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In order to estimate the inductive power set in the armature of the high-speed solenoid valve (HSV) during 
the open loop control (OLC) using pulse width modulation (PWM) an analytical explicit formula has been 
derived. The simplifications taken both in the geometry and in the physical behavior of the HSV were described. 
The inductive power was calculated for different boundary conditions and shown as a function of the frequency 
of the coil current. The power set in the armature was used as an input to the thermal calculation. The thermal 
calculation had an objective to estimate the time dependent temperature distribution in the armature of the HSV. 
All the derivation steps were presented and the influence of different boundary conditions was shown and 
discussed. The increase of the temperature during the heating with inductive power has been evaluated both in the 
core and on the side surface of the HSV. 

 
 Key words: solenoid valve, armature, inductive power, PWM, temperature. 

 
1. Introduction  
 
 Even though there are lots of research reports on the subject of the HSV, most of them focus on the 
modeling, dynamic response experiment and control method of the HSV (Peng et al., 2004). In Bottauscio et 
al. (2004) finite-element approaches of electromechanical dynamics were presented. In Huber and Ulbrich 
(2014) a simulation model of a solenoid valve was developed and validated. The method of closed loop 
control for the closure time and hold current was developed in Shahroudi et al. (2006) and in Lu et al. (2014) 
the authors investigated the impact of different control strategies of the switch-on time. One popular digital 
technique in hydraulics is the switching technique known as the PWM method. This type of control of the 
HSV offers the ability to provide position control of hydraulic actuators at a low costs (Wei Ying Lai et al., 
2015). The PWM-based control of solenoid valves was a subject of investigation in Sean Hodgson et al. 
(2015). Solenoid valves are nowadays studied in the early stage of system development. One of these studies 
regards the investigation of temperature distribution and thermal deformations inside the HSV (Angadi et al., 
2009). The objective of this paper is to contribute to the investigation of the influence of the PWM method 
on the temperature distribution in the armature of HSVs.  
 
2. Notation of mathematical formulas 
 
 In order to minimise the length of mathematic formulas presented in the paper the following 
shortened notation has been used: 
 Scalar variables and parameter are written in italics. 
 Vector variables are written in normal fonts.  
 Derivatives are indicated using the down index of the state variable. The state variables are the 

following , , ,r z t .  
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 Partial derivatives a state variable are written in italics. 
 In the case of the total derivative in time the straight writing “t” is used.  
 Components of a vector are indicated using the upper index. 

A few examples of the shorten notation are shown in Tab.1. 
 
Table 1. Examples of notations of mathematical formulas. 
 

description one of conventional notations short notation 

partial derivative of a scalar function u 
u

r




  ru   

total derivative of the vector function u 
d

dt

u
  tu   

differential operator 
r




  r   

mixed derivative of the z - component of the vector u 
2

zu

r


 

  z
ru    

 
3. Inductive power 
 
 During the PWM control the amplitude of the electric voltage varies between a minimum and a 
maximum value. The duration of the switch-on and the switch-off phase is different and chosen in a precise 
way. The ratio of the switch-on and the switch-off time determines (among others) the upper and lower value 
of the electric current flowing in the coil of the HSV. The purpose of the switching is to keep the mean value 
of the coil current constant. The course of the current during the control with PWM is similar to the saw-
function. The time-variable electric current implies the change of the magnetic field in the HVS and causes 
eddy currents in the armature. An inductive power losses are set to the armature and cause an unwanted 
increase of temperature. In order to find the inductive power one can use Maxwell’s equations (Jackson, 
2006). 
 
  E Bt   , (3.1) 
 
  H E+Dt  , (3.2) 
 
  D , B 0      , (3.3) 
 
  D E, J E, B H     . (3.4) 
 
 From Maxwell‘s equations one can derive Helmholz‘s equations (Rawa, 2001) which are the basis 
for the calculation of electromagnetic waves. 
 
     E E ln E Et tt          , (3.5) 

 

    H H ln H Ht tt         . (3.6) 

 
 For the estimation of inductive power losses the magnetic circuit of the HSV was simplified to the 
layout shown in Fig.1. 
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Fig.1. Simplified layout armature/coil. 
 
 Furthermore it was assumed that:  

a) permeability of the armature is constant,  
b) electrical conductivity of the armature   ,  
c) the armature is placed concentrically in the magnet yoke, 
d) the armature is an infinite long cylinder. 

 The investigations were restricted only to the fundamental wave of the saw-function of electric 
current which has the frequency equal to f 2  . Under these assumptions Eqs (3.5), (3.6) simplify 
 

  1 2 2
rr rE r E r E E       , (3.7) 

 

  z 1 z 2 z
rr rHH r H   . (3.8) 

 
 The boundary conditions of Eqs (3.7), (3.8) are 
 

   E 0 0 , (3.9) 

 

  z
r r 0H 0  . (3.10) 

 
 The parameter   in Eqs (3.7), (3.8) is the propagation constant 
 

  2 j  . (3.11) 
 
 Under the use of the calculation rule Eq.(3.12) for the complex number z (Bronstein et al., 2000) 
 

  
arg arg

cos cos  for  , , ,n n z 2 k z 2 k
z z i k 0 1 n 1

n n

         
 

, (3.12) 

 
can the propagation constant   be expressed as follows 
 
  / /1 j    . (3.13) 
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 The constant   in Eq.(3.13) is the penetration depth of the electromagnetic wave defined as in 
Conraths (1992). 
 

    1
2

  . (3.14) 

 
 The solution to the equation system (3.7) – (3.10) is 
 

  
 

 
 

11 a

h m 0 1

I r
E

L L I r
 


 




, (3.15) 

 

  
 

 
 

0z a

h m 0 1

I r
H

L L I r






. (3.16) 

 
 For the derivation of Eqs (3.15), (3.16) see appendix A. By means of electric and magnetic field 
intensities one can build the Poynting vector (Mrozynski, 2003) 
 

  *S HE12  . (3.17) 
 
 The time mean value of the inductive power set in the armature of the HSV can be obtained after the 
integration of the Poynting vector over the armature side surface Av  (Mrozynski, 2003).  
 

      
 

*HRe E A1
v 1 1 v

A

P 2 r r d      
  
∮ . (3.18) 

 
 The vectorial armature side surface Av  is in cylindrical co-ordinate system equal to 
 

  A er
v 1d r d dz  . (3.19) 

 

 Setting Eq.(3.19) in Eq.(3.18) and the building of the cross product    *E H1 1r r  result in 

 

       *
 Re

h mL L2
1 z

v 1 1 1

0 0

P 2 r E r H r d dz


   


  . (3.20) 

 
 The setting of Eqs (3.15) and (3.16) in Eq.(3.20) yields finally the inductive power set in the 
armature. 
 

  
 
 

Re
2

1 1a1
v

h m 0 1

I rr
P

L L I r

    
   


 

 
. (3.21) 

 
 In the next section the formula Eq.(3.21) has been evaluated. The calculation results will further be 
used for the calculation of the temperature distribution in the armature.  
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4. Calculation results of inductive power 
 
 The inductive power set in the armature was analysed in the frequency range of the coil current from 
zero to   kHz25 . The parameters of the armature for which analyses were performed are listed in Tab.2. 

Some of these parameters will further be used in the calculation of the temperature of the armature.  
 
Table 2. Parameters of the armature of the HSV. 
 

Symbol value unit 
   . 61 4 10   S/m 
   71000 4π 10    Vs/(Am) 

   7700 / 3kg m   

pc   460 / ( )J kgK   

    25 / ( )W mK   

 mL   3 mm 

 hL   10 mm 
 
 The analysis of the inductive power was performed for different armature radii and different electro-
motoric forces. In Tab.3 the overview of the analyzed evaluation points is shown. 
 
Table 3. Analyzed evaluation points. 
 

evaluation point [ ]1r mm     a A  

1P   6 7 

2P   7 7 

3P   7 9 
 
 The frequency dependent inductive power set in the armature together with the penetration depth of the 
electromagnetic wave is shown in Fig.2. The inductive power in the examined frequency range lies for all 
evaluation points under  [W]3 . The penetration depth drops under [µ ]250 m  for frequencies higher by roughly 

 [kHz]3 . 
 

 
 

Fig.2. Inductive power set in the armature penetration depth of the electromagnetic wave. 
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 In the analysis the frequency of [kHz]15  is of particular interest. At this frequency the inductive 

power in the evaluation point 1P  is about .  [ ]0 9 W , in the evaluation point 2P  equal to  [ ]1 W  and in the 

evaluation point 3P  equal to .  [ ]1 6 W . The penetration depth at the frequency of [ kHz]15  is equal to 

 [µ ]110 m .  

 
5. Time dependent temperature distribution 
 
 The estimation of the temperature distribution was carried out under the assumption of isothermal 
separated armature from the surroundings of the HSV. The inductive power was the single heat source for 
the calculation. The calculation was made by means of the analytical solution to the heat equation (Grigull 
and Sander, 1990). 
 
    tp vT c T q       . (5.1) 

 
 In the considered calculation case is the frequency of the fundamental wave of the coil current in the 
range of some kilohertz. For the frequency of e.g., [kHz]f 15  see the threefold penetration depth of an 

electromagnetic wave in the armature is equal to [µ ]3 330 m  (Appendix C or Fig.2 on the right). That 
means that almost all the inductive power losses in the armature (for the threefold penetration depth 

 exp  [%]1 3 95  ) are placed in closed surroundings of the armature side surface. Because of it, the 

inductive power was treated as the surface power density and calculated (using Eq.(3.21)) as follows 
 

     
 

Re
2

1 1 1a
c v 1 h

h m h 0 1

I r1
q P 2 r L

L L L I r
         




 
 

. (5.2) 

 
 Under this assumption Eq.(5.1) simplifies in the cylindrical co-ordinate system for const . To 
 

    t
1

r rbr rT T   . (5.3) 

 
 The parameter b in Eq.(5.3) is the thermal diffusivity 
 

    1
pb c


   . (5.4) 

 
 The parameter cq  was used for the definition of boundary conditions of Eq.(5.3) 
 
   

1
r cr r

T q   , (5.5) 

 
  r r 0

T 0  . (5.6) 

 
 The derivation of the solution to Eqs (5.3) – (5.6) is shown in the appendix B. The time dependent 
temperature distribution in the armature can be estimated using 
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,

2 2
n 1

122 0 n 11 r bt11
c 1 c 1 2

n 0 nn 0

J rrrr
T r t 2q b r t 2q r e

4b 8b J




 



 
     

 
  


 

 
. (5.7) 

 
6. Calculation results of the temperature of the armature 
 
 The temperature distribution in the armature was analysed in the time range from zero to  10 s . The 

parameters of the armature for which the analysis was performed are listed in Tab.2 The evaluation points 
are the same as in the calculation cases of the inductive power. These parameters are listed in Tab.3 The 
analysis was performed for the frequency of the current equal to [kHz]15 . The calculation results are shown 
in Fig.3.  

 

 
 

Fig.3.  Temperature couse in the core (left) and on the side surface of the armature for the frequency of the 
coil current equal to  [kHz]15 . 

 
 The maximum temperature increase of the core of the armature at the considered evaluation points 
lies under   3 C . After the heating time of  10 s  the biggest temperature increase of  .  2 8 C   occurs at the 

evaluation point 3P . The difference of the temperature increase between evaluation points 3P  and 1P ; in this 

case it is about   1 C . The temperature increase at the evaluation point 2P  is smaller than the temperature 

increase at the evaluation point 1P  despite a bigger inductive heat set in the armature. 
 The maximum temperature increase on the side surface of the armature at the considered evaluation 
points lies under   4 C . After the heating time of  10 s  the biggest temperature increase of  .  3 3 C  occurs 

in at evaluation point 3P . The temperature increase at the evaluation point 2P  is in this case equal to   2 C  

and at the evaluation point  -  .  2 3 C .  

 
7. Conclusions 
 
 The increase of the armature radius from   6 mm  to   7 mm  due to the unchanged electro-motoric 

force equal to  [ ]7 A  caused for the maximal examined current frequency equal to [ kHz]25  the increase of 

the inductive power of about .  [ ]0 2 W . The increase of the armature radius from   6 mm  to   7 mm  due to the 

simultaneous increase of the electro-motoric force from [ ]7 A  to [ ]9 A  caused for the current frequency 

1P
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[ kHz]25  the increase of the inductive power of about [ ]1 W . In the case of the armature radius   7 mm , the 

electro-motoric force  [ ]9 A  and the current frequency [kHz]15  the inductive power equal .  [ ]1 6 W  caused 

after the heating time of [ ]10 s  the increase of the temperature in the armature core of about  .  2 8 C . In this 

calculation case the difference between the temperature increase on the side surface of the armature and in 
the core of armature was about  .  0 5 C .  

 
Appendix A. Derivation of the formula for the calculation of inductive power 
 
 The solutions to Eqs (3.7) and (3.8) are modified Bessel functions of first and second kind. 
 

      1 1 2 1C I rE C K r    , (A.1) 

 

      
z

3 0 4 0C I rH C K r   . (A.2) 

 
 From the boundary condition (3.9) it follows  
 

    Re lim 1
x 0

K x j


  . (A.3) 

 
 The use of Eq.(A.3) implies for the constant 2C   
 
  2C 0 . (A.4) 
 
 The boundary conditions are given by Eq.(3.10) results in Tautz (1971) 
 
     3 1 4 1C I 0 C K 0 0   . (A.5) 

 
 Under the usage of Eq.(A.3) one gets for the constant 4C   
 
  4C 0 . (A.6) 
 
 The estimation of the further constant follows under the implementation of Faraday’s law. The use of 
Eq.(3.1) yields  
 

     
1 z

rr rE j H      . (A.7)  

 
 The left side of Eq.(A.7) becomes under the use of Eqs (A.1), (A.4) and the chain rule of 
differentiation  
 

      1 1
r 1 1 1 r 1r E E C r I r C I r      φ

  . (A.8) 

 
 The last term of Eq.(A.8) can be written as 
 

         1 r 1 1 r 1 rC I r C I r r      . (A.9) 
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 The two derivatives of the right side of Eq.(A.9) are  
 

          1
r 1 0 1I r I r r I r

       , (A.10) 

 
   r r   . (A.11) 

 
 The setting of Eqs (A.8)-(A.11) and Eqs (A.2), (A.6) in Eq.(A.7) yields 
 
  1 3C j C    . (A.12) 
 
 The use of Eq.(3.11) in Eq.(A.12) results in 
 

  / 1
1 3C C   . (A.13) 

 
 The estimation of 3C   follows under the use of Ampère’s circuital law. For the magnetic field 
intensity was assumed with Eq.(3.2) that 
 

     
z

1 h m ar r LH L   . (A.14) 

 
 The use of Eqs (A.2) and (A.6) in Eq.(A.14) yields  
 

  
  

a
3

0 1 h m

C
I r L L







. (A.15) 

 
 After the use of Eq.(A.15) in Eqs (A.1) and (A.2) one obtains the solution to the equation system Eqs 
(3.7) – (3.10) 
 

  
 

 
  

11 a

h m 0 1

I r
E σ

L L I r
 


 




, (A.16) 

 

  
 

 
  

0z a

h m 0 1

I r
H

L L I r






. (A.17) 

 
Appendix B. Derivation of the formula for the calculation of the time dependent temperature 
distribution 
 
 The initial condition to Eq.(5.3) is  
 
  

t 0
T 0  . (B.1) 

 
 The equation Eq.(5.3) becomes after the use of Eq.(B.1) and the Laplace transformation (Krysinski 
and Wlodarski, 1998) 
 

   1
r rr r qT T   . (B.2) 
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 The variable T  in Eq.(B.2) is a complex temperature given with Długosz (2005) 
 

     , ,
t

st

0

T r s T r t e dt  . (B.3) 

 
 The parameter q in Eq.(B.2) is  
 

  /q s b . (B.4) 
 
 The boundary conditions of Eq.(B.2) become 
 

  
1

1
r cr r

qT s   , (B.5) 

 
  r r 0

T 0  . (B.6) 

 
 The solution to Eq.(B.2) is given by modified Bessel functions of first and second kind (Leitner and 
Zacharski, 1998) 
 
     1 0 2 0T C I qr C K qr  . (B.7) 

 
 The derivative of Eq.(B.7) is  
 
     r 1 1 2 1T C qI qr C qK qr  . (B.8) 

 
 The use of Eq.(B.6) together with Eq.(A.3) yields 
 
  2C 0 . (B.9) 
 
 After the use of Eq.(B.5) one gets  
 

  
 
c

1
1 1

q
C

sqI qr





. (B.10) 

 
 The setting of Eqs (B.9) and (B.10) in Eq.(B.7) yields the complex temperature distribution in the 
armature 
 

  
 
 

c 0 1

1 1 2

q I qr f
T

sqI qr f
 



. (B.11) 

 
 Now the correspondence of Eq.(B.11) is quested. First, one must determine how many poles has the 
complex function Eq.(B.11). The modified Bessel function can be split in Taylor series as follows (Jackson, 
2006). 
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/

!

2n

n 1

x 2
I x

n 1 n







  

. (B.12) 

 
 The parameter   in Eq.(B.12) is the gamma function. For natural numbers it is defined as Nielsen 
(1906). 
 
    !n 1 n  . (B.13) 

 
 The use of Eqs (B.12) and (B.13) in Eq.(B.11) results in 
 

  
   
   

2 41 1
c

3 51 1 1
1 1 1

1 4 qr 64 qrq 1
T

sq 2 qr 16 qr 384 qr

 

  

  


  




. (B.14) 

 
 The setting of Eq.(B.4) in Eq.(B.14) yields 
 

  
1 1 2 1 2 4 2

c
2 1 1 2 1 2 4 2

1 1 1

2bq 1 1 4 b r s 64 b r s
T

r s 1 8 b r s 192 b r s

   

   
  


  




. (B.15) 

 
 From Eq.(B.15) one can see that the complex temperature distribution has a double pole in s=0. 
Other poles can be found using the Eq.(B.16) (Burg et al., 1994).  
 

     I x j J ix
  . (B.16) 

 The setting of Eq.(B.16) in Eq.(B.11) yields 
 

  
 
 

c 0

1 1

q J jqr
T j

sqJ jqr





. (B.17) 

 
 One obtains other poles after the solution of the characteristic equation 
 
   1J 0 . (B.18) 

 
 The parameter   in Eq.(B.18) is  
 
  1jqr . (B.19) 
 
 The Eq.(B.18) concerns single poles. Solving Eq.(B.19) under the use of Eq.(B.4) yields these poles 
 

    , , ,
2

n n 1s b r n 1 2     . (B.20) 

 
 Now one can perform the reverse Laplace transformation. In the case of a double pole and n single 
poles the correspondence to Eq.(B.17) can be found using the expansion in Laurent series (Dlugosz, 2005) 
 

  
 

n

n

1 n s t
1

s 2n 0 s s

f s
T c e

f




 

 
 . (B.21) 
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 The parameter 1c  in Eq.(B.21) is equal to Taler and Duda (2003) 
 

   1 1
1c D At B AED 
    , (B.22) 

 

    1
c 1A 2q b r

   , (B.23) 

 

    12
c 1B q r 2 r

   , (B.24) 

 
  D 1 , (B.25) 
 

    12
1E r 8b

 . (B.26) 

 
 The derivative of 2f  can be obtained using the chain rule of differentiation (see also Eq.(B.11)) 
 

       
n n

s 2 1 1 s s 1 1s s s s
f I qr sq sq I qr 

      . (B.27) 

 
 The first term of the right side of Eq.(B.27) is equal to zero because of Eq.(B.16) and because of the 
characteristic Eq.(B.18). The second term of the right side of Eq.(B.27) can be simplified using the relation 
Eq.(A.10) as follows 
 

            
n n

1 1
s 1 1 0 1 1 1 1 1s s s s

sq I qr sq I qr qr I qr r 2bq
 

 
    . (B.28) 

 
 The use of Eqs (B.18) and (B.4) in Eq.(B.28) results in a further simplification 
 

  
n

n1
s 2 n 0 1s s

sr
f s I r

2b b

 
    

 


. (B.29) 

 
 The relation Eq.(B.29) can be written after the use of Eqs (B.16) and (B.19) as follows 
 

     
n

1 2
s 2 1 n 0 ns s

f 2r J


     . (B.30) 

 
 The setting of Eqs (B.16) and (B.19) in the numerator of Eq.(B.11) yields 
 

   1
1 c 0 n 1f q J rr   . (B.31) 

 
 After the setting of the relations Eqs (B.22) – (B.26) and (B.30), (B.31) in Eq.(B.21) one finally 
obtains the time dependent temperature distribution in the armature of the SV  
 

     
 

 
,

2 2
n 1

122 0 n 11 r bt11
c 1 c 1 2

n 0 nn 0

J rrrr
T r t 2q b r t 2q r e

4b 8b J




 



 
     

 
  


 

 
. (B.32) 
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Appendix C. Overview of calculation results 
 
Table 4. Selected calculation results. 
 

f [kHz]  m   calculation  
point 

 P W    ,T 0 10s C 
 
    ,1T r 10s C 

 


10 135 
P1 0.6928 1.6192 1.8397 
P2 0.8096 1.3559 1.6136 
P3 1.3383 2.2415 2.6674 

15 110 
P1 0.8503 1.9872 2.2579 
P2 0.9933 1.6636 1.9798 
P3 1.6420 2.7501 3.2728 

20 95 
P1 0.9830 2.2975 2.6104 
P2 1.1482 1.9231 2.2885 
P3 1.8980 3.1789 3.7831 

25 85 
P1 1.1000 2.5709 2.9210 
P2 1.2846 2.1516 2.5605 
P3 2.1236 3.5567 4.2327 

 
Nomenclature 
 
 B – magnetic flux density 
 pc   – specific heat capacity 

 E – electric field intensity 
 f – frequency 
 H – magnetic field intensity 
 i – electric current 
 J – electric current density 
 hL   – length of armature 

 mL   – length of yoke pole 

 m – mass 
 vq   – volumetric power density 

 cq   – surface power density 

 r – radial distance 
 T – temperature 
 t – time 
  – penetration depth of electromagnetic wave 
 0   – electric permittivity 

 a   – electro-motoric force 

    – heat conductivity 
    – magnetic permeability 

    – density 
    – electric conductivity 
    – angular frequency 
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