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THE IDE1 TlFICATION O F PRO.CESSES BY 
MINIMIZATION OF THE DISTANCE BETWEE S ETS 

OF SIGNALS 

utioo: 

5. \•iEGrtZY:\, G.DENIS , J.DELISLE 
Universite de Sherbroo~e 

Sherbrooke, Qu~bec, Canada 

INTRODUCTION 

-Bistorically, we can distinguish two periods in the evolution of auto -

- the first period covers the classical automation of unit processes 

(with one or many variables). 

- While the second deals with the automation of a plant as a whole ( ~a­

ay interac~ing unit ~cesses). 

A plant, or a complex process, is determined by 

a) a set of input signals which shall be called vector ~ = ~l 

u e 

b) a set of intermediate output signals, called vector ~ = ; 1 

V s 

c) and by a set of disturbance signals, called vector ~ =· z1 
·-
z 

p 

The global output I of the plant is a function of~.~ and~. whi · ­

the purpose of the control is to maximi ze, through a convenient choice of £, 

a f'ulctirn of that global output 

Ne.x!! Q[[J ( ~, y , ~) j} I 
u 



The complex automation is concerned with the introduction of a con­

trol system, normally by means of a computer, which, depending upon the va­

lues of y and upon statistical information on the values of !, dete~ines t he 

optimum value u t" Fig. 1. -op 

MATHEMATICAL MODEL 

The plant global output I generally depends on the variables ~. y, ! 

(1) 

This function CJix, which shows hov the process depends on the vari ables . 

J:!, y, !• is called the mathematical model of the process. 

It will no longer be necessary to distinguish between signals !:! and y; 

ve will denote the~ b,y a single vector: 

This will allow us to si:nplity formula (1): 

(.2 ) 

The I:ieal H.athematical ~fode 1 

~e assune that we can dir~ctly measure the value of the global output X 

and t he correspondi ng values: 

~· 22' •• · ' 3c• · · · ' 2m 

~.1' ~.2' ••. , ~k' •.• , ~r.l 
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Afte~ thi s series of rneasureillents, three sets are avail able 

) t ~ 'v) - ( ) a se ~ ' .::. - :1• :2• ·· · ' :k' ·· · ' :m 
b) sets E(! ) = (~, : 2, ••. , ~· 

E(~) ... ' :k' . . . ' z ) _m 

Using equati on (2) we can calculate the elements of a ne~ set, t he e­

lements of ~hich are the values of I· (This time, those values are not measu­

red but computed). 

The mathematical model is ideal if', for any value of k, equation (2) 

is satisfi ed; that is to say 

AoDroJC.mate Mathematical Hodel 

Since any informatioh ~e may have on the process is very seldom eo. -

plete , and since there always exists a relative uncertainty represented by 

vector · ~. the model derived vill never be but an approxil:l9.te model: 

(3 ) 

where r~ is the function proposed by the experts who know the process inti~a­

tely. This function shal l be as accurate as the elements or vector a. 

The constant vector ~ takes into account the uncertainty existing 

the ?reces s itself (noise signals included). ~e c1n re~ite F*(~ X, ~) as 

fo l l ows : 

(4) 

.... :.are A i s n:atrL- 'oli t h cor,stant coeffi cients. Thus 
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G!ll~ IDrnTITICATION AWORI'l.'~ 

Let us suppose that one can directly measure the values of I and the 

corresponding values of !· After this series of measurements, tw sets are 

at one's disposal 

a) set E(I) = (:1 , :z• ... , :k' ••. , ::.) 

the elements or which are calculated using equation (5)' vi th the precision or 

the coefficients or aatrix !· 

The identification problem is then to find the optimal values of the 

coefficients or Mtrix ,!. Tbe7 will be optimal in relation t.o the purpose of 

the automation 57stem which vill be built usinc the approximate mathematical 

mode~. 

In this 'WOrk, it will be show tbat this problem can be sohed b7 rai.­

nimizing, in a eonvenientl7 chosen metric s~ce, the distance between the t'IIO 

sets 

!(Y) and E(:r(x, A)] 

k=m 
d(E(,.)/ E(F(X, A))) =-:- ~ d(_Yk IF_(~ _A)) 

k=l 
(6) 

It iB assunsed that, in all the cases considered in this paper, the li­

mit of equation (6) exists When m approaches infinity: · 

·-· 
The matrix ! composed of the coeffi~ients which minimalize the dis­

t a nce bet•..reen set E(X ) a nd E(E(!, ~)} will be labeled ! t 
-op • 



One then has 
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d(E[J:]/ E[[(!, ! opt)} = 

=Kin (E[J:]/ E(l(,!, !)]} 
! 

where the number of elements in each set may be finite or infinite. 

Equation (8) is a general identification algorithm. 

(8) 

In ~his equation, the to~ of the function F is derived from tests 

carried out on the processes, and is of course ~~bjected to the precision of 

the coefficients of matrix !· 

The numerical determination of the coefficients of matrix A requires . 
a two-step procedure: experimental measurements and minimization of the dis-

tance between t~~ sets of si~als. Figure 2 is a geometrical representation 

of the general identification algorithmwhich is based on the principle of minimi­

zing the distance between the. set of measured signals E(!) and the set of cal­

culated signals E(J:). 

Conditions of Model Stability and Accuracy 

Equati on 8 is general and ra~ains valid whether the vari ous sets E ha­

ve a finite or infinite na~ber of elements. If the sets are infinite and if 

limit (7) exists, it is sufficient to add the following additional precision 

condition: 

d[E(y )/ E[E(!, A opt )]]<; (9) 
m=ec 
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where ( is a positive number determined by precision constraints • . 

In practice, finite sets composed of m values can be used providing 

m is large enough so as to yield a significant sample. 

In such a case, one has to check if the mathematical model of the 

process, F(X, A 
0 

t)' (wherefunction E is the result of physical tests, and 
-- - p 

wherethe elements of matrix A t have been found from a finite set of measu­op 
re~ents using the identification technique) satisfies the folloving conditions 

1. Precision condition: as defined above by equation (J),vitb g ha­

ving a finite value. 

2. Stability condition: equation (9) has to be verified for all sig­

nificant samples or the process~ 

IDENTIFICATION, IN EUCLIDEA!i SPACE, OF NONLINEAR MODELS WITH NO DELAY 

Nonlinear models with no delay can be divided into two categories: 

a) differential models 

b) finite -difference models 

For all those, and for the cases in which the dynamic system has e 

input si~als and s output signals, function r can be expressed as follows 

[=!! ' ou ! = ~1 

(10) 
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a) For the differential model 

= 

b) For the finite-difference models 

~ = 

Where 

Thus, vector I~ AX becomes 

a} for the di ffe rential mode l 

X = ~1 

s s 

where 

(~)n is the step function 

corresponding to the conti­

nuous function ek(t), with 

a suitable value of ~ t. 

n = _t_ 
.t:t 

(lk ) = 
sk 

I
! 

( l k ) 

I sk I 
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b) for the finite-difference model 

8 = _k (~) is the step function cor­

responding to the continuous 

fUnction sk(t ) , with a proper 

value of 6 t. 

Thus matrix ! will be the following rectangular matrix 

e 
j = 1, 2,_ ••• , I; ?le 

k=l 

A series of measurements are necessary to identify the coefficients 

aij of matrix ! 

vectors 

E(I) = (X X _1' _2' ... , 3c· ... ' I ) _m 

(11) 

To represent this measurement series, let us define two me~surernent 

IT T 5· XT = :1' ... 
' _m _m 

(12 ) 

yT T T :~I = :1' :2' ... ' _m 

The general identification algorithm(8), in the case of the delayle~s 

linear model, reads as ~ollows: 

d(E(J) / E(!opt !)] =!.fin d(E(J)/ E(A ! ) ] 

! 

(13) 
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If, for ·minimizing the distanced between the sets E(J) and E(A !), 
we choose to wort in a Euclidean space in which distance d is defined by 

(14) 

it can be sho~~ t hat equatio~ (13 ) has the following solution 

(15) 

This last equat1on implies that 

det _. I x; Xm I -;o ( 16) 

which can be called the condition or identifyability of a series of measure­

ments. 

It requires that the length or a series of measurements (n~"ber of 

components being linearly indeoendant of Yector X ) be greater than the number 

of components of vector !· 

IDENTIFICATION OF NONLINEAR IDDELS WITH NO DELAY 

For this nonlinear model, function F may be represented as 

n 

r = ~=1 ~ :k <~> (17) 

where f1 (X) , f 2(X ) , ••• , fn(X ) is the chosen series of nonlinear functions. 

Equati on ( 17 )- may be writt;n in a more general form: 

(18 ) 

where A = I~· · · · , :k' · · · ' ~n I 
and XT= 1_:1 (~), •.. , :k(~), 

As i n t he preceedi ng case , one has to make a series of measure~ents 

~l ' ~2' , X 
-m 

Yl , :2' ' 
y 
_m 
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to identify matrices ~l' ••• , ~· ••• , ~n' and one also has to calculate the 
series 

where 

whence 

Let yr be defined as _m 

For the minimal distance in a Euclidean space, equation (15) yields 

I A.. I = crx )1 I -le · optJ _m_m _m - ' k=l, ••• , n 

'\,opt = (IT X )1 X y _m _m _m_k 

IDENTIFICATION OF MODELS WITH DELAYS 

Let us suppose the existence of a delay which causes a shift of the 

independent variable in !· We get 

: = I ~1' •.. ' ~· . . . ' 
a) for the di fferential model 

b ) for the f i ni t e- difference model 

(e ) 
k n-T , , 

K ... ' (elr )n+o - T I 
.. · k k 

and 
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In the ease of a ·model vith delays T1, T2, 

be expressed as 

F = F(A, X (T ) ] 

vbere . . . ' T I e 

, T
8

, function F can 

(19) 

!he problem here is to find the optimal values of the coefficients of 

•trix ! and of matrix I 

d(E(Y)/ E(F(Aoot' X(T0 t))) = 
- -- · __ p 

= Min d(E(Y)/ E(A, X(T)]) (20) 

A practical approach to finding the solution of equation (20 ) is as 

follows. First, one sets . estimated values for T1, T2, .•• , T and then, for 
- - _p 

each or those, one finds, using equation (15), the corresponding values for 

L t and for distance ~ . . This process leads to a discrete relation 
~K,op ~.m1n 

between '1c,min and :k· Figure 3 illustrates this geometrical relation fro:n 

vhich Topt can be evaluated a:long vith the values of the corresponqing matri x 

!· 

For a small value of the delay, Paddy's approximati on is sufficient 

n 
x(t-T) = I: 

k=O 

k 
(- l)k _,._ 

k! 
x(k)(t) 

and it brings the delay problem to that of identifying coeff~cients ,-k, (this 

problem has been solved in earlier sections). 

CONCLUSION 

This vork has shovn how the ~dentifi cati on problem can be sol ved by 

minimizing distances between various sets of si gnals . Equation (8 ) can be 
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regarded as a general identification algorithm. If the space is Euclidean, the 

solution iS analytical (equation (15 ) ), and if not, numerical techniques 

should yield accurate results. 

One of the most interesting feature of this method is that it can deal 

with delays and non-linearities which are too often encountered in the actual 

modeling of industrial processes. 
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DESIGN OF MODEL FOLLOWING SYSTEMS 
USING THE COMPANION TRANSFORMATION 

Dennis F. Wilkie 
Transportation Research 

and Planning Department 
Ford Motor Company 
De~rborn, Michigan, USA 

and William R. Perkins 
Coordinated Science Laboratory 

and Dept. of Electrical Engineering 
University of Illinois 
Urbana, Illinois, USA 

INTRODUCTION 

An approach used in many control system designs is to force a 

controlled pla~t to respond approximately like a model.
1

-
4 

That is, 

given a model previously selected to exhibit a desirable response to 

an input, Figure 1, a variable parameter vector~ is adjusted in a 

controlled system, Figure 2, so that the system and model output 
m 

vectory ~and~ are as close as possible. This design approach has 

been used for model reference adaptive con~rol, where the parameter 

vector is adjusted to minimize effects of variable plant parameters on 
. 1-3 

the system response. In this case, the model is often a model of 

the p lant and controller with all parameters set to their nominal 

design values. Another application occurs in computer-aided aesign of 
4 

compensation networks to achieve a desired system response. In this 

case , the model would be chosen to satisfy certain specifications such 

as desirable t~me or frequency response, and the parameters of the 

compensation networks would be the adjustable parameters ~· 

I n this paper, a new approach to the model following problem for 

single-input, linear, time-invariant systems is presented. The actual 

syste
1
m is forced to have dynamic characteristics similar to the model 

by causi..g the eigenvalues of the system matrix A to be exactly the 

same as the eigenvalues of the model. This guarantees that the state 

ve c t ors of the companion canonical form of the system and model are 

i dentical. The norm oi he difference between the transformations 

r elating the actual system output and model output to their companion 

s t a te s i s selected as an index of the difference between the system and 

del responses. By minimizing this performance index, the system and 

mode l ou tputs are then forced t o be close in norm. This appr oach i s 
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shown t o i nvolve only algebraic manipulations of the system A and~ 

matrices and minimization of an algebraic function. The advantages of 

this technique over those requiring minimization of an integral square 
1-3 

error between the system and model outputs are that no system simu-

lations are required, no averaging time for the integration is required, 

the result is independent of the system input as a time function, and 

the system and model need not be repeatedly excited in real time opti­

mization as in some model reference adaptive schemes. 

Motivation is given for the new approach to the model following 

problem in the second section. In the third section, certain proper­

ties of the transformation to companion form which a~e especially 

useful in this approach are demonstrated. Finally, a discussion of the 

numerical implementation of the technique is given and an example is 

considered. 

!IJTIVATION 

The linear, time-invariant system to be controlled is described 

by the state equations 

and the model is described by 

where 

.m 
.! A xm + b u 

- -mo 
m m 

1.. c~, 

m .!• .! are n dimensional state vectors 
m l.• z are p dimensional output vectors 

~ is an r dimensional parameter vector 

u, u
0 

are scalar inputs. 

(1) 

(2) 

The form of the controlled system is shown in Figure 2. It is desired 
m to adjust~ to make X and X as close as possible in some sense. The 

method of achieving this will be to minimize a measure of the norm 

l !x~x,\ . One way of doing this is to actually minimize a chosen norm by 
1-3 

an iterative procedure. This has been done previously for the norm 
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T 
\1' < ~-:t.~' Q(:t.,-:t.,~ > dt. 

0 

However, such a minimization requires repeated simulations of the 

dynamic system and sensitivity equations which is time consuming. The 

approach here is to minimize a bound on the norm lll-:t.m\1, and it is 

shown to result in an optimization involving on y algebraic equations 

(a~ . opposed to differential equations). As shown in the considered 

examples, this approach can lead to a fast numerical minimizatioa 

procedure, and the results are very close to those obtained by actually 

minimizing l[l-z111\l. 
Since experience has shown that a special choice of state variables 

may lead to arr easier numerical minimization procedure, consider only 

two nonsingular, time-invariant, linear transformations T and Tm of the 

system and model state vectors, and denote the transformed states by~ 
m 

and ~ , so that 

(3) 

Note that in general T is allowed to depend on ~· 

In terms of the transformed state variables, the problem of 
m 

causing]. to follow]. by minimizing the norm of their difference 

becomes 

(4) 

It would be desirable if the eigenvalues of the system could be forced 

to be the same as the model, since these characterize the ~nforced 

response of the system. The system and model may then be called 

"dynamically similar." Further , since the eigenvalues of a system are 

invariant under any nonsingular linear transformation , the system 
\ 

would be "dynamically similar" to the model independent of the choice 

of the state coordinates. 

Pursuing this approach , it will become apparent that a particu­

l ar ly suitable transfoima~ion to use ~n (3) and (4) is the trans forma­

t ion t o companion form, i .e., the A matrix i n the state descr i ption of 

the t r ans formed system is in companion form. It has been shown5 •
6 

tha t 

if a sys t em as represented by (1) (or (2)) i s controllable , then a 
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nonsingular transformation T (as in (3)) exists such that 

where 

·f c • 

-al 

1 
0 

-a2 

0 
1 
0 

A z + b u c...., -c 

0 

(5) 

(6) 

and where a
1

, .•. ,an are the coefficients of the characteristic equation 

(7) 

Since a 1 , ••• ,an are the only parameters in 9tate description of the 

companion system, it is evident that they completely determine~· 

Further, a 1 , ..• ,an are uniquely determined by the system eigenvalues, 

and vice-versa. Thus, if the system eigenvalues are forced to be the 

same as those of the model by requiring 

~ -[I:] ~· -[~] (8) 

m 
it follows that~=~ • Thus, the problem in (4) becomes a minimization 

with the equality constraint a • am, and then 
"':"' ..... 

(9) 

From this, it follows that 

where the operator norm indicated in (10) is some matrix norm. Suppose 

now that the upper bound on min!lv-vm!l indicated in (10) is minimized. 
~ ~ N~ 

Then the minimization proble~ in (9) becomes the constrained algebraic 

minimization problem, 

minll CT(.V -.c T 11 , 
v m m 

(lOa) 
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with the equality constraint~ • ~- . Thus, by choosing to minimize the 

upper bound indicated in (10) rather than 1\,z-.z,l, the problem is an 

algebraic optimization. This minimization indicated in (lOa) is 

logical : since if ~ - ~m, then in order for .l to be close to zm the 

difference of the transformations relatingz and .zm to~ and ~m should 

be small. This is exactly what is indicated in (lOa). further, the 

considered examples show that minimization of this b ... , .. ,o: ~an produce 
m good results in making.z close to .z. A suitable norm in the space of 

considered matrices has been found to be 

~ E E(CT<i> - C of) 2 . 
i j m iJ 

(ll) 

although other choices for the norm may yield good results in partic­

ular cases. 

The question arises as to whether !BY desired ~m can be achieved 

by the adjusted system. It is shown that in the next section that if 

a suitable controller structure is assumed (namely, state feedback is 

included), the requirement (8) can be satisfied for any ~m. Further, 

due to invariance of the companion transformation under state feedback, 

it is shown that the constrained minimization (10) can be reduced to 

an unconstrained minimization. 

IN'lARIANCE OF THE COMPANION TRANSFORMATION 

7 Morgan used an important property of the companion form trans-

formation to establish that !BY eigenvalues can be achieved with sta t e 

feedback. This property is: 

Property I: 

Consider the system described by 

(12) 
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Then t.ne transformation T~,_!Y of the system (12) to 

companion form is the same as T~ for the system (1). 

Proof : 

Using the transformation T~ in (3) , let 

Then (12) becomes 

A [ ~ 1 -1 }A -1 
~ .. T ~A~)T~ + T ~_£~~·T~) ~ + T ~_£~ u0 

but using (6) this becomes 

Define 

~· -~'T~) = 

Then, it follows from (14) that 

[' 1 
... 0 0 
A "' • 

~l+kl -cr2+k2 

(kl' 

0 
1 

k2, • • • ,kn) . 

_: +k] 
0 

n n 

u • 
0 

(13) 

(14) 

( 15) 

( 16) 

(17) 

and thus T~) transforms sys~em (12) to companion form, independent of 

~. i.e., T~ = T~,_!Y. 

Now, as noticed by Morgan, 7 it is evident from ( 17) that any 

desired poles of the system (with corresponding er~, • • . ,a;:> can be 

obtained for any~ by the following choice for~. 

~ = (T ' ~)) -l(e:- _e:ll) . (18) 

Property I along with (18) can now be utilized to simplify the algebraic 

minimization problem stated in (10) . Assume that the system to be 

optimized (with respect to a given model) is in the form (12) as shown 

in Figure 3. Also, assume for convenience of notation that CcCm. For 

a s ys tem in this fo r m, the constrained minimization (10) becomes 

(19) 



subject to the equality constraint 

(20) 

Now utilizing Property I, it is evident that the minimization in 

(19) is independent of~· Thus, the problem is simply a ~-constrained 

minimization with respect to..!:: of liT~) - ~11 . and the condition (20) 

is satisfied after the optimal..!::* is found by solving (16) for the feed­

back vector!· Thus, by choosing the controller structure of Figure 3, 

the designer can greatly facilitate the computational . solution. 

NUMERICAL IMPLEMENTATION OF THE METHOD 

The algebraic optimization of (10) and (11) involves the minimi-

zation 

min J~) z minllcrc,v- c T 11 • min fEE (Ctij{,V-C t~j) 2 • (21) 
..!:: ~ mm ~ ij m 

The required minimization can be carried out by a variety of optimi­

zation techniques. A method found to be particularly successful is 
8 9 

Davidon's method, ' in which the iteration scheme at the i+l st step 

is given by 

i+l i 
~ = ~ 

i i - a H (V J{,V) 
..!:: i 

(22) 

where ai is a positive scalar constraint determined at each iteration 
i step and H is a positive definite symmetric matrix (rxr if..!:: is an r 

vector) which is updated at each step of the minimization. The 

procedures for determining Hi and a 1 at each step of the minimization 

are given in Appendix A. It should be noted that only simple matrix 

products are required for updating and no more information is needed in 
' Davidon' ~ method than is needed in the steepest desce.nt method. For 

(21) , the gradient components are - given by 

oJ .., m otii 
(grad J~)) = (V J{,V) = ~= E "-'(Ct

1
. W -c t . . ) ,. 

..!:: k ..!::' k ovk i j J m 1J "vk • 
(23) 

oti" 
Thus , s ome means of determining~ , i=l, .•• ,n, j=l, ••. ,n, k=l, ••. ,r 

vk 
without finding T0::) as a genera l function of~ and then differentiating 



23 

is needed. The authors have shown 10 how this can be done, and the 

necessary computer algorithms are given in Appendix B. Using these 

algorithms, and assuming the functional dependences of the system 

matrices A(;~) and ,e(V are known, one can pointwise generate T{,V and 
aTc,v 
-~---- k=l, • • • ,r with relative ease on a digital computer. These 
ovk 
results were implemented in example given in the next section. 

EXAMPLE 

Consider the system of Figure 4. Without the state feedback para­

meters (shown dotted), this system is a realization of an arbitrary 

fourth order transfer function if suitable values fo~ v1 , ••• ,vS are 

chosen. Suppose now that this system is to be controlled in a model 

reference adaptive scheme, where v 1 , ••. ,v6 are to be adjusted to com­

pensate for ~hanges in v7 ' and vS. The model used in this case is the 

system with · the nominal parameter values v~, ••• ,v~ all unity. Consider 

first the case where the output vector is exactly the state vector, 

~- ~· 'For 5'%, changes in v7 and vS from the nominal, v7 • 1.05 and 

vs•0.95, the computation of v1, ... ,v6 and k1 , ... ,k4 ,according to the 

method of the paper required 6 iterations which took 31 seconds on a 

CDC 1604 computer. The computed values for~ and~ were 

~
1.024j 1.0 
0.992 
0.971 
1.07 
1.02 l O.Ol~ k - O.OSl 

.... -0.08. 
-0.04S 

Note that k2 and v
2 

together constitute only one parameter adjust­

ment. Th step response for the state x
4 

along with the corresponding 

model state i s shown in Figure 5. The other states of 'the system and 

model compared equally well and are not shown. For comparison, the 

same problem was considered from the standpoint of adjusting~ to 

minimize the integral-square-error criterion 

• 1 ST 
J(V = 2 <~-~~ , ~-~~> dt. 

0 

In th is case , the solution for the optimal:! required 5 iterations and 

10 minutes 50 second s of computer t ime. Th'e excessive s olution time 



f or this approach was due to the repeated solution of the system and 

model state equations. The state trajectories were found to be essen­

tia lly the same as those given by the technique of the paper (with 

r espec t to closeness to the model states). 

Consider now the case where y = x4 , a scalar output. Then 

~ · = (0 ,0,0,1) and only the differences t .. -tmi. for j=4 are considered 
l.J J 

in· the performance index to be !Dinimized. The computation of v1 , •• •, v6 
and k

1
, .•• ,k

4 
in~his case required 1 iteration (8 seconds). The 

computed values for ~ and ~ are 

[

1.051 1.00 
1.00 ::.= 1.00 , 
1.00 
1.00 ~ 0.05~ k 

8 
0.048 

- -0.050 
-0.048 

It is interesting to note that only one parameter , v
1

, is changed 

in this case. The step response of state x
4 

for this case is also 

shown in Figure 5 , and it is evident that x
4 

in the system and model 

are closer than in the previous case. This is perhaps to be expected, 

since all of the effect of adjusting~ is concentrated toward making 

only four terms in T~) close to those of Tm' rather than on making 

all 16 terms of the transformation the same. It is interesting to note 

however, that in this problem all of the states x1 , ... ,x4 for the case 

y = x4 were closer to the corresponding mode 1 responses than in the 

previous case whenz=,.lS· From these r esults, it is apparent that one 

can obtain good results in forcing a system to follow a model using the 

method of the paper. Also, due to the short computation time, the 

utility of the method for an adaptive scheme is apparent. 

CONCLUSIONS 

A new approach to solving the model following problem for single 

input , linear, time-invariant control system design was given . The 

method consists of forc;ing the system to be "dynamically equivalent" 

t o the model by causin~ the system eigenvalues to be the same as the 

model. The index of the difference between the system and model 

resp j eS chosen to be minimized is the norm of the difference between 

their companion transformations. Thi s i s then an algebraic minimization 
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with an equality side constr aint . By utilizing the 'invariance of the 

companion transformation under state ' feedback, it was shown that the 

constrained algebraic minimization problem could be reduced to an 

uncons trained minimization, if a controller including state feedback 

was chosen. Finally, an example demonstrated how the approach of the 

paper can lead to a fa s t solution of the model following problem. 
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APPENDIX A 

The steps to be implemented in a minimization procedure using 

Davidon's method8 •9 are as follows: 

(1) 

(2) 

(3) 

(4) 

Choose H0 
• I (rxr identity matrix). 

i i i 
Having~ and H and (V~}i, find a such that 

J~i-aiHi(Vxl)i) • mtn{J(,l-~Hi(V~)i)}. 

i+l Then form~ according to (22). 

Find (V_J) and define 
~ i+l 

vi ~ (V,?) - (V~) • 
.(,. - i+l i 

i+l Form the matrix H by 

where 

and 

i B = 

Hi+l • Hi + Ai + Bi 
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Return t o step (2) and repeat the process, continuil'lg until some 

predet ermined s topping criteria (indicating the minimum is obtained) 

are satisfied. 

APPENDIX B 

The algorithm for computing the transformation to companion form 

for a given system is as follows:
5

•
6 

t J -n 

where 

(Bl) 

The coefficients of the characteristic equation which are required 

to find the transformation can be calculated by using Leverrier's 

algorithm: 

an+l • 1 (nxn identity matrix) 

A check on th.e numerical calculations is that s
1
-o should be obtained. 

oT(i) 
Using these results, one can obtain the algorithm for computing 

ovi 
i•l, ••• ,r, which is as follows: 

[a,sl ot] oT a-;: (B3) ~- ov . 
1. 1. 

ot o.£ .-n 
ovi • ovi 

ot 
1 oA ot oa ob -n- -n n .... 

~- -- t + Ao-... . +~,e+ctn:~ ov. -n 
1. 1. l 1. 
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aak 
anP the derivatives a--, kzl, ••• ,n, i•l, ••• ,r, can be pointwise calcu­

vi 
lated by the derivative of the Leverrier algorithm: 

(B4) 

oa 
n-j+l ~ os ) 1 oA n-J+2 

ovi - (- j) tr a S _ j 2 + A 0 vi n + vi 

as aa os 
n-j+l n-l+l +~S +A n-l+2 

ovi ovi ~ ovi n-j+2 ovi 

Thus, by (Bl) through (B4), 
oT aak 

, k•l, ••. ,n, using T~, a-- and -
vi ovi 

i =l , ••• ,r at any point~ can be calculated assuming only the functional 

dependence of A and! on :t, are known. 
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Fig . 1. Model. 
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Fig . 2. System cons i st ing of controller and plant. 
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Fig. 3 . System with state feedback added. 
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Fig. 4. Fourth order example. 
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F ig. 5 . Re s ponses of state x
4 

f o r t he model and f or t he system in 
the cas e ::; 1...: ~ and y = xla. 
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DETERMiNATIO N O F MODELS FOR IDENTIFICATION 
WITH QUALITY CHARACTERISTIC IN THE TIME 

DOMAIN 
Gunter Schwarze 
Eun:boldt :-Vniversita t zu _.erlin 
5erlin 
Cerman Democratic _.,epublic 

C. Introduction 

In this paper we consid 2r conventional continuous s tabl e l i ne tl!' ­
ly dynamic systems vri th constant llimped elements , v hich ave 
one and onl y one i nput and one and only one output. The £oll~w­
ing ~ethods for the determination of mo 'el s are bas ed on the nu­
merical calculation of such signal s acting on the system, vJnic . 
de scribe the change f r om one stati onary stat e int o the other. 
·::f: denote the input signal v1i th xe ( t } and the correspondi ng 
output signal wi t h x

8
( t) • The syst em §. may be -..escribed 

uniq_ue of the f o lowing two equi val ent expressions : 

( 1 ) 

For eq . ( 1 ) we need t he vibole set of al l permi ssipl e pairs of 
s i gn l s of the system and for e •• (2) we need onl y one pair of 
s ignals of t he system. L '" enotes the Laplace oper ator . 
FS(s ) i s the transfer f unction of t he system. mhi s t rar.sfer 
function rr_ay be a rational or a transcendent function . ·:ie t ake 
such a nota tion that the fQ~ctions describing the si~,als are 
equal to zer :for nee:-ative arguments . r.:oreover we a~s .e t .at 
all signals are descr i bed of per mi ss i bl e functionc in the sense 
of FCLLll-~G::!::rt and sc~:::EID2R'3 , 5 . All systems have to compl y 
\';i th the condition o!' r ea_i za.bi l i ty , t hat means to ever· · :::er ­
missible input signal e lon~s cf. eq. (1 , a percissibl e 
output sie:nal. All t he fo 1 ri nt: r::o;:'; els are sys te .s .[ cmr,­
plying \/it, the above cond i t ions :or· sys t e.rr.s . n t he sa:: e '::a;; 

•:e t a ce t he terms a. d des i g:1 t i ons :.: , F •. ( '. me ( 
"· ma(':. A system is ca ___ ec. :nodel o:~ t he ys ~e: 

special si~.1al s :l_ ( t ' ) rr: ( t ) 
" a 
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( (me( t ) ,ma(t))E M ; (xe(t),xa(t) ) ~S) accomp~ish a quality 
characteristic. In the following we denote all signal func­
t i ons without size. 

·.'le consider only global methods 5• They are distingui shed by 
single and repeated integrals as basis of t he determination of 
:Jodels. 

':le ass\Jille one pair of signal functions (xe (t) ,.xa (t) ) f S may 
be given with the condition that both signal functions are 
empirical functions (graphics, point plotti ngs, or tabulated 
f unctions). For the digital computation special numerical pro­
cesses f or integration must be investigated. 

:'hese methods are speCial results of a research team of t he 
"Sektion r.:athematik" (Mathemat ical t~e thods for Information 
?rocessing) under t he direction of the author . 

i. Characterization of r ational models by i ntegral equations 
and its s olutions 

1. 1. Intr oductory considerGtions 

A model with r ational transfer fu.."lction will be called a 
rational model. We assume t he model being asymptotical stable . 

' . 
The transf er function of the model can now be written as 

F,,, (s) = Z,, ( s) I N,l! ( s) 
J.U l~J, 

(3) 

n 
b s1 

3M(s) = c 
1=0 l 

(4) 

n k 
l'~~/ s) = ~ aks (5) 

\'l i t h 3 5 t he order of the system , a~ 0 (k=O, • •• , n ) , at 
l east om· b

1 
.t 0 and IJM ( s ) is a Rurwi tz pol ynomif!l. 3e­

tween b ,ro pe r mi ssible input resp . output signals o:f: a pai r 
of s i f;.al s with t=O as uni que .exception poin t we have t he 

n 

int~ ral equation 
n 

L 
k=C 

( 0 <: t <: +oo (6) 

with 
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: (m( t ) 
't r 

= £ d )au , ! (m( t ) = 
't 

---'--- f (t- u)r- 1m( u) d 
(r -1 ) ! ~ (7. 

~e p :ynom corre s ponds to the no oger~us i n tegral equation 

~ n- k( ( 
1.-. akJ m t 
k=O 

= 0 (O <t<+oo) ( 8 ) 

·i th 
+oo 

J(m(t)) = / m(u)du , ~(m(t )) = 
t 

1 +oo r 1 
----''---/ (t-u) - m(u)du 
(r-1 ) ! t . ( g) 

From both equations f ollows that the iven functions are line­
ar dependent. All f ol-owing considerations will refer to lin~­
ar normed f unction spaces. There we t ake different norms and 
different i nte6r a l e1uations (eq. (6, 8)). It follows that the 
first method gi ves the coef ficients (eq . (4, 5) ) in one step 

· and the other methods in two steps (at first coefficient of 
eq . ( 5 ) , then of e q . ( 4) ) . 

1.2. :valuation of the inhomogeneous integral equation 
~ 

·:.'e consider th~ linear space Z of all permissible functions 

with the singl e point of.exception t = 0. For these functions 
there exist all der ivatives in (O,+oo) aqd the' limits from 

the le~t si e for t = 0 . exist f or the functions and all 
t heir derivatives . ';ow we t ake one pai r (m (t) ,m (t) )~ M e a 
satisfyinr.: eq. (6) . Vle denote 

= = 

= = -c2n+2-k 

Su~stituting e • (10 , 11 ) into eq . (6) yields with sa=l 
2n+1 

= c 
1=1 

c.z. 
1 1 

(10) 

( 12) 

We de~ine in the space Z a scalar product (z,t) , the norm 

1/z// = ( (z , z>i 12 
1 a.a"d the metr i c . D( z,~ = 1/z-V/ • I f 

zi e 7 (i=1 , ••• , 2n+1 ere linearl y incependent, t hese are a 
bs.. o~ a s s . .::.ce ~ 

_, n+1 . ~.: be 
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D( z ,~ ) = ~in _or a~y one z 6 Z it follows 

= 0 ( i=1 , ••• , 2n+1 ) ( 13) 

• :;:J(z ,'Z' ) = 0 if and only if z is l inearly i ndependent f rom 
z 1 , •. •, z2n+1 • Substituting 
sidering eQ. (13) yields 

z = z 2n+2 into eq. (12) and con-

c. ( z . zk) 
~ ~ 

= ( k= 1 , ••• , 2n+ 1 ) • ( 14 ) 

(14) is a sys tem of linear equat ions for c .• nitherto we 
~ 

used no special form for the scalar product. Ynis shows the uni-
versality of this method. In part 3 of this paper we used f or 
the S?ecial nQmerical method a special form of the scalar pro­
' uct . Specially we mention that t his method generally uses the 
~etric not r el ative to the signal functions but r elat:i.ve to the 
eq . (6) . 

1.;. 3valuati on of the homogeneous integral equation 
- norm of L2 CO,+oo) -

".le as strne m ( t) is a linear ~ ombination of a full system of 
a 

linearly i ndependent functions of eq. ( 8 ). Vie get the full sy-
stem -"rom the characteristic equation belongi ng. to e • (8 ) , 

which corres pond-.i;s to NM (s) • VIe assume that the mode l is 
asymptotic stable (cf. 1.1. ) . It fol l ows m (+oo)=lim m ( t)=O. 

a ti' +oo a 

7he step r esponse satisfies this condition for b0=o (cf. e~.(4)) . 

_f m (+oo) ::1- 0 we use ma(t) - m (+oo) • Stuj ies being ana-a . a 
l ogous to these are possible for input signal :'unctions, e . g . 
if t he signal f unction is t he step response or a impulse re­
sponse of an other rat ional system. i'.ov; we denote t he signal · 
function with m( t and as.aume m( +oo) = 0 • 

s . 
~ 

-:nay be the roots of the polynomial N,T (s, with the multi ­
!•. 

pl ici t y v . 
~ 

then v1e ge 
• l\lay be r the number of the difl'er ent r oots, 

( 1 5 

3r e a f'L ._ system o: l i nearly indepe::1dent fJ...TJ Ctions o: e • ( 8 ) . 

~e ~eno e t h_ s_ ~ith t 1Ct , • . • , gn( t ) 

/ 
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_'!,. : ·x.1ction m( t ) f l 2(" ,+oo) ca."l be expressed i n t he form 

::n ( t ) = r: c i gi ( t ) 
l.=1 

( 16) 

i f and on:y i: m( t ) satisfi es eq. ( 8 ) almost every#here and 
t he nor m i s given by 

( / / m(t) / /) 2 +oo 
= .[ /m(t)/2 dt ( 17) 

At first we assume c. t 0 (i=1, ••• , hl) in eq. ( 16). For 
l. 

t his model the left s i de of eq. (8) has the characteristic 
t hat 

D(C, c ~i ~-i(m(t) ) 
1"'1 

(l e ) 

as a function of the coefficients ·accepts for 1\<n a mi nimal 
value UP~ike zero and f or 1\ = n and A. = a. the minimal 

l. l. 
value zero. ';le determine the integral ec;.uation as follov;s. 
Since m(t ) t ·o is //m(t)// t 0 • We denote m0 Ct) = m( t ) 
and 

m1(t) • (19) 

·:'le de t er mi ne ea1 fr om the ;::>r oblem //m1 (t)//2 ! minimum. If 
t his min~um i s unlike zero, then n) 1 • We take step f or s tep 
t~e :or :r.ul a 

ni(t ) = a0 1 mo <t ) + ••• + ai-t,i mi-1(t) + Ji(m(t)) (20) 

~"le ~eter~ine a .. f rom the problem ·;;m.(t)//2 ! minimum and 
J l. 1 

:'i n isl: , v;hen this minimum has got t he value zero. Then is 
i = Tl .md ther e-~ore n is determined. From eq . (20) for 

i = n &"ld t~e e ~ ations corresponding to those i<n one gets 
the integre.l ec;_uatiori (8) i mmed iately by successive . putting in. 
It follows f rorr. t he integr e.l e q_'.lation the polynomial eq. (5) 
and t hus also the full sys t em e .:. . (15). In the second step of 
the Vihole method we determine the polynomi al eq. (4) i lii.ILediate-
l y f r om 

2 D ( rr.(t) , 

:n 7-l: :.s ·:;G.y V.'e "eter mi ne 

c . g . (t) ) ! minimum 
l. l. 

( 2 1) 

c. • It is well knov.n how to s olve 
l 
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it . ·.•ie mention that the se cond step ~s a_so possible :'or 
L2 (c , T) ( _) 0 ) • With this method one gets a formula f or 
m( t ) and ther efore f or ma(t) • If we also know the formula 
:t:'or me( t) it follovrs F11 (s) f rom eq • .{2) . This is for in­
st&~ce possib_e , if me (t is a special test signal . 

'.ii t .1er t o we assumed t hat c.::t 0 (i=l, • •• , n) .:.n eq . ( 16 ) . 
~ 

!f L(me (t)) is a rational function of s , we cru~ also use 
this 2e t hod, in case t his assumption is not valid. If 
L(me( t)) is not a rational function . we can use this me thod 
~~st nearl y (cf. chapter 2). 

I , L , Eva_uation of the homogeneous integral equation 
~ nor m of ~schebyscheff -

This method is like the method in I .3. Ne use the l inear space 
Jf the cont i nuous functions m(t for 0 < t < +oo with t he 
condit ion :n (+oo) = 0 and the norm 

/ /m(t)// = max 
O~t<+oo 

(p(t)/m( t) /) 

In eq. ( 22) ther e is p (t ) a continuous function Vli th 
p(t > 0 :or o< t (+oo • Ne mention that in this case 
(1 - is a Tschebyscheff function system. 

2 . ~? rox i mation problems and uality charac teristics 
~ 

(22) 

eq , 

7he t heor y escribed i n chapter I yiel ds ~n practice the fol -
lov;:._ g ifficul ties : 

a ~ e t r ansfer function of t he system ~ is a transcendental 
~ nction and not a ra t .:.onal :unction , e ~ g . the equations 
of :he system are special partial dif:'erential equations. 

o ~e transfe~ function of 'the system ~ is a rational :unction, 
b t he i ~.al f)Jrlctions are g.:.ven with l imited accuracity 
(~ p7ics , point plottings , or tabulated f ctions) . 

c '.'. en we compute th fu.'1ctions Ik(m(t)) and Jk(m(t ) ) f or 

::~ !aod~l we ::mst use nume::-ical methods :'or the oper a tion 
i ntegration and ons e-:r.1ently ·.ve e t tr,mc ntion errors. '!'he 

s ·3JffE is ·.ralid :or t::e sca l ar ~roduc and the n rm. 
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Ther e a::·e lot;icall tw typs of err ors : 

The system ~ is not ider:ti cal v:i L t .e mode_ 

2) ··sing numerical methods :'or the corn_ ut tion of the mndel v;e 

get truncation erros. 

ConseQuently we can in eact case f ormulate the T>ini oum condi­
tions, but the given conditions are not exactl y realizable . 
There is for example no finite number n with //mn t //=C 
exactly valid . Convergence investigations are necessary fo r 
securing errors sui'ficient little . VIe got in the case of 1 • 3. 
the followir~ result: If x(t)l L2Co ,+oo anc 

/x(t)/C: e-At m it A> 1 (23) 

is val id almost everywhere, then the procedure described n 
1. 3. converges with 

(24 ) 

and the estimation 

(25) 

is valid. Ei therto for the computation we choose a pr edeter­
~ined upper bound for t he order n of t he model and a prede­
termined lower bound for the norm. The computation will be 
finished, i f one of bot h bounds has been reached. For the pro­
cedure described in 1. 2. we use the norm f or the determined in­
homogeneous integral equat i on as qual ity character istic. The 
procedures described in 1.~. and 1. 4 . use for ~uelity characte­
ristics the norm of the determined homogeneous integral equati on 
and the norm of the approximated signal f unction. The respective 
bounds of the norms we m st strive for, must be given as quali­
ty nun:bers. 1:/i th the help of these numbers we decide :'or the 
ac ce~te~c e or unac cepta~ce of the deter mined model f or the sy­
stem. ·:;e · ,ave used a redeteroined poer bound :for the or er 
of the :no'el , because we do not want to de ermine such models , 
which we can not accept !'or too high or der. ~.:inimizin& the 
tr ~catior: errors we developec f urther numerical processes 
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~1.ader the considzred condi tions. ·.ve de clareC. that t; .e nume ­
rical processes :'or the integration (cf. 1 • 2. ·- i th a :'ixed 
order of the interpolation polynomial for models with high 
order are not enous h exactly. '.'ie 0 enerated a special numeri­
cal process for repeated inte0 rals with variable upper bound . 
In this case, the function ~(t) will be substituted :'or a 
i1terpolation polynomial of the order 2 relative to tl-1..ree 
interpolation points following i~ediately one against the 
other . Then the integ~ation can be exactly performed like 
eq . (?).~his method is evident possible :'or each order~ 

3. Describing of the programmed procedures a~d results 
of computation 

:'he following described procedures are approximate algo-
ri tb.ms for the procedure s in chapter 1 • '.Ve identificate· the 
si6fial f unctions of the system~ with those of the models 
ever the basic set of points (fixed points), in consideration 
of the accuracy of the measuring values (corresponding to the 
si~nal f unctions of the system). 'lle note ::ovm the e.::J_uations 
in t he denotation of the models , as we deter Qine indeed the 
e .::J_uations of the model. 3esides the n~~erical processes :'or 
the i ntegr :1tion described in cl:.apter 2 we used con.ve. tional 
n ·;;Jerical processes for resolving siJml taneou-:. linear equa­
tions and· for determination of t he root s Df pd ynomials. 
Siving a firs~ esti~ation of the usefulness of the ~ethods 
we have computed examples. We used as syste:ns a.'1al og compu­
t er ~rograns and analyzed the functions registered by a 
plotter (gr aphics). 9esides we used tabulated fur1ctions . 
~ereby haj been computed the pairs of signals fo r ~rede ter­

atined transfer fur.ctions. ~~tially we tabulated ·sit:;_ :1izh 
acc rracy in order to watch the i mpl ications o: the t r ea-
t i cn srrors . 
'; . i • : ~e ttod of the inhomogeneous i n t egral e(1uat ion 
·.:e ·~se t : e procedure described in 1 • 2. a11 the nul!:eri cal 
pr 0cess of inte r a tion described. i n ch~pter 2, and L e ::o::.-
1 · .. ing scal ar pr odCJ.ct (e q . ( 2E) • Thereby !:lUS t he p + 

(26 
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- -~ n~~e- of El-~e t2 ) f the basic s e t of points . One £i ve s 

·.1,_.. t::J._e f ol: r:ing ?ara-neters to the pro-er am : order n , i ncre­

z en at i on par~eter d t , nuwber p , the values of the input 

&..."1 output signal s of t_ e system over the basic set of points. 

'::' __ e result ·:rill be the coefficients of ZM (s ) (eq. (4)) and 

:~.r ( s , (e q . (5)) Vlith 9.c = 1 • 

·;ie analyzed the step response f or two different systems of 

or der 2 with p = 20 and dt = 0,1 • The numerical results 

are : 

coeffi ci ents system model syst em model 

1,0 1 ,ooooo 1 ,o. 1 ,ooooo 

1,5 1 '50002 1,5 1 '50002 

0 ,5 0,50002 0,5 0,50002 

1,0 1 ,ooooo 1 ,o 0,99999 

o,o o,6ooo2 -1, 5 -1,49999 

o,c o,ooooo ·o, 5 0,50002 

; . 2. :ethod of the inhomogeneous integral e quation 

- error s uare norm -

The procedure de scribed ln 1.2. (scalar product of L2CO,T)) 

had been numerical computed with the following scalar pro­

d·Jct corre spondin& to Simpson ' s numerfcal p;ocedure for inte­

gration : 

(w ,f = (m(C)~(O) + m(2p)!t(2p) + 4 ~ m(2k-1 )~(2k-1) + 
~1 

2 i=l_, ~ m(2k)!(2k) • (27) 

?or t his numerica l pr oc adure corresponding to the equati ons 

( 1 ; , 2~ ) ne , redetermin- a lower bou..11d ! for //mn//2= CIDn,mn) 

a. C. en :.lJ:per bounC. n for n • mhe computer stops the co;:;pu­

t at: , ::-. , :.::- :,e c_. t_ e bo t h parai!!eters e q'..l.als the correspond­

in[: ":>o•r...::.. '::'1 er:. ;:ill b computec th<:: coEf fi c ients of the in­

t er:::-cl e-:.:~t : n (3 and un · er ' Se o: the character i c. t ic poly-
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nomi al he full syste (e 
re_ r 2sentation f ~(t with the aid by the f-.1E sys-:em 
(eq . (1 6 )) fo __ ow from t he sol tion of t he corr~sponding 
i :nultaneous e uations . One g ives up he fo _l o '!ing parame­

ter s t the prooram : . ?per bound n , lo ~;~er b U.Ttd e ' i n cre ­

~entation paracte ~er , the number of ele@ents o~ basic et f 
poi:1ts 2p + 1 • '2:'he result wiL. be the order n , the cha­
r cteristic values of he full system, and he coeffic ients 

.(:1 ..-;. . ( 16 ) .. ·.'/ i th a special probram one :nust compute the c o-

a::i:ients of the tra~sfer function. 

::u::1erical exa:1ple : 
·:;e a:: a_ zed ar1 o tput signal of a syste::::: v,: i t h e _ui i -

t ::1 elements of the basic set of _oi nts , for = 3 , 4 , 5 

the valu~s (~ , ~) had been -printed &id also the solu­
t ions correspondi ng to the models over the basic set of 
poi. s . The following table shows a part of the numerical 
r es lts . The values of the systen f _ction are exact , the 
values of the model functions are roQ~ded . 

system function model functions 

-0 , 0 6 
+C , 865 
+O , 121 
+0, 77 
+0 ,026 
- 0 , 003 
-0 , 017 
-0 ,017 
-0 , 007 
+0 , 007 
+0 , 0 13 
+0 , 0 11 
+0 , 007 
+0 , 004 
+0 , 002 
+0 , 00 1 
+0 ,ooo 
+0 , 000 

n=3 -

-0 , 007 
+0 , 053 
+0 ,093 
+0 , 084 
+0, 038 
-0 , 009 
-O ,o; 
-0 ,018 
- O, v08 
+0 ,027 
+ , 027 
+0 , 0 11 
-0 , 006 
- 0 , 0 14 
-0 , 009.' 
+O ,ooo 
-+0 , 009 
+0 , 010 

(~ ,m") _. _. 

n=4 

-0 , 8 1 
+O , 74 
+O , 107 
+0 , 
+0 , 033 
-0,003 
~ , 2 
- ' 18 
-0 ,007 
+0 , 0 6 
+0 , 0 15 
+0 , 1 
+0 , 014 
+0 ,008 
+ ,oo; 
-0 ,002 

. -0 , 004 
-0,004 

= 23 10-8 

n=5 
-0 ,030 
+0 , 066 
+0 , 11 8 
+ , 081 
+0 ,027 
-c,o s 
-0 ,0 19 

, 014 
-0 , 003 
+0 , 006 
+O, C10 
+0,0 11 
+0,00 
+0 ,005 
+0 , 00 '5 
+ ,ooo 
+ ,oco 
- 0 , 000 
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3. 3. :,:e thod o: the hoi!iogeneous i ntegr al equa t i on 
.- Tscr .. ebysche:ff norm -

The pr ocedure described in 1 . 4 . had been pr ogr ammed in t he 
case of the discr ete Tschebyscheff appr oximation vri th the 
norm 

/ / m/1 = max ( p(t.) I m( t.)/) 
( t.) ~ ~ 

~ 

( i =1, ••• , q) • (28) 

The number of elemen-ts of the bas i c set of poi nt s q must 
sat isfy t he condition q) n 'in eq. (28 ). Corresponding t o 
t he general t heory2 one determi ned algorLhm :for comput i ng 
t he point of t he best approximation. The coordi nat e s of t his 
point a~d t he corresponding ·value of t he norm are t he outpQt · 
of t he program •. This method is i n principle analogous t o t hat 
i n 3. 2. Ther efore we show the ef ficiency of _t he method on the 
bas is of t he second step in the :follov.'ing exampl e. 

I~umerical example: 
The t ransf er :function . of the system must be 

1 + Ss 
= (29) 

(1+s)(1+2s)(1+4s) 

The s t ep r e s pons e of t he system is a non monotonic function. 
'.'!i t h a progr am for an analog computer we register.ed the step 
re:= ponse h (t ) wi t h the aid by a plotter. We analyzed 
m(t ) = h(t) - 1 . and put p (t) = 1 • As the :full system by 
~schebysche:ff had been used 

g ( t) - P-t g2(t) = e-t/2 1 - - , 

The number of elements of the basic set of points was 60 and 
we put t he i ncrement ation para:ne ter dt = 0,27 • Vle computed 
wi th the pro.;r am e. maxin al devi a t ion f or t he solution of 
0 ,01. The corresponding tra~sfer functi on is 

1 + 7 , 7s- 0 , 33s2 - o ,os s 3 
, (s) = (31) 

. ( 1+s) (1+2s ) (1+4s) 
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4 ~ ?~rther . r cblems 

':::'~e ::'o2.lo vi ng probl ems will ":)e t rea ted : i nfluence of the 
errors on the accuracy of t he eter mi nat i cn o: mo els , sy­
etems and models with transcendental tra~sfer f unct ions, 
appr oxi::J.a tions of tra!'1scendental transf er functions t o re.­
tional t ransfer functions . Further remarks will :'allow at 
t he Congress. 
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ORDER AND FACTORIZATION OF THE IMPULSE 
RESPONSE MATRIX 

by 
C. BRUNI - A. ISIDORI - A. RUBERTI 

Istituto di Elettrotecnica dell'Universita, ROMA,Italy 
Fondazione "Ugo Bordoni", ROMA, Italy 

1. Introduction 

In this work the problem is considered of evaluating the 
order of a linear continuous or discrete-time system, of fini­
te order, strictly pr~er, completely controllable and comple­
tely observable, described by the impulse response matrix and 
the problem of factorization of such a matrix. 

These problems are tackled using a method of constructio~ 
of sets of solutions of the class of differential or differen­
ce equations associated with the impulse response matrix, star 
ting from the latter. If these sets of solutions contain a fun 
damental set, the evaluation of the order can be carried out 
by computing the number of independent solutions. The factori­
zation can be obtained by choosing fundamental set of solutio­
ns 1,2,3. 

Problems and methods are examined for time invariant and 
time varying systems as well as for continuous and discrete ti 
me systems. In particular, for the time invariant case a theo­
rem is given from which it is possible to deduce the algor~hms 
for calculating the order based respectively on Markov's para­
meters and on the moments of the impulse response matrix 5,2. 
For the time varying case, under some limiting hypothesis, a 
theorem is given which leads to an algorithm for ' the calcula­
tion of the order which generalizes that of Markov's parame­
ters 1 •2 . Under the same hypothesis a third theorem is stated 
which allows the factorization of the impulse response · matrix, 
in the continuous 3 as well as in the discrete time case. 

2. Construction of the solutions 

2.1. Case of continuous systems. 

A linear continuous system, of finite order, strictly pr£ 
per, completely controllable and completely observable, can be 
described, as is known, by the impulse response matrix ~(t,T) . 
This matrix can be factorized in the form: 

(1) 

with f(t,t
0

) and H(t .~) respectively q.n and n.p matrices 
In particular there ~i;ts always 6 a class of factorization& , 
said the class of reduced-form factorization& .{.t'.,(t , to);!!,(to;t:) } 
in which n takes on the minimum value n ; for this class the 
col umn of ~Jt.t 0 ) and respectively th~ rows of liJt 0 .~) 
are sets of linearly independent functions. 



Tre description of the sy~ems considered can be made by 
means of ordinary linear differential equations; among these of 
particular importance are the input-state-output and the input­
output equations.The first have the form: 

~(t) ~(t)~(t) + ~(t)~(t) 
y(t) = ~(t)~(t) (2) 

Q ( t l being the input vector , ~(t) the state vector, y(t) the 
output vector and D being the differentiation operator with r~ 
spect to time while the second have the form: 

b(D,t)y(t) = ~(D , t)~(t) (3 ) 

where b(D,t) and ~(D,t) are respective!y q.q and q.p matri 
ces Whose elements are polynomials in D. ( > 

The number n of the linearly independent solutions of 
the hoaoqeneous equation associated with (2) or with (3) is gi 
'7en by the dimension of the state vector for ( 2) and by the d~ 
gree of the determinant of b(D, t) for (3); it constitutes the 
order of such equations. 

With the operator ~(t,"&) can be associated equations 
of different orders. If these are of type (2) there exists 
always a class of minimum order and this order coincides with 
the dimensions n 0 of the class of reduced form factorization 
of ~(t,,;) 6. If the equations are of type (3), there exists 
a class of order n 0 , if and only if the system described by 
~(t.~) is differentially observable. coo) 1 

Forth~ purpose of calculating the order . of a system sta£ 
ting frOJD !!_(t,,;) the authors prefer to keep in mind the nat~ 
ral interpretation of ~he order as the number of linearly inde­
pendent solutions of the class of homogeneous equations of mini 
w~ order associated with W(t.~) , rather than the interpreta­
tion as the dimension of th; reduc;ed-form factorization of!!(t . ~). 
Infact it will be shown that it is possible, and in various ways, 

(
0

) In a s~rictly proper system, if (3) is changed into a form 
in which b(D,t) is upper triangular with the degree of the 
off diagonal elements ~q each column lower than the degree 
of the corresponding diagonal element. the degree of each 
element belonging tc the diagonal of L(D , t) , is higher than 
the degrees of 'all the elements of th; corresponding row of 
£: (D , t) 

( ~ 0 ) The Same COnsideration can be repeated for the equations 
associated with the adjoint system. In particular, equatiom 
of type (3} of order n

0 
exist for the adjoint system if and 

only if the given system is differentially controllable. 
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t o construct sets of linearly independent solutions starting 
f rom ~(t,"), and therefore deducing the order by means of their 
computation . Su c h a principle is also useful for the purposes 
of factorization of ~(t,~), which can be achieved acting upon 
the independent solutions . 

Thus, the construction of solutions can be achieved by 
means of the results stated in the following Assertions. 
Assertion 1- Given the impulse response matrix ~(t,~), each 
function 

t. 
r.<t> . = 1 ~<t."C),!!(t:)d~ 

-ao 
(4) 

wh ere u(t) belongs to the space of input functions and·is such 
t nat integral (4) is defined, is a solution of a homogeneous 
d ifferential equation of minimum order for the output variable 
of the given system. 

In fact, replacing in (4) a reduced-form factorization of 
~ ( t ;t; ) , one has to 

X:(t) = .!f
0
(t,t 0 ) J«JJi0 (t 0 ,1:),!!("C)dT, = _f0(t,t 0 )~(t0 ) (5) 

where ~(t 0 ) is a constant vector. Since the columns of ~0 (t,t 0 ) 

constitute a fundamental set of solutions for the class of ho­
mogeneous equations of minimum order associated with the given 
s y stem 6, Assertion 1 is justified. 

The vector ~(t 0 ) represents the state of the system at tl 
me t

0 
as is shown immediately from the comparison between (5) 

and the expression of the general solution of the homogeneous 
equation associated with. (2) 

y(t) = C(t)~(t,t )x(t ) 
- - 0- 0 

(6) 

This interpretation ' makes it pos~ible to specify that the 
linear operation defined by the integral which appears in (5) 
maps the space of the input functions, on the interval (- oo, t 0 ) , 

into the state space, at time t
0

• 

Consider now a set of N) n
0 

solutions{y.<t>l c~nstructed 
from . a set of N inputs{,!!,(tlJ according to (4) ~ Introducing the 
matr1.ces 

~(t) (7) 

~(t) (8 ) 

i t can be written: 

i
t. 

~ (t) = .. ~(t , '!: )~ ('t) dr; (9 ) 

Taking into consi 0erat ion the latter and keeping in mind 
wh a t ha s been observed i n connection with Assertion 1, it may 
b e state c : 
As sertion 2 - A n ecessary and suffici ent conc ition for the ma­
t r i x Y _(t \ t o contain n . linearly i nd epen dent so lutions is 

-N 
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that the input matrix u (t) be such that the rank of 
-H 

j 4
Jl

0
(t

0
;T;)Jl. (t)dr = [~ 1 (t 0 ) • •• ~Jto)] (10) 

is n
0
-""that is that the set of states { ~ . (t

0 
l}into which the 

i nput matrix is mapped contain a set of n! linearly indepen­
dent states 

Having established the procedure for constructing solu­
tions starting from ~(t , ~) , it is now necessary to find in­
put matrices capable of giving forth sets of solutions which 
contain fundamental sets. This is done in the following sec­
tions, separately for time invariant and time varying cases. 
Once this problem has been resolved, the properties of linear 
independence of the solutions constructed by means of (9) must 
be examined . For this purpose it is useful to consider the pr£ 
perties of the solutions of homogeneous linear differential ~ 
quations, and. particularly those of their Wronskian. 

In this connection consider the homogeneous differential 
equation of order n, associated with (3) 

!!,(D, t)y(t) = Q (11) 

and a corresponding triangular form 

11, 
fa (•> (t)Dh 

~-f (lt) , 
L,al•J (t)Dir . .. '£,a., (t)D 

D ' 11 , • 12 

ta;;>(t)o" 
lh 

0 ~a (AJ (t)Dir 
(/ 22 " ~(t)= .Q (12) 

0 0 ta M(t)Dh 
/) ~ !If . 

In reference to these notations may be stated the follo­
wing theorem which generalizes the well known result of the 
scalar case. 
Theorem 1 - Given the class of homogeneous linear differential 
equations of type (1), which may be tran sformed into the trian 
gular form. (12) with 

(I{J ...J a .. (t) r- 0 
~~ 

VL Vt (13) 

a nc wh ich admit the same fun damental matrix, of solut ions :£ ( t) , 
t h e Wronskian matriX 

[ _y{.t) n_y"(t) o"H_yhl J (14) 

has rank n for every t, provided v is not less than a f i xed mi 
nimum value Vo which depends upon the considered class o f e­
qua t ions and satisfies the constraints 

n ~ v.~ n q (15) 
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2.2. Case of discrete-time systems 

~he results obtained in the preceding section for contin~ 
ous systems remain substantially valid also for discrete-time 
systems. From a formal point of view it is necessary to intro­
duce the discrete variables k, j in place of the continuous 
ones t.~ and the advance operator E in place of the differen­
tiation operator D. Thus the various results can be stated in 
terms of discrete-time, and only in some cases variations and 
specifications will be necessary. 

Regarding (1), ·one obtains for the discrete-time case: 

Regarding 

~(k,j) = ~(k,k0 )R(k 0 ,j) 

Assertion 1 in place of (4) one 
k.·f 

¥<k> = L:; ~<k. j>~<j> 
-ao 

k :il:k
0 

> j 

obtains: 

Regarding Assertion 2 in place of (9i and (10) one obtains: 
k-1 

.! (k) = ~- ~(k, j)Q.tJ(j) 
-eo J 

(1.) 

(4 I) 

(9') 

(10') 

Regarding Theorem 1 the class of difference equations must be 
considered: 

!! <E. k>.x <k> = Q <n· > 

transformable into the triangular 
a~~J (k) · ;i 0 

form analogous to (12) with: 

"' a~~~ (k) ;i o 
~~ 

V·i, Vk (13') 

Beside the Casoratian matrix 

[ _!T(k) E_!~k) (14') 

corrisponding to (14) 
traduce the following 

it is useful, as is herein shown, to in­
matrix: 

[l<k) (14") 

in which 6. = E - 1 This matrix has the same properties as (14') 
in regard to the rank being a linear non-singular transformation 
of the latter. 

3. Order of time invariant systems 

3.1. Construction of a fundamental Set of solutions. · 

Consider the functions 

= { tD-~-~ (t ) r. (t) 
L - ( -i-1 )! 

i~O 

i<q 
(16) 



where 6 (t) is the unit impulse, and consider the input matrix 

~(t) r. (t)I . . . -Y" 
1
(t)I l 

"'~1 -p 0 m+f"· -pj 
(17) 

in which I is the unit p.p matrix. The following theorem may 
be stated-pin relation to this matrix: 
Theorem 2 - For a time invariant continuous system, described 
by the impulse response matrix ~(t) , the input matrix (17), by 
m~ans of operator (9) with t

0
=0+, gives forth an output matrix 

which contains a fundamental - set of solutions provided~ is not 
less than a fixed minimum value fLo which depends on ~(t), and 
satisfies constraints 

where ~r 
0 

is the degree 
with the system. 

m can be given: 

no p ~ /-'-o ~ r 0 

of the minimal polynomial associated 

a) the value 0 for any ~·(t); 

(18) 

b) any positive integer value if no element of ~(t) takes on a 
polinomial form; 

c) any positive or negative integer value if ~(t) is strictly 
stable. 

Proof: placing (17) into (10) one has: 

o'" J !!o ( 0 • t') ~ (t ) d"t 
-eo 

~m [,!! AB •• • 

Jo+ -A-
e _ .. BU ("t")dt 

• .., --N 

J.L-1 J 
~ .!! 

(19) 

With reference to Assertion 2 it is necessary to examine 
the rank of the latter matrix. In this connection it can be 
seen that matrix[.!! AB ••• ~~'--11! J is the Wronskian matrix of 
!!o(O.~) calculated at the origin According to Theorem 1 
it has rank n

0 
because !!o (O(t:) is a funoamental set of solution s 

of the class of homogeneous differential equations associated 
with the adjoint system 1 . However in this case the well known 
controllability condition may be used . Th e inequality (18) re~ 

places (15-) because every power of ~ can be expressed as a co_!!! 
bination of the first r 0 powers starting from the zero power. 

The theorem is theref0re proved for m=O. For the other v~ 
lues of m it is necessary and sufficient tha t the integrals aE 
pearing in (19) exist and that ~m is nonsingular. Th us the COQ 

ditions specified in b) and c) are derived. Q. E.D. 
An analogous theorem may be stated in the case of d i scre= 

te-time systems by introducing the following functions: 

"{_ 

6Lo<k> i ~0 
(16 ° ) 

r~ (k) - 1 i = -1 
(k-1) (k-2). - . (k+ i-1) i < - 1 

( - i -1)! 
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where 6(kl is the unit discrete-time impufse. The statement of 
the theorem is obtained by interpreting in discrete-time terms 
the various relations considered in the continuous case, repla­
cing t

0
=0+ with k

0
=1. 

3.2. Application to continuous systems. 

3.2.1. Method of Markov's parameters. 

A first algorithm for calculating the order which can be 
deduced from the general method is based on Markov's parameters 
of W(t) and has been already introduced by B.L. Ho and R.E. Ka~ 
man4. Defining these ·parameters by 

~L = [o~!!(tl]t.o• (20) 

and constructing the matrix 

[ ~0 ~f ••• ~,...f l 
-t_(fL,V) = ~f ~2 • • • ~1'-

~ .... 1 ~"' ~ ..... ,...2 

(21) 

the folloWing corollary can be stated: 
Corollary 1 - The matrix of Markov's pa~ameters ~(~.~) of a g1 
ven !!(t) has rank n

0 
provided 1.1.. and 11 take on values respect1 

vely not less than quantities /-'o and V0 • The latter depend on 
!!(t) and satisfy constraints 

!lo " V. " r q • 0 
no ~ p < o <. ro (22) 

Proof: the input matrix (17) with m=O gives forth, by means of 
operator (9) with t

0
=0+, the output matrix 

~(t) = [ !!l t) D_!!(t) ... of'·~(t)] (23) 

·which for Theorem 2 contains a fundamental set of solutions prQ 
vided IL ~ 1-t• According to Theorem 1 the Wronskian matrix 
of ~ ( t) has therefore rank. n 0 for every t provided V ;;,.Vo • The 
upper bound for v. , which appears in (22), replaces the one g1 
ven in Theorem 1. .This possibility is based on the time inva­
riance of the system, as shown in the proof of Theorem 2 in re­
lation to ~· . To complete the proof it is sufficient to obse~ 
ve that ~ (11 ,v) coincides with the Wronskian matrix, calcu-- ,_ + 
lated for t

0
=0 . Q.E.D. 

The property stated in Corollary 1 allows the determin~ion 
of no through the calculation of the rank of the matrix of Mar­
kov's parameters ~(/-',V) , carried out for values of ~ and 

V certainly greater than 1-L• and V0 • Since these are not 
known a priori it is necessary practically to choose values of 
f.L and V sufficiently- high. Otherwise it is possible to carry 

out the calculation with gradually increasing values of f.L and 
V until the r ank tends to remain definitely constant. 

If instead of !'!(t) its Laptace-transform i ,; known, the 
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number r
0 

can be immediately calculated as the degree of the . 
m~n~mum common denominator of the elements of ~(s). Therefore 
it is possible according to (22) to determine n

0 
as the rank 

of ~(r 0 ,r 0 ) • 

3. 2. 2. Method of the moments .. 
5 

A second algorithm, already discussed by the authors , whi 
eh can be deduced from the general method is based on the mo­
ments of the impulse response matrix. Defining for a strictly 
stable ~(t), the moments by 

M i. = L OD~ ( t) t i dt ( 24) 

and constructing the matrix 

[£. g~ £e-• l t(f',V) = g1 g2 g" 

g..._f g., g/'+11-2 

(25) 

where 
( -1 >' 

c. --M. 
-~- il -(, (26) 

it is possible to state the following Corollary: 
corollary 2 - The matrix of the moments ~(J4,Y) of a given stri­
ctly stable ~(t) has rank n

0 
provided~ and v take on values 

respectively not less than quantities 14• and V0 • The latter d~ 
pende on ~(t) and satisfy constraints (22). 
Proof: the proof is analogous to that of corollary 1, choosing 
m= -(fL+V-1) and t 0 =0. It is possible in this , way to prove for 
the matrix 

[ 

g V+f'-·2 g >'+~-3 
g., .. f'-3 g"•l'-1 . . 
g J-L·· g /'•2 

.. . g 11-1] 

. . . g 1'-2 

... go 
( 27) 

the property stated above. Consequently also (25), obtained 
from (27) by exchanging the order of the rows and the columns 
and changi~g the sign of all the elements, has the same prope~ 
ties. Q. E.D. 

Also in this case the properties of the matrix of the mo­
ments allow the determination of n

0 
by a similar procedure as 

the one shown in the preceding section. 

3.2.3. Remarks on the preceding· methods. 

The first ·remark to be made on the preceding methods is that 
they depend on particular choices . .,f input matrix ( 17) defined 
in Theorem 2. It is clear that with aiffe~ent choices ofm other 
matrices can be .obtained , suitable for the calculation of the 
order. Thus, for example, m~trices can b e constr ucted fro~ any 
sequence of f-L+V-1 consecut ive Markov' s parameter s or moments prg_ 



51 

vided the conditions stated in Theorem 2 are satisfied. Other­
wise mixed matrices can be constructed from both Markov's par~ 
meters and moments. 

A second consideration important for the application of 
these methods,concerns the determination of the quantities for 
constructing the matrices ~(14,v) and ~(t--.v). In this regard, if 
N(t) js available Markov's parameters and moments can be dete~ 
minec using the definition formulas . If the Laplace transform 
N(s \ is available they can be determined taking into account 
the following expansions: 

N(s) 
~ -i-1 Lr. §.i s (28) 

10 i 

L-~i s 
0 " 

~(s) (29) 

To verify (28) it is sufficient to antitransform term 
by term (the series being uniformly convergent for every s the 
modulus of which is greater than the convergence radius)and to 
observe that the McLaurin expansion of ~(t) is obtained.Regar~ 
ing (29) · it is sufficient to keep in mind that 

[d"w~s)] = (-l)i J""w(t)tidt 
ds• Js.o o -

if ~(t) is strictly stable. 

(30) 

A third consideration concerns the use of the above m~ 
tioned methods for calculating the order starting from noise­
affected data.In this case the method of the moments is undouB 
tedly preferable for the filtering action of, the integral ope~ 
tio~ instead of that of Markov's parameters. This abvious consi 
deration has been confir~ed by various calculations based on d~ 
ta of gradually decreasing precision . . 

3.3. Application to discrete-time systems. 

In the discrete-time c~se an analogous formulation can 
be given for the two methods developed above. Th~ matrices un­
der consideration are those corresponding to (21) and (25) con 
structed this time starting from quantities. 

S . = [E~W(k)] (20') 
-~ - l<a1 

and respectively (26), with 

"" M i. = .f:t N(k) k (k+l) ... (k+i-1) (24' l 
In regard to the proof of the analogue of corollary 1, 

m=O and k
0
=l are chosen and the Casoratian matrix of the solu­

tion is constructed.Form (14") instead of (14') has been used 
in order to have operato~s ~ either with respect to index ~ or 
index V • In this way it is possible to prove the properties 
stated in Corollary 1 for a matrix having as its elements ·the 
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quantities [..1 ~!f(kl] ,.. 1 instead of .§. i. • Keeping in mind that 
6= E-l ,it is easy to see that the two matrices can be tran­
sformed into each other by nonsingular transformations, thus 
conserving the properties of the rank. 

In regard to the analogue of Corollary 2, preceding in 
the same way it is possible to prove the properties of the m~ 
trix constructed with quantities (24'). 

The procedure for using the two corollaries and the re­
marks made for the continuous case can be directly transferred 
Regarding the expansions (28) and (29) with reference to the 
z-transform, one obtains: 

!f(z) = 
-i-1 

.§.i z (28 I) 

00 i 
!!(z) = L· C. (z - . 1) (29') 

0 4 -l. 

The verification is obviou~ if one keeps in mind the def1 
n ition of the z-transform and respectively, the analogous form 
of (30): 

(30') 

4. O.rder of time varying systems. 

In the case of continuous time varying systems, the fol­
lowing theorem can be used for the construction of an output 
matrix which contains a fundamental set of solutions. 
Theorem 3 - Given a continuous differentially controllable sy 
stem, if the class of homogeneous differential equations of mi 
nimum order associated with its adjoint system satisfies the 
conditions (13), the input matrix '(17) ,with m=O, gives forth, 
through operator (9) with t=o+, an output matrix which contains 
a fundamental set of solutions provided ~ is not less than a 
fixed minimum .value ~. ,which depends on !!(t.~) and satisfies 
cons traints 

(31 ) 

+ Proof: placing (17) into (10), with m=O and t
0
=0 ,one obtains 

the matrix: 

j0~0 (0.~)U (t)dt 
-ao --N ' 

fL·• 
= [.!!o ( 0 , 't) . . . D _!! 0 ( 0 , t: lJ 

t•O 
(32) 

l!o (O;t), as previously ment icired , is a fundamental set of solu­
tions of the class of homogeneous differential equations asso­
ciated with the adjoint s y stem. Therefore, the r.h.s. matrixof 
( 32) is the Wronskian matrix of £

0
(Qt) calculated at the origin 

a nd has rank n 0 in the hy pothesis of Theorem 1 . Constraint s 
( 31 a re o e duced from (15 ) , keeping in mind, t hat, the dimension s 
of £ 0 (O,'t:) are n

0 
.p. Due ~o Assertion 2 the theorem is theref.Q 

r e proven. Q. E .D. 
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An algorithm for the calculat i on of the order can 
be deduced from t h e preceding theorem and is based on parame­
ters ·wh ich extend those of Markov in the time varying case. D~ 
finining the parameters 

§. .. ; = [nt" ni. w(t,r)] 
•·~ t: - t• r • o 

( 33) 

and constructing the matrix 

[

§.00 

:t_ (fJ- , V) = ~ 10 

-v.f,o s -v·t,1 

(34) 

t h e following corollary m?y be stated: 
corollary 3 - Given a differentially ontrollable and differen 
tially observable system described by ~ (t.~}. if the classes of 
homogeneous differential equations of minimum order associated 
with such a system and its adjoint satisfy the conditions (13), 
the matr.ix .:t._(f.i.-,1?) has rank n

0 
provided /-1- and v take on v~ 

lues respectively not less than quantities /-'o and V., • The la_! 
ter depend on ~(t.~} and satisfy constraints 

(35} 

Proof: the proof is analogous to that of Corollary 1. The hypQ 
thesis made are necessary and sufficient in order to apply Th~ 
orems 1 and 2. In this way it is proven that the properties st~ 
t eo above hold for a matrix which is different from (34) due 
to t h e signs of t h e submatrices constituting the. even columns , 
and consequently for (34} itself. Q.E.D. 

A theorem analogous to Theorem 3 can be stated for 
discrete-time systems. Regarding its validity, it is necessary 
to assume that t h e class of homogeneous difference equations of 
minimum order associated with the adjoint system ,' satisfy cond_i 
tions (13' ) . Regarding the input matrix, it is necessary to con 
sider: 

u (k) = 
- N 

This gives forth, through operator (9') with k 0 =l output matrix 
Y (k) which contains a fu ndamental set of solutions. 
- N Placing QN (k} into (10' ), with k

0
=l, one obtains 

t he matrix 
0 

L . Efo ( 1, j ) ~ ( j } 
-oo J 

[ E/L·
1

£!
0 

( 1, j) · · · E!fo ( 1' j) 

. 1 
= [ Efo ( 1 • ~· \. E- Efo ( 1 • . 

Efo ( 1. j )] .· 
]• -f-'+1 

-{}4-1) J 
E Efo ( 1, j ~ 

j zO 
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g
0
(l,j) is a fundamental set of solutions of the class of homo­

geneous difference equations associated with the adjoint system 
Therefore, the r.h.s. matrix is the Casoratian matrix of g 0 (l,j 
calculated for j=- ~ +1 and has, as in the previous hypothe­
sis, rank n

0
• The proof can be completed keeping in mind the 

analogue of Assertion 2 in the discrete-time case. 
An algorithm for the calculation of the order can be dedy 

ced from the preceding theorem and is based on the parameters 
corresponding to those det4ned in (33). In the discrete time c~ 
se, these may be written as: 

§.h~ = [E: if ~(k,j)J t:~ (33') 

It is easily verified that an analogue of Corollary 3 hold! 
for matrix (34) constructe0 with quantities (33'). 

5. Factorization of the impulse response matrix. 

The method discussed in section 2 for the construction of 
a fundamental set of solutions allows also the resolution ofthe 
problem of the factorization in reduced form of ~(t.~) according 
to 

(36) 

It allows in fact the calculation of the matrices ~0 (t, t
0

) 

and li0 (t 0 ,~). This problem is of nota~le interest because the 
knowledge of ~0 (t,t 0 ) and li0 (t 0 ,"'C) allows the calculation of the 
state and of the output, starting from any state, while theknow 

) -
ledge of ~(t,~) allows only the calculation of the zero state 
response. In addition the factorization in the form (36) is the 
usual starting point for the realization of ~(t.~) according to 
the matrices ~(t), ~(t), £(t). 

In ·the case of continuous systems, in the hypothesis of 
Corc llary 3, consider the matrix~(~.~). defined in (34) and 
assign J.L and 1-' two values so that the rank of t (fi, IJ) is equal 
to the order ri 0 of the system. Let ~t be a nonsingular n

0
.n 0 

matrix, constructed with rows i 1 , i 2 , ••• i~and columns j
1 

,ji ... j~ 
of:t_(fL,I)). _ o 

Consider furthermore matrices 

[~(t.~) ( 37) 

[ 
T. T. V·f T l T 

~(t;t) Dt~(t.~) Dt Y!(t,t)J t•o (38) 

and let ~t(t,t 1 ) and !!t(t2 .~) be the matrices constructed resp~ 
tively with columns j , j

7
, ••• j"o of (37) and rows i

1
, i

2
, ••• i 11 of 

( 38). 1 0 

I t is now possible to state the following theorem: 
Theorem 4 - Given a different i ally controllable and differential 
ly observable system describe · by ~(t.~). if the classes of homo 
geneous differential equations of minimum order associated with-
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such a system and its adjoint satisfy the conditions (13), the 
impulse response matrix admits the two reduced-form factoriza­
tions: 

y-1 H ( t 2 , 't) -r -r (39) 

(40) 

An analogous theorem can be proven for the discrete time 
case starting from the matrix ;!(fL,V) constructed with parameters 
(33'). The matrices ·that must be considered instead of (37) and 
(38) are: 

[.!(1t,j) 
-1 -{fL·f) . J 

Ej _!(k, j) Ej . _!(k,J) . (37') 
· JzO 

.[ _!(k, j) 
T .,..., 

.Kh. j >] T 
Ek _!(k, j) El< lca1 

(38') 
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