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In this work, we study the bending vibrations of a thin wing for a profile with two axes of symmetry, taking 
into account the influence of torsional vibrations on them. The primary focus of the current study is on finding an 
analytic solution for the wing-bending equation through the Laplace transform, determining the frequency of free-
bending vibrations, and constructing the amplitude-frequency response and phase-frequency response of the wing.  
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1. Introduction 
 

 Aeroelasticity is a phenomenon that aircraft and rocket engineering have encountered since the 
twenties of the last century. Their practical significance, complexity and variety of forms in which they occur 
[2-4] have initiated a large number of studies devoted to various aspects of these phenomena.  
 From [4-7] and many other works it is known that if there is a dependence of the frequency of free 
vibrations on the dimensionless speed of the wing relative to the airflow M, divergence and flutter phenomena 
are possible, that is, loss of stability of the rectilinear shape of the wing, leading to disasters. From a 
mathematical point of view, there is a loss of stability of the solution to the system of equations of state of the 
Lyapunov model [8], that is, the development of the wing’s own torsional and bending motions according to 
an unlimited aperiodic law. In [1], the application of Lyapunov stability theory is utilized to identify unstable 
scenarios of wing torsional vibrations corresponding to the Mach number M. In this paper, by combining 
Vlasov's theory, bending vibrations will be studied.  
 Regarding vibrations of aircraft wings, many scientists are interested and recently many studies have 
been conducted with many different approaches.  
 In [9] Seher Eken analyzed the free vibration of an aircraft wing based on the thin-walled composite 
beam theory. 
 In [10] Pranjal Agrawal, Pankaj Dhatrak, and Paras Choudhary carried out a comparative analysis of 
aircraft wing vibration characteristics utilizing the finite element method.  
 Zihao Zhou studied the vibration deformation of an airfoil under harmonic loading caused by fuel 
weight with finite element methods such as modal analysis and harmonic response analysis used [11].  
 Evran et al. presented a numerical free vibration analysis of airfoils generated using different airfoil 
cross-sections such as NACA 0009, NACA 2424 and NACA 4415 [12].  
 In the paper [13] M.S. Maamo et al. presented the preliminary results of the study conducted to build 
a promising system designed to measure the vibration parameters of the aircraft wings. The system's initial 
simulation results are shown, demonstrating its operability and expected accuracy characteristics, confirming 
the system's effectiveness and the prospects for the chosen research direction.  

 
* To whom correspondence should be addressed 
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 A.Ya. Zverev and V.V. Chernyh conducted tests to measure the vibration characteristics of a typical 
fuselage panel from a regional aircraft, as well as the board, flap, and wing structures of an actual aircraft [14]. 
These tests, which included various vibration-damping configurations, were performed both in reverberation 
chambers and on a full-scale test bench.  
 In [15], Guo Yao et al. developed the dynamic equation for a plate interacting with yawed subsonic 
flow using the von Karman nonlinear plate theory and linear potential flow theory, and they analyzed the 
system's time-varying dynamic properties. The system’s natural frequency curve throughout the unfolding 
process is determined by solving the generalized eigenvalue problem. The time response of the vibration 
displacement for the thin plate is calculated using the Runge-Kutta method.  
 
2. Bending vibrations of a thin wing 
 
2.1. Analytical solution of the wing bending equation 
 
Let's consider the equation of bending vibrations: 
 

  ( )( )
4 4 2

2
b y4 2 2 2 2

x

1 K C M Μ
r

α∂ η ∂ η ∂ η− + = α + θ
∂ζ ∂ζ ∂τ ∂τ

. (2.1) 

 
Note that this equation is linear inhomogeneous, and the inhomogeneity is generated not only by the presence 
of a balancing angle of attack α but also by torsional vibrations - the angle of twist θ . To solve this equation, 
we apply the modal decomposition method [16]. 
Let us consider the homogeneous equation of bending vibrations: 
 

  
4 4 2

4 2 2 2 2
x

1 0
r

∂ η ∂ η ∂ η− + =
∂ζ ∂ζ ∂τ ∂τ

. (2.2) 

 
in which we assume the existence of harmonic vibrations: ( ) ( ), 1i

a e ⋅Ω ⋅τη ζ τ = η ζ ⋅ . 
The equation for amplitude functions ( )aη ζ : 
 

  ( )
4 2 2

2a a 1
1 a4 2 2

x
0

r
∂ η ∂ η Ω+ Ω ⋅ − ⋅ η ζ =
∂ζ ∂ζ

.  (2.3) 

 
We pass from Eq.(2.3) to the system of first-order equations: 
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

∂ φ ζ = μ ζ∂ζ



∂ μ ζ = Θ ζ∂ζ


Ω∂ Θ ζ = ⋅ η ζ − Ω ⋅μ ζ∂ζ

 (2.4) 
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Let's move on to matrix notation, introducing the state vector: 
 
  ( ) ( )T

a xψ ζ = η φ μ Θ . (2.5) 
 
The same system in matrix form has the form: 
 

  ( ) ( ).
2

21
12

0 1 0 0
0 0 1 0
0 0 0 1

0 0
r

 
 
 ∂  ψ ζ = ⋅ ψ ζ

∂ζ  
Ω −Ω 

 

 (2.6) 

 
The solution in Cauchy form can be easily obtained analytically through the Laplace transform: 
 
  ( ) ( , ) ( )1 1 0 1Vψ ζ = ζ Ω ⋅ ψ Ω  (2.7) 
 
where ( )0ψ Ω  is the value of the state vector at 0ζ =  (vector of initial parameters), the normalized matrix of 
fundamental solutions V ( , )1 ζ Ω  is defined as the original matrix defining the Laplace transform of Eq.(2.6) 
along the ζ coordinate [16]: 
 

  ( ) I ; I .

1

1L
2

21
12

x

0 1 0 0
1 0 0 00 0 1 0
0 1 0 00 0 0 1V p p
0 0 1 0

0 0 0 0 0 1
r

−
  
    
    
    = ⋅ − =
    

Ω    −Ω    
  

  (2.8) 

 

Let's denote: ,
2

21
12

x
a b

r
Ω = Ω = ,  here 

2

2
xx

1 A L
Jr
⋅= : 
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. (2.9) 

 
The roots of the denominator: 
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  ...
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,  (2.10) 

 

let's denote: 
2

1
b 4 a bP

2
+ ⋅ −= ; 

2

2
b 4 a bP

2
+ ⋅ += . 

 
We find the original Eq.(2.9) using the inverse Laplace transform to p, obtaining a normalized matrix of 
fundamental solutions 
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( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

, , , ,

, , , ,
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1
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V V V V

 ζ ζ ζ ζ
 

ζ ζ ζ ζ 
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ζ ζ ζ ζ 
 
 ζ ζ ζ ζ 

 (2.11) 

 
where 
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  ( ) ( ) ( ) ( ) ( ) ( ), , , , , ,, , , , , , , , ,1 1 1 1 1 12 4 1 3 3 1 1 3 3 2 2 1V V V a V V Vζ Ω = ζ Ω ζ Ω = ⋅ ζ Ω ζ Ω = ζ Ω  
 

  ( ) ( ) ( )( ),, cosh cos ,2 2
1 1 1 2 23 3

1V P P P P
Z

ζ Ω = ⋅ ⋅ ⋅ ζ + ⋅ ⋅ ζ  

 
  ( ) ( ) ( ) ( ) ( ) ( ), , , , , ,, , , , , , , , ,1 1 1 1 1 13 4 1 2 4 1 3 4 4 2 3 1V V V a V V Vζ Ω = ζ Ω ζ Ω = ⋅ ζ Ω ζ Ω = ζ Ω  cont.(2.12) 
 

  ( ) ( ) ( ) ( ) ( )( ),, sinh sin ,1 2 1 1 2 1 24 3
1V a P P b P b P a P P
Z

ζ Ω = ⋅ ⋅ − ⋅ ⋅ ⋅ ζ − ⋅ + ⋅ ⋅ ⋅ ζ  

 
  ( ) ( ), ,, , , .2

1 14 4 3 3V V Z b 4 aζ Ω = ζ Ω = + ⋅  
    
Having analytical expressions for the matrix of fundamental solutions, it is possible to solve a variety of 
homogeneous and inhomogeneous solutions. 
 
2.2. Frequencies of free bending vibrations 
 
 Nontrivial solutions of the system exist when the determinant of the matrix expressing the boundary 
conditions is equal to zero. For a cantilever wing with the origin of coordinates at the centre of gravity of the 
side profile, the kinematic parameters at the origin of coordinates (dimensionless deflection and angle of 
rotation) and the end of the cantilever – the force parameters (bending moment and lateral force) are equal to 
zero. The state vector is determined by two unknown initial parameters x0μ  and 0Θ . Then to determine the 
frequencies of free vibrations we have the equation: 
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( , ) ( , )
,
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Ω Ω
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2
22 24 4 2 2 2 2

2 1 1 1 x2
11

p P P P
P r 1 r

Pr 4 P

P P
P P P 1 P r 2 0

PP

 ⋅ ⋅ Ω ⋅ + ⋅ + Ω ⋅ +
Ω + 

+ ⋅ + − Ω ⋅ ⋅ − ⋅ + + ⋅ Ω ⋅ =


  (2.13) 

 

  ,
2 4 2 2 2 4 2 2

x x x x
1 2

2 r 4 2 r 2 r 4 2 r
P P

2 2
⋅Ω ⋅ Ω ⋅ + − ⋅ Ω ⋅ ⋅Ω ⋅ Ω ⋅ + + ⋅Ω ⋅

= = . 

 
 Equation (2.13) determines the spectrum of free-bending vibrations of the wing. 
Calculations were carried out for a wing with aspect ratio 10λ =  and relative thicknesses 

. ; . ; . ; .c 0 05 0 1 0 15 0 2= . Wing material - steel 3: E 200 GPa= , / 37850 kg mρ = , .0 3ν = . Geometric 
characteristics of two profiles – diamond-shaped (Fig.1a) and “trapezoidal” (Fig.1b), trapezoidal profile 
parameter .a 0 8= . 
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Fig.1. Symmetrical profiles. 
 
Table 1. Dependence of dimensionless radius of inertia on the relative profile thickness. 
 

Profile Fig.1a Fig.1b 

tc  .0 05  .0 10  .0 15  .0 20  .0 05  .0 10  .0 15  .0 2  

. 3r 10  .1 201  .2 041  .3 062  .4 082  .1 403  .2 805  .4 208  .5 611  
 
 The dependences of the determinant (2.13) on the dimensionless frequency Ω  are shown in Fig.2, and 
Fig.3. It is clear from them that the first natural bending frequency increases with increasing relative profile 
thickness and dimensionless radius of inertia during transverse bending. These figures make it possible to 
determine the isolation intervals of the roots of the frequency Eq.(2.13) for their subsequent refinement. The 
values of the first natural bending frequency after refinement are shown in Fig.3 and Tab.2.  
 

 
 
Fig.2. Dependence of the determinant on the dimensionless frequency Ω  for diamond-shaped profile. 
 



112 Bending vibrations of a thin wing for a profile with two axes of… 

 
 

Fig.3. Dependence of the determinant on the dimensionless frequency Ω  for trapezoidal profile. 
 
Table 2. Dependence of the first natural bending frequency on the relative thickness. 
 

.0 05=tc  
Natural frequencies Fig.1a Fig.1b Fig.1c Fig.1d

1Ω  .3 516017  .3 516018  .3 516017  .3 516022  

2Ω  .22 034339  .22 034203  .22 034285  .22 033871  

3Ω  .61 695739  .61 694428  .61 695219  .61 691216  

4Ω  .120 895688  .120 890152  .120 893491  .120 87659  
.0 1=tc  

Natural frequencies Fig.1a Fig.1b Fig.1c Fig.1d
1Ω  .3 516022  .3 516027  .3 516019  .3 516045  

2Ω  .22 033881  .22 033339  .22 034157  .22 03164  

3Ω  .61 691315  .61 686072  .61 693982  .61 669662  

4Ω  .120 877008  .120 854881  .120 88827  .120 785662  
.0 15=tc  

Natural frequencies Fig.1a Fig.1b Fig.1c Fig.1d
1Ω  .3 516029  .3 516042  .3 51602  .3 516083  

2Ω  .22 033119  .22 031898  .22 034012  .22 027878  

3Ω  .61 683943  .61 672153  .61 692583  .61 633346  

4Ω  .120 845895  .120 796163  .120 88236  .120 6327  
.0 2=tc  

Natural frequencies Fig.1a Fig.1b Fig.1c Fig.1d 

1Ω  .3 51604  .3 516063  .3 516022  .3 516137  

2Ω  .22 032051  .22 029882  .22 033861  .22 022678  

3Ω  .61 673626  .61 652682  .61 691116  .61 583236  

4Ω  .120 802376  .120 714101  .120 876168  .120 422148  
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2.3. Forms of free bending vibrations 
 
 For each natural frequency, the initial parameters should be found as nontrivial solutions of a 
homogeneous system of equations 
 

  , ,

, ,

( , ) ( , )
, , , ,

( , ) ( , )
1 k 3 3 1 k 3 4 x0

1 k 4 3 1 k 4 4 0

V 1 V 1 0
k 1 2 3 4

V 1 V 1 0
Ω Ω μ     

= =    Ω Ω Θ    
.  (2.14) 

 
 The rank of this system is 1, so one of the initial parameters can be set arbitrarily, for example, put 

x0 0μ = . Then, eliminating the second equation and determining 0Θ  from the first, we obtain: 
 

  ,

,

( , )
( , )

1 k 3 3
0 x0

1 k 3 4

V 1
V 1

Ω
Θ = − μ

Ω
.  (2.15) 

 
 To eliminate arbitrariness in the choice of the parameter x0μ , we take into account that to determine 
a particular solution to Eq.(2.6), the basis for the expansion of the angle of torsion into a convergent series is 
the normalized dimensionless transverse displacement ( ),a kη ζ Ω : 
 

  ( ) ( ) ,
, , , , , , ...

,

1

a k a m
0

1 k m
d k m 1 2 3

0 k m
∀ =

η ζ Ω ⋅ η ζ Ω ζ = = ∀ ≠   (2.16) 

 
 This condition serves to determine k0μ : 
 

  ,
, ,

,

( , )
( , ) ( , )

( , )

1 221
1 k 3 3

k0 1 k 1 3 1 k 1 4
1 k 3 40

V 1
V V d

V 1

−
  Ω μ = ζ Ω − ζ Ω ζ  Ω    
 .  (2.17) 

 
 Here, to calculate the transverse displacement, expressions for the components of the matrix of 
fundamental solutions (2.12) and an expression for 0Θ through x0μ  Eq.(2.15) are used. 
 

 
Fig.4. Normalized dimensionless displacement.

 
Fig.5. Profile rotation angle. 
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Fig.6. Normalized dimensionless moment. 

 
Fig.7. Normalized dimensionless transverse force.

 
 The normalized forms of free bending vibrations shown in Fig.4, by Steklov’s theorem, form a complete 
orthonormal system of functions and can be used as a basis for expanding the right side of the Eq.(2.1). 
 Figures 5-6 show the components of the wing's bending eigenstates - dimensionless transverse 
displacement, section rotation angle, dimensionless bending moment and dimensionless transverse force - for 
the first four natural frequencies. It should be noted that the type of dependence of the eigenstates on the 
coordinate ζ  is universal for any profile; only the natural frequencies differ. 
 
2.4. Solution of the inhomogeneous bending equation 
 
 Let us assume that the flow regime is subcritical and the wing performs small torsional oscillations 
around the balancing value of the angle of attack α with a known first natural frequency ( )1 MΩ . We will 
neglect higher harmonics, since for an elastic wing the first mode of vibration is the most energy-intensive. 
We will look for a number M  at which resonance occurs between bending and torsional vibrations. To be 
able to estimate the resonant amplitude, we assume that the wing material obeys the Voigt model [17], for 
which the relationships between stresses and strains have the form: 
 
  ( ) ( )( )t E t tσ = ε − με , (2.18) 
 
or, representing (2.18) in the form of linear-hereditary relations, 
 

  ( ) ( ) ( ) ( ) ( ),
t

0

d t
t E t Г t d Г t

dt
δ

σ = ε − − τ τ = μ ,  (2.19) 

 
here Г(t) is the relaxation kernel, and δ(t) is the Dirac delta function. 
 Substituting Eq.(2.19) into the bending equation [1] and taking xa 0= , we obtain an equation of the 
following form: 
 

  ( ) ( ) ( ) ( , )
t4 4 4 2

x x y4 4 2 2 2
0

v t v v vEJ Г t d J A q z t
Ez z z t t

 ∂ ∂ τμ ∂ ∂ − − τ τ − ρ + ρ =
 ∂ ∂ ∂ ∂ ∂ 

 . (2.20) 
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 The external load ( )yq t  is represented through the aerodynamic derivative ( )yC Mα , the angle of 

attack of the UAV (unmanned aerial vehicle) α  and the twist angle ( )tθ . 
 Using the Lagrange-d'Alembert variational equation (since the eigenforms are already known above), 
we obtain: 
 

  

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

, , ,

, , ,
, , , .

L t2 2 2

x2 2 2
0 0

2 3

x y2 2

v z t v z t v z xdEJ t x dx
E dtz z z

v z t v z t v z t
v z t A J v z t q z t dz 0

zt z t

  ∂ δ ∂ ∂μ  − δ − +
  ∂ ∂ ∂ 

∂ ∂δ ∂
+ δ ρ + ρ − δ =

∂∂ ∂ ∂ 

 
 (2.21) 

 

Moving on to dimensionless variables ,z L v L= ζ = η  and dimensionless time 
x

Lt
r E

ρ= τ ⋅ , we get: 

 

  

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

, , ,

, , ,
, , .

1 2 2 2

2 2 2
0 0

2 3
2 2
x y b2 2

d d
E d

r C M K M d 0

τ

α

  ∂ δη ζ τ ∂ η ζ τ ∂ η ζ ξμ  − δ τ − ξ ξ +
 τ ∂ζ ∂ζ ∂ζ 

∂ η ζ τ ∂δη ζ τ ∂ η ζ τ
+ δη ζ τ + − δη ζ τ ζ =

∂ζ∂τ ∂ζ∂τ 

 
 (2.22) 

 
 Let us represent displacement in the form of a modal expansion [16], in which we use eigenfunctions 
(see above) and their properties as modes: 
 

  

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

, ,

,

, , , ,

,
, , ,

,
,

, ,, .
, ,

N N

k 1 k k 2 k
k 1 k 1

2 N

k 2 k2
k 1

1 1 2
k

k 1 m 1 k 2 m 2
0 0

a a

a

1 k m k md d
0 k m 0 k m

= =

=

∂η ζ τ
η ζ τ = Ψ ζ τ = Ψ ζ τ

∂ζ

∂ η ζ τ
= Ψ ζ τ

∂ζ

∀ = Ω ∀ =Ψ ζ Ψ ζ ζ = Ψ ζ Ψ ζ ζ = ∀ ≠ ∀ ≠ 

 



 

 (2.23) 

 
 Here ,k nΨ  are dimensionless state vectors, k is the number of the natural frequency to which the state 
vector corresponds, 𝑛 is the number of its components: 1 - displacement, 2 - angle of rotation of the section, 3 
- second derivative of displacement (curvature); ka  – modal coefficients – independent functions of time that 
are not equal to zero at the same time. Note that the variation applies only to ka , since the components of the 
vector Ψ  are considered known. Then from Eq.(2.22), we obtain: 
 

  ( ) ( ) ( ) ,2
k k k k

0

a 1 a d P
E

τ μ
 − Ω − δ τ − ξ ξ ξ = τ
  

    (2.24) 
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  ( ) ( ) ( ) ( ), , .
1

2
k y b 0 k 1

0

P C M K M dατ = θ Ψ ζ θ ζ τ ζ   cont.(2.24) 

 
 This system of integrodifferential ordinary equations is solved using the integral Laplace transform in time: 
 

  

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

* * *

*
,

,

, .

k k k

1 1
2 2 2

k k k k k 2
0

a s W s P s a 0 sa 0

W s s 1 C 1 s C d
E

−

 = + + 

 μ = − + Ω − = Ψ ζ ζ     



  (2.25) 

 
 Here ( ) ( ),a 0 a 0  are the expansion coefficients in a series of eigenfunctions of the initial velocity and 
initial displacement, which we will consider homogeneous (i.e. equal to zero). The function of the 
transformation parameter ( )*

kW s  in control theory is called the transfer function. If its original is known (the 
so-called impulse-transition characteristic, ITC), then the originals of the modal coefficients are determined 
by the Duhamel integral: 
 

  ( ) ( ) ( )k k k
0

a W P d
τ

τ = τ − ξ ξ ξ . (2.26) 

 
For the Voigt model, the original transfer function (ITC) is determined by the expression: 
 

  ( ) ( )sin , , .
2 2 2

k k

x

L LW e 4
2 E E 2r E E

−βτ Ω Ω ρμ ρ μ   τ = ωτ ω = − β =   
   

 (2.27) 

 
The parameter β has the physical meaning of a logarithmic decrement. For steel 3 it was measured in [18]; its 
value was 0.2119.  
 Let the flight occur at a constant altitude with a constant speed. Due to the linearity of the model, the state 
of the wing can be represented as a superposition of two states: bending by a constant lift force due to the angle of 
attack of the UAV (unmanned aerial vehicle), and free torsional vibrations, which can be caused by gusts of wind, 
changes in density and temperature at flight altitude, etc. Then torsional vibrations can be considered as a 
monoharmonic external influence with a frequency determined by the first natural frequency of torsional vibrations. 
Forced bending vibrations at a subcritical number M is the response of the wing to harmonic action, determined by 
Eq.(2.26) at ( ) ( ) ( ), sin1 1torθ ζ τ = θ ζ Ω τ . Leaving only the steady-state part of the solution, we obtain: 
 

  
( )

, tor
2 2 222 2 2 2 2 tor

tor tor

21A arctg
4

 βΩ
= φ =   β + ω − Ω β + ω + Ω − ω Ω

  (2.28) 

 

where 
( )

f
b 2f

b

11ω = Ω −
Ω

 is the natural bending frequency of the elastic wing, f
bΩ  is the natural bending 

frequency of the elastic wing, torΩ  is the frequency of torsional vibrations, A is the amplitude, φ   is the phase 
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of bending vibrations. Formulas (2.28) make it possible to construct the amplitude-frequency response (AFR) 
and phase-frequency response (PFR) of the wing, in which the role of the external influence frequency is 
played by the first frequency of free torsional vibrations, varying in the range from 0 (at 1torM M= ) to maxΩ  
( at M 0= ). The resonant frequency of bending vibrations (corresponding to the maximum AFR), determined 
from the principle of the derivative of the AFR for the frequency of external influences: 
 

  
( )

, .r 2 2
tor22 2 2 2 2tor tor

tor tor

A 1 0
4

∂ ∂= = Ω = ω − β
∂Ω ∂Ω

β + ω + Ω − ω Ω
  (2.29) 

 
The corresponding resonant amplitude 
 

  r 2
b

1A
2 1

=
β Ω −

  (2.30) 

 
where bΩ  is the dimensionless frequency of free bending vibrations. Note that this amplitude is dimensionless 
in the sense that it is related to the amplitude of the disturbing lift force: 
 

  ( ) ( ),( )
1

2
b y 0 1 1 1

0

A K C M Μ dα
θ = θ Ψ ζ θ ζ ζ   (2.31) 

 
where 0θ  is the amplitude of torsional vibrations according to their first form, ( )1θ ζ  is the first normalized 
natural form of torsional vibrations, ( ),1 1Ψ ζ  is the first normalized natural form of bending vibrations. 
 Figure 8 and Fig.9 show the AFR and PFR of the wing at .0 2β = , which approximately corresponds 
to a steel wing. Table 3 shows the values of resonant amplitudes for . ... .0 1 0 4β = . 
 

 
 

Fig.8. AFR of the wing. 
 

These figures show the AFR and PFR of bending vibrations on four lower modes. The first frequency is dangerous 
in terms of wing strength since its relative resonant amplitude is the largest of the four for any β  (see Tab.3). 
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Fig.9. PFR of the wing. 
 
Table 3. Dependence of relative resonant amplitudes on the logarithmic decrement of the material. 
 

β  NO natural frequency of bending vibrations 
 1   2   3   4  

 .0 1   .1 483   .0 227   .0 081   .0 042  
 .0 2   .0 742   .0 114   .0 041   .0 021  
 .0 3   .0 494   .0 076   .0 027   .0 014  
 .0 4   .0 371   .0 057   .0 02   .0 01  

 
 In the PFR (Fig.9), resonance points are characterized by a change in the sign of the phase (from / 2π  
to / 2−π ), as in any resonant process. The effect of decrement on resonant frequencies is also obvious - an 
increase in decrement leads to a decrease in the resonant amplitude - and does not contradict the results of 
other studies of resonant processes [19] with damping proportional to velocity.  
 Let us consider the results obtained from the point of view of airflow around the wing. As shown in [1], 
the natural frequencies of torsional vibrations depend on the M  number of the free flow, and with increasing M  
the frequency drops to zero; in Fig.8 is the beginning of the interval. The end of the interval can be chosen quite 
arbitrarily, but less than the natural frequency of torsional vibrations at M 0= . Thus, resonance at the first 
frequency of bending vibrations is possible only near the critical (smallest) number M . Resonance at higher 
frequencies occurs at lower Mach numbers; data [1] and Tab.2 allow us to estimate the first natural frequency of 
torsional vibrations at M 0=  with a value of ...200 500 , and the fourth frequency of bending vibrations 120− , 
then we can assume that the latter corresponds to the descending part of the dependence of the first natural 
frequency of torsional vibrations on M . But its resonant amplitude is the smallest of those given in Tab.3. It is 
obvious that higher frequencies have even smaller amplitudes and can be neglected. 
 The process that occurs at torM M≈  occurs with an aperiodically developing twist angle; the bend, 
due to the aperiodic right-hand side, will also develop aperiodically, which is easy to establish using the 
bending ITC Eq.(2.27) and the Duhamel integral Eq.(2.26): 
 
  ( ) ( ) ( )( )cos sin tor

1 tora e eτΩ−βτ τ = ω ωτ + ωτ β + Ω − ω  .  (2.32) 
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3. Conclusions 
 
 The paper has found an analytic solution for the wing-bending equation through the Laplace transform. 
By finding the solution of the wing-bending equation, natural frequency of free-bending vibrations were 
determined. The dependence of the natural bending frequency on the relative thickness and material of the 
wing is also given. The components of the wing's natural states during bending are shown - the dimensionless 
transverse displacement, the angle of rotation of the section, the dimensionless bending moment and the 
dimensionless transverse force - for the first four natural frequencies. In addition, the amplitude-frequency 
response and phase-frequency response of the wing were also established. 
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Nomenclature 

 
 A – amplitude 
 ka  – modal coefficients 

 rA  – resonant amplitude 

 c  – relative thickness 

 yCα  – derivatives of the wing profile's lift coefficient by α  

 E  – Young's modulus 
 k – number of the natural frequency to which the state vector corresponds 
 M  – Mach number 
 ( )W τ  – the original transfer function 

 α  – angle of attack 
 ( )tΓ  – relaxation kernel 

 η  – dimensionless transverse movement 

 ( )a
η ζ  – dimensionless deflection (displacement perpendicular to the plane of the wing) 

 θ  – twist angle 
 ( )Θ ζ  – dimensionless transverse force 

 λ  – aspect ratio 
 ( )xμ ζ  – dimensionless bending moment 

  v  – Poisson's ratio 
 ζ  – dimensionless axial coordinate 
 ρ  – density  
 τ  – dimensionless time 
 φ  – the phase of bending vibrations 

 ( )φ ζ  – angle of rotation of the profile around its main central axis of inertia 

 ω  – the natural bending frequency of the viscoelastic wing 
 Ω  – frequencies of free bending vibrations 
 torΩ  – the frequency of torsional vibrations 
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