 3""' G '1't"' '1i+ a;(+ I 

according to the Laplace transformation with regard to t• 
with 

J:.f!+Q. • R"" ' 

cL.u. ... Q. = u + ' 

cL p ... Q. = p .... , 

J._ Ta. + = JT I 

6-h+a.. • H+ 

(.26) 

(2'7) 

(28) 

U9) 

(90) 

(31) 

(32.) 

(33) 

(3't} 
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f rom (26) t o ( 29) 

p+. ~(T+R++ ~+J+) , (15) 

u.+R+"+ l\.l .... + s) R+ + y• u+~ + ~·· u+- s»""• (36) 

u.+u..tt R++ A"'U .. '+!+<..Utt+!.)U++~"\ p+t- A, I ~ 

u.+-r' R"' + A"'1JM't1'\f1+ +t:e p+U.., ~+r'U"'+t-r.u+' p+. g+-r++ H + <38) 

with 

() 
(.wi' -

By eliminating p+ from (37) and (38) by means of (35) 

from (39) and (40) we derive 

with 

A = d-~1 A 2 u+' (...t +d..f'1) + s. 
o ...., 1 u+2. 

~1-- ~ (f1R+'+faR++f3u••~f~u~ +fs). 

62 = -(91 R+1+.9~R++.93 u+t +._9..,U1-+..,95), 

f"' = d..{31 T +{o..r-'1 u. ... 1+ s) , 

f,_. Je" ~: (A1T+{<1f",..U+t+ - ., h-ru+) 1 

t 3 = ~2 (u.+a(d-.f;utt+~)+ci.~1ti"t+' T+) 1 

( .. 1) 

(C,.2) 

l't3) 

(ltJI.) 

(~5) 

('t-6) 

(4-7) 
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f..: ~z. (u+(U..., +S)(~r .. u.+'+S)+ o.r-.1u.+' r+•) I 

is•- A1(~1"1u.+•+~)-d.(?,.,u+' tAT++ u.+ H+) u_+2. 1 I 

.9.,- ---131 A., T ... I 

.92= ~~1 (~+n++A1~+~T+), 

.93J: ct..Z.(31~1 ~+&T+- A.. 2. I 

.9&t = ,S>+ (~., ~·T .... - A1 ( u..,. 1- s>) • 
~s ·-~.,~+(~+T+ + H+)+ A.,1 j 

from 
I 

(AL) = ~ ... 
Ao 6o 

we obtain 

with 

k.,·-~.,A., T+(utt(~+~T1)+5), 

k~= ~ th-t-u+-A.iT ... (Lt-tt{-~~ ... )+S~}-A,u+T-t•}~(-t+-.~)+S.) + 

+o.~ l1+,-r ... ) At T ... u. +~~a · 

k3= ~\{h+\t+h+utt)u+-A.t(u ... T ... +u+'l ... )utA,r+u+~~i'(1i6-f'.,)+~J)· 
• ~+c -t+d..f'-1 )+s.}-~ ( h -tu+- A ... T ... u +'X~~ ... ) u +• , · 

u . 
k,f~ ~ (\.11"2.- c:L1~11"1 T'")("" { -1+ O.f"1) + .5) , 
k5·-~ (._~~1+~.,)u+r"'-d.-r ... u+•T•)-u+2~"\3-K'f1)+2~)} · 

l.f l 2. . +11 
·(u ... (1+~~)+$) + (A+d.f'.,) A; {ci""~.,a--.,r-u•z.) ~+'1. , 

k .. = ~{u+(u+'+s>(u+t (.4~ .. )+s)-.. ... ~.,(u14 T"'-u.+T"")+u"'z.u+•l. 
u+1 l J 
·(utc(1+~~1)+s.) + (--t+o.0 .. ) A1~(~1 ~-u•lu+'+~l) ·~:: 1 

k~· ~~z l- A"y+(u ... (A+fl~1)+5)+ ~:1 \u+T+--u+'T'")+u.t31u:H ... }· 

• (u-tt("l+d.'f""")+s) + (.1-..d.:t"-t)A1(A1u...z-d.{31(A1T~u+H+)) ~2 ; 

{'t9) 

tsa) 

{51) 

{52) 

{53) 

{51t) 

(55) 

{$) 

<.5'1) 

(58) 

~~) 

(W) 

{61) 

l62) 

(63) 
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from (56), (36) and its derivation to x+ we obtain 

with 

a~ =Lt u+«' +l2. u•• + l1 u• + L'l , 

~i= n.lJ+U+nz.U .. +n3U++ n~ 1 

ll.; =- k1 (u+u+11 -(u+•+~)(2.u+~+!~)) ..a..u+(k'l{u+~_..c:,)- k~u+), 
• 

L1 c -u-tl~+k;\+ u+- k:~) , 

L~ C' -u""(~~k.,"'-u+k,)+~'"('2J.(t-t+~-u+k1.), 

L" c +lt+\ 43-tek,.-u+kq )-~+ (2.u+'+-5- ~-+ k1.) 1. 

n"= (u+'k"'+ ~"'"k., )(lt+'+ 5) > 

n2..= tu+k5 +2s+~k"')tu+~-r~)+S+(u ... k3-u+u k ... ), 

n
3 
= {~""k,+ ~+u k..)(u..,.._.4!:.)+~+t(."'+k3 -u+~' k;\) 1 

· n" t(u+kq-~+rk-.)(\.4+'-4-S>) .-~+tu+k 3 -u'H'k1) i 

fl'OID 

(fit.) 

(") 

,,7) 

(i8) 

('9) 

('TO) 

('11) 

('12) 

('13) 

(~) 

l~S) 

('76) 
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we finally obtai n 

with 

from (77), (64), (42), and (35) we obtain in that sequence 
U+ 

1 
R+ _,+ d + ,fJ ,an P• 

The Linearised ·Dynamic Case with Constant Heating 

We have 

we now introduce a new independent variable by means of 

z•a=- 'l:j+ 

l'll) 

(l8) 

(19) 

lBO) 

(81) 

(82) 

(83) 
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and (17) acquires the form 

Moreover, the reference length Lr in x+ is chosen so that 

and the calculation is continued as the first approximation 
f or small z+ . We then btain, sin~e related back to (17), 

~'t 2+ < 01 - which is also bindizig 

{85) 

{8G) 

(89) 

93• £3 • ~ .. (Ck-r_, A2-(~+d.~ ... )A.~1), 

!h• ~ I £'+- f\ _tAt- 3A~G-~) A-~ I 

(90) 

<92) 
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~.-:: c.~· .. ~ A12. d..~1l'I+<L'f"1) I 

6! - ~ J e.."= - 2. &.t1 s-.a. A., , 

l1•~ , j1= -2 ~1ott A.,1 , 

La. ~!b , J'2. •(1+~11 )(2.+ ~('--1) o-. 2. (A"61 + 2.A1), 

L3 .. -ir. I .,3- -2~1 &.r '2. ~1... , 

·t..·A , J''t =-(A+clc"'>&&-.(2.A·2.-3A1&~+o.~., H+) A ... z+3 

"1 = ~ . ' "l.1 = - .! 3 , 

rls" ~ 11'!. ~ 2 &,: A..l_f(~~}'t{1i1lf=i~(s-{l+q.;>fz~:J} 

n.._. ~ , 1'l.-.= -(A~f" .. )O.. ~A181- ~f!1 '-'.+> A1 1 

- .. ... • 1" + u ++.,a.. .. u + 0..2. u + Q.~ u = a..., l 

" z+ , 

(93) 

(9'1) 

(98} 

(99) 

(100) 

(101) 

(102) 

(103) 

(10it) 

(105) 

(106) 

(1Qq) 
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with 

() 
l;+ -

The solution of (103) to (10?) is 6 

u+-.z+( a,.J2. (.2 v2.. 't"' I V .z+' )+ Ba Nz.(2.f2.¥' ~ -2(~ ... ,.., + ~ (G) 

iith the integration constants Bi (i = 1, 2, 3). It is note­
worthy that the Laplace argument s in (108) f~nds admission 
only via ! .4• Moreover, we obtain from (64), (42) and (35) 
in that order 

(109) 

with 

Lt-il~ .. ~ ~~ 'V7(a,J1(2J ;1'11 'ii+BN~ .. ~1~ '1i'lh~)it 

G+ ::2 ~~1~ (~Jo<2.Vf .. ;, :r, li + 8a.No(2.1i"1 ;_;"'~ z .. ')). (.if3) 
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The integration constants Bi i=1, 2 , 3) are generally 
determined from the input interferences p+ ~+ ana 

+ . e ' e 
we ' where the definition equa~ion 

is to be taken into account, we .obtain 

(114-) 

A~ a1:a(Eq R:-r-b~)~+<.~~ .. c%"-..c..>~+<.EqWe+-<4)6?.\, (115) 

A~ ~=-(e-,Rt•- b~)~-~CJtJ:+")6z2-(.E~W~+- cl~)~~, (11~) 

A~ ~ =- (e.~ Rt- b .. )~!-K.e~~~ .J:'+c..,.)l:.z.~+( f~ w;- cl-.) A 3~ (11'1) 

with 

~M£' ~~(Az.-2AtS.~+~J:+(~fi&, -!f..)J_j¥ "'-
+1;1~.J:- ::'t (-1-~~), (~8) 

~-1~f f-E.+&.U\z.-2.A.&~zt'f1+~)-~~i{'!,.bi.- ~dir.;~ w1" + 

+ '13 "ft~; N~e)- t'"s~ t-i-~ ft&~, H1CJ) 

~-,~A1 (-f"'+"lAt.-~)(i6;),3- tc::~ (1-~ i2.~) 1 . (-120) 

b..• J!A1t~~(A,.-2AA~)lii;+i+.,)-~t~-i-ru; ), li11) 

C.,· ,-u; F "{'> '12~ t£."l~+Eo.,u:-+.t.~~ -11)+EtO:~~'I..~!i':t. + 

+ ~ \1zs.s' J! J , (.122.) 

'-z.• 'i t&;t2 .._~., 12.&; (t-.'1(1•~ S'.)N:~l't..~ -~)+£Jq)ti~N~+~t4,l-tn) 
C3• E..,"l,~ i'Z.~·+ e.z.9'1 +E .. E.-:t) ('11\) 

r ..• lt..-n +i. ·l'c +£ t-'~ ... s-
1

- )': c.1tif: +£~.(;.,{ii;- '11)+i:')E.1f ) (-12.5) 
-. \! -~... 'Z. .. s .., ~ .. '!,( "' + '~) 

d..·~(1-~~)~J:+t"+&.fii:)~(~l+~)~J:+(Y1f2i;-5'~fl~'l~ 
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+ yl q~ 2.6: J~) I . ('lu.) 

d~·q~t~(-t-~~ff2&:N~+(6,..S..~~+~~t(+{~.(ii,-S;)N~· 

• ~2 ~z..,: ~ '+ <J;ho: N: ll, 
d3· A"£'(~- ~ ~2F-

1 

Y+{cf1 +Ott ~2.&~) YJ ) 
_6"1 "' ~ 

d,= 2.c!:~> tto.+s~h.r~)~(Y .... 'f3)+'11)-AW (-t-~~)'z~} 1 

Jf -Ji (2 ~2~ '+~2.&3
1 

) 
'11 

. 
l: Q, 1,2.. 1 

ij being the complements of the elements in the section 
-~ -of -the ·t-th· .1-~ne and the j-th column of 

r 
{;:;.0 = 

{-it't) 

(i28) 

(12.9) 

l130) 

Finally the following transfer functions result with (115) to 
r130) from (108) to (114) 

Pa.+- Pa.o+ = G"' l.s) Pe + + 62.<.~)-c%,+ + E>p) We...,) 

vo..+- <!0: = G~ (~ P.-~ + <=>s (~) lre.-t- + G~ (~)We+, 

Wa..+- wa.: :: Gq. (~) Pe.T + Gt. l~) <re+ T 69 (.S.) We..+ 
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with 

G"ts)=-l ... ~A1f~+ ~tAz. -2A-1o1 )~ct)(~"-ect'f'1 +("'-!ct- 't1)x1 
+1~'11) + 

-t- ¥. (-1- ~ -ao..+) G" l$) , <.1'3'4) 

Gl~)·~~A1 (-Et+&.lAt.-Z.A"cf")!~Q)(~1~+'¥t.+{ 't1l-\. -y"))C1+'f3 '1~+ 
+ ~._ (-1- ~ ••) Gsl~>, . t-tls) 

~l$)• f,.~"Aot(-~1~&.~1.-lA"&")~~)('11 ~ct'¥3+l<ta.r::-cr1)x3+13 'f3 ) + 

+ ~ t--1- t ~)Sa(.~) J (136) 

S..t~)::a- ~t·"' £(E.t4ft-.+La.J")i~'t'1+(e"('la,l!'t.-~1 )+ ~~e1- )x .. + 

+ { £1 ~') lS~o.. +~'I. t,. + £-. S.tt) 'f "'J , l.t~-:t) 

Gs<s> .. - ~.:'E.-. f~.rt .... ~..r, > 2\. "'"+ ( e. .. l;~ ~t- Y. )+ ~ E,.)x ... + 

+ l £1 "l-s "2: ~Q. + .£.113 + £ .. f.,.)'¥~ ' l-118) 

56<>)•- er. "'e,. ftE.t'l.1~e~11)~'~-ca.'f'1+(fz.{~z.~'ta.- '11)+.E3£,.)X3.+ 

+ {E1 "t, t!; ~ + E.o..;s +~~e.,.) 'f3 J ) (-B9) 

~(S) = ~~ ( -t-t ~+;,_) lj'1+t;to.+&. ~t(Y, t\ •f1+{'f'1. ~ \.- '1~. + r l If,) I ( ~'10) 
Gt(~) = t-{-i- *~+Cl) Cft+fltctrt·S. 't-~c.., 'f.t~tQ't-1~ 't'l.!+~- Cf1).tt + Y3 'f1)t l_.'H) 

G9l:.)• ~ (1-~~ ..... )~+il(& .. + cr .. l.+c..~'t"'tCl'l'3+-('f~.t: ... Cl- 'I~X1+ "3 'f3), t.t~2.) 

P! = e~;'\A1 ~·cf'l(A~-ZA~)~)(11!:,-.+(Y,.~- crJx,+'/3 <f-.+Y't ~t) + 

+ AS~ (A, ~ ~:: ) ~0: ' t.\'l~) 

-3a.! =-~~c.,. \<.e"1t1+ £2.5'1) !ty-.+(atl'ft ~- '11)+ f,e,. )x~ + 

+le" 'l3 ~+CL+£.z. Xl + £."~~) 'f'f+lt1 "t't+lt ~+£sE.~) ~t.J , (-t't~). 

'N!o 2 ~~ ~-~l+a.)'f" + ~t~1+&.~1-ca.)('1-t~\.'f .. i{~~t-., .. ).X..+~'f ... +-'r-.~~.l~'*s) 
A! 'f1 a ~=t('!1-a.lJ~ ~ - l't ~ A-t2.)-+ 6~:s), t14E,) 

A~ 'fl. = E(.£=. c~'t-~ (Ji- Az:1- N~ ~~z.)+Au); l~'l'l) 
.6 ~ 'f 3 2 t~ ( ~~ (J ~ 6 . - N~ ~ 32) + 6 33) t H 't S) 

~~ f~. :: z"'Cl. (Ji"(-bqA.11 +c.'fd~-d'fA31 )+N~(.~A-a.- C.\4 6z.1. + 

+ dot A :!Z)) - 6\ A 13 + '-'! A a- cl'!A3~ - 'fr ~+"-A·~ ) l ~~ -• 
'2.. lf., ~ .., .. 



we should like to point out once more that the Laplace argument 
s in (134) to (145) appears only via t.5, 1 4 ;'t3, ~~ and if 
there are no distu~bances in the heating, even only via 113· 
·rhe .latter expressions are after all also only a first 
approximation for small z+. We shall now examine the physical 
sign~ficance of (87). For this purpose we shall take the 
input ~agnitudes ap reference magnitudes: 

g iven u+ T+ and w+ we then obtain from (5) or (9) - e' e e' 

c:k.=1, 

fr om ( 10) 

I. 
f.l _ P• m 
, ... 1 - w~T.R 

f rom (25) and (158) 

2. 
f"1 ~ f , 

l1S8) 

liS!) 
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from (12) and ( 24) 

L.i-c 2.m L h 11 ~R Wa 1& .- J 

from (21) to (23) with (158) to (160) 

A1. ~ ~ + ~1 , 

~ 
A3 a ll + i ~ l-1 + 2~") 1 

from (18), (158) to (160), · (162) and (163) 

from (85) with (158) to ,(1_~5) 

and from. (86) with (158) to (162) 

• 

Combining (87) ,· (161) and (166) we obtain 

The validity of 

----, 
~ lf+-1)W\o\~-1Lrh 

2 We. Te. I~\= 
-1 < 1. 

( t-r2.)(~1+'1) 

(.-161) 

l~6't) 

l.(6S) 

l.\6'1) 

l .. 68) 
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also represents advantage for the quality of the approximation 
given heJ?e• 

It also follows from the heat flow q of the beating 
at the surface of the cooling channel with the thermic dia­

meter 

·n-!.. ~ . . - d. ., 

If .a1 .) 10, the app:ro?Cimations 

)~ 'L 

l L - (f-t-2. P• I~ 5.10-~Lt­
Q.. 8(if-tlW. h 

and 

~ l. \1 I 

l ~ l· (-{+21 p• 1 (f+JI)W&hl..r < 1 
can be used for (168) and (169). 

l.tl1) 

(171) and (172) contain a contradiction, thus the 
approximation given here is thus not ver,y good for a1 > 10. 

The following approximate values are recorded in gas­
cooled fast'breeder reactors for heli~ (m= 4 • 10-3 kg/mol, 
f = 3): I . ..;:2 
d = 2 • 10 m; 

q = 106 Watt/m2 ; 
p = aO at; · 

e _1 . 
Te=10"' deg. K; 

we=10 kg/m2sec (corresponds to a throughput rate of approx. 
1% of the speed of sound at 10J deg. K); 
thus according to (159) 
B = 4.63 • 103 
and according to (171) 
Lr = ~ • 105 m = 80 km 
with 
d = 4 • 10-2m; 
q = 104 Watt/mw 



Pe = 1 atm., 
T

9 
= 103 deg. K 

we = 102kg;m2sec 
becomes according to (159) 
B = 0.463, 
according to (168) 

Lr = ~ • 1oJm = 1.4 km 

and according to (169) 

1 ~ \. o,96 < 1 ; 

81 

in this case the transfer functions developed here can be 

used and have a considerable degree of accuracy; however, 
due to the reality of &4 z!, La may not be longer than about 
7 metres. 

Nomenclature 

Latin letters 

g 

h 

m 

p 

specific heat at constant volume (Wattlsec/kg deg.) 

diameter (m) 

9.81 m/sec+2 

Watt/m3 

Bessel function of the n-th order 

length 

mol ecular weight (kg/Mol) 

Neumann's function of the n-th order 

pressure (kg/m ~.c2) 
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R 8. 3-17 -Wattsec/tleg. Mol 

s Laplace argument 

t t ime (sec) 

T temperature (deg. K) 

u velocity (m/sec) 

w . Cf u mass flow density (kg/m2sec) 

X coordinate (m) 

Greek letters 

A coefficient of friction 

p density (kg/mJ) 

Subscripts 

a on the output side 

d dynamic 

e on the input side 

r designates reference magnitudes 

Superscripts 

a output side 

input side e 

+ designates dimensionless magnitudes 
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DYNAMIC RESPONSE OF CROSSFLOW HEAT 
EXCHANGERS 

l. Introduction 

MASAMI MASUBUCHI 

YOKOHAMA NATIONAL UNIVERSITY 

OHOKA-MACHI, MINAMI-KU 

YOKOHAMA, JAPAN 

The research on the dynamics of heat exchangers has become increasingly 

act i ve and important with the development of automatic control. Numerous 

papers on the dynamics and control of counter-and parallelflow and multi­

pass heat exchangers have been published. The knowledge of dynamic response 

is not only indispensable to operate heat exchange processes satisfactorily 

by using automatic control, but also is necessary to effect a good design. 

Meanwhile, crossflow heat exchanger has been used extensively in the 

fi e l ds of gas turbine and air conditioning processes and its static response 

has been known to us for many years l-3 , but, the dynamic analyses ar~ 
very .f ew 

4-6 

In this paper, three patterns of crossflow heat exchanger which has 

series and side capacities are analyzed by frequency response method and 

some numerical examples for dimensionless parameters are compared. 

2 . rundamental equations 

The three patterns are shown in Fig.l. They are: 

1 ) Both fluids unmixed case; There is a temperature distribution i n 

both x- and y-directions in each fluid. 

2) One fluid mixed, the other unmixed; The first fluid has temperature 

distribution in both directions, but the second fluid has t emperature 

distribution in y-direction only. 

3 ) Both fluid mixed case; The first fluid has temperature distribution 

in x-direction o~ly and the second fluid in y-direction only. 

Moreover, in the following analysis, it has been assumed that; 

a) Fluid velocities, heat transfer coefficients are all constan~ and do 

not change with the temperature of fluid or heat exchange surfaces. 

b ) The fluid and wall capacitances are inde?endent of ~emperature, t ime 

and position. 

c) Longitudinal conduction in the fluids and i n the walls i s assumed t o 

be zero. 



85 

d) There i s no hea~ l oss TO outer circum;erences. 

The fundamental equat i ons of dynamics can be ob~ained as foll~ws: 

Case 1) 

In the first fluid, consider a fluid element~: 4~44 "'ith te;mperature 

61 a~ shown in Fig .2(a). The heat balance through an infinitesimal area 

4~4~ in the first fluid gives 

~( ~ 4~LlX· (),) = K ( 92 - 8,) ·6X~~ 
From this 

k<B-z.- B,) ( l 

Applying the same consideration to the second fluid gives t he dynami c 

equation as 

( 2') 

Nomencluture 

A=sectional area perpendicular to flow r=L
2

1L
1

=v
1
y

0
1(v2x

0
) dl. 

al=xoy!'(Wlvl) dimensionless parameter 

a2=xoy!(W2v2) dl. parameter 

a~ =x
0
y 

0
cl.1 I CW

1 
v 1 ) dl. parameter 

a~ =x0y 0 rit.l (W2 ;r 2 ) dl. parameter 

bl=xooCsr'(Cl vl) dl. parameter 

b2=xo(l(v/( C2vl) dl. parameter 

b =x 
0 
~1 I ( C v 

1 
) dl. parameter 

C=heat capacity of wall per unit length 

c
1 

for fluid l,C2 for fluid 2,C for 

series capacity 

c=specific heat of fluid 

K=over-all coefficient of heat 

Ll=xol vl 

L2 =y/v2 

transmission 

p=Laplace transform operator for 

or Y 
I 

, R= lXsz i (X 2 

;= ()(~()(I dl. 

s=Laplace transform operator 

for T 

t=time 

v=fluid velocity 

W=A "'( c=heat capacity of fluid 

per unit length in the flow 

d"irec~ion 

X=x/x dl. coordinate 
0 

Y=y/y
0 

dl. coordinate 

x
0

=length of heat exchanger in 

x-direction 

y
0

=length of heat exchanger in 

y-direction 

x=coordinate in the fi~st fl ow 

y=coordinate in the second flow 
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Case 2) 

For t he first fluid, the same relation as equ. (l) yields 

( 3 ) 

For the second fluid, by the heat balance through an areaX.~a f or6t , 

the fo llowing equation is obtained. 

Wa"~ .. ea+ w,.,.._ .. tA~ ~~· = r~}At· !<= (9, -fJ .. ) dx 
0 

f ina lly 

where, 6z. is a function of y. 

Case 3 ) 

For the f irst fluid, the similar relation as equ.(4) yields 

w oB• +w v. e>e, 
1ot ' 'o~ 

where' e, is a function of x. 

and for t he second fluid 

where, 81 is a function of y. 

( 4 ) 

( 5) 

(6) 

In the above basic equations, heat capacities of all walls are neglected. 

0(1 =coefficient of heat transfer between 

the first fluid and series capacity 

r/.1 =coef fic.ient of heat transfer between 

t he second fluid a~d series ~apacity 

~s1 =coefficient of heat transfer between 

the f irst fluid and side capacity 

~s~ =c )efficient of heat transfer between 

~he second fluid and side capacity 

e = temperature 

® = fe e-s~T 
- o oo -PJC 
® = J ®e dX or 

o fjiO®e-f:'Yd_Y 
0 

-{=dens ity of f luid 

""t =t / L
1 

dimensionless t ime 

S f ix : 1,2 f or fluid l and 2 r es pectively , i for inlet ,o for out l et, s f or 

,.fall capacity 
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No~, by using the non- dimensional parameters 

~ollowing fundamental equations are ob~ained. 

From equ .( l) and (2 ) 

"t' , X, Y, a1 , a 2 and 'f , 

} 
From. equ.(3 ) and (4) 

()~, + 'de, a ( e - /::4 ) 
'()X ~T - 1 2 Vt 

1 
~ + 1' 't}Bz =- a. J ( ~ - f) ) d X 
Cl'f D{ Z 0 VI .2. 

From equ.(S) and (6) 

~~· + ';)e, , = o.. J' (e .. - e, )d'f J 
u ?rt 

0 

~e~. +.,~ = a J1c e - e )cix oY ~T z. · • z 
. 0 

3. Transfer functions 

Case 1) 

i) Assume the boundary conditions are for X= 0 

for Y= 0 

where, (i,~ is a function of s only. 

This means that the input signal~eL is a temperature variation and 

('7) 

( 8) 

(9) 

that there is no temperature variation at the inlet of the second fluid. 

When the corresponding output ~10 is taken, the transfer function is defined 

as ~ (s ... Y)::. ®so 
I ®• "· ii) Second boundary conditions are for Y= 0 

for X= 0 

where, ®2 l. is a function of s only. 

The second transfer function is 

r ( ®so 
LT l. s ' '( ) = f.":\ • 

""2." 
r ov.-, consider the transfer f unction CT, as ~n example. The Laplace 

t:ransfor m of equ . ( ) ~or 1' yield 



88 

~~~ + (s +a., )CW, = a,®z. 

~®z + (.rs + az. )®2 = a~®, 
~y 

By the second Laplace transform of the above equations for Y~ and by 

putting s + a1 :;: A,~ rs + a 2 = ~ 2 , followin~ result yieldd 

~ ~- ®- ith ')( + 1\.1 I : 0.1'-0Jz. 

and from the boundary condition ~~ = 0 

p~ + "t,~ = ~®, 
From these two equations 

o®.· + (7t - a,az. ) ® =- 0 
~X I ~ + ~:z. I 

is given , and the solution is obtained as 

C = (.OIMSt. 

In the boundary conditions,~. = ~•L for X= O, and ~•L is a function 

of s only , that is,~IL is not a function of Y, then 

for X= 0 
Therefore 

~he ransfer function is thus determined as 

-~ 1-A:~.IOC'(a a -:-r)'V\ -A. CP ,. 1 ->..,-'Az.'(~~ (a.~z.)"''l~ 
· Cr, =- ®,o = e L ~)~-+ e 'L,(a,Qr.)~,~"' -e LJLt ~-\\ ~! 'Y\! 

®1~ "'f\~o("Yl. '\'\~0 · z. 1\•0~t•o 
B t , the third term with n = k can be ancelled by the first term i n this 

e _uation, so the result is reduced to · 
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By the simila~ manipul aLi ons, t he second transfer function i s given 

For cases 2 ) and 3) , the similar mathematical anal ysis gives the trans f er 

f unctions and the result is shown on Table 1. 

4 . With heat capacit i es 

Consider the cases with three kindsof heat capaciLies of t he walls . ! hey 

are one series capacity and two side capacities as shown in Fig .2( b ) . Al l 

heat capacities of the walls are assumed l umped. 

Case 1) 

Wall I 

Wall II 

Wall III 

. c.~~· = o<., (e,- e.,) 

c.;~2. = ~As>. (e._- esz.) 

c:~~ = rx,(e,-e)+cXz.(ez.-8) 
For the f irst fluid 

w, ~~ + -w;-v~~ ::. ~o~l ( e- e,) + ~oo<s, (8s,- e,) 
For the second fluid 

e ~e · w2 'L! + w~ V";~ -2 =- Xo<X:z. ( e- e;t)+~~s~ ( 9sz.- 6z.) 
1t ~ . 

These equations can be modified by using dimensionless parameters as 

;~' = b, (e,- es,) 
;~'-:. b2. (61.- es2) 

oe = b ce,-6)+-r'b(e:z.-B) 
oT 

"de, ae, , ( e ~ ) o ~ ( ~ Pi ) - + --::;- =a, - vr -+"a, vs,- v 1 o-r 'll" 

Y" oez. + &>ez =-a~( 8- 8~)+ R'a~ (Ss:z.- 6:z.) aT C>\ - -

(1 ;:>) 



Case 2) 

Wall I 

Wall II . 

lvall III 

90 

C, ~e;, = OCst ( e,- Bst) 

o9s . ( C1 -at 4 = o<s2. Bz.- esz.) 

c.~~ =cx,(S,-17)+c< .. (e.-e) 
First f luid 
. -oe, ~e. ( ) ( ) w,~~W,Vjn=~oo<s, Bs,-6, +~0 ol, tJ-e, 

Second f luid ~ 

w .. ~~ + w .. 1/i ~~· = o<, J. ( e - 8~) h + :t. <Xsz ( ~ .. - e'") 
Fundamental equations with dimensionless parameters are: 

Case 3) 

Wall I 

Wall II 

~~~ = b, (8 1 - Bs,) 

;~2.= b~ (Bz.-es2.) 
"d6 . 
ift: =- b (8,- B)+ br' ( e1-e) 
~~ + ~e~ = o.~. (e- B,) + ~a~ <est - e,) 

't ~~· + ~~ .. = a~J.'(I~ -8.)dX + R'4~ (9sz.- e .. ) 

(13) 
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~es.r- b ( e ) -a1: , e,- s, 

'desa.::. b2. ( e4- esz.) 
"b"t . (_w) 

~~ =-b(e,-e)+br'(el.-e) 

;~· + ;~ =a; J: (e-e,)&'l' + Ra: (e.,- e,) 
I) e~ t>Bz . ' (' 0, I ( e ) 

't n + ~\ = Cl2. )_ { 9 - Bz.)d X~"~ ~z.- 6z. 
0 

The transfer functions from these equs.(l2),{13) and (14) are show~ or. 

the Table 2. 

5. Numerical examples of frequency response 

As is well known, frequency response can be obtained. from Lra~sfe~ 

f unction by putting s = jUJ. 
The dimensionless parameters used are: 

a = 1 1 

a = 2 1 

~= 1 2 

I a 2= 2 

R 

r = 

b 

I 
R = 1 , 

1 r = 

bl= b2= 1, 10 and 20 

Figs.3 and 4 are fo~ case 3) and Fig.S is for case 2). These f~gures 

show the effects of series and side capacities. 

Fig.6 shows that the frequency response may vary according to the 

position of the detecting means. This suggests some possibility of detecting 

phase advance. 
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