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The work is concerned with the propagation of plane waves at the free half space in a exponentially graded 
isotropic nonlocal generalized thermoelastic solid medium under initial stress and gravity. We study the incidence 
of P or SV waves at the free half space. We found three reflected waves namely P, thermal T and SV waves 
propagating with different speeds. The phase speeds, reflection and energy coefficients are calculated in closed 
form to study the impact of gravity and initial stress parameter on reflection and energy coefficients. These are 
calculated numerically and shown graphically with the help of MATLAB. Some special cases of interest are also 
drawn from the present investigation.  
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1. Introduction 

 
 The stresses that are already existing in the structure and are not impacted by outside forces are known 
as initial stresses. The static and dynamic phenomena of elastic bodies are significantly impacted by initial strains. 
Several authors have examined how different waves propagate in different media that contain initial stresses. 
Biot [1] studied the influence of initial stress on elastic waves. He found that the law of propagation is unaffected 
by uniform hydrostatic pressure. In the year 1971, Edelen and Laws [2] developed the thermodynamics of 
systems with nonlocality. Nonlocal continuum mechanics was introduced by Edelen et al. [3], in the same year. 
Following these pioneer works, Eringen and Edelen [4] formulated nonlocal elasticity in 1972. Altan [5] proved 
uniqueness of initial boundary value problems in nonlocal elasticity. Othman and Song [6] discussed reflection 
of plane waves from an elastic solid half-spaces under hydrostatic initial stress without energy dissipation. The 
effect of the initial stresses on the reflection and transmission of plane quasi-vertical transverse waves in 
piezoelectric materials was presented by Abd-Alla and Alseikh [7]. Abd-Alla [8] studied propagation of Rayleigh 
waves in a rotating orthotropic material elastic half-space under initial stress and gravity. With the help of 
government equations and Lame’s potentials in a homogeneous, orthotropic elastic material, he derived the 
frequency equation and velocity for Rayleigh waves, taking into account rotation, initial stress and gravity field. 
Guo and Wei [9] obtained the effects of initial stress on the reflection and transmission waves at the interface 
between two piezoelectric half-spaces. Othman et al. [10] investigated the effect of rotation and initial stress on 
a generalised thermoelastic medium with two temperatures. Othman et al. [11] studied reflection of plane waves 
from a rotating magnetothermoelastic medium with two temperatures and initial stress under three theories. Das 
et al. [2019] showed how plane waves can be reflected off the stress-free, insulated isothermal borders of a 
nonlocal thermoelastic material. The wave propagation at the interface of two isolated half-spaces of 
thermoelastic media with initial stress was analysed by Tochhawang and Singh [12]. 
 Poonam et al. [13] studied plane wave propagation in functionally graded isotropic couple stress 
thermoelastic solid media under initial stress and gravity. Again they investigated the impact that the initial stress 
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and gravity on the coefficients of refraction and reflection. Dey et al. [14] studied the problem of the effect of gravity 
and initial stress on the propagation of torsional surface waves in dry sandy medium. They investigated that the 
gravitational field will always permit the propagation of torsional waves, if the Whittaker function expands to a 
linear term. A quadratic-term extension of the Whittaker function suggests that the medium may include two such 
wave fronts. Regardless of whether the medium is dry sandy or elastic, it was determined that torsional surface 
waves can always propagate in the presence of a gravity field but cannot in a sandy media without it. 
 In general, we look at three different kinds of thermoelasticity theories that are found in the books: 
generalized, uncoupled and coupled. However, there are two problems with the conventional uncoupled theory 
of thermoelasticity that prevent it from being compatible with real-world experiments. 
 The first phenomenon is that there is no elastic term in this theory's energy equation and the second 
phenomenon states that thermal waves propagate at an infinite speed. Biot [15] removed the first shortcomingby 
introducing the theory of coupled thermoelasticity. Although he included connected governing equations, the theory 
still had the another flaw. The shortcoming corresponding to infinite speed of propagation in the uncoupled theory 
of thermoelasticity was investigated by several researchers, for example Szekeres [16], Ferkas and Szekeres [17] 
and Chandrasekharaiah [18]. Szekeres [16] explained that the Fourier law of heat conduction is the most effective 
model in physics in spite of that it has fundamental errors. These authors showed that altering the Fourier law of 
heat conduction leads to a hyperbolic differential equation with a finite propagation speed. 
 The first generalization to the theory of thermoelasticity was made by Lord and Shulman [19]. By 
adding a term flux rate to the traditional Fourier's law of heat conduction, they were able to create a wave-like 
heat equation. Green and Lindsay [20] gave the second generalization by introducing temperature rate among 
constitutive variables that includes two thermal relaxation times and does not violate the classical law of heat 
conduction when the body under consideration has a centre of symmetry. Later on more generalizations were 
developed by many reserearchers e.g. (Hetnarski and Ignaczak [21], Green and Naghdi theory [22],Tzau [23]). 
 Inan and Eringen [24] discussed longitudinal wave propagation in thermoelastic plates in the context 
of nonlocal elasticity and obtained field equations using integral form of constitutive equations, balance of 
momenta and energy. Eringen [25] discussed theories of nonlocal elasticity, fluid dynamics and 
electromagnetic field that included nonlocality in both space and time. Khurana and Tomar [26] investigated 
the five basic waves consisting of three longitudinal waves and two transverse waves propagating through an 
isotropic non-local microstretch solid of infinite extent with distinct speeds.  
 Kumar and Kumar [27] investigated reflection and transmission at a plane interface in a modified 
couple stress generalised thermoelastic solid half space and observed that amplitude ratios obtained due to 
incidence of a set of coupled longitudinal waves and coupled transverse waves are functions of the angle of 
incidence, frequency and are affected by the couple stress properties of media. Singh et al. [28] derived 
governing relations and equations for a nonlocal elastic solid with voids and investigated propagation of time 
harmonic plane waves in an infinite nonlocal elastic solid material with voids. Three fundamental waves two 
sets of interconnected longitudinal waves and one independent transverse wave have been shown to have 
varying rates of motion. The dispersion relation for the Rayleigh-type surface wave, which was discovered to 
be complicated in nature, was developed by Kaur et al. [29]. The Rayleigh-type wave was found to have a 
single mode that faces the same critical frequency as the shear wave. Additionally, it was demonstrated that 
the medium's voids and nonlocality cause dispersion. Sarkar and Tomar [30] investigated propagation of time 
harmonic plane waves in an infinite nonlocal thermoelastic solid having void pores and found there exist three 
sets of coupled dilatational waves and one independent transverse wave travelling with distinct speeds in the 
medium. While transverse waves are nonattenuating and coupled dilatational waves are attenuating. They 
observed that these waves are dispersive in character and controlled by a nonlocal parameter. 
 Poonam et al. [31] presented wave propagation in nonlocal couple stress thermoelastic solid. Pramanik 
and Biswas [32] developed a new model of non-local thermoelasticity with energy dissipation and presented 
graphically the phase velocity, attenuation coefficients, specific loss with respect to frequency. Poonam et al. 
[33] investigated the fundamental solution in a non-local couple stress micropolar thermoelastic solid with 
voids and observed that the non-local and void parameter had a great effect on the penetration depth, specific 
loss and attenuation coefficients. Gupta et al. [34] investigated reflection and transmission in non-local couple 
stress micropolar thermoelastic media. They calculated amplitude ratios of reflection and refrection 
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phenomenon numerically and presented them graphically. Ali et al. [36] analyzed hall current effects and 
fractional order nonlocal theory on plane wave reflection in a rotating isotropic medium. Bibi et al. [37] 
investigated propagation and reflection of thermoelastic wave in a rotating nonlocal fractional order porous 
medium under hall current influence. Azhar et al. [38-39] found influence of hall current on thermoelastic 
wave behaviour in viscoelastic fractional-order rotating porous solids and investigated reflection phenomenon 
of plane waves in a fractional order thermoelastic rotating medium using nonlocal theory. Bibi and Ali [40] 
discussed reflection and transmission phenomenon of plane waves at the interface of diffusive viscoelastic 
porous rotating isotropic medium under hall current and nonlocal thermoelastic porous solid. 
 In the present paper, we formulate a mathematical model for a linear homogeneous isotropic non-local 
generalized thermoelastic solid under initial stresses and gravity. After formulation, the material constants presented 
exponentially graded with respect to depth and reflection coefficients for incident P  and SV waves are ontained 
numerically and presented graphically under the influence of initial stresses and gravity simulteneously.  
 
2. Mathematical formulation 
 
 The plane interface coincide with xz −  plane in the co-ordinate system Oxyz  and z  axis is taken 
downward into the medium and the interface is taken along z 0=  as shown in Fig.[1]. 
 

 
 

Fig.1. Geometry of the problem. 
  
 Following Biot [15], Lord and Shulman [19], Eringen [24] and Balta and Suhubi [35] theories, the 
stress–strain relation involving hydrostatic pressure h for a linear, homogeneous, isotropic and nonlocal 
generalized thermoelastic solid are written as  
 

  ( ) ( )xx
u wt 2 h h T
x z

∂ ∂= λ + μ + + λ + − γ
∂ ∂

, (2.1) 

  

  ( ) ( )zz
w ut 2 h h T
z x

∂ ∂= λ + μ + + λ + − γ
∂ ∂

, (2.2) 

  

  ( )xz
u wt h
z x

∂ ∂ = μ + + ∂ ∂ 
 (2.3) 

 
and the heat conduction equation is given by 
 

  ( )2 2 2
e 0

u wK T 1 C 1 T
t t t x z
  ∂ ∂ ∂ ∂ ∂   ∇ = + τ ρ − ∇ + γ +     ∂ ∂ ∂ ∂ ∂     

 . (2.4) 
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3. Dynamics of exponentially gradient couple stress thermoelastic medium M   
  
 We denote ( )1λ , ( )1μ  and ( )1γ  are elastic constants, 1h  and 1ρ  denote pressure and density resp. in 
media M  of the structure. The material constants that are shown as an exponential function with respect to 
depth are 
 
  ( ) ( ) ( ),    ,        ,1 1 11 1 1x x xe e eβ β βλ = λ μ = μ γ = β  
   (3.1) 
  ( ) ( ) ( ),    ,    1 1 11 1 1x x x

1 1e h h e K Keβ β βρ = ρ = =  
 
where β , K  and λ , μ , a  are thermal and elastic constants resp. w.r.t. medium M . Pressure is represented 

by ( )1h , density by ( )1ρ  and gradient parameter by 1β . Now, we will talk about two distinct scenarios as 
  
 
3.1. Case 1: When the couple stress thermoelastic media M  are in the presence of initial stresses 
 
 Let ( )1

xxI  and ( )1
zzI  be the initial stresses in medium M along x  and z -axis respectively, with the 

unknown exponentially gradient property. We have  
 
  ( ) ( ) ( ) ( ),    1 10s 011 1x x

xx zz22 33I I e I I eβ β= =  (3.2) 
 
where the initial stresses ( )1

xxI  and ( )1
zzI  take the values ( )01

xxI  and ( )01
zzI  at the free surface. 

 The equations of motion for the couple stress thermoelastic solid media with the exponentially graded 
medium and initial stresses ( )1

xxI  and ( )1
zzI  acting along x  and z -directions respectively, are (Biot [15])  

 

  ( ) ( ) ,
2

1 2 2xx xz zx
1 2

t t uI l
x z z t

∂ ∂ ∂ω ∂+ − = ρ − ∇
∂ ∂ ∂ ∂

  (3.3) 

  

  ( ) ( ) ,
2

1 2 2xz zxzz
1 2

t t wI l
x z x t

∂ ∂ω∂ ∂+ − = ρ − ∇
∂ ∂ ∂ ∂

  (3.4) 

 

where   ( ) ( ) ( )1 1 1
z xI I I= −  and zx

1 w u
2 x z

∂ ∂ ω = − ∂ ∂ 
. 

 
Using Eq.(3.2), we obtain  
 
  ( ) ( ) 11 1 xI P eβ=  with ( ) ( ) ( )1 01 01

x zP I I= − . 
 
We present the displacement potentials φ  and ψ  in accordance with the Helmholtz decomposition theorem 
on vectors as  
 

  ,        u w
x z z x

∂φ ∂ψ ∂φ ∂ψ   = − = +   ∂ ∂ ∂ ∂   
. (3.5) 
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On solving Eq.(2.4) and (3.1)-(3.5), we obtain  
 

  ( ) ( )
2

2 2 2
1 22 h l T

t
∂ φλ + μ + ∇ φ = ρ − ∇ + γ
∂

 , (3.6) 

  

  ( ) ( )
2

1 2 2 2
1 2I l

t
∂ ψ∇ ψ = ρ − ∇
∂

 , (3.7) 

  

  ( )
2

2 2 2 2
1 e 02K T C l T T

t t

 ∂ ∂  ∇ = + τ ρ − ∇ + γ∇ φ    ∂ ∂ 
 . (3.8) 

 
According to Ottman et al. [6], the plane wave propagation for Eqs (3.6)-(3.8) in an isotropic nonlocal 
generalized thermoelastic solid is determined by 
 
  { } { } ( ), , , , exp sin cos1 1 1 0 0T T l x zφ ψ = φ ψ ι θ + θ  (3.9) 
 
where ι  denote iota, , ,1 1 1Tφ ψ  are scalars, S  and l  denote velocity and wave number resp., ( sin ,cosθ θ ) is 
the projection of normal wave into xz -plane. 
 
Using Eq.(3.9) in Eqs (3.6) and (3.8) and after simplification, yields a quadric equation as 
  
  2S AS B 0+ + =  (3.10) 
 
where  ( ) ( ),    ,    ,    ,2 2

1 1 3 2 1 3 1 1S S A d d d B d d d 2 h= ρ = − + + γ = = λ + μ + − ρ ∇  
 

  *
*,    ,    ,    .                            2 2 10

2 3 1
1 e e

T Kd d KS
C C

−γ
= = − ρ ∇ τ = τ + ιω ω =

ρ τ
  

 
The roots of Eq.(3.10) are given by  
 

  ,

2
2
1 2

A A 4BS
2

− ± −= . 

 
1S and 2S  represent speeds of P and T-waves respectively. 

The roots of Eq.(3.7) are given by  
 

  
( )1 2 2 2

12
3

1

I
S

− ρ ω
=

ρ


. 

The SV  wave exists under the following condition  
 

  
( )1

2 2

1

Iω ≤
ρ

 . 

 
  



K. Kumar et al.  91 

3.1.1. Reflection phenomenon 
 
 Incident P  or SV  at a thermally insulated or isothermal traction-free surface z 0=  result into three 
reflected waves as ,P  thermal and SV  waves as depicted in Fig.1. The potentials functions ,  Tφ  and ψ  are 
written as linear combinations of solutions of incident and reflected waves as  
 

  ( ){ } ( ){ }exp sin cos exp sin cos
2

0 1 0 0 i i i i
i 1

N l x z t N l x z t
=

φ = ι θ − θ − ιω + ι θ + θ − ιω , (3.11) 

 
  ( ){ } ( ){ }exp sin cos exp sin cos  0 3 3 3 1 3 3 3M l x z t M l x z tψ = ι θ + θ − ιω + ι θ + θ − ιω , (3.12) 
  

  ( ){ } ( ){ }exp sin cos exp sin cos .
2

1 0 1 0 0 i i i i i
i 1

T N l x z t N l x z t
=

= ϑ ι θ − θ − ιω + ϑ ι θ + θ − ιω  (3.13) 

 
 0N and 0M  are the amplitudes of incident P  and SV  waves respectively and ,  1 2N N  and 1M  are the 

amplitudes of reflected P , thermal T  and SV  waves respectively. The coupling coefficients iϑ  ( ,i 1 2= ) are 
obtained by using Eq.(3.11)-(3.13) in Eq.(3.6) as  
 

  
( )2 2

j 1 j 1
i

l Q dρ −
ϑ =

γ
. 

  
3.1.2. Boundary conditions 
 
 At the interface z 0= , the stress and temperature free boundary conditions are  
 
  ,    ,    xx xzt 0 t 0 T 0= = = . (3.14) 
 
The potentials given in Eq.(3.11)-(3.13) satisfy the boundary conditions Eq.(3.14) if the following relations 
hold at z 0=   
 

  *sin sin sin sin0 1 1 2 2 3 3l l l lθ = θ = θ = θ ,                     1 1 2 2 3 3l S l S l S= =  
 

where for incident P  wave *
1l l=  and for incident SV  wave *

3l l= . Using the potentials given in Eqs (3.11)-
(3.13) in boundary conditions Eq.(3.14), we obtain a non-homogeneous system of three equations as  
 

  ( ) ,         , ,
3

ij j i
j 1

a Z b i 1 2 3
=

= =  (3.15) 

 
where the amplitude ratios /j j 0Z A A= , ,j 1 2=  and /3 1 0Z B B=  are reflection coefficients of reflected P , 
thermal and SV  waves, respectively. All non-zero entries of the matrix for P  or thermal wave are defined as 

  ( ) ( ),  sin / ,  2 2 22
11 12 21 0 1 212

2
a 1 a h 2 1 s D s

l

 γϑ= = λ + + μ − θ + + 
  

 

 
  sin sin / ,   sin , 2 2

13 0 31 0 1 31 21 0a 2 1 s D s a= μ θ − θ = θ  
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   sin sin sin / ,    ,    , ,2 2 3 2
22 0 0 21 0 21 31 32 33

1
a 2 1 s s a 1 a a 0ϑ = θ θ + − θ = = =   ϑ

 

  

  sin sin sin / ,  ,    sin ,    2 2 3
23 0 0 31 0 31 1 2 0 3a 2 1 s s b 1 b 2 b 1 = − θ θ + − θ = − = − θ =  

 

 

where   p
p1

1

S
s

S
=  ( ,p 2 3= );      ( ) sin2 2 1

1 2 1 2
1

D h 2 l
l

 γϑ= λ + + μ θ + 
  

  

 
The Energy coefficients for P  wave are given by  
 

  
( )
( )

/ cos,    
cos/

32
2 22 22 2

1 1 2 22
1 11 1

2 h l lE Z E Z
l2 h l

λ + μ + − γϑ    θ= =    θλ + μ + − γϑ    
 

 

  
( )

sin / cos
cos/

32
20 3 3 3

3 32
1 11 1

2 l lE Z
l2 h l

   μ θ θ
=    θλ + μ + − γϑ    

 

 
All non-zero entries of the matrix and the Energy coefficients for SV  waves are given by  
 

  ( ) ( )sin / ,  2 2 21
11 13 0 2 131

2
a h 2 1 s D s

l

 γϑ= λ + + μ − θ + 
  

 

  

  ( ) ( )sin / ,    ,  2 2 22
12 23 2 2 23 132

2
a h 2 1 s D s a 1

l

 γϑ= λ + + μ − θ + = 
  

  

 
  sin sin / ,  sin sin sin ] / ,2 2 3 2 2 3

21 0 13 0 13 22 0 0 23 0 23a 1 s s a 2 1 s s = θ + − θ = θ θ + − θ   

 

  sin ,    ,    ,    ,    ,    sin ,    2
23 0 31 32 33 1 2 0 3

1
a 2 a 1 a a 0 b 1 b 2 b 1ϑ= − θ = = = = − = − θ =

ϑ
 

 
where 

  p
p3

3

S
s

S
=  ( ,p 1 2= );      sin cos2 0 0D 2= μ θ θ . 

 

  
( ) / cos

cos

32
1 1 21 1

1 1
3 3

2 h l lE Z
l

λ + μ + − γϑ    θ=    μ θ   
, 

 

  
( ) / cos ,    

cos

32
2 2 2 22 2

2 2 3 3
3 3

2 h l lE Z E Z
l

λ + μ + − γϑ    θ= =   μ θ   
. 
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3.2. Case 2: When the couple stress thermoelastic media M  are in the presence of gravity 
 
 The initial stresses xx zz 1I I gx= = −ρ  are obtained due to the impact of gravity. Following Biot [15], 
the equations of motion are  
 

  ( ) ( ) ,
2

2 223
xx 1 1 2

t ut gu l
x z t

∂∂ ∂+ ρ + = ρ − ∇
∂ ∂ ∂

  (3.16) 

  

  ( ) ( ) .
2

2 223
zz 1 1 2

t wt gu l
z z t

∂ ∂ ∂+ + ρ = ρ − ∇
∂ ∂ ∂

  (3.17) 

 
The heat conduction equation is  
 

  ( )
2

2 2 2 2
1 e 02K T C l T T

t t

 ∂ ∂  ∇ = + τ ρ − ∇ + γ∇ φ    ∂ ∂ 
 . (3.18) 

 
By applying Eqs (3.16)-(3.18) to Eqs (2.1)-(2.4), (3.1), (3.5) and (3.9), we found the dynamical equations of motion 
for the propagation of plane waves in an exponentially graded medium M under the influence of gravity. These 
equations are identical to those we got for medium M in the presence of initial stress, with the exception of 
 

  ( )
2

2 2 2
1 1 2g l g

t
∂ ψρ ∇ ψ = ρ − ∇
∂

  (3.19) 

 
We see that, the phase speed values sS  ( ,s 1 2= ) for the set of coupled longitudinal waves are identical to 
those which we found when initial stress was present.  
 
Substituting Eq.(3.9) in Eq.(3.19), we get  
 

  
2 2 2 2

1 12
v

1

g
S

ρ − ρ ω
=

ρ


 (3.20) 

 
this corresponds to the SV wave's phase speed for medium M when gravity is present. 
 
3.2.1 Boundary conditions 
 
 The boundary conditions provided by medium M in this instance are identical to those found in 
Eq.(3.14). Following the same procedure as previously described for initial stress, we obtain a matrix matching 
Eq.(3.15). The modified values of matrix ija  for P or thermal wave are provided as  
 

  ( ) ( ),  sin / ,  2 2 22
11 12 21 0 1 211

2
a 1 a h 2 1 s D s

l

 γϑ= = λ + + μ − θ + 
  

  

 
  sin sin / ,2 2

13 0 v1 0 1 v1a 2 1 s D s= μ θ − θ   sin ,   21 0a = θ  
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  sin sin sin / ,    ,    , , 2 2 3 2
22 0 0 21 0 21 31 32 33

1
a 2 1 s s a 1 a a 0ϑ = θ θ + − θ = = =   ϑ

 

  

   sin sin sin / ,    ,  sin ,    2 2 3
23 0 0 v1 0 v1 1 2 0 3a 2 1 s s b 1 b 2 b 1 = − θ θ + − θ = − = − θ =  

 

 

where  p
p1

1

S
s

S
=  ( ,p 2 v= );      ( ) sin2 2 1

1 2 1 2
1

D h 2 l
l

 γϑ= λ + + μ θ + 
  

  

 
The Energy coefficients for P  wave under gravity remains same as they are under initial stress. The modified 
values of matrix ija  for SV  wave are given as  

  ( ) ( ) ,sin /2 2 21
11 1v 0 2 1v2

1
a h 2 1 s D s

l

 γϑ= λ + + μ − θ + 
  

 

 

  ( ) ( )sin / ,   ,  2 2 22
12 2v 2 2 2v 132

2
a h 2 1 s D s a 1

l

 γϑ= λ + + μ − θ + = 
  

 

  

  sin sin / sin sin sin / ,,2 2 3 2 2 3
21 0 1v 0 1v 22 0 0 2v 0 23a 1 s s a 2 1 s s   = θ + − θ = θ θ + − θ      

 

  

  sin ,    ,    ,    ,    ,    sin ,  2
23 0 31 32 33 1 2 0 3

1
a 2 a 1 a a 0 b 1 b 2 b 1ϑ= − θ = = = = − = − θ =

ϑ
 

 

where   p
pv

v

S
s

S
=  ( ,p 1 2= );      sin cos2 0 0D 2= μ θ θ . 

 
The Energy coefficients for SV  wave under gravity remains same as they are under initial stress.  
 
4. Numerical analysis 
 
 The following aluminum metal physical constants are used in a numerical study taken from Singh and 
Bijarnia [41] to understand the impact of gravity and the initial stress parameter on the reflection and energy 
coefficients of reflected waves  
 
  . / ,    . / ,    ,11 2 11 2

05 775 10 N m 2 646 10 N m T 27 Cλ = × μ = × =   
 
  . / ,    . / ,    .6 2 3 3 11

17 04 10 N m 2 7 10 kg m 0 05 10 s−γ = × ρ = × τ = × , 
 
  . / ,    . / ,    . ,    .2 2

eK 0 492 10 W mdegree C 0 236 10 N mdegree 0 50 0 39= × = × ω = = . 
 
The remaining variables that are considered are  
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( )

. , . , . ;    . , . , .
1

1gI 0 2 0 4 0 6 0 2 0 4 0 6
2
ρ= =

μ μ
. 

 
The simple line, line having stars on it and dotted line correspond to the various values of initial stress which 
are equal to . ,  .0 2 0 4  and .0 6 .  
 
4.1. Impact of initial stress of medium M  on reflection and energy coefficient for P  and SV  waves 
 
  In this section, we discuss the effect of initial stress on variation of amplitude ratios ,1 2Z Z  and 3Z  
and energy coefficients ,1 2E E  and 3E  with respect to incident angle 0θ  for P  and SV  waves respectively. 
Figures 2, 3 and 4 illustrate the impact of initial stress for longitudinal ( P ) wave on the reflection coefficients 
for different values of initial stress w.r.t. angle of incidence 0θ . From Fig.2, it is observed that the behaviour 
of amplitude ratio 1Z  is similar for all values of initial stress. The value of 1Z  increases as 0θ  increases and 

takes maximum values at o
0 45θ =  and decrease the after. Figure 3 illustrates that the value of amplitude ratio 

2Z  decreases first for all the cases, becomes 0  at o45θ =  and increase thereafter. It is noticed that the value 
of 2Z  decrease more sharply for initial stress having value 0.6 in comparison to other two values. Figure 4 

shows that the value of 3Z  decreases sharply for o o
00 8θ   and becomes almost 0  thereafter for all the three 

values of initial stress. 
 Figures 5, 6 and 7 represent the variation of energy coefficients ,1 2E E  and 3E  for different values of 
initial stress under consideration. Figure 5 presents that 1E  increase smoothly for smaller values of 0θ , 
increase sharply up to middle range and then decrease for higher values of angle of incident. From Fig.6, it is 
noticed that value of energy coefficient 2E  decreases sharply for o o

00 30θ   approximately, remains constant 
for middle values and increases sharply as angle of incident 0θ  increases. The behaviour of energy coefficient 

2E  is similar for all the values of initial stress. Value of 3E  decreases sharply for small values of angle of 
incident and becomes 0  thereafter for all the values of initial stress under consideration. 
 

 
 

Fig.2. Impact of initial stress of M  for P -wave on 
Reflection coefficient 1Z  versus 0θ . 

 
 
Fig.3. Impact of initial stress of M  for P -wave on 

Reflection coefficient 2Z  versus 0θ .  
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Fig.4. Impact of initial stress of M  for P -wave on 
Reflection coefficient 3Z  versus 0θ .  

 

 
 

Fig.5. Impact of initial stress of M  for P-wave on 
Energy coefficient 1E  versus 0θ . 

 
 

Fig.6. Impact of initial stress of M  for P -wave on 
Energy coefficient 2E  versus 0θ . 

 
 

Fig.7. Impact of initial stress of M  for P -wave on 
Energy coefficient 3E  versus 0θ . 

 

 
 

Fig.8. Impact of initial stress of M  for SV -wave on 
Reflection coefficient 1Z  versus 0θ . 

 
 

Fig.9. Impact of initial stress of M  for SV -wave on 
Reflection coefficient 2Z  versus 0θ  
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Fig.10. Impact of initial stress of M  for SV -wave on 
Reflection coefficient 3Z  versus 0θ . 

 

 
 

Fig.11. Impact of initial stress of M  for SV -wave on 
Energy coefficient 1E  versus 0θ . 

 
 

Fig.12. Impact of initial stress of M  for SV -wave on 
Energy coefficient 2E  versus 0θ . 

 
 

Fig.13. Impact of initial stress of M  for SV -wave on 
Energy coefficient 3E  versus 0θ . 

  
 Figures 8 and 9 present the behaviour of amplitudes 1Z  and 2Z  for incident SV  wave with respect 
the angle of incident 0θ . The behaviour of 1Z  and 2Z  is similar with different magnitude values for all the 
cases of initial stress. From Fig.10, we examined that value of amplitude coefficient 3Z  increases smoothly 
for small values of 0θ  and decreases as the value of angle of incident ( )0θ  increases for all values of initial 
stress under consideration i.e. 0.2, 0.4 and 0.6. Figures 11, 12 and 13 show the variation in the values of energy 
coefficients when SV  wave is incident. The behaviour of ,1 2E E  and 3E  is similar for incident SV  wave as 
that of ,1 2Z Z  and 3Z  for incident SV  wave with difference in magnitude values.  
 
4.2. Impact of gravity of medium M  on reflection and energy coefficient for P  and SV  waves. 
  
 We examine the impact of gravity on variation of amplitude coefficient , ,1 2 3Z Z Z  and energy 
coefficients ,1 2E E  and 3E  with respect to angle of incident 0θ  for incident P  and SV  waves respectively. 
From figures 14, 15 and 16, the impact of gravity for longitudinal ( P ) wave on the reflection coefficients is 
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illustrated for different values of gravity i.e. for 0.2, 0.4 and 0.6 w.r.t. angle of incidence 0θ . Figure 14, it is 
observed that the behaviour of amplitude ratio 1Z  decreases smoothly for small values of 0θ  and increase 
gradually for remaining values of angle of incident. The value of 1Z  remain high for gravity value 0.6. Figure 

15 shows that 2Z  increases for small values of 0θ  up to o20  then decreases up to o
0 38θ =  and becomes zero 

threat. Value of 2Z  increases very sharply for remaining values of angle of incident. From Fig.16, is noticed 
that the value of 3Z  decreases very sharply for small values of angle of incident and decrease gradually the 
after. Figures 17, 18 and 19 present the variation of energy coefficients ,1 2E E  and 3E  with respect to angle 
of incident for incident P  wave under the impact of gravity. The behaviour of all energy coefficient ,1 2E E  
and 3E  is almost similar to that of reflection coefficients , ,1 2Z Z  and 3Z  with difference in magnitude values 
for different values of angle of incident 0θ  when P  wave is incident under the impact of gravity. 
 

 
 

Fig.14. Impact of gravity of M  for P -wave on 
Reflection coefficient 1Z  versus 0θ . 

 

 
 

Fig.15. Impact of gravity of M  for P -wave on 
Reflection coefficient 2Z  versus 0θ . 

 
 

Fig.16. Impact of gravity of M  for P -wave on 
Reflection coefficient 3Z  versus 0θ . 

 
 

Fig.17. Impact of gravity of M  for P -wave on Energy 
coefficient 1E  versus 0θ . 
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Fig.18. Impact of gravity of M  for P -wave on 
Energy coefficient 2E  versus 0θ . 

 

 
 

Fig.19. Impact of gravity of M  for P -wave on Energy 
coefficient 3E  versus 0θ . 

 
 

Fig.20. Impact of gravity of M  for SV -wave on 
Reflection coefficient 1Z  versus 0θ . 

 

 
 
Fig.21. Impact of gravity of M  for SV -wave on 

Reflection coefficient 2Z  versus 0θ . 

 
 

Fig.22. Impact of gravity of M  for SV -wave on 
Reflection coefficient 3Z  versus 0θ . 

 
 

Fig.23. Impact of gravity of M  for SV -wave on 
Energy coefficient 1E  versus 0θ . 
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Fig.24. Impact of gravity of M  for SV -wave on 
Energy coefficient 2E  versus 0θ . 

 
 
Fig.25. Impact of gravity of M  for SV -wave on 

Energy coefficient 3E  versus 0θ . 
 
 Figures 19, 20 and 21 reflect the behaviour of amplitude coefficients , ,1 2Z Z  and 3Z  whereas the 
behaviour of energy coefficient ,1 2E E  and 3E  is presented by Figs 22, 23 and 24 for incident SV  wave under 
the influence of gravity. Figures 19 and 20 show that the value of 1Z  and 2Z  increase sharply as the value of 

angle of incident 0θ  increases up to o
0 35θ =  and decrease sharply thereafter and becomes 0 at o

0 90θ = . 
Similar behaviour of energy coefficient ,1 2E E  is observed from Figs 22 and 23. From Figs 21, 24 it is noticed 
that reflection coefficient 3Z  and energy coefficient 3E  increase gradually for small values of angle of incident 

0θ  and decrease fastly as angle of incident increases. 
 
5. Conclusion 
 
From this paper, it is noticed that: 

1) under the impact of initial stress, 1Z  and 1E  trends are nearly identical for incident P and SV waves 
for all values. 

2) 2Z  and 2E  for incident P waves exhibit opposite behaviour to that of incident SV waves. Additionally, 
it is observed that when initial stress is taken into account, the value of 1E  for incident P waves 
decreases more abruptly than 1Z . 

3) due to the impact of initial stress, values of 3Z  and 3E  decrease sharply for small range of 0θ  and 
decrease smoothly for higher values of incident angles for incident P  wave whereas values of 3Z  and 

3E  increase for smaller of incident angles and decrease gradually for higher values of 0θ  in case of 
incident SV  wave. 

4) trends are similar for 1Z  and 1E  when gravity is taken into account and oscillating behaviour is noticed 

for smaller values of incident angles and increase sharply after o
0 38θ >  for 2Z  and 2E  for incident 

P  wave. 
5) decreasing behaviour is observed for 3Z  and 3E  for incident P  wave in case of gravity. 
6) trends for , ,1 2 3Z Z Z  are similar to that of , ,1 2 3E E E  for incident SV wave with impact of gravity. 
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Nomenclature 
 
 ,1 2E E , 3E  – energy coefficients 

 1h  – pressure  

 ( )1
xxI , ( )1

zzI  – initial stresses 

 l  – wave number 
 S  – velocity 
 ,1 2Z Z , 3Z  – amplitude ratios  

 1ρ  – density 

 φ  – displacement potential 
 ψ  – displacement potential 
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