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THE IDENTIFICATION OF PROCESSES BY
MH\IMIZATION OF THE DISTANCE BETWEEN SETS
OF SIGNALS

S.WEGRZYR, G.DENIS, J.DELISLE
Université de Sherbrooke
Sherbrooke, Québec, Canada

INTRODUCT ICN

Historically, we can distinguish two periods in the evolution of zuto-
mation:
- the first period coﬁrs the classical automa‘.ion of unit processes
(with one or many variables).

- whiie the second deals with the automation of a plant as & whole (ma-
ny interacting unit orocesses).

A plant, or a complex process, is determined by

2) a set of input signals which shall be called vector u = uy
b ]
1
u
e
b) a set of intermediate output signals, called vector v = vy
- 1
1
v
s
c) and by a set of disturbance signals, called vector z = zy
. 1
1
z
b

The global output Y of the plant is a function of u, ¥ and z, wh'
the purpose of the control is to meximize, through a-convenient choice of u,
& fuctiom of that global output

Ma

-a

x |1 o{T¥(y, v, 27} |!

u
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The complex automation is concerned with the introduction of a con-
trol system, normally by means of a computer, which, depending upon the va-
lues of v and upon statistical information on the values of z,determines the

optimum value u Fig. X.

“opt”

MATHEMATICAL MODEL

The plant global output Y generally depends on the variables u, v, z
I=¢ (3 ¥ 2) (1)

This function 5’9*, which shows how the process depends on the variables .
u, Vv, 2z, is called the mathematical model of the process.

It will no longer be necessary to distinguish between signals u and v;
we will denote them by a single vector:

|

This will allow us to simplify formula (1):

X =

1< |2

2

I= &, 2) (2)

The Ideal Mathemstical Model

We assume that we can directly measure the value of the global output ¥

Yys Yor occ s oo Yy

and the corresponding values:

.51, 32, Gelaste "_‘k’ cee 0 X

z z eee 2z A,
b e < » By » 2
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After this series of measuremsnts, three sets are availzble

&) ot BT = Uy T ~vs 0 B ven 2 )

b) sets E(X) = (xl, Xpp wee 3 Xs eee s ’h)

B(2) = (Zl, 32, R Ek, Ty zn)

Using equation (2) we can calculate the elements of a new set, the e-
lements of which are the values of Y. (This time, those values are not measzu-
red but computed).

Ea(X,, 2] = (6K, 2,0, oo, X, 2), on s @0, 7))

The mathematical model is ideal if, for any value of k, equation (2)
is satisfied; that is to say

s S e ks e

Aonroximate Mathematical Model

Since any informatioh we may have on the process is very seldom com-
plete, and since there always exists a relative uncertainty represented by
vector Z, the model derived will never be but an approximate model:

I=FX ¥ (3)

where F* is the function proposed by the experts who know the process intima-

tely. This function shall be as accurate as the elements of vector g.

The constant vector y takes into account the uncertainty existing ..
the oprocess itself (noise signals included). We cin rewrite (g X, ¥) as
follows:

Ex(@ X, ¥) = F(X, 4) (4}

,,
/3
]
'x
@
(E=3
ot
2
[}
2
m
(’-
i |
1
"
&
o
&
e}
e}
o
0
ct
)
=]
cr
(2]
Q
o
ry
¥
]
o
A
o
=]
ot
wm

Thus
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GENERAL IDENTIFICATION ALGORITHM

Let us suppose that one can directly measure the values of Y and the
corresponding values of X. After this series of measurements, two sets are

at one's disposal
a) set E(Y) = (71: 723 ces .y ’k’ cee 3 7.)
b) set E[K(X, &) ] = [F(X, &), ... , KK, &), ..., KX, 1)

the elements of which are calculated using equation (5), with the precision of
the coefficients of matrix A.

The identification problem is then tb find the optimal values of the
coefficients of matrix A. They will be optimal in relation to the purpose of
the automation system which will be built using the approximate mathematical
model.

In this work, it will be shown that this problem can be solved by mi-
nimizing, in a conveniently chosen metric space, the distance betwszen the two

sets

E(Y) and E[F(X, 4)]

k=m
a{E(y)/ E(F(x, 0} = = Idln /r, o) (6)

It is assumed that, in all the cases considered in this paper, the li-
mit of equation (6) exists when m approaches infinity: -

1

k=m
a{E(y) / E(F(X, )]} = 1im — I d(Y, / F(X, 4)] (7
LT e e e T

m=e

The matrix A composed of the coeffisients which minimalize the dis-

tance between set E(Y) andE[E(Z, A)} will be labeled ""'opt



One then has

d{E(Y)/ E[E(X, & opt)]} =

(8)

= Min {E{Y]/ E[E(X, )]}
A

where the number of elements in each set may be finite or infinite.

Equation (8) is a general identification algorithm.

In this equation, the form of the function F is derived from tests
carried out on the processes, and is of course subjected to the precision of

the coefficients of matrix A.

The numerical determination of the coefficients of matrix A requires
a two-step procedure: experimental measurements and minimization of the dis-
tance between two sets of signals. Figure 2 is a geometrical representation
of the general identificatioﬁ algorithmwhich is based on the principle of minimi-
zing the distance between the.set of measured signals E(Y) and the set of cal-
culated signals E(Y). | ;

Conditions of Model Stability and Accuracy

Equation 8 is general and remains valid whether the various sets E ha-
ve a finite or infinite number of elements. If the sets are infinite and if
limit (7) exists, it is sufficient to add the following additional precision
condition:

alE(y)/ E[F(X, A oot)]) <& (9)

m=e
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vhere £ is a positive number determined by precision constraints.

In practice, finite sets composed of m values can be used providing
m is large enough so as to yield a significant sample.

In such a case, one has to check if the methematical model of the
process, E(f, 5 opt)’ (where function F is the result of physical tests, and
where the elements of matrix Aopt have been found from a finite set of measu-
rements using the identification technique) satisfies the following conditions

1. Precision condition: as defined above by equation (3), with m ha-
ving a finite value.

2. Stability condition: equation (9) has to be verified for all sig-
nificant samples of the process.

IDENTIFICATION, IN EUCLIDEAN SPACE, OF NONLINEAR MODELS WITH NO DELAY

Nonlinear models with no delay can be divided into two categories:

a) differential models
b) finite-difference models

For all those, and for the cases in which the dynamic system has e

input simals and s output signals, function F can be expressed as follows

E=AX o X =|e

(10)




a) For the differential model

b) For the finite-difference models

5k=

Whers

(ek)n = _rek(n) where 4n= ae

¢

)
k’'n+p

(ek)n

(ek)n+1

(ek)n+pk

.-rek (n+p)

Thus, vector Y == AX bescomes

4

a) for the differential model

=<
n
7]

'?ﬂ‘

M =

where s, =

(

pk) I dpk(ek)

dt

(ek)n is the step function
corresponding to the conti-
nuous function ek(t), with
a suitable value of A t.
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b) for the finite-difference model

8 = (sk)n (sk) is the step function cor-
responding to the continuous
(sk)n+1 function sk(t), with a proper
value of A t.
(si)n41x

Thus matrix A will be the following rectangular matrix

o s

A= | 84 e TR R E;ik
e

=R e s BT

) ’k=;k

A series of measurements are necessary to identify the coefficients

a, j of matrix A
E(X) = (X5 Xyp eee s Xy eee s X))
(11)
E(Y) = (Y, Yoy eee s Yy ven s 1)
To represent this measurement series, let us define two measurement
vectors
« A s o T
P b
(12)
L A T T
AR A -

The general identification algorithm(8), in the case of the delayless

linear model, reads as Tollows:

aE(D)/ B4y, X)] = ¥in d(E()/ E(A 1) (23)
A



i1

I, for minimizing the distance d between the sets E(z) and E(A X),

we choose to work in a Euclidean space in which distance d is defined by
2 T
Aty X1 =(r-4X) [I-4X] (14)
it can be shown that equation {13) has the following solution
i 5 R o T
Aot = (e x)t & v ) (15)
This last equation implies that

X x

m m

det #0 (16)

which can be called the condition of identifyability of a series of measure-
ments.
.
It requires that the length of a series of measurements (number of

components being linearly independant of vector Xm) be greater than the number

of components of vector X.

IDERTIFICATION CF NONLINEAR MODELS WITH NO DELAY

For this nonlinear model, functicn F may be represented as
n : '
F=Z Ak Fk (x) (17)
k=li= ==

where fl(X), fz(x}, “xiy fh(xﬁ is the chosen series of nonlinear functions.
Equation (17)-ma§ be written in a more general form:

F=24X X (18)
where A= |A1, cen s Ay een n|
and r= i oM, e (]

As in the preceeding case, one has to make a series of measurements

Yt

s XZ’ ses g Xm

14 |

i EERPS 4

1
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to identify matrices Al, aeel Ak, cee s By and one also has to calculate the

series

o= 10, ey 5,0, ey 00

where BN SIlEm L SRR, SR

Let !: be defined as

ol s P .

For the minimal distance in a Euclidean space, equation (15) yields

1
=)t x|y |
k=l, ... ,n 7" ® - Bl e o8

¥

l fk;om‘-l
whence

VP, oot AL ]
Ay opt = (g X' X1,

IDENTIFICATION OF MODELS WITH DELAYS

Let us suppose the existence of a delay which causes a shift of the
independant variable in X. We get

: T
E =47l 8s cee s B cen s € | and

a) for the differential model

(p,)
e = Iek(t-Tk), SR P (t-‘rk)l

—

b) for the finite-difference model

€. = ]
e !(ek)n—Tk, e (ek)n+pk -Tkl
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In the case of a model with delays Tl, TZ’ Aot Te’ function F can
be expressed as

o
"

Fl4, X (1)) ‘ (19)

:

[Ty Tps eee 5 T |

The problem here is to find the optimal values of the coefficients of
matrix A and of matrix T :

d{E(!)/ E[F(A

“opt’ X(T

S ot 3

= Min d{E(Y)/ E(4, X(T)]} (20)

A, T

A practical approach to finding the solution of equation (20) is as
follows. First, one sets estimated values for Tl’ Tz, AP T and then, for
each of those, one finds, using equation (15), the corresponding values for
Ak ,opt and for distance dk,min' This process leads to a discrete relation
between dk S and T Figure 3 illustrates this geometrical relation from

which Topt can be evaluated along with the values of the corresponding matrix
A.

For a small value of the delay, Paddy's approximation is sufficient
n k
xtr) = £ 0¥ I- M)
k=0 b

and it brings the delay problem to that of identifying coefficients Tk, (this
problem has been solved in earlier sections).

CONCLUSION

This work has shown how the identification problem can be solved by

minimizing distances between various sets of signals. Eguation (8) can be
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regarded as a general identification algorithm. If the space is Euclidean, the
solution is analytical (equation (15) ), and if not, numerical techniques
should yield accurate results.

One of the most interesting feature of this method is that it can deal

with delays and non-linearities which are too often encountered in the actual

modeling of industrial processes.
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DESIGN OF MODEL FOLLOWING SYSTEMS
USING THE COMPANICN TRANSFORMATION

Dennis F. Wilkie and William R. Perkins
Transportation Research Coordinated Science Laboratory
and Planning Department and Dept. of Electrical Engineering
Ford Motor Company University of Illinois
Dearborn, Michigan, USA Urbana, Illinois, USA
INTRODUCTION

An approach used in many control system designs is to force a
controlled plant to respond approximately like a model.l.4 That is,
given a model previously selected to exhibit a desirable respomse to
an input, Figure 1, a variable parameter vector y is adjusted in a
controlled system, Figure 2, so that the system and model output
vectory y and'zm are as close as possible. This design approach has
been used for model reference adaptive control, where the parameter
vector is adjusted to minimize effects of variable plant parameters on
the system response.1-3 In this case, the model is often a model of
the plant and controller with all parameters set to their nominal
design values. Another application occurs in computer-aided désign of
compensation networks to achieve a desired system response.a In this
case, the model would be chosen to satisfy certain specifications such
as desirable time or frequency response, and the parameters of the

compensation networks would be the adjustable parameters y.

iIn this paper, a new approach to the model following problem for
single-input, linear, time-invariant systems is presented. The actual
system is forced to have dynamic characteristics similar to the model
by causiug the eigenvalues of the system matrix A to be exactly the
same as the eigenvalues of the model. This guarantees that the state
" vectors of the companion canonical form of the system and model are
identical. The norm of the difference between the transformations
relating the actual system output and model output to their companion
states is selected as an index of the difference between the system and
model responses. By minimizing this performance index, the system and

model outputs are then forced to be close in norm. This approach is
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shown to involve only algebraic manipulations of the system A and b
matrices and minimization of an algebraic function. The advantages of
this technique over those requiring minimization of an integral square
error between the system and model out:put:sl-3 are that no system simu-
lations are required, no averaging time for the integration is required,
the result is independent of the system input as a time function, and
the system and model need not be repeatedly excited in real time opti-

mization as in some model reference adaptive schemes.

Motivation is given for the new approach to the model following
problem in the second section. In the third section, certain proper-
ties of the transformation to companion form which are especially
useful in this approach are demonstrated. Finally, a discussion of the
numerical implementation of the technique is given and an example is

considered.

MOTIVATION

The linear, time-invariant system to be controlled is described
by the state equations
&= AQE + Bu ™

AR
and the model is described b}

.m m
2
X =Ax +bu _ ‘ (2)
L
A X
where
5,'5m are n dimensional state vectors
Z,‘zn are p dimensional output vectors

Y is an r dimensional parameter vector

u, u are scalar inputs.

The form of the controlled system is shown in Figure 2. It is desired
to adjust y to make y and z? as close as possible in some sense. The
method of achieving this will be to minimize a measure of the norm
Ihrjfﬂl. One way of doing this is to actually minimize a chosen norm by

1~
an iterative procedure. This has been done previously : for the norm
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g - < @ ey >ee.

However, such a minimization requires repeated simulations of the
dynamic system and sensitivity equations which is time consuming. The
approach here is to minimize a bound on the norm HX1zmH, and it is
shown to result in an optimization involving only algebraic equations
(as opposed to differential equations). As shown in the considered
examples, this approach can lead to a fast numerical minimizatiom
procedure, and the results are very close to those obtained by actually

minimizing llz-zm“ :

Since experience has shown that a special choice of state variables
may lead to an easier numerical minimization procedure, consider only
two nonsingular, time-invariant, linear transformations T and Tm of the
. system and model state vectors, and denote the transformed states by 2z

and 5?, so that
Z=TWz X =T, 2" ©)
Note that in genmeral T is allowed to depend on y.

In terms of the transformed state variables, the problem of
causing 3 to follow'xln by minimizing the norm of their difference
becomes

m|
m‘i,nllclg-cm 5“" = m;n“CT(,Y)AZ'-Cme z H (4)

It would be desirable if the eigenvalues of the system could be forced
to be the same as the model, since these characterize the unforced
response of the system. The system and model may then be called
"dynamically similar." Further, since the eigenvalues of a system are
invariant under any nonsingular linear transformation, the system
would be "dyhamically similar" to the model independent of the choice
of the state coordinates. ..

Pursuing this approach, it will become apparent that a particu-
larly suitable transforma-ion to use in (3) and (4) is the transforma-
tion to companion form, i.e., the A matrix in the state description of
the transformed system is in companion form. It has been showns’6 that

if a system as represented by (1) (or (2)) is controllable, then a
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nonsingular transformation T (as in (3)) exists such that

E Rl T L T (5)
where
0 1 0 sl il 0
0 0 TG | S NPRT
e S M- B RS 6
1 0
-al -0'2 ces =0 1

and where al""’an are the coefficients of the characteristic equation

n n-1
s +o'ns +...+azs+al-0. 1 (@)

Since al,...,dn are the only parameters in state description of the
companion system, it is evident that they completely determine z.
Further, al’.""an are uniquely determined by the system eigenvalues,
and vice-versa. Thus, if the system eigenvalues are forced to be the

same as those of the model by requiring

g o]
a=]:|=2a"=]:1, )

@ o™

n n

it follows that z = ‘gm. Thus, the problem in (4) becomes a minimization

with the equality constraint Q= gm, and then
2 L _m :
m‘xlnnz-zm\l = mén“(c'l‘(y) -, Tzl ©)
From this, it follows that

v A~~~

minlly-y® < minfllerey - ¢,z I3 7, (10)

where the operator norm indicated in (10) is some matrix norm. Suppose
_now that the upper bound on m%n“z-zmll indicated in (10) is minimized.

Then the minimization problen?in (9) becomes the constrained algebraic
minimization problem,

m‘i'n“CT(_y_) = cm'rml\, ’ (10a)

~
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with the equality constraint @ = £f'. Thus, by choosing to minimize the
upper bound indicated in (10) rather than uz:zmﬂ, the problem is an
algebraic optimization. This minimization indicated in (10a) is
logical; since if z = z?, then in order for y to be close to‘zm the
difference of the transformations relatingz and __zm to z and 3” should
be small. This is exactly what is indicated in (102). Further, the
considered examples show that minimization of this buund can produce
good results in making'z close tolzm. A suitable norm in the space of

considered matrices has been found to be
2

¥ ZZ(cT() -C ; 11

ZE(CT( - ¢,y an

although other choices for the norm may yield good results in partic-
ular cases.

The question arises as to whether any desired gm can be achieved
by the adjusted system. It is shown that in the next section that if
a suitable controller structure is assumed (namely, state feedback is
included) , the requirement (8) can be satisfied for any‘gm. Further,
due to invariance of the companion transformation under state feedback,
it is shown that the constrained minimization (10) can be reduced to

an unconstrained minimization.

INVARIANCE OF THE COMPANION TRANSFORMATION

Morgan7 used an important property of the companion form trans-
formation to establish that any eigenvalues can be achieved with state

feedback. This property is:

Property I:

Consider the system described by

%= AQHBWEIZ+EW G, = AQDE+EEu . (12
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Then tne transformation %Q,’E) of the system (12) to

companion form is the same as T(!) for the system (1).
Proof:
Using the transformation T(y) in (3), let
x=TZ. (13)
Then (12) becomes
1 -1 -1 s " -1
- @AQTE + T QLWL TR + T @@, (14)

but using (6) this becomes

0 0 0
z= Ac+ v k'T(W)|z + X e =EAz+ . u . (15)
0 0 0
1 1 1
Define - bl E:
k' =k'T(y) = (k, k2,...,kn). (16)
Then, it follows from (14) that
0 X 0 0
e 0 0 1 0 0 an
a1+k1 -a2+k2 siels -an+kn

and thus T(y) transforms system (12) to companion form, independent of

k, i.e., T(¥) = T(y.0).

Now, as noticed by Mcu'gan,7 it is evident from (17) that any

desired poles of the system (with corresponding al,...,a:) can be

obtained for any y by the following choice for X,

k= '@ e, . (18)
Property I along with (18) can now be utilized to simplify the algebraic
minimization problem stated in (10). Assume that the system to be
optimized (with respect to a given model) is in the form (12) as shown
in Figure 3. Also, assume for convenience of notation that c=c™. For

a system in this form, the constrained minimization (10) becomes

min [li(y,0 - 1 (19)
.



subject to the equality constraint

@, (v,

g =[: |-
an(x’b)

Now utilizing Property I, it is evident that the minimization in

(20)

Ifza

(19) is independent of k. Thus, the problem is simply a non-constrained
minimization with respect to y of “T(!) - Tmﬂ, and the condition (20)

is satisfied after the optimal xf is found by solving (16) for the feed-
back vector k. Thus, by choosing the controller structure of Figure 3,

the designer can greatly facilitate the computational solutionm.

NUMERICAL IMPLEMENTATION OF THE METHOD

The algebraic optimization of (10) and (11) involves the minimi-

zation
1 B2
m‘yil.'n I = ng"nllcr( ) - can" = mxin - f >j3 cty; ) -Cmtij) g (21)

The required minimization can be carried out by a variety of optimi-
zation techniques. A method found to be particularly successful is
Davidon's method,a’9 in which the iteration scheme at the i+l st step
is given by

i+l

v
~

=y - e ) (22)
> R

where al is a positive scalar constraint determined at each iteration
step and Hi is a positive definite symmetric matrix (rxr if y is an r
vector) which is updated at each step of the minimization. The
procedures for determining Hi and di at each step of the minimization
are given in Appendix A. It should be noted that only simple matrix
products are required for updating and no more information is needed in
Davidon's meihod than is needed in the steepest descent method. For
(21), the gradient components are-given by 5

t

o ay 2y
(grad‘:”’JQ[))k = W¥J®)k= avk=§ ?(Ctij(_\g)-cmtij) avk g (23)

dt

Thus, some means of determining 5;—1 o Bl ccs Rl PREceasaits Pelaant

without finding T(y) as a general function of y and then differentiating
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is needed. The authors have shownlo how this can bé done, and the
necessary computer algorithms are given in Appendix ﬁ. Using these
algorithms, and assuming the functional dependences of the system
matrices AQ) and 3(_3) are known, one can pointwise generate T('y) and
AT(Y)
avk

results were implemented in example given in the next section.

, k=1,...,r with relative ease on a digital computer. These

EXAMPLE

Consider the system of Figure 4. Without the state feedback para-
meters (shown dotted), this system is a realization of an arbitrary
fourth order transfer function if suitable values for Visees,Vg are
chosen. Suppose now that this system is to be controlled in a model
reference adaptive scheme, where Vyse+.,Vg are to be adjusted to com-
pensate for changes in vy and Vg« The model used in this case is the
system with the nominal parameter values v;,...,vg all unity. Consider
first the case where the output vector is exactly the state vector,
Y=X. ‘For 5% changes in vy and Vg from the nominal, vy = 1.05 and
v8-=0.95, the computation of ViseeesVg and kl,...,k4 according to the
method of the paper required 6 iterations which took 31 seconds on a

CDC 1604 computer. The computed values for y and k were

1.024
1.0 0.01

oo [0-992]  _| 0.081

~ = lo.9nn|* ~%|-0.08 | °
1.07 -0.048
1.02

Note that k2 and vy together constitute only one parameter adjust-

ment. The step response for the state along with the corresponding

X
model state is shown in Figure 5. The oiher states of the system and
model compared equally well and are not shown. For comparison, the
same problem was considered from the standpoint of adjusting y to
minimize the integral-square-error criterion

-~ 1 T

IW =7 I <@xh. @xh>

o

In this case, the solution for the optimal P required 5 iterations and

10 minutes 50 seconds of computer time. The excessive solution time
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for this approach was due to the repeated solution of the system and
model state equations. The state trajectories were found to be essen-
tially the same as those given by the technique of the paper (with

respect to closeness to the model states).

Consider now the case where y = x,, a scalar output. Then
¢' = (0,0,0,1) and only the differences tij-trj for j=4 are considered
in- the performance index to be minimized. The computation of vl,...,v6
and kl,...,k4 in this case required 1 iteration (8 seconds). The

computed values for y and k are

<

It is interesting to note that only one parameter, vy is changed
in this case. The step response of state x, for this case is also
shown in Figure 5, and it is evident that x, in the system and model
are closer than in the previous case. This is perhaps to be expected,
since all of the effect of adjusting k is concentrated toward making
only four terms in T(g) close to those of Tm, rather than on making
all 16 terms of the transformation the same. It is interesting to note
however, that in this problem all of the states XpseeesX, for the case
y=x, were closer to the corresponding model responses than in the
previous case when‘zs's. From these results, it is apparent that one
can obtain good results in forcing a system to follow a model using the
method of the paper. Also, due to the short computation time, the

utility of the method for an adaptive scheme is apparent.

CONCLUSIONS

A new approach to solving the model following problem for single
input, linear, time-invariant cénkrol system design was given. The
method consists of forging the system to be "dynamically equivalent™
to the model by causing the system eigenvalues to be the same as the
model. The index of the difference between the system and model
resp ses chosen to be minimized is the norm of the difference between

their companion transformations. This is then an algebraic minimization
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with an equality side constraint. By utilizing the 'invariance of the
companion transformation under state feedback, it was shown that the
constrained algebraic minimization problem could be reduced to an
unconstrained minimization, if a controller including state feedback
was chosen. Finally, an example demonstrated how the approach of the

paper can lead to a fast solution of the model following problem.
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APPENDIX A

The steps to be implemented in a minimization procedure using

Davidon's method8’9 are as follows:

(1) Choose =1 (rxr identity matrix).

i

(2) Having‘xi and Hi and (V,J)., find @ such that

i’
: % o | o P

Iy - mh ) ) m{n{J(x AE (T ).
Then form ¥1+1 according to (22).

(3) Find (2¥1)1+1 and define

18
b Wi

(4) TForm the matrix Hi+1 by

i+l 3

it et st

where

. @Evas) @ )”

AT =
i 2
(-a uiva/i) ¥
and G
it (Hfzi)(ﬂi i)T
gzi)T H%zi i
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Return to step (2) and repeat the process, continuing until some
predetermined stopping criteria (indicating the minimum is obtained)

are satisfied.

APPENDIX B

The algorithm for computing the transformation to companion form

for a given system is as follows:s’6

T= le ""sn]
where
t =b
w~

t = At
~n-1 ~n
Lo-2 = Abp.

+a t
n ~n

+ o t KB1)

1 n-1 ~n

qer oo

= At, + @
~

1 2 ¥ % L

The coefficients of the characteristic equation which are required

to find the transformation can be calculated by using Leverrier's

algorithm:

oy 1 Sn+1 =1 (nxn identity matrix)

an_j+1 = =(1/j) tr(AS I+ AS (B2)

n33200 Baciai ® Ypuiiet) n-j42°

A check on the numerical calculations is that slso should be obtained.
Using these results, one can obtain the algorithm for computing

)

g;;-— » i=1,...,r, which is as follows:

L A ?:5_1 E:t'n_ 3
v dv, " dv : (B3)
i i i
X 2
avi Bvi
ot dt o 3b
~n-1 dA ~n ~
R ARt b
i i i i i
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%n-2 _ 24 P iy %
dv, "o, A1t A dv * 2+ T
i i i i i
a~1 JA a.t.z- aq2 a‘!’.
dv. - dv s FAE £+a23v *
i i i : § i
Bak
k=1,...,n, i=1l,...,r, can be pointwise calcu-

and the derivatives a_v— N
: i

lated by the derivative of the Leverrier algorithm:

da as
—otl _ 0 o+l _ o _ (B4)
dv v
5 i
da as
aoiEl o 1y (oA + 4 D2
avi j avi n-j+2 bvi
. - 3s
n-]+1 n-j s n-j+2
dv I *3v, Bv n-j+2 AN 7
i i
e,

Thus, by using (Bl) through (B4), T(y), % , and wk 5 ml e W
S i

i=1l,...,T at any point y can be calculated assuming only the functional

dependence of A and b on y are known.
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Fig. 2. System consisting'of controller and plant.
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=

FP-I714

Fig. 3. System with state feedback added.
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DETERMINATION OF MODELS FOR IDENTIFICATION
WITH QUALITY CHARACTERISTIC IN THE TIME
DOMAIN

Gunter Schwarze
Fumboldt-Universitst zu Rerlin
Berlin

Cerman Democratic Republic

C. Introduction

In this paper we considzr conventional continuous stable linear-
ly dynamic systems with constant lumped elements, which have

one end only one input and one end only one output. The follaw—
ing methods for the determination of models are bssed on the nu-
merical calculation of such signals acting on the system, which
describe the éhange from one stetionary state into the other.

We denote the input signal with xe(t) and the corresponding
output signal with xa(t) » The system S may be described

unicue of the following two equivalent expressions:

et Axoit), x (1) ) ., (1)
Fgls) = L(x (%)) / Llx (¢)) with (x (t),x (t))€s . (2)

For eq. (1) we need the vhole set of all permissible pairs of
signals of the system and for eq. (2) we need only one pair of
signals of the system. L denotes the Laplace operestor.

Fg(s) is the transfer function of the system. This transfer

- function may be a rational or a transcendent function. Ve teke
such 2 notation thet the functions describing the signals sre
equal to zero for negstive arguments, loreover we assume that
all signals are described of permissible functione in the sense
of FPOLLINGIR end SCEIEIDIR???, All systeme have to comply

with the condition of realizebility, that meens to every per-—
missible input signal belongs (ef. eg. (1)) 2 permissible
output signal. A1l the following models are systems ) com-
Plying with the sbove conditions for s h

we take the terms and desi

v ;5 . urer
ystems. In the same way

3 .
o - , \
nations ¥ , F,(s) , m_(t)
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((m (t),m (t)) €U ; (xe(t),xa(t))GS) accomplish a quality
characteristic. In the following we denote all signal func-
tions without size.

We consider only global methodss. They are distinguished by
single and repeated integrals as basis of the determination of

modelse.

We assume one pair of signal functions (xe(t),.xa(t)) € S may
be given with the condition that both signal functions are
empirical functions (graphics, point plottings, or tabulated
functions). For the digital computation special numerical pro-
cesses for integration must be investigated.

These methods are special results of a research team of the
"Sektion lMathematik" (Mathematical Methods for Information
Processing) under the direction of the author.

i. Characterization of rational models by integral eguations
and its solutions
1.1. Introductory considerations

A model with rational transfer function will be cdlled a
rational model. We assume the model being asymptotical stable.
The transfer function of the model can now be written as

Byts) = Zu(s) / Ny (s) (3}
= )3

Zla) iy R by (4)
1=0

; e g
M(s) = g a, s (5)

with n as the order of the system, 8> 0 (G e SR 5 I
least one by # 0 end N,(s) 1is a Hurwitz polynomigl. 3e-
tween two permissible input resp. output signals of a pair

of signals with -t=0 as unique exception point we have the
intsgral equation

1 n
L " m, (1) = T_ 51 @ (1)) (0&t<&+o0)  (6)

x=C =0
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%
I(m(t)) = [ m(u)édun , T (m(t)) = ——{(t —0) ™ Tn(u)au
& 9 (I“"‘)' (7‘

The polynom corresponds to the homogermous integral equation

e n-k
;5 gd (m(t)) = 0 (0< t< +00) (e)
k=0

with
+00 el

Jm(t)) = f m(u)du, " (m(t)) = { T otoee ..
t (I‘-1)' (9)

From both equations follows that the given functions are line-
ar dependent. A1l following considerations will refer to line-
er normed function spaces. There we teke different norms and
different integral eguations (eq. (6, 8)). It follows that the
first method gives the coefficients (eq. (4, 5)) in one step
‘and the other methods in two steps (at first coefficient of
eq. (5), then of eg. (4)).

1.2. Evaluation of the inhomogeneous integral eguation
7

We consider the linear space Z of all permissible functions
with the single point of exception t = O . For these functions
there exist all derivetives in (0,+0oo) sand the limits from
the left side for t = C. exist for the functions and all

their derivatives. Now we take one pair (me(t),m;(t))f M
satisfying eq. (6). We denote

k » k
Em ()) =2 . s T (m, (£)) Zysned (10)
% " Cneiex D Pl TR TGS o
Substituting eq, (10, 11) into eq. (€) yields with gy=1
2n+1 ;
Banss §=‘ ;24 - (12)

We Qefine in the space Z a scalar product (z,2) , the norm
72/ = ( (= 2»1/‘ , and the metric  D(z,2) = //z-2// . If
€2 (i=1,...,2n0+1) are linearly independent, these ere a

e |
base of a subspace Z May be S I

Zopnet ¥ z E:2n+1



= ~ o 5 % e
D(z,z) = min for any one 2z& 2 , it follows
7 n . F i
(z=2,25) = O L=, seep20F1) (1%)
&
~ . o . . .
D(z,2) = 0 if and only if 2z 1is linearly independent from

ZysesesZonyy » Substituting z =z, ., into eq. (12) and con-

sidering eq. (13) yields

P +

B ci(z:2,) = (25 ,5,2) (=1, 00es20FT) (14)

Zq. (14) is a system of linear equations for ¢; o Hitherto we
used no special form for the scalar product. This shows the uni-
versality of this method. In part 3 of this paper we used for
he speeial numerical method a special form of the scalar pro-
+ Specially we mention that this method generally uses the
ric not relative to the signsl functions but relative to the
eqs (6}

1.%3. Zvaluation of the homogeneous integral equation
2
~ norm of L°(0,+o0) -

+
1%

Wa assume ma(t) is a linear combination of a full system of
linearly independent functions of eq. (8). We get the full sy-
stem from the characteristic equation belonging to eq. (8),
which correspondests to hn(S) . We assume that the model is

asymptotic stable (cf. 1.1.). It follows m (+00)=1lim ma(t)‘O.
 +00

The step response satisfies this condition for by=0 (cf.eq.(4)).
If ma(+oo) % 0 we use ma(t) - ma(+oo) « Studies being ana-
logous to these are possible for input signal functions, e. g.
if the signal function® is the step response or a impulse re-
sponse of an other rational system., Now we denote the signal
function with m(t) and assuyme m(+o00) =0 .

; may be the roots of the polynomial N;(s) with the multi-
licity v, « May be r the number of uhe different roots,

o
¥
i
then we get VytVoteeatv, =1 The functions
=
s - st
e 1t,...,tV1 TeS1t ,...,esrt,...,t ! (15)

linsarly independent functions of eg.(8).
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A Function m(t) €L°(C,+o0) can be expresséd in the form
ot} = = bt L ) )
xf §=1 ey gl(t, . (1€)

if and only if m(t) 'sétisfies eq. (8) almost everywhere and
the norm is given by

4 oi, s ‘ >
( //m(t)//))¢ = _( /m(t)/c at . (17)

At first we assume c; $0 (i=1,¢.eynl) in eq. (16). For
this model the left side of eg. (8) has the characteristic

that ;
(c, ﬁ 8, i@ ) . (1)

1=1
as a funiction of the coefficients accepts for Adn a minimsl
value unlike zero and for fi = n and ﬁi = a; the minimal
value zero, We determine the integral equation as follows.
Since m(t) #C is //m(t)// % O . We denote my(t) = m(t)
and

m () = gy me(t) + I @(t) . (19)

e determine ey, from the problem /'/m1(t)//2 4 pinimu, If
this minimum is unlike zero, then n)» 1 . We take step for step
the formuls

mi(t) = gy, mo(t) f eserErias mi—l(t) + Ji(m(t)) (20)

i-1,i

*h

né determine asy from the problem ‘//mi(t)/72 4 minimum end
inish, when this minimum has got the value zero. Then is
= n and therefore n is determined. From eq. (20) for

Hy

fe e

n and the eguations corresponding to those idn one gets
the integral eguation (8) immediastely by succeésive'putfing in.
It follows from the integral eguation the polynomial eg. (5)
and thus also the full system eg. (15). In the second step of
the whole method we determine the polynomial eq. (4) immediate-

ly from
L a RO G S
=t

In this way we determine ci'. It is well known how to solve
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it. We mention that the second step is also possible for
12(0, T) (T 0) . With this method one gets a formula for
m(t) and therefore for ma(t) . If we also know the formula
for m,(t) it follows FM(S) from eq. {2). This is for in-
stance possible, if me(t) is a special test signal.

Hitherto we assumed that c¢; ¥ O (i=1,...,n) in eq. (16).
I? L(m,(t)) 1is a rational function of s , we can also use
this method, in case this assumption is not valid. If

L(z,(t)) 1is not a rational function we can use this method
3 +

Jus

nearly (cf. chapter 2).

1e4e Evaluation of the homogeneous integral equation
- norm of Tschebyscheff —

his method is like the method in 1.3%. We use the linear space
of the continuous functions m(t) for 0<t<£+o0 with the
condition m(+o00) = O and the norm

//m(t)// = mex (p(t)/m(t)/) . (22)

04t<+00 X

In eq. (22) there is p(t) a continuous function with
p(t)> 0 for 0<t<&+00 . We mention that in this case eq.
(15) is a Tschebyscheff function system.

.

h

roximation problems and gquality characteristics
4
The theory described in chapter 1 yields in practice the fol-—

n)

« AD

o]

lowing difficulties:

2) The transfer function of the system S is a transcendental
function and not a rational function, e. g. the equations
of the system are special partial differential equations.

%) Ths transfer function of the system S is a rational function,

but the signal functions are given with limited accuracity
graphics, point plottings, or tabulated functions).

h i . s k k .
¢c) "hen we compute the functions I (m(t)) and J (m(t)) for
2 model we must use numerical methods for the operation

integration and consequently we get truncation errors. The

same is valid for the scalar product and the norm.
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There are logically two typs of errors:

1) The system S is not identical with the model |}

[

2) Using numericzl methods for the computation of the mndel we
get truncation erros.

Consequently we can in each case formulate the minimum condi-
tions, but the given conditions are not exactly realizable,
There is for example no finite number n with //mn(t)//=c
exactly valid. Convergence investigations are necesssry for
securing errors sufficient little. We got in the case of 1.3.
the following result: If x(t)€ L2(C,+oo§ and

/x(t)/ < e7At mit A> 1 . (23)

is valid almost everywhere, then the procedure described in
1.3. converges with

xn(t) = - 8n xi(t) + I (x (%)) (24)

and the estimation

/3 (0) /1 a2 ; (25)

is velid. Eitherto for the computation we choose a predeter-
mined upper bound for the order n of the model and a prede-
termined lower bound for the norm. Thé computation will be
finished, if one of bothk bounds has been reached. For the pro-
cedure deseribed in 1.2. we use the norm for the determined in-
homogeneous integral equation as quality characteristic. The
procedures described in 1.%. and 1.4. use for quelity characte-
ristics the norm of the determined homogeneous integrel eguation
end the norm of the spproximeted signal function. The respective
bounds of the norms we must strive for, must be given as queli-
ty numbers. With the help of these numbers we decide for the
acceptance or unacceptance of the determined model for the sy-
stem. We have used a predetermined upder bound for the order

of the model, because we do not want to determine such models,
which we can not accept for too high order. Minimizing the

truncation errors we developed further numerical processes

Lildle
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under the considered conditions. We declared that the nume-
rical processes for the integration (e¢f. 1.2.) with a fixed
order of ‘the interpolation polynomial for models with high
order are not enough exactly. We generated a special numeri-
cal process for repeated intégrals with variable upper bound.
In this case, the function m(t) will be substitutad for a
interpolation polynomial of the order 2 relative tc three
interpolation points following immediately one agzinst the
other. Then the integration can be exactly performed like

23. (7). This method is evident possible for each order.

%?. Describing of the programmed procedures and results

of computation
The following described procedures are approximate algo-
rithms for the procedures in chapter 1. We identificate the
siznal functions of the system S with those of the models
over the basic set of points (fixed points), in consideration
of the accuracy of the measuring values (corresponding to the
signsl functions of the system). We note down the eguations
in the denotation of the models, as we determine indeed the
equations of the model. Besides the numericel processes for
the integration described in chapter 2 we used conventional
nunerical processes for resolving simultaneous linear egua-
tions and for determination of the roots of pclynomials.
Giving a first estimation of the usefulness of the methods
we have computed examples. We used as systems analoz compu-
ter programs and analyzed the functions registered by =
plotter (graphics). Besides we used tabulated functions.
Thereby had been computed the pairs of signals for predeter-

D

mined transfer functions. Partially we tabulated with high
accuracy in order to watch the implications of the ftrunca-
tion errors. .

.1+ Yethod of the inhomogeneous integral equation

A% |

e used the procedure described in 1.2. and the numerical
process of integration described in chapter 2, and the fol-

lowing scalar product (eq. (26)). Thereby must be .2p + 1
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the number of of the basic set of points. One gives
up the following parameters to the program: order n , incre=-
mentation parameter 4t , number p , the values of the input

end output signals of the system over the basic set of points.
The result will be the coefficients of ZM(s) (eqe (4)) and
:Z(s) (eg. (5)) with gg = 1

We anslyzed the step response for two different systems of
order 2 with p =20 and dt = 0,1 . The numerical results

are:

coefficients system model system model
&g 1,0 1,00000 1,0 1,00000C
a, 1,5 1,50002 1,5 1,50002
8y 0,5 0,50002 C,5 0,5C002
By 1,0 1,00000 1,0 0,99999
t, C,0 c,00002 =1,5 -1,49999
b, 0,C 0, 00000 0,5 6,50002

7.2+ Method of the inhomogeneous integral equation

= error sguare norm =

The procedure described in 1.2. (scalar product of LZ(O,T))
had been numericael computed with the following scalar pro-
duct corresponding to Simpson's numerical pfocedu}e for inte-
grations:

at '
(m,8) = ? (m(C)A(0) + m(2p)&(2p) + 4 ém(qu YA(2k=1) +
=

1
; 2% 2(2)R(2K) . (27)

Tor this numerical proczdure corresponding to the equations
(12, 20) we predetermin-s lower bound £ for //mn//2=(mn,mn)
and en upper bound #[ for n . The computer stops the compu-
tation, if one of the both parameters equels the correspond-
ing bound. Then will be computed the coefficients of the in-

tegral equation (8) end under use of the cherscteristic poly-
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nomizl the full system (eq. (15)). The coefficients of the
representation of m(t) with the aid by the full system
(eqe (16)) follow from the solution of the corresponding

multaneous egquations. One gives up the following parame-

ck
=]

ers to the program: upper bound 1 , lower bound € , incre-

tation parameter, the number of elements of basic set of
ints 2p + 1 . The result will be the order n , the cha-
racteristic values of the full system, and the coefficients

f eg. (16). With a special program one must compute the co-
efficients of the transfer function.

Numerical example:

We analyzed an output signal of a system with 51 eguidi-
stant elements of the basic set of points,for n = %,4,5
the values (m, , m;) had been printed and also the solu-
tions corresponding to the models over the basic set of
points. The following table shows a part of the numerical
results. The values of the system function are exact, the
values of the model functions are rounded.

system function model functions

n=3% ~ n=4 n=5
0,036 -0,007 -0,081 -0,0%0
+0,065 +C,05% +0,074 +0,066
+0,121 +0,093 +0,107 +0,118
+0,077 +0,084 +0,077 +0,081
+0,026 +0,03%8 +0,033 +0,027
-0,003 -0,009 -0,003 -C,008
-0,017 -0,07%0 -0,020 -0,01%
-0,017 -0,018 -0,018 -0,014
~0,007 -0,008 -0,007 -0,003
+0,007 40,027 +0,006 +0,006
+0,013 +0,027 +0,015 +0,C10
+0,011 +0,011 +0,017 +0,011
+0,007 0,006 +0,014 +0,008
+0,004 -0,014 +0,008 +0,C05
+0,002 -0,009 +0,00% +0,0073
+0,001 +0,000 -0,002 +0,000
+0,0090 » +0,009 ©=0,004 +0,0C0

+0,000 +0,010 , -0,004 -0,000
: (mgpms) = 23 1072 _ ﬁ
(my,m,) = 18 107>

-t s
(me,me) = 56 10 12
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%2.%. kiethod of the homogeneous integrasl equation
-~ Techebyscheff norm -

The procedure described in 1.4. had been programmed in the
case of the discrete Tschebyscheff approximstion with the
norm

//n// = ?ix) (plty) / m(t)/) (i=1,.000,0) o (28)

P

The number of elements of the basic set of points g must
satisfy the condition g>n 1in eq. (28). Corresponding to
the general theory2 one determined algoriihm for computing
the point of the best approximation. The coordinates of this
point and the corresponding value of the norm are the output:
of the program. This method is in principle enalogous to that
in %.2. Therefore we show the efficiency of the method on the
basis of the second step in the following eiample.

Fumerical example:
The trensfer function of the system must be
1'+.88

Fs(s) = . (29)
(1+s) (1+28) (1+48)

The step response of the system is a non monotonic function.
With a program for an analog computer we registergd the step
response h(t) with the aid by a plotter. We analyzed

m(t) = h(t) = 1. and put p(t) = 1 . As the full system by
Tschebyscheff had been used

e e e

g (t) = ot s Bp(t) = e~ i g3(t) =e

The number of elements of the basic set of points was €0 and
we put the incrementation paresmeter dt = 0,27 . We computed
with the prosram & mexinsl deviation for the solution of
0,01. The corresponding transfer function is
1 +7,7s - 0,33s2 ~ 0,08s°
F.(s) = (31)
% (1+8) (14+2s) (1+4s)




4. Further problems

he following proble
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ms will be treated: influence of the

errors on the accuracy of the determination of models, sy-

etems and models with transcendental transfer functions,

approximations of transcendental transfer functions to ra-

tional transfer functions. Further remarks will follow at

the Congresse.
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ORDER AND FACTORIZATION OF THE IMPULSE
RE SPONSE MATRIX

by
C. BRUNI - A, ISIDORI - A. RUBERTI
Istituto di Elettrotecnica dell'Universita, ROMA,Italy
Fondazione "Ugo Bordoni", ROMA, Italy

1. Introduction

In this work the problem is considered of evaluating the
order of a linear continuous or discrete-time system, of fini-
te order, strictly pr&ber, completely controllable and comple-
tely observable, described by the impulse response matrix and
the problem of factorization of such a matrix.

These problems are tackled using a method of construction,
of sets of solutions of the class of differential or differen-
ce equations associated with the impulse response matrix, star
ting from the latter. If these sets of solutions contain a fun
damental set, the evaluation of the order can be carried out
by computing the number of independent solutions. The factori-
zat%og gan be obtained by choosing fundamental set of solutio-
RS *r&aD ]

Problems and methods are examined for time invariant and
time varying systems as well as for continuous and discrete ti
me systems. In particular, for the time invariant case a theo-
rem is given from which it is possible to deduce the algorithms
for calculating the order based respectively on Markov's para-
meters and on the moments of the impulse response matrix 2:2.
For the time varying case, under some limiting hypothesis, a
theorem is given which leads to an algorithm for the calcula-
tion of the order which generalizes that of Markov's parame -
ters 1*2. under the same hypothesis a third theorem is stated
which allows the factorization of the impulse response matrix,
in the continuous 3 as well as in the discrete time case.

2. Construction of the solutions

2.1. case of continuous systems.

A linear continuous system, of finite order, strictly pro
Per, completely controllable and completely observable, can be
described, as is known, by the impulse response matrix W(t,T).
This matrix can be factorized in the form:

W(t,T) = (t,t )H(t,.T) Eyw A
with ¥it.t ) and Blt;.T) respectively g.n and n.p matrices
In particular there exists always 6 a class of factorizations,
said the class of reduced-form factorizations {13t.t°):§$t5.t)}
in which n takes on the minimum value n, ; for this class the
column of ¥{t.t,) and respectively the rows of géto,t)
are sets of linearly independent functions.



44

Tre description of the systems considered can be made by
means of ordinary linear differential equations; among these of
particular importance are the input-state-output and the input-
output equations.The first have the form:

Dx(t) A(t)x(t) + B(t)u(t)
y(t) = c(t)x(t)
u(t) being the input vector, x(t) the state vector, y(t) the

output vector and D being the differentiation operator with re
spect to time while the second have the form:

(2)

L(D,t)y(t) = M(D,t)u(t) (3)
where L(D,t) and M(D,t) are respective1¥ g.q and g.p matri
ces whose elements are polynomials in D. *

The number n of the linearly independent solutions of
the homogeneous equation associated with (2) or with (3) is gi
ven by the dimension of the state vector for (2) and by the de
gree of the determinant of L(D, t) for (3); it constitutes the
order of such equations.

With the operator W(t,T) can be associated equations
of different orders. If these are of type (2) there exists
always a class of minimum order and this order coincides with
the dimensions n, of the class of reduced form factorization
of W(t,x) 6. If the equations are of type (3), there exists
a class of order n,, if and only if the system described by

wit.T) is differentially observable. (°°) 1

Por the purpose of calculating the order of a system star
ting from W(t,T) the authors prefer to keep in mind the natu
ral interpretation of the order as the number of linearly inde-
pendent solutions of the class of homogeneous equations of mini

mum order associated with W(t,tT) , rather than the interpreta-
tion as the dimension of the reduced-form factorizationofW(t.z).
Infact it will be shown that it is possible, and in various ways,

(°) In a strictly proper system, if (3) is changed into a form
in which L(D,t) is upper triangular with the degree of the
off diagonal elements in each column lower than the degree
of the corresponding diagonal element, the degree of each
element belonging tc the diagonal of L(D,t) , is higher than
the degrees of all the elements of the corresponding row of
M(D,t) :

{°°] The same consideration can be repeated for the equations
associated with the adjoint system. In particular, equatiors
of type (3) of order n, exist for the adjoint system if and
only if the given system is differentially controllable.
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to construct sets of linearly independent solutions starting
from W(t,v), and therefore deducing the order by means of their
computation. Such a principle is also useful for the purposes
of factorization of W(t,t), which can be achieved acting upon
the independent solutions.

Thus, the construction of solutions can be achieved by
means of the results stated in the following Assertions.
Assertion 1 - Given the impulse response matrix W(t,t), each

function
to

y(©) = [ wW(e.ou@az (4)

- 00
where u(t) belongs tc the space of input functions and‘'is such
that integral (4) is defined, is a solution of a homogeneous
differential equation of minimum order for the output variable
of the given system. ’
In fact, replacing in (4) a reduced-form factorization of
W(t,T). one has t,

7(6) = g it.e )/ B, (t,,D)u(0)at = ¥, (t,t,)z(t,) (5)

where z(t,) is a constant vector. Since the columns of ¥, (t,t,)
constitute a fundamental set of solutions for the class of ho-
mogeneous equations of minimum order associated with the given
system &, Assertion 1 is justified.

The vector z(t,) represents the state of the system at ti
me t, as is shown immediately from the comparison between (5)
and the expression of the general solution of the homogeneous
equation associated with, (2)

y(t) = c(t)@(t.t )x(t)) (6)

This interpretation'makes it possible to specify that the
linear operation defined by the integral which appears in (5)
maps the space of the input functions, on the interval (-t ).
into the state space, at time t,

Consider now a set of N> n solutlons{x(t)}constructed
from a set of N 1nputs{u(tﬁ accordlng to (4). Introducing the
matrices

() = [y, (e ...y (0] (7)

u () = [u (% oe )] (8)
it can be written:

Ig(r) = /’W(t T)Uy(t)ar (9)

Taking into consicderation the latter and keeping in mind
what has been observed in connection with Assertion 1, it may
be statec:

Assertion 2 - A necessary and sufficient condition for the ma-
trix Y _(t) to contair n, linearly incdepencent solutions is
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that the input matrix U (t) be such that the rank of

/ H,(t,.T)U (t)az = [x,(t) ... xft,)] (10)

is n, that is that the set of states {x (e ﬁlnto which the
lnput matrix is mapped contaln a set of n, linearly indepen-
dent states

Having established the procedure for constructing solu-
tions starting from w(t,t) ., it is now necessary to find in-
put matrices capable of giving forth sets of solutions which
contain fundamental sets. This is done in the following sec-
tions, separately for time invariant and time varying cases.
Once this problem has been resolved, the properties of linear
independence of the solutions constructed by means of (9) must
be examined. For this purpose it is useful to consider the pro
perties of the solutions of homogeneous linear differential e
quations, and particularly those of their Wronskian.

In this connection consider the homogeneous differential
equation of order n, associated with (3)

L(D,t)y(t) =0 (11)
and a corresponding triangular form

M v

2y (op ta,z)(t)b ; Z;a Y (e)p

b P »
) ;az(;’(t)D WS, g Vg T3

y(t)=0 (12)

Bt
o o} ag,(t)D

7 4

=

In reference to these notations may be stated the follo-
wing theorem which generalizes the well known result of the

scalar case.
Theorem 1 - Given the class of homogeneous linear differential

equations of type (1), which may be transformed into the trian
gular form (12) with

af:‘)(t) # 0 Vi, ¥Vt (13)

anc¢ which admit the same fundamental matrix of solutions Y(t),
the Wronskian matrix

[g_’(-t) DY (t) ... D""f(t)] (14)

has rank n for every t, provided V is not less than a fixed mi
nimum value Vv which depends upon the considered class of e-
quations and satisfies the constraints

% ¢ a'e hn (15)
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2.2. Case of discrete-time systems

The results obtained in the preceding section for continu
ous systems remain substantially valid also for discrete-time
systems. From a formal point of view it is necessary to intro-
duce the discrete variables k, j in place of the continuous
ones t,Tt and the advance operator E in place of the differen-
tiation operator D. Thus the various results can be stated in
terms of discrete-time, and only in some cases variations and
specifications will be necessary.

Regarding (1), one obtains for the discrete-time case:

wik.j) = ¥Y(k.k,)H(,,]) k2k,>3 (1)
Regarding Assertion 1 in place of (4) one obtains:
-1
(x) = . Wik, 3)u(l) ; ;
Y g, a3 (a")
Regarding Assertion 2 in place of (9) and (10) one obtains:
: k-1
Y (x) = Zjﬂ(krj)ﬂﬂ(j) - (9*)
-0
ko-1
;jg,(k,.j)g o=l ey x,(x,) | (109

Regarding Theorem 1 the class of difference equations must be
considered:

L(E.k)y(k) = O (11')
transformable into the triangular form analogous to (12) with:
) &
a; (x)'# 0
(o)
aib(k) #0
Beside the Casoratian matrix
[Yo) =l ... E"”s_r’(k)] : (14")

corrisponding to (14) it is useful, as is herein shown, to in-
troduce the following matrix:

[Yoo axla ... 2"'yo ] (14")

Vi, Vk : (13')

in which A= E - 1 . This matrix has the same properties as (14
in regard to the rank being a linear non-singular transformation
of the latter.

3. Order of time invariant systems

3.1. Construction of a fundamental set of solutions.

Consider the functions

D" é(t) i>o0 Lep
W, -t-1
L ket i<o
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where & (t) is the unit impulse, and consider the input matrix

g, () = [ffm(t);p YalOVI, - g*mw(t);p] (17)

in which I is the unit p.p matrix. The following theorem may
be stated Pin relation to this matrix:

Theorem 2 - For a time invariant continuous system, described
by the impulse response matrix W(t), the input matrix (17), by
means of operator (9) with t°=0+, gives forth an output matrix
which contains a fundamental set of solutions provided p is not
less than a fixed minimum value g, which depends on W(t), and
satisfies constraints

ﬂp° S Ho £ 1, (18)

where y_is the degree of the minimal polynomial associated
with the system.
m can be given:
a) the value O for any W(t);
b) any positive integer value if no element of W(t) takes on a
polinomial form;
c) any positive or negative integer value if W(t) is strictly
stable.
Proof: placing (17) into (10) one has:
] 0+ 0* .
-/”Eo(o,t)yﬂ(t)dt £ /w e py (et =
= 2" [e as ... a"B]

(19)

With reference to Assertion 2 it is necessary to examine
the rank of the latter matrix. In this connection it can be
seen that matrix [B AB ... A“ig] is the Wronskian matrix of
H,(0,T) calculated at the origin According to Theorem 1
it has rank n_, because H,(0,T) is a fundamental set of solutions
of the class of homogeneous differential equations associated
with the adjoint system *. However in this case the well known
controllability condition may be used. The inequality (18) re=
places (15) because every power of A can be expressed as a com
bination of the first r, powers starting from the zero power.

The theorem is therefore proved for m=0. For the other va
" lues of m it is necessary and sufficient that the integrals ap
pearing in (19) exist and that A is nonsingular. Thus the con
ditions specified in b) and c¢) are derived. Q.E.D.

An analogous theorem may be stated in the case of discre=
te-time systems by introducing the following functions:

Abx) i>o0 |
16"
7. = -1 i=-1 ;
E (k-1) (k=2)...(k+i-1) i -l

(-i-1)!
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where (k' is the unit discrete-time impulse. The statement of
the theorem is obtained by interpreting in discrete-time terms
the various relations considered in the continuous case, repla-
cing t‘,=0+ with k =1.

3.2. Application to continuous systems.
3.2.1. Method of Markov's parameters.

A first algorithm for calculating the order which can be
deduced from the general method is based on Markov's parameters
of W(t) and has been already introduced by B.L. Ho and R.E. Kal
man®. Defining these parameters by

§L ___ [Di'v—'(t)]t-o‘ (20)
and constructing the matrix
BB B
Lipw) = (80 B 0By (21)
‘ 8.8 s

Spg 2y v Bpep-2

the following Corollary can be stated:
Corollary 1 - The matrix of Markov's parameters J(u,v) of a gi
ven W(t) has rank n, provided p and V take on values respecti
vely not less than quantities M, and V, . The latter depend on
W(t) and satisfy constraints

-y P < Ho<r, (22)
Proof: the input matrix (17) with m=0 gives forth, by means of
operator (9) with t°=0+, the output matrix

<V,<r°

- [
Y (t) = [ﬂ(t) DW(t) ... D E(t)] A (23)
which for Theorem 2 contains a fundamental set of solutions pro
vided KL 2o . According to Theorem 1 the Wronskian matrix

of ¥ (t) has therefore rank n, for every t provided V2=V, .The
upper bound for V, , which appears in (22), replaces the one gi
ven in Theorem 1. This possibility is based on the time inva-

riance of the system, as shown in the proof of Theorem 2 in re-

lation to Mo . To complete the proof it is sufficient to obser
ve that & (u.v) coincides with the Wronskian matrix, calcu-
lated for t,=0". Q.E.D.

The property stated in Corollary 1 allows the determinaion
of n, through the calculation of the rank of the matrix of Mar-
kov's parameters Z(y.,v) , carried out for values of [ and

V certainly greater than u, and V, . Since these are not
known a priori it is necessary practically to choose values of
K and VY sufficiently high. Otherwise it is possible to carry
out the calculation with gradually increasing values of K and
V until the rank tends to remain definitely constant.

If instead of W(t) its Laplace-transform is known, the
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number r, can be immediately calculated as the degree of the.
minimum common denominator of the elements of W(s). Therefore
it is possible according to (22) to determine n, as the rank
of S_)(ro,ro) e

3.2.2. Method of the moments.

A second algorithm, already discussed by the authorss, whi
ch can be deduced from the general method is based on the mo-
ments of the impulse response matrix. Defining for a strictly
stable W(t), the moments by

00 .
M, = [ worttae (24)
A Ay
and constructing the matrix
Qo gq gy-l
€, & .- Cp (25)

.o

€ vy

s i o Bt

i

c, = (fl) M.
W il k.

it is possible to state the following Corollary:
corollary 2 - The matrix of the moments &(u,v) of a given stri-
ctly stable W(t) has rank n, provided pu and v take on values
respectively not less than quantities u., and ¥, . The latter de
pende on W(t) and satisfy constraints (22).

Proof: the proof is analogous to that of Corollary 1, choosing
= —(p+v-1) and t,=0. It is possible in this way to prove for
the matrix

where

(26)

< Va2 Cips = €y
s Cwu-3 Svip-s - €y (27)
R (e iy LR

the property stated above. Consequently also (25), obtained
from (27) by exchanging the order of the rows and the columns
and changing the sign of all the elements, has the same proper
ties. i Q.E.D.

Also in this case the properties of the matrix of the mo-
ments allow the determination of n, by a similar procedure as
the one shown in the preceding section.

3.2.3. Remarks on the preceding methods.

The first remark to be made on the preceding methods is that
they depend on particular choices of input matrix (17) defined
in Theorem 2. It is clear that with different choices of m other
matrices can be .obtained, suitable for the calculation of the
order. Thus, for example, matrices can be constructed from any
sequence of u+v-1 consecutive Markov's parameters or moments pro
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vided the conditions stated in Theorem 2 are satisfied. Other-
wise mixed matrices can be constructed from both Markov's para
meters and moments.

A second consideration important for the application of
these methods,concerns the determination of the quantities for
constructing the matrices (k) and €(k,v). In this regard, if
W(t) is available Markov's parameters and moments can be deter
mined using the definition formulas. If the Laplace transform
W(s! is available they can be determined taking into account
the following expansions:

W(s) = . 8, " el (28)
© i
W(s) = Zj‘gi s ; (29)

To verify (28) it is sufficient to antitransform term
by term (the series being uniformly convergent for every s the
modulus of which is greater than the convergence radius)and to
observe that the McLaurin expansion of W(t) is obtained.Regard
ing (29)- it is sufficient to keep in mind that

i . @ . ;
[———dd:fs’ - (-l)l/ﬂ(t)tldt (30)
if W(t) is strictly stable. :

A third consideration concerns the use of the above men
tioned methods for calculating the order starting from noise-
affected data.In this case the method of the moments is undoub
tedly preferable for the filtering action of the integral opem
tion instead of that of Markov's parameters. This abvious consi
deration has been confirmed by various calculations based on da
ta of gradually decreasing precision. 4

3.3. Application to discrete-time systems.

In the discrete-time case an analogous formulation can
be given for the two methods developed above. The matrices un-
der consideration are those corresponding to (21) and (25) con
structed this time starting from quantities.

il i '

s, = [E E(k)]h1 (20")
and respectively (26), with

- L]

M= >C MOk (kHl)... (kki-1) (24')

In regard to the proof of the analogue of Corollary 1,
m=0 and k, =1 are chosen and the Casoratian matrix of the solu-
tion is constructed.Form (14") instead of (14') has been used
in order to have operators A either with respect to index W or
index V¥ . In this way it is possible to prove the properties
stated in Corollary 1 for a matrix having as its elements -the
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guantities Lﬂbﬂ(k)]k,, instead of §; . Keeping in mind that
A= E-1 ,it is easy to see that the two matrices can be tran-
sformed into each other by nonsingular transformations, thus
conserving the properties of the rank.

In regard to the analogue of Corollary 2, proceding in
the same way it is possible to prove the properties of the ma
trix constructed with quantities (24').

The procedure for using the two corollaries and the re-
marks made for the continuous case can be directly transferred
Regarding the expansions (28) and (29) with reference to the
z-transform, one obtains:

2 -i-1
Wiz) = > . 8.2 (28')
w i 85
o i
W(z) = E ; < (z - 1) ; (29")
o

The verification is obvious if one keeps in mind the defi
nition of the z-transform and respectively, the analogous form
of (30):

a‘w(z) i
[-———Lz-} = (-1)'> " W) k(k+1) ... (k+i-1) (30)
dzt' o A

4. Order of time varying systems.

In the case of continuous time varying systems, the fol-
lowing theorem can be used for the construction of an output
matrix which contains a fundamental set of solutions.

Theorem 3 - Given a continuous differentially controllable sy
stem, if the class of homogeneous differential equations of mi
nimum order associated with its adjoint system satisfies the
conditions (13),the input matrix (17),with m=0, gives forth,
through operator (9) with t=0%, an output matrix which contains
a fundamental set of solutions provided i is not less than a
fixed minimum.value u, ,which depends on W(t,T) and satisfies
constraints

n
5°$P-o$no (31)

Proof: placing (17) into (10), with m=0 and t°=o+,one obtains

the matrix:
1z

o+ -4

ij-I_c(O,‘L)QN(E')dt = [go(o,t) BT go(o.t)]“a (32)
H,0.r), as previously mentiored, is a fundamental set of solu-
tions of the class of homogeneous differential equations asso-
ciated with the adjoint system. Therefore, the r.h.s. matrix of
(32) is the Wronskian matrix of H,(0,t) calculated at the origin
and has rank n, in the hypothesis of Theorem 1. Constraints
(31 are deduced from (15) keeping in mind, that, the dimensions
of H,(0T) are n,.p. Due to Assertion 2 the theorem is therefo
re proven. Q.E.D.
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An algorithm for the calculation of the order can
be deduced from the preceding theorem and is based on parame-
ters which extend those of Markov in the time varying case. De
finining the parameters

= [ph p¢
e [DL_ D V_V(t,r)] . ik (33)
and constructing the matrix
B, By . s B
S S AATE
b e e S e Fsions (34)
éu-f,o §v—1,q 7 8 V-1, v

the following corollary may be stated:

Corollary 3 - Given a differentially controllable and differen
tially observable system described by #W(t,t)., if the classes of
homogeneous differential equations of minimum order associated
with such a system and its adjoint satisfy the conditions (13),
the matrix S (u,v) has rank n_, provided j and V take on va
lues respectively not less than quantities K, and V,. The lat
ter depend on W(t,T) and satisfy constraints

n
a - v,
P < Ko < D q°$ o < Ny (35)

Proof: the proof is analogous to that of Corollary 1. The hypo
thesis made are necessary and sufficient in order to apply The
orems 1 and 2. In this way it is proven that the properties sta
ted above hold for a matrix which is different from (34) due
to the signs of the submatrices constituting the. even columns,
and consequently for (34) itself. Q.E.D.

A theorem analogous to Theorem 3 can be stated for
discrete-time systems. Regarding its validity, it is necessary
to assume that the class of homogeneous difference equations of
minimum order associated with the adjoint system, satisfy condi
tions (13'). Regarding the input matrix, it is necessary to con
sider:

}4-1
g, (%) = [5(1:);9 BS(OL, ... E 6(k);P]

This gives forth, through operator (9') with k =1 output matrix
Y (k) which contains a fundamental set of solutlons.

Placing QN(k) into (10'), with k=1, one obtains
the matrix

o : -7 (/lf)
(1. 3 1) = ,3) B AN iy
gjﬂokl,J)HN(]) [g,(l i¥ B H (1, J]o
2 [E"' (1,9) ... EH (1,3) H,(L.3)]

j= -‘u+1
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H,(1,3j) is a fundamental set of solutions of the class of homo-
geneous difference equations associated with the adjoint system
Therefore, the r.h.s. matrix is the Casoratian matrix of H, (1,3
calculated for j=- K +1 and has, as in the previous hypothe-
sis, rank n,. The proof can be completed keeping in mind the
analogue of Assertion 2 in the discrete-time case.

An algorithm for the calculation of the order can be dedu
ced from the preceding theorem and is based on the parameters
corresponding to those detined in (33). In the discrete time ca
se, these may be written as:

h i :
5, = [Ek E; _Vl(k,J)] 51 (33)
It is easily verified that an analogue of Corollary 3 hold
for matrix (34) constructed with quantities (33').

5. Factorization of the impulse response matrix.

The method discussed in section 2 for the construction of
a fundamental set of solutions allows also the resolution of the
problem of the factorization in reduced form of W(t,t) according
to

3 Ww(t.T) = ¥, (t,t,)H, (t,.T) (36)

It allows in fact the calculation of the matrices ¥, (t, t,)
and H,(t,,T). This problem is of notable interest because the
knowledge of ¥ (t,t,) and H,(t,,T) allows the calculation of the
state and of the output, starting from any state, while the know
ledge of W(t,T) allows only the calculation of the zero state
response. In addition the factorization in the form (36) is the
usual starting point for the realization of W(t,T) accordlng to
the matrices A(t), B(t), C(t).

In the case of continuous systems, in the hypothesis of
Corc llary 3, consider the matrix J(u,v), defined in (34) and
assign p and P two values so that the rank of S (u,v) is equal
to the order n, of the system. Let Qf; be a nonsingular n_.n,
matrix, constructed with rows i,, iz,...i%and columns j1,ji...j%
of L(u.v).

Consider furthermore matrices

1
[W(e.t)  pm(eiT) ... D ﬂ(t,t)] (37)
T T T=0
T f T ; v-1 T 14
[_vg(t,t) Dt_vg(t,t) <oe Dy _vg(t,r)] b (38)
and let ¥,(t,ty) and H,(t,,T) be the matrices constructed respe
tively w1th columns j ,Jz,...Jnoof (37) and rows 1,,.1,_,...in° of

(38).

I- is now possible to state the following theorem:
Theorem 4 - Given a differentially controllable and differential
ly observable system described by W(t,T), if the classes of homo
geneous differential equations of minimum order associated with
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such a system and its adjoint satisfy the conditions (13), the
impulse response matrix admits the two reduced-form factoriza-
tions:

-1
Yty : L7 H (¢,.7) (39)

-1
Yee) I ;B (t,.0) (40)

An analogous theorem can be proven for the discrete time
case starting from the matrix S(n.V) constructed with parameters
(33'). The matrices that must be considered instead of (37) and

(38) are:
-1 -(u-1)
[E(k,j) B} WK.3) ... zj".'g(k,j)]_ (37%)
T > T 4 v-1 T 8 T
[we. ) 2 wlks) ... ey Wik, )] . (38")
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