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JANUSZ KOGUT, HENRYK CIUREJ

Cracow University of Technology, Warszawska 22, 31–155 Cracow, Poland
email: jkogut@pk.edu.pl,hciurej@usk.pk.edu.pl

Some problems regarding numerical modeling of predicted vibrations excited by railway traffic are discussed. Model for-
mulation in the field of structural mechanics comprises a vehicle, a track (often in a tunnel) and soil. Time consuming
computations are needed to update large matrices at every discrete step. At first, a sequential Matlab code is generated.
Later on, the formulation is modified to use grid computing, thereby a significant reduction in computational time is ex-
pected.
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1. Introduction

Dynamic prediction of the vibration excited by trains run-
ning on a railway track is a very important issue nowa-
days. This type of vibration analysis is crucial since
the residents in the vicinity of existing and newly con-
structed tram and underground lines are becoming more
annoyed by rolling stock generated dynamic effects (Cox
and Wang, 2003). An accurate model formulation in the
field of structural mechanics comprises a vehicle, a track
(a tunnel) and soil.

Several problems of a theoretical-numerical model
used to predict vibrations excited by railway traffic are dis-
cussed below. This model takes into consideration trans-
fer functions between the track lying either on the sub-
grade or in the underground tunnel and a free field. The
train can be modelled as a multi-body vehicle chain con-
taining several wagons (Kogut and Ciurej, 2005a). Every
wagon may consist of a body and bogies. Every bogie
has two axles and four wheels. A primary suspension
is located between the axle and the bogie, while a sec-
ondary suspension is constructed between the bogie and
the body. The dynamic parameters of rolling stock were
identified earlier (Kogut and Ciurej, 2006). The subway
wagon was modelled in a similar way and the structural
parameters, present in the model matrices, are being in-
dentified (Kogut and Ciurej, 2008).

Every wheel is characterized by its own irregularity,
which may be measured or estimated. As far as the track
is concerned, the irregularities of both railheads differ and

can be measured or estimated as well (Steenbergen, 2008).
Dynamic axle loads due to the rail and wheel irregularities
may be evaluated (Kogut and Ciurej, 2005b). A single
point wheel-rail contact is assumed in the model. As for
the dynamic compliance, track and tunnel transfer func-
tions may be computed or measured (Gupta et al., 2007).

Contact forces between the rail and the wheels con-
stitute the loads, which are transferred to the environment
through the track (the tunnel) and propagate in the soil.
The entire model may be validated by means of advanced
“in-situ” measurements.

2. Numerical prediction model

A single wagon (Fig. 1) consists of a body and two bogies,
each of them supported by two axles. The equation of
motion of the rolling stock can be given as follows:

Mẍ (t) + Cẋ (t) + Kx (t)Q− R (t) . (1)

It seems to be important to subdivide the degrees of
freedom (DOF) into those dedicated to the boundary, i.e.,
contact points between the wheel and the railhead and the
internal degrees of freedom, which are related to the ve-
hicle structure. Equations of motion of such a vehicle are
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Fig. 1. Wagon on a track in a tunnel.

given (Kogut and Ciurej, 2005b) as follows:

[
M11 M12

M21 M22

] [
ẍ1

ẍ2

]
+

[
C11 C12

C21 C22

] [
ẋ1

ẋ2

]

+
[
K11 K12

K21 K22

] [
x1

x2

]
=

[
Q1

Q2

]
−

[
0

R2.

]
. (2)

(For simplicity, the time relationship is dropped.) One
may notice from Eqn. (2) that index 1 is dedicated to the
internal DOF and index 2 to the external DOF. Moreover,
in (1) and (2), the symbols are as follows:

x: generalized displacement vector of dimension NP ×
1; generalized vehicle velocity and acceleration vec-
tors are ẋ and ẍ, respectively. Vector x1 is of di-
mension N × 1 and vector x2 of NR1; the following
relation is satisfied:

x =
[
x1

x2

]
, (3)

while the number of internal DOFs, is N = NP −
NR. The internal DOF vector x2 exhibits a kinematic
excitation and can be written as follows:

x2 =
[ x2,1(P ) x2,1(L)

. . . x2,j(P ) x2,j(L)

. . . x2,No(P ) x2,No(L)]T
(4)

where No is the number of axles.

M: (symmetric) NP × NP mass matrix, of the form

M =
[
M11 M12

M21 M22

]
, (5)

where M11 is of dimension N × N , M22 is of di-
mension NR × NR, M12 is of dimension N × NR.
By symmetry, M = MT and M12 = MT

21. The
mass matrix M may be diagonal and then M12 = 0.
It should be pointed out that the mass matrix M con-
sists not only of the vehicle masses but also of addi-
tional masses (such as passengers and luggage) due
to the operational loads.

C: (symmetric) damping matrix, which can be written
as

C =
[
C11 C12

C21 C22

]
(6)

By symmetry, C = CT and C12 = CT
21 and the di-

mensions are the same as those of the mass matrices.
The damping matrix cannot be applied as a propor-
tional one (i.e., C = αM + βK) due to the discrete
elements.

K: (symmetric) stiffness matrix, which can be written as

K =
[
K11 K12

K21 K22

]
, (7)

K = KT and K12 = KT
21and the dimensions are the

same as those of the mass matrices. Matrix K is sin-
gular and det(K) = 0, but det(Kii) �= 0 because
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submatrices Kii comply with the boundary condi-
tions.

Q: NP × 1 vector of constant static forces including the
operational forces is defined as follows:

Q =
[
Q1

Q2

]
, (8)

where Q1and Q2 have dimensions N×1 and NR×1,
respectively.

R: NP × 1 dynamic reaction vector:

R =
[

0
R2

]
, (9)

where R2 is NR × 1, resulting in:

R2 =
[ R1(P ) R1(L)

. . . Rj(P ) Rj(L)

. . . RNo(P ) RNo(L) ]T .
(10)

Even elements are due to the left rail (L) interaction,
while the odd ones follow the right rail (P ). The rear
axle is first.

After the reformulation of Eqn. (2) and extracting
R2, the equations of motion are re-arranged as

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

M11ẍ1 + C11ẋ1 + K11x1

= Q1 − (M12ẍ2 + C12ẋ2 + K12x2) ,

R2 = Q2 − (M21ẍ1 + C21ẋ1 + K21x1)
− (M22ẍ2 + C22ẋ2 + K22x2) .

(11)
Note that the first equation of (11) is stationary and de-
scribes the motion of the body and the bogies. Vec-
tor x1 (t) contains an independent DOF. The right-hand
side consists of static forces Q1 and the kinematic force
− (M22ẍ2 + C22ẋ2 + K22x2) depending on a kinematic
excitation represented as a vector x2 (t). If the vibrations
of the vehicle occur around the equilibrium state x̂1, then

x1 (t) = x̃1 (t)+x̂1, R2 (t) = R̃2 (t)+R̂2, (12)

where x̃1 (t) is a fluctuation around x̂1, and R̃2 (t) is a
fluctuation of the reaction force with respect to the static
force R̂2. The derivatives are equal to

ẋ1 (t) = ˙̃x1 (t) , ẍ1 (t) = ¨̃x1 (t) .

Hence, for the static values and x2 = 0 we have

{
K11x̂1 = Q1 ⇒ x̂1 = K−1

11 Q1,

R̂2 = Q2 − K21x̂1.
(13)

Using Eqns. (12) and (13), (11) may be written in the
equilibrium state as⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

M11
¨̃x1 + C11

˙̃x1 + K11x̃1

= − (M12ẍ2 + C12ẋ2 + K12x2) ,

R̃2 = −
(
M21

¨̃x1 + C21
˙̃x1 + K21x̃1

)
− (M22ẍ2 + C22ẋ2 + K22x2) .

(14)

Equation (14) looks similar to Eqn. (11) but the static
forces Qi are eliminated. This implies that the vehicle
vibrations are performed around the equilibrium state.

The kinematic excitation x2 consists of railhead ir-
regularity xsz , wheel irregularity xw and track vibration
u2t due to the vehicular motion:

x2 = xsz + xw + u2t, (15)

where u2t depends on reaction R2 and its history as a
convolution integral. Then u2t = u2t (R2). The sec-
ond equation of (11) constitutes the relationship between
the vector of wheels’ reactions R2 and the kinematic ex-
citation x2, which is an implicit function of R2. In (11)
both the equations are coupled not only through x1 and its
derivatives but also by x2 and its derivatives and hence the
dynamic reactions R2 (t).

In general, the stiffness matrix K may be non-linear
and dependent on x as far as the material non-linearities
are implemented, but this does not matter in this formu-
lation, where the decoupling of the internal and external
DOFs is introduced. The last is true when the model is
discrete as in Eqn. (1). Moreover, the equations of motion
(14) may be written as dynamic fluctuations around the
equilibrium state, where matrix K11 is tangential (or se-
cant) around the point of static equilibrium, although the
point may be reached in a non-linear incremental way as
for Eqn. (13), in which K11 is non-linear.

3. Kinematic excitation due to rails
and wheels

The kinematic excitation of x2 from Eqn. (15) is based on
the railhead and wheel irregularities. The derivatives with
respect to time depend on the translational velocity of the
vehicle. The distance is a function of v(t):

s (t) =

t∫
0

v (τ) dτ.

The irregularities are functions of the distance. As for the
railhead unevenness, xsz = xsz [s (t) + s0], where s0 is
the initial distance of the axle to the coordinate origin. The
derivatives with respect to time are

ẋsz =
dxsz

ds
v (t) ,

ẍsz =
d2xsz

ds2
v2 (t) +

dxsz

ds
a (t) ,

(16)
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where a (t) is the vehicle acceleration. In a similar way
the derivatives of the wheel unevenness xk with respect
to time are described. Based on large databases, the de-
scription of irregularities may be done using a spectral
density function (Van den Broeck, 2001). For Θn =
2πnn (s − s0) − θn,

xsz (s) =
√

2Δn

Ni∑
n=1

√
G (nn) cos (Θn) , (17)

where n is a wave number [cycle/m], Δn is the value de-
pendent on the bandwidth of the wave numbers and Ni

intervals, G (n) is a spectral density function of a railhead
unevenness [m2/cycle/m=m3/cycle], θn is a random phase
θn ∈ [0, 2π].

As for the wheel unevenness, the function R (ϕ) =
R0 +ΔR (ϕ) may be an angular irregularity of the radius,
and the relation between the distance and the wheel angle
is s (t) = ϕ (t) R0, where R0 is the average wheel radius.
Hence

xk (s (t)) = ΔR

(
s (t)
R0

)
. (18)

The function may be expanded into a sine series:

ΔR (ϕ) =
N∑

k=1

rk sin (kϕ + ϕ0k) , (19)

where rk is the amplitude of unevenness, and ϕ0k is the
initial random phase. If there is no sliding, then xN =
xsz +xw, and the kinematic excitation is a sum of x2 =
xN + u2t.

4. Vehicle-track-soil interaction

Dynamic soil response to every kind of excitation G may
be formulated as a convolution:

u (x; t) =

t∫
0

∫
V

h (x, ξ; t − τ) G (ξ; τ) dξ dτ, (20)

where h (x, ξ; t − τ) is the fundamental solution and
G (ξ; τ) are the dynamic forces due to excitations.

If the fundamental solutions (Green’s functions in
time and their time derivatives) are known at discrete
points along the rail, as well as at the discrete points in
the soil (or on the soil surface) as in Fig. 2, the problem
is approximated at a limited number of points—nodes,
due to the finite element (FEM) or other discrete solution
method.

Shape functions are placed between points and the
approximation of the response may be determined when
the excitation is located between nodes. Here, linear shape
functions N1 (η) = −1/l0η + 1 and N2 (η) = 1/l0η are
used, where l0 is the element length and η is the local
coordinate of the element.

Finally, the vertical displacements of nodes on the
left (u(L) (t)) and right (u(P ) (t)) are represented by the
following convolution:

[
u(L) (t)
u(P ) (t)

]
=

t∫
0

[
H(L)

L (t − τ) H(L)
P (t − τ)

H(P )
L (t − τ) H(P )

P (t − τ)

]

︸ ︷︷ ︸
H(t−τ)

×
[

R(L) (τ)
R(P ) (τ)

]
dτ, (21)

where R(L) (t) and R(P ) (t) are the reaction forces at
nodes along the left and right rails, respectively, while
H (t − τ) is the matrix of fundamental solutions. The soil
response at a surface point A is given as a similar convo-
lution:

uA (t) =

⎡
⎢⎣

u(Ax) (t)
u(Ay) (t)
u(Az) (t)

⎤
⎥⎦

=

t∫
0

⎡
⎢⎣
H(Ax)

L (t − τ) H(Ax)
P (t − τ)

H(Ay)
L (t − τ) H(Ay)

P (t − τ)
H(Az)

L (t − τ) H(Az)
P (t − τ)

⎤
⎥⎦

︸ ︷︷ ︸
HA(t−τ)

×
[

R(L) (τ)
R(P ) (τ)

]
dτ. (22)

The dynamic response at every point of soil may be cal-
culated for the forces generated between the wheel and
the rail. The hunting wheelset does not influence verti-
cal reactions. Wheel excitation takes into consideration
the interactions between wheels in the wheelset and other
wheels of a vehicle.

The responses regarding displacements, velocities
and accelerations may be represented as

u(A) (t)

=

t∫
0

H(A) (t − τ)

[
Z (τ) 0
0 Z (τ)

][
T(L)

T(P )

]
R2 (τ) dτ,

(23)

v(A) (t)

=

t∫
0

Ḣ(A) (t − τ)

[
Z (τ) 0
0 Z (τ)

][
T(L)

T(P )

]
R2 (τ) dτ,

(24)

a(A) (t)

=

t∫
0

Ḧ(A) (t − τ)

[
Z (τ) 0
0 Z (τ)

][
T(L)

T(P )

]
R2 (τ) dτ,

(25)
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Fig. 2. Discretization of the vehicle path.

where T(L) and T(P ) are transformation matrices, Z (t) is
a non-stationary matrix describing the contact point mo-
tion along the railhead. The solution for the displace-
ments in Eqn. (23) and the calculation of derivatives are
performed numerically, and for every step n, x(n)

2 =
x(n)

N + u(n)
2t , and u(n)

2t is equal to

u(n)
2t = dT

[
T(L)

T(P )

]T [
Z(n) 0

0 Z(n)

]T

×
n∑

m=1

H(n−m+1)

[
Z(m) 0

0 Z(m)

][
T(L)

T(P )

]
R(m)

2 .

(26)

Writing

Y(n) =

[
Z(n) 0

0 Z(n)

][
T(L)

T(P )

]
,

Ẏ(n) =

[
Ż(n) 0

0 Ż(n)

][
T(L)

T(P )

]
,

Ÿ(n) =

[
Z̈(n) 0

0 Z̈(n)

][
T(L)

T(P )

]
,

the solution for u(n)
2t at every step is

u(n)
2t = A(n) + B(n)R(n)

2 , (27)

with A(1) = 0, and

A(n) = dTY(n)T
n−1∑
m=1

H(n−m+1)Y(m)R(m),
2

n = 2, . . . , NT

and

B(n) = dTY(n)T H(1)Y(n), n = 1, . . . , NT .

The first-order derivative with respect to time is

u̇(n)
2t = Ȧ(n) + Ḃ(n)R(n)

2 , (28)

where Ȧ(1) = 0, and

Ȧ(n) = dT

n−1∑
m=1

(
Ẏ(n)T H(n−m+1)

+ Y(n)T Ḣ(n−m+1)
)
Y(m)R(m)

2 ,

n = 2, . . . , NT

and

Ḃ(n) = dT
(
Ẏ(n)T H(1) + Y(n)T Ḣ(1)

)
Y(n)

n = 1, . . . , NT .

The second-order derivative with respect to time is

ü(n)
2t = Ä(n) + B̈(n)R(n)

2 , (29)

where Ä(1) = 0, and

Ä(n) = dT

n−1∑
m=1

[
Ÿ(n)T H(n−m+1)

+ 2Ẏ(n)T Ḣ(n−m+1) + Y(n)T Ḧ(n−m+1)
]

× Y(m)R(m)
2 , n = 2, . . . , NT
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and

B̈(n) = dT
(
Ÿ(n)T H(1) + 2Ẏ(n)T Ḣ(1)

+ Y(n)T Ḧ(1)
)
Y(n), n = 1, . . . , NT

A(n) is the convolution matrix of up to the (n − 1)-
th step, while B(n) is the convolution matrix at the cur-
rent step n. Both matrices have their time derivatives,
Ȧ(n), Ä(n), Ḃ(n), B̈(n).

The equation of motion is then modified as follows:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

M11ẍ
(n)
1 + C11ẋ

(n)
1 + K11x

(n)
1

= Q(n)
1 + P(n)

1 −
(
M12ẍ

(n)
N + C12ẋ

(n)
N + K12x

(n)
N

)

−
(
M12Ä(n) + C12Ȧ(n) + K12A(n)

)

−
(
M12B̈(n) + C12Ḃ(n) + K12B(n)

)
R(n)

2 ,

R(n)
2 = Q(n)

2 + P(n)
2

−
(
M21ẍ

(n)
1 + C21ẋ

(n)
1 + K21x

(n)
1

)

−
(
M22ẍ

(n)
N + C22ẋ

(n)
N + K22x

(n)
N

)

−
(
M22Ä(n) + C22Ȧ(n) + K22A(n)

)

−
(
M22B̈(n) + C22Ḃ(n) + K22B(n)

)
R(n)

2 ,

(30)
and further re-arranged as
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

M11ẍ
(n)
1 + C11ẋ

(n)
1 + K11x

(n)
1

= Q(n)
1 + P(n)

1 −
(
M12ẍ

(n)
N + C12ẋ

(n)
N + K12x

(n)
N

)

−
(
M12Ä(n) + C12Ȧ(n) + K12A(n)

)

−
(
M12B̈(n) + C12Ḃ(n) + K12B(n)

)
R(n)

2 ,

(
I + M22B̈(n) + C22Ḃ(n) + K22B(n)

)
R(n)

2

= Q(n)
2 + P(n)

2 −
(
M21ẍ

(n)
1 + C21ẋ

(n)
1 + K21x

(n)
1

)

−
(
M22ẍ

(n)
N + C22ẋ

(n)
N + K22x

(n)
N

)

−
(
M22Ä(n) + C22Ȧ(n) + K22A(n)

)
.

(31)
Now, the following matrices can be defined:

G(n)
12 = M12ẍ

(n)
N + C12ẋ

(n)
N + K12x

(n)
N ,

G(n)
22 = M22ẍ

(n)
N + C22ẋ

(n)
N + K22x

(n)
N .

G(n)
12 and G(n)

22 are the dynamic forces due to unevenness
at the current location along the rail. We have

D(n)
12 = M12Ä(n) + C12Ȧ(n) + K12A(n),

D(n)
22 = M22Ä(n) + C22Ȧ(n) + K22A(n).

D(n)
12 and D(n)

22 are the dynamic subgrade reactions due
to the loading history, dependent only on the convolution
matrix A(n) and its time derivatives,

W(n)
12 = M12B̈(n) + C12Ḃ(n) + K12B(n),

W(n)
22 = I + M22B̈(n) + C22Ḃ(n) + K22B(n).

W(n)
12 and W(n)

22 are the current dynamic subgrade reac-
tions, dependent only on the current convolution matrix
B(n) and its time derivatives. Writing the total forces as

F(n)
12 = Q(n)

1 + P(n)
1 − G(n)

12 − D(n)
12 ,

F(n)
22 = Q(n)

2 + P(n)
2 − G(n)

22 − D(n)
22 ,

the equation of motion can be given as⎧⎪⎪⎪⎨
⎪⎪⎪⎩

M11ẍ
(n)
1 + C11ẋ

(n)
1 + K11x

(n)
1 = F(n)

12 − W(n)
12 R(n)

2 ,

W(n)
22 R(n)

2 = F(n)
22

−
(
M21ẍ

(n)
1 + C21ẋ

(n)
1 + K21x

(n)
1

)
,

(32)
when W(n)

0 = W(n)
12 W(n)−1

22 . Equation (32) yields

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

M11ẍ
(n)
1 + C11ẋ

(n)
1 + K11x

(n)
1 = F(n)

12

W(n)
0 F(n)

22 + W(n)
0

(
M21ẍ

(n)
1 + C21ẋ

(n)
1 + K21x

(n)
1

)
,

R(n)
2 = W(n)−1

22 F(n)
22

− W(n)−1
22

(
M21ẍ

(n)
1 + C21ẋ

(n)
1 + K21x

(n)
1

)
.

(33)
Substituting

M(n)
0 = M11 − W(n)

0 M21,

C(n)
0 = C11 − W(n)

0 C21,

K(n)
0 = K11 − W(n)

0 K21,

F(n) = F(n)
12 − W(n)

0 F(n)
22 ,

one may compute the solution for the central differences:
⎧⎪⎪⎪⎨
⎪⎪⎪⎩

M(n)
0 ẍ(n)

1 + C(n)
0 ẋ(n)

1 + K(n)
0 x(n)

1 = F(n),

R(n)
2 = W(n)−1

22

×
[
F(n)

22 −
(
M21ẍ

(n)
1 + C21ẋ

(n)
1 + K21x

(n)
1

)]
,

(34)
where F(n) is the force matrix independent of R(n)

2 .

M(n)
0 ,C(n)

0 ,K(n)
0 are non-stationary matrices of the ve-

hicle system due to the movement of inertial loading.
Accelerations

ẍ(n)
1 =

x(n+1)
1 − 2x(n)

1 + x(n−1)
1

dT 2
, (35)
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and velocities

ẋ(n)
1 =

x(n+1)
1 − x(n−1)

1

2 dT
, (36)

n = 1, . . . , NT , fulfil the initial conditions

x(1)
1 = x (0) = u0,

ẋ(1)
1 = ẋ (0) = v0,

and
x(2)

1 − x(0)
1 = 2 dTv0.

Hence

x(2)
1 − 2u0 + x(0)

1

= dT 2M(1)−1
0

(
F(1) − C(1)

0 v0 − K(1)
0 u0

)
, (37)

and

x(2)
1 = u0 + dTv0

+
dT 2

2
M(1)−1

0

(
F(1) − C(1)

0 v0 − K(1)
0 u0

)
.

(38)

If v0 = 0, then

x(2)
1 = u0 +

dT 2

2
M(1)−1

0

(
F(1) − K(1)

0 u0

)
(39)

and

M(n)
0

x(n+1)
1 − 2x(n)

1 + x(n−1)
1

dT 2

+ C(n)
0

x(n+1)
1 − x(n−1)

1

2dT
+ K(n)

0 x(n)
1 = F(n)

(40)

for steps n = 2, . . . , NT ,

(
1

dT
M(n)

0 +
1
2
C(n)

0

)
x(n+1)

1

= dTF(n) +
(

2
dT

M(n)
0 − dTK(n)

0

)
x(n)

1

+
(

1
2
C(n)

0 − 1
dT

M(n)
0

)
x(n−1)

1 .

(41)

Applying

S(n)
MC =

1
dT

M(n)
0 +

1
2
C(n)

0 ,

S(n)
MK =

2
dT

M(n)
0 − dTK(n)

0 ,

S(n)
CM =

1
2
C(n)

0 − 1
dT

M(n)
0 ,

one gets the recurrent formula

S(n)
MCx(n+1)

1 = dTF(n)+S(n)
MKx(n)

1 +S(n)
CMx(n−1)

1 . (42)

A further reformulation of Eqn. (14),

W(n)
22 R(n)

2 = F(n)
22 − M21

x(n+1)
1 − 2x(n)

1 + x(n−1)
1

dT 2

− C21
x(n+1)

1 − x(n−1)
1

2 dT
− K21x

(n)
1 ,

(43)

gives another recurrent formula:

W(n)
22 R(n)

2

= F(n)
22 − 1

dT

[ (
1

dT
M21 +

1
2
C21

)
x(n+1)

1

+
(

dTK21 − 2
dT

M21

)
x(n)

1

+
(

1
dT

M21 − 1
2
C21

)
x(n−1)

1

]
.

(44)

5. Numerical predictions

The computations of reaction R(n)
2 at every step have to

use the value of displacement x(n+1)
1 . At first, a sequential

Matlab code was generated. The package installed on
SunFire-6800 at Cracow ACC Cyfronet was used.

Figure 3 shows the time history and frequency con-
tent of the free field acceleration for the passage of a typ-
ical single tram vehicle N105a running on a track built
on the surface. The track is also a typical slab track with
identified dynamic parameters. The kinematic excitation
is different for both rails and every single wheel. At a dis-
tance x = 8 m from the track, the passage of an individual
bogie cannot be identified from the time history of accel-
eration, while at x = 24 m both bogies are visible in the
time history. Frequencies higher than 20 Hz are attenu-
ated mostly by the material and radiation damping in the
soil at x = 24 m from the track.

Figure 4 presents the time history and frequency con-
tent of the free field velocity as computed for the passage
of the same single tram vehicle N105a. At a distance
x = 8 m from the track, the passage of an individual bogie
may be seen at the time history of velocity. The lower fre-
quencies are visible better in the velocity frequency con-
tent than in the acceleration frequency content. Figure 5
shows the trajectories of the free field velocity as com-
puted for the soil particles during the passage of the tram
moving at v = 40 km/h at x = 8 m and x = 24 m
from the track. The trajectories present the behaviour of
a single soil particle in space. At x = 8 m from the track
(Fig. 5(a)), soil particle vibration is rather chaotic, while
at x = 24 m from the track (Fig. 5(b)), the particle move-
ment is mostly in the horizontal direction.
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Fig. 3. Time history (a) and frequency content (b) of vertical
soil acceleration during the passage of a tram moving at
v = 40km/h at x = 8 m and x = 24 m from the track.

6. Parallel version of the computational
model

As already mentioned, at first the sequential Matlab code
was generated. Later on, the numerical formulation was
modified as a significant reduction in calculation time was
expected, using high-performance computers. Figure 6
presents a parallel computation scheme of dynamic up-
dating matrices at every discrete step.

At the beginning, the dynamic forces G(n)
12 ,G(n)

22

due to the unevenness at current position along the rail
may be computed. In the same step, the convolution ma-
trix A(n) and its time derivatives, as well as the current
convolution matrix B(n) and its time derivatives may be
computed in parallel. In the next step, the convolution
matrix A(n) and its time derivatives are needed to com-
pute the dynamic subgrade reactions to the loading history
D(n)

12 ,D(n)
22 , while the current convolution matrix B(n)

and its time derivatives are needed independently to com-
pute current dynamic subgrade reactions W(n)

12 ,W(n)
22

and, afterwards, their combination W(n)
0 . Having the

dynamic forces due to the unevenness G(n)
12 ,G(n)

22 and

the dynamic subgrade reactions D(n)
12 ,D(n)

22 , total forces

F(n)
12 ,F(n)

22 are computed. Here, the loops of the par-
allel computations meet at the critical point. The sec-
ond loop starts with the computation of dynamic force
F(n) and, in parallel, non-stationary matrices of the ve-
hicle system M(n)

0 ,C(n)
0 ,K(n)

0 . Using these matrices,

S(n)
MC ,S(n)

MK ,S(n)
CM are computed. Finally, the next step
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Fig. 4. Time history (a) and frequency content (b) of vertical
soil velocity during the passage of a tram moving at v =
40 km/h at x = 8 m and x = 24 m from the track.
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Fig. 5. Trajectories of soil particle velocity during the passage
of the tram with a speed of v = 40 km/h at x = 8 m (a)
and x = 24 m (b) from the track.
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Fig. 6. Idea of the parallelization of model computations.

displacement x(n+1) is computed. Having that, the dy-
namic reaction R(n)

2 is known.
The Message Passing Interface (MPI) library or

OpenMP Compiler Directives may be used as alterna-
tive parallelization tools of the code parallelize the loops
shown in Fig. 6.

7. Final remarks

The prediction model of vibrations due to railway traf-
fic is formulated in this paper. A vehicle running on a
track is excited by wheel and rail irregularities, as well
as track vibration due to the vehicle movement. Dynamic
forces are generated in such a way by the train. The free
field response is a convolution of the fundamental solu-
tion, and the dynamic forces and may be computed nu-
merically with parallel modifications. The vehicle param-
eters as well as the parameters of the track and soil may be
identified. The entire model may be validated by means of
“in-situ” measurements on several levels including track
(tunnel) and soil vibrations.
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