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An unsteady magnetohydrodynamic (MHD) heat transfer two-fluid flow of ionized gases through a horizontal
channel between parallel non-conducting plates, by taking Hall currents into account is studied. The governing
partial differential equations that describe the flow and heat transfer under the adopted conditions are solved for the
velocity and temperature distributions by a regular perturbation technique. Profiles for the velocity and temperature
distributions as well the rates of heat transfer coefficient are presented graphically, and a parametric study is
performed. The results reveal that the combined effects of the Hartmann number, Hall parameter, and the ratios of
viscosities, heights, electrical and thermal conductivities have a significant impact on an unsteady MHD heat
transfer two-ionized fluid flow characteristics.
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1. Introduction

The progress in contemporary technology has stimulated interest in magnetohydrodynamic (MHD)
multi-fluid/or immiscible fluid flow studies due to their widespread application in various specialized fields.
For example, the development of a conceptual design for fusion reactors, liquid metal magnetohydrodynamic
(MHD) power generators, MHD accelerators, electromagnetic pumps, etc. demands a precise knowledge of
heat transfer and thermo-hydraulic mechanisms of two-phase/or two-fluid flow models under the influence of
an applied magnetic field. It is also understood that the two-fluid flow provides significant enhancement in
heat transfer at certain conditions. Transportation and extraction of the products of oil in geothermal regions
are also other obvious applications using a two-phase/or two-fluid flow model to obtain better flow rates in an
electromagnetic pump with the added advantage of reducing the power required to pump oil in a pipeline by a
suitable addition of water [1]. It is also a known fact that the fluid flows whether Newtonian or non-Newtonian
fluid, in general are unsteady/or transient in nature. In particular, a significant number of practical problems
that arise while dealing with immiscible fluids are due to of this unsteady nature. Most of the problems related
to the petroleum industry, geophysics, plasma physics, magneto-fluid dynamics and so forth, involve multi-
fluid flow situations. It is also beneficial in several practical problems to consider both immiscible fluids as
electrically conducting, one of which is a highly electric conducting fluid compared to the other. The fluid of
low electrical conductivity compared to the other is useful to minimize the power consumption while pumping
the fluid in MHD pumps and flow meters, etc.

In numerous engineering, technological and industrial problems, it is useful to know the amount of
heat flow and also the pattern of temperature distribution which the heat transfer creates under an unsteady
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motion in different geometries. Likewise, the oscillatory flows are often utilized in order to augment the heat
transfer rates in various "industrial processes". Apart from these, Cowling [2] stated that when the working
fluid is an ionized gas where the density is low or the magnetic field is very strong, the effect of Hall currents
becomes significant and one cannot ignore the resulting Hall Effect. Therefore, it is of significant concern to
study how the outcomes of unsteady MHD two-fluid flow get modified by the presence of Hall currents. The
Hall currents are of incredible importance in many astrophysical and geophysical problems, flows of plasma
in the MHD power generator, plasma jets, Hall accelerators, and so forth.

Numerous model studies on the effect of Hall currents in the magnetohydrodynamic (MHD) problems
of one fluid flow system can be found in literature [3-16]. A great number of studies are also available on
MHD two-phase/two-fluid flow problems due to their abundant applications in various domains [17-33]. In
most of these studies, the flows are assumed under the steady-state conditions. But in practice, there is a great
need to understand the effect of an external body force on the motion of electrically conducting fluids in two-
dimensional time-reliant circumstances. In spite of the above mentioned studies, we find some investigations
that are reported in the literature on the MHD two-fluid flow models with and without Hall effect. To mention
a few, Kalra et al. [34] investigated the effect of Hall current and resistivity on the stability of a gas-liquid
system. Hyun and Kennel [35] discussed the small amplitude waves in a hot relativistic two-fluid plasma.
Sharma and Sharma [36] investigated the MHD two-fluid flow and heat transfer through a horizontal channel.
Joseph et al. [37] studied an unsteady MHD free convective two immiscible fluid flow in a horizontal channel
with heat and mass transfer. Sivakamini and Govindarajan [38] studied an unsteady MHD flow of two
immiscible fluids under chemical reaction in a horizontal channel. Gireesha et al. [39] studied the Hall effects
on dusty nanofluid two-phase transient flow past a stretching sheet using KVL model. Raju [40] investigated
the MHD heat transfer in two-ionized fluid flow between parallel plates with Hall currents.

All the above-mentioned studies were carried out mostly under the steady-state conditions. And to the
best of the author's knowledge, no study has been conducted to investigate the problems in unsteady MHD
two-fluid flow and heat transfer of ionized gases through a horizontal channel under the action of an applied
transverse magnetic field with the effects of Hall currents. In this paper, we investigate the Hall effect on an
unsteady MHD two-fluid flow and heat transfer of ionized gases in a horizontal channel bound by two parallel,
non-conducting plates, under the influence of an applied transverse magnetic field. It is expected that this kind
of theoretical investigation may have some practical application in numerous fields of engineering disciplines,
including chemical, petroleum and in particular, geothermal systems and plasma jets, in the design of MHD
power generators, pumps and flow meters, Hall accelerators, and in the cooling process of nuclear reactors and
so forth.

2. Formulation and mathematical analysis of the problem

The MHD two-ionized fluid flow model under consideration consists of a horizontal channel bounded
by two parallel infinite plates extending in the x-and z- directions, choosing the origin midway between the
plates of the Cartesian coordinate system (see Fig.1). The x-axis is taken along a hydrodynamic pressure
gradient in the plane parallel to the channel plates but not towards the flow. The channel width is assumed to
be extremely large in comparison with the channel height. The two bounding plates of the channel comprise

non-conducting (insulating) material and are maintained at a constant temperature 7,,; and T, , where T,
is the temperature of the boundary at y =4, and that 7,,, at y =h,. The upper and lower regions of the two

fluids are designated as region-I and region-II . They are taken in the regions 0<y<h;and —h, <y <0

respectively. We consider a two-dimensional magnetohydrodynamic (MHD) two-fluid flow of ionized gases

driven by a common constant pressure gradient —3—p through the horizontal channel between two parallel
X

plates under the transverse electric and magnetic fields. It is supposed that the two-fluid flow is unsteady,
laminar and fully developed. Fluids in the region-I and region-II are considered incompressible, immiscible,
electrically conducting with different fluid characteristics. Specifically, with different densitiesp;,p,,
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viscosities U;,U,, electrical conductivities G;, Gy, and thermal conductivities K;, K, . A magnetic field of
constant strength B, is applied in the y-direction i.e., normal to the channel plates, and the effects of Hall

currents are also taken into account. The induced magnetic field is disregarded by considering that the magnetic
Reynolds number is small. The two boundaries of the channel are rigid and the interface between two
immiscible fluids is flat, stress-free and undisturbed. It is taken for granted that the thermal boundary
conditions are valid all over on the infinite channel plates. The thermal conduction in the flow direction and
electron heating are ignored. All physical quantities except pressure in this study are the functions of 'y' and 't'
only as the plates are infinite in extent along the x- and z-directions. With these assumptions and in view of
existing studies in the literature, the governing equations are formulated based on the fundamental equations
for an unsteady MHD flow of neutral fully ionized gas in the presence of Hall currents. Accordingly, the
equations for an unsteady MHD two-ionized fluid flow and heat transfer in a channel of parallel non-
conducting plates under the action of transverse electric and magnetic fields in two-fluid regions are specified.

Y
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Fluid Region-1: 0<y<h

v
s

Fluid Region-II: —h2<y <0
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Fig.1. The two-fluid flow model and co-ordinate system.

The governing equations in this investigation are the equations of motion, current and energy along
with the boundary, and interface conditions. Under the above-stated suppositions and adopting the analysis as
in the investigations of Sato [5] and Raju [40], we assume in the fundamental equations that the fluid velocity

as V; =(u;,0, w;), the magnetic flux 1ntens1ty as B= (0, By,0), the current density as J =(Ji,0,J,,), the

electric field as El. =(E,.,0,E_) and J lZ,(l 1, 2) for both fluid regions. Hence, the governing

equations in the two-fluid regions (that is, for the fluids in the upper and lower regions namely, Region-I and
Region-II) are simplified and obtained as:

Region-I:
ou 9’u dp
18_;:“1 ayZI_{]_S(I_G_()JJ}a +{ 1 (Ep; +u;By)+05(Er —w, By }BO’ @.1)
aW] aZW]

a119(521
+s + E -w,By)+06,,(E;, +u,B B, 2.2
ey =l ayz ox o { 11 Ix ~ Wy 0) 21( 1z TU; 0} 0 (2.2)
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Picy L/ K, ? 7;' =1, [_au] J +(—aw’ J i (2.3)
ot Iy ay ay Gy,
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Jix=011E1,— 30611W1+021512+30621U1+ 23 (2.4)
Gy By X’
E E
B() B{) 601 BO ax
Region-II:
ou, 0%u, op (37
—= = —<l—-s—|1——= |} +1—0,,(E,, +tu,By))+0,,(E,, —w,B,)tB,, (2.6
P2 =M o7 . o0 {012 (E,, +u;By)+6,, (Ey, —w,By)} By, (2.6)
aWZ a W2 ap 22
+ +16,,(E,, —wW,By)+0,,(E,, +u,B B, 2.7
27, Maz (axcoz {12 2 =W2By)+655(E,, 20}0 2.7
2 2 2 2
P2C, CUN Kza ];2 =1, [—auzJ +[—8W2J vz (28)
2 ot dy ay ay Gy
_ 022 s ap 29
Joy =012E, = ByO ;W + 6 E,, ”LBoGzzL‘z”L—B—a (2.9)
Gy By 0x
E E c s op
Ty =| 222 4w, |6, —| 225w, |6y, 4| 221 |22 2.10
2z (Bo 2} 12 [Bo 2J 22 (002 B, ox (2.10)

where the subscripts 1 and 2 in the above equations refer to the quantities for region-I and II respectively. The
quantities u;, uz and w;, w, are the velocity components along the x-and z- directions in the two-fluid regions
respectively. These distributions are known as primary and secondary velocity distributions. The notations

E._and E., J;

o i, Ji and J (i=1,2)are the x—and z—components of the electric field, and the current

densities respectively. The quantities 7}, 7, are the temperatures, ¢, (i =1,2) is the specific heat at constant

pressure. The quantity, s = p, / p is the proportion of electron pressure to the total pressure, where the values
of s= é and about zero correspond to the neutral fully—ionized plasma and weakly—ionized gas, respectively.

The quantities 6;;,06;, and G,;,0,,are the modified conductivities parallel and normal to the direction of the
electric field, respectively. Since 7,,; and 7T,,, being constant everywhere on the upper and lower plates,
o, _ Ty _, 9T, ) 9T,

respectively, so —+ = ,—==0 and T, T, are finite everywhere in the two-fluid regions,
ox oz " ox 0z

and these are functions of ‘)’ and ‘¢’ only. The fluid velocity and shear stress are assumed to be continuous
over the interface y =0. The conditions on the temperature field force the isothermal boundary conditions at
the two plates, also the continuity of temperature and heat flux at the interface y=0.
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The boundary and interface conditions on velocity distributions are

ul(h]) and Wl(l’l]):O for ¢t < 0,
(2.11)
u;(h;) and  w,(h;)=Real of e  for t>0,
UI(O):Uz<0), W](O):W2 (0) fOI’ h] = hz. (213)
du, du, ow,; ow,
oup _ . 92 d oy, 222 gt =(. 2.14
g By 2 an g o U o at y (2.14)
The isothermal boundary and interface conditions for temperature for both fluids are
(2.15)
dy dy

The following non-dimensional variables are used to formulate the governing equations (2.1) to (2.10)
and (2.11) to (2.15) as dimensionless:

. u ° u ° w ° w o y
M[Z—I, u2:_25 W]Z_Ia W2=_2, yi_h_la
Up Up Up Up i
op b’ . t . oh’ E.
p: _p_] = MZZ: = - pl) (i2172)7 mix_ = H
ox Uy p,-h,- [ BOup
m;, = Eiz ix = Jix H iz = JiZ H J 1'2 = thc +J é >
Boup GOiBoup GO:‘BO“p
(2.16)
c h o
Mz:BZOhZI(_Ol)’ :&ah:_’ p_p_Z’ Gy = 01’
1 2 hy Py Go2
— 12 _%2» Oy _ 1 ). m O,
01 = > 02~ ’ = IR P Mm==7
11 G2y Gor  I+m Go  I+m +2)
T o7,
B_ ﬁ _ ]; 'Twi
? 2
K2 (up “’] /Kt)
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where M7 is Hartmann number, o is ratio of viscosities, h is ratio of the heights, p is ratio of densities, O
is ratio of electrical conductivities, m is Hall parameter, [ is ratio of thermal conductivities of the two fluids,
0, is temperature distribution, ®, is the gyration frequency of electrons; T and 1. are the mean collision time
between electron and ion, electron and neutral particles individually. The above expression for the Hall
parameter ‘m’ which is valid on account of partially—ionized gases agrees with that of fully—ionized gases
when 1. approaches infinity.

By making use of the above transformations (2.16) and simply ignoring the asterisks, the non-dimensional
forms of equations (2.1) to (2.10) become:

Region-I

ou, o%u, M’ mM’*
—=—"- m; +u;)+ my, —w;)+B; , (2.17)
or oy’ I+m2( 1= ¥u) ]+m2( )+
an aZWI MZ mMZ

= + my —w;)+———(m;, +u +B , (2.18)
ot ayz 1+m2( ! 1) 1+m2( ! 1) ?

2 2
] 2
&z_a_ezq [%j +[%J M2, (2.19)
o P Jy dy dy
=t M) ) (1+m?)0a? (220
1, = ! (my, +u;)— n (m w)+i(1— n j
e e T 2 e )
2.21)
IP=01+1,7°
Region-I1

ou, °u, aoc,h’M?’ mh’ M’ ac P
Yy D OOIM (L M v, )
o 9y I+m I+m
ow, 9w, ac,h’M’ mh’M* oo

=0 — (mzx—w2)+—22(m22+u2)+och2[54, (2.23)
o 9y I+m I+m

2 2 2
9B, 1978, Bfduz ) [ L mpng2y,?, (2.24)
o0 P g’ ol dy dy
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2
6,0 mo,G smG,°C
I, =—0"0 (g, —yp, )+ —0=02 m,, +u -0 02 (2.25)
o 1+m2( 227 2) 1+m2( 2 +z) (1+m2)M2
S| MGGy 6901 |509
1, == (1, +u,)- my, —w, )+| 1-—=020L |20
2z ]+m2( 2z 2) I+ 2( 2x 2) ( ]+m JMQ
(2.26)
Iy =1 +1,,
where,
1 —sm GOy, —8GCom
ky=1-s( ), ky=——,k;=1-5s(1-—"%), kj=—"—""—.
! I1+m? T rem? I I1+m’ ! I1+m’
The boundary and interface conditions on u;, w;and u,, w, are given by
u (1)=0 for <0, w;(1)=0 for <0,
and 2.27)
u;(I)=¢ecoswr for >0 w;(I)=gcoswt for >0,
uy(—=1)=0, w,(-1)=0, (2.28)
up(0)=uy(0),  w,(0)=w,(0), (2.29)

aﬂ (Ah)aug 8w1 (Ah)awg and “lag:,I MZ% at  p=0 (2.30)

The boundary and interface conditions on temperature for both fluids are

99, _ 16,

0,(1)=0, 6,(-1)=0, ,(0)=6,(0) and dy  Bh dy

at y=0. 2.31)

3. Solutions to the problem

The governing momentum and energy equations (2.17)-(2.19) and (2.22)-(2.24) are to be solved under
the boundary and interface conditions (2.27)-(2.31) for the velocity and temperature distributions in both fluid
regions. In reality, these equations are coupled partial differential equations that cannot be solved in closed

form. Anyway, they can be reduced to ordinary linear differential equations by assuming the following two-
term series (Regular perturbation method of first order):

u;(y,t) =uy;(y)+ecoswru;;(y) and  wy(y,0)=wy;(y)+ecoswt wy;(y), (3.1)
u,(y,0) =ugy(y)+ecostu,(y)  and  wy(y,1)=wy,(y)+ecosor wy,(y), (3.2)

0,(»,1)=0y;(y)+ecoswr 0;;(y) and  0,(y,1)=0),(y)+ecoswr 0;,(y), (3.3)
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in which the terms u;(y),up>(»), Wy;(3),Wp>(») and 6,,(»), 6,,(y)are the velocity and temperature
distributions in the two-fluid regions under the steady part, whileu;;(y), u;5(»), wi(»), wir(»)

and 0,;(y), 0;,(») are the related time dependent components of solution to the problem.

In order to combine Eqs (2.17) and (2.18) into a single equation and for simplicity, we introduce a
complex function g, (y,t) =u;(y,t)+iw;(y,t) ; likewise ¢q, (y,t) =u,(y,t)+iw,(y,t) to combine Eqs (2.22)
and (2.23). Thereby utilizing the expressions given in Eqs (3.1)-(3.3) into Eqgs (2.17)-(2.19) and (2.22)-(2.24)
and then separating the steady and transient time-varying parts, we obtain the differential equations in terms
of the complex notations, namely ¢y;,q;;, 4y and q;,; where qy; =uy; +iwy;, q;; =u;; +iwyg,
Qoo =Upy +iWy,, ;> =u;; +iw;,. The resulting linear differential equations are solved analytically by utilizing

the boundary and interface conditions. The closed form solutions for both steady and transient-time dependent
parts are obtained separately so as to acquire the final solutions to the unsteady-state problem in two-fluid
regions.

The solutions for primary and secondary velocity distributions, namely u;, u,and w;, w,respectively in terms
of the complex notations are given by

q;(y:t)=qy; (y)+ecoswr. q;;(»)

3.4
= A, + A,e"? —a—2+£cos(ot(A5em5y +A6em6y), (3-4)
a
4> (y.t)=qp; (y)+ecosot. q;;(»)
3.5
= A;e" + 4, —a—4+ecosu)t(A7em7y +Agem8y) (3-5)
as
where
9t)+ ( ’t) 5t)_ ( at)
uy(y,0) = LD*T 40D 0y D=4,
2 2i
and similarly for u,(y,t) and w,(y,?).
The mean velocity distributions in complex notation are
" —1)A "2 — 1A
G, = U, +iw, :(e ) 1+(e ) 2—a—2+A9,
! ! ! my m; a
) (€™ -DA4; (" -DA, a
Dy =ty ¥ W) = S+ : __4""410
ms my a;z
where
_Imy _ Iy —m, _9my m, _Imy —Im,
b =T Ty e T I G:6)

Consequently, by utilizing the above expressions (3.4)-(3.6), we solve the corresponding energy equations for
both steady and transient time-dependent components separately. The final solutions to the unsteady problem
of investigation for the temperature distribution in the two regions and the rate of heat transfer coefficients at
the two plates are obtained as:
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Region-I:

(mz +;1)y (’"1 +@)y
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my+m; mr Mo
+b20e( 2ty ++b21e( Yt byye™ 4 byye™ + by + byse™? + by v’ +

—votan mt)y (\/c)tan(ot)y +b70€(m5 +a)y n b7]e(m5 +m6)y i (37)

+€cos (ot{B5e( + Bge

meg +m75)y mg +%)

. _ _
+b72e( +b73e( +b,e"™7 + b5 + byge™Y +b77em6y}.

The rate of heat transfer coefficient at the upper plate, Nu; = —[aaij is
Y ) at y=I

(my 1) (myom)

Nu, =—{2b26 +Bj+b18(m1 +m_1)e +b19(m1+m_2)e

mz +E) mz +@)

+b,, (m2 +m1)e( +b,, (m2 +m2)e( +byome™ +bysm,e™? + by me™ +

+b25m_2e@ +SCOS(1)t|:B5 (x/—mtan u)t)e( _mtanmt) + B, (x/ootanoot)e( mtanmt) + (3-8)

— (mg 1)

+b, (m5 +m_5)e<m5+a)+b71(m5 +m_6)e( +b,, (m6 +m_5)e

—\ (mgmg — Y — =
+bs; (m6 +m6)e( 54ms ) + b, mse™ +b,smge™ + b, o mse™ +b77m6em6} )

Region-II:
(m3+m73) (m3+m74)y

ez(y,l‘)=902(y)+8COS(0t912(y)=B3y+B4+b44e y+b45e +

my+my ma my
I 1 g™ 4 bge™ +bsye™” + by ™ 1

(\/—(otan(ot)y (x/(otan(ot )y +b94e(m7+m77)y " b95e(m7+m78)y (39)

+b46e(m4+m3)y + b47e(

+bs,y’ +8cos0)t{B7e + Bge

me+my me+mg P Mo
+b%e( stmr )y +b97e( ghms ) +bgge" 7 + byge™S” +byype™7” +b1016m‘?y}.

1
The rate of heat transfer coefficient at the lower plate, Nu, = ﬁ(aa&j
"y

= -1
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NuZ ZB_h|:83_2b52 +b44(m3+m3)e (m3+m3)+b45(m3 +m4)e (m3+m4)+
tbys(my +my)e ™M) L b (my+my)e” M) L b emae™ +bygmye ™ +
— -m3 — -my V=0 tan o e Ve an o)
+bsgmze "3 +bs;mye " +ecoswty B, (V-wtan ot )e + (3.10)

+8,(Notan 0r)e VOO L by (m, +m;)e” "™ ) 4 by (my + mg)e” "™ TS 4

+bgs (mg + m7)e_(m8+m7) +bg; (mg + mg)e_(m8+m8) + bggmse” "7 +bygmge™ " +

T —m g
+b,ggmse "7 + by mge SH.

4. Results and discussion

In order to solve the governing partial differential equations, a two-term series (i.e., a regular perturbation
method of first order) is adopted for velocity distributions, namely the primary and secondary velocity
distributions u;,u, and w;,w, ,and temperature distributions 6,,0,in the two-regions. Related computational

estimation for the different sets of values of the governing parameters is illustrated graphically. Profiles for the
velocity and temperature distributions in the two regions as well as the rate of heat transfer coefficients are shown

in Figs.2 to 22.
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0,5 A

-1,5 -

Fig.2. Primary velocity profiles u;, u,(unsteady
flow), u;*, u, * (steady flow) for different M and
m=2,00=0.333, h=1,6)=2,6,,=1.2,6y, =1.5,
e=05, p=Lo=Lt=n/® (non-conducting

plates).

-1,5 -

Fig.3.
(unsteady flow), w;*,w,*(steady flow) for
different M and m=2,00=0.333, h=1,s,) =2,
6y =12, o©p=15 ¢€=05 p=1, o=l

t =1/ ® (non-conducting plates).

Secondary velocity profiles w;, w,



94 Effect of Hall currents on unsteady magnetohydrodynamic...
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-—g==m=01
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Fig.4. Temperature profiles 0,,08, (unsteady flow),  Fig.5. Primary velocity profiles u;, u, (unsteady
0,%,6,* (steady flow) for different M flow), u;*, u, * (steady flow) for different 'm'
and m=2, a=0.333,h=0.75 oc,=1, o, =12 and M=2,0=0333 h=1,6p=2, 6y =1.2,

(non-conducting plates). conducting plates).
1,5 4

15 4

05 1 0,5 4

-1,5 -
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Fig.6. Secondary velocity profiles w;, w, (unsteady Fig.7. Temperature profiles 0,, 0, (unsteady flow),

flow), w;*, w, * (steady flow) for different m and 0,*,0, *(steady flow) for different m and M =4,
002:]‘5, e=0.5, p=Lwo=1t=n/0 (non- B=0.5,8=0.5,p21,(1)=1,ZZTC/(,O (non-

conducting plates). conducting plates).
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1,5 1

e =(.5
—d— a=0.9
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- a=1.5
=-=p==0a"=0.333

- g *=) 5
----- a*=0.9
m———— =]

wapa=g®=]15

0,5 -

0,5 -

=15~

Fig.8. Primary velocity profiles u;, u, (unsteady
flow), u;*, u,* (steady flow) for different a and
M=2, m=2, h=1 o,=2, oy,=12,
6 =15 ¢€=05 p=Lw=It=n/0 (non-
conducting plates).
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Fig.10. Temperature profiles 6;, 0, (unsteady flow),
0,*,0, *(steady flow) for different a and M =4,
m=2, h=0.75 o,=1,
B=0.5, €=0.5,

conducting plates).

001212, 002215,

p=lLo=Lt=n/® (non-

1,5 4

—¥—a=15
=-=p==-a"=0.333
- *=05
----- a*=0.9
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Fig.9. Secondary velocity profiles w;, w, (unsteady
flow), w;*, w, * (steady flow) for different a and
M=2, m=2, h=1 o,=2,
op=15 p=1, =1
conducting plates).
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Fig.11. Primary velocity profiles u;, u, (unsteady
flow), u;*, u, * (steady flow) for different h and
M=2, m=2, =0.333, 6,=2, o5 =12,
6 =15, €=05, p=1,0=1t=n/® (non-
conducting plates).
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Fig.12. Secondary Wy, W
(unsteady flow), (steady flow) for
different # and M =2, m=2, .=0.333, 6, =2,
6y =12,0)=15,€=05, p=1, o=1t=1/®
(non-conducting plates).

velocity  profiles

W]*’ WZ *

1,5 4

—4— g0=0.1
—@— o0=0.5
—t—o0=1

—¥—o0=15

-1,5 4

Fig.14. Primary velocity profiles u;, u, (unsteady
flow), u;*, u, * (steady flow) for different ¢, and
M=2, m=2, o=0.333, h=l,
6, =15,€=05, p=lL,o=1t=1/®
conducting plates).
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Fig.13. Temperature profiles 6;, 8, (unsteady
flow), 0,*,06, *(steady flow)for different /# and

M:4, m:2, 0C=0333,(50=1, 6()1:12,

6, =15,€=05, p=L,o=1,t=n/® (non-
conducting plates).
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Fig.15. Secondary velocity profiles w;, w,

(unsteady flow), w;*, w,* (steady flow) for
different 6yand M =2, m=2, 0=0.333, h=1,
6y =12,0)=15,€=05,p=1,0=1t=1/®
(non-conducting plates).
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Fig.16. Temperature profiles 6,, 8, (unsteady flow),
0,*,0, *(steady flow) for different 6,and M =4,
m=2, a=0333, h=0.75, 6, =12, 6/, =1.5,
e=05,p=Lo=Lt=n/o®
plates).
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Fig.18. Secondary velocity profiles
(unsteady flow), (steady flow) for
different p and M =2, m=2, a=0.333,6,=2,
6y =12,06p=15h=1e=05 0=1,t=1/0
(non-conducting plates).
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Fig.17. Primary velocity profiles u,;, u, (unsteady
flow), u,;*, u, * (steady flow)for different p and
M=2, a=0.333, 6,=2, 6);=1.2, 65, =1.5,
h=1, €¢=0.5, w=1,t=n/® (non-conducting
plates).
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Fig.19. Temperature profiles 6,, 6, (unsteady
flow), 6,*,0, *(steady flow) for different p and
M=4, m=2, a=0.333, h=0.75, c,=2,
0y =12,06,,=15PB=1¢e=05,0=1t=n/®
(non-conducting plates).
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Fig.20. Temperature profiles 6,, 6, (unsteady flow), 6,*,0, *(steady flow) for different Band M =4, m=2,
o=0.333,h=0.75,06,=1,06y=12,0)=1.5,€=0.5, p=1,0=1, t=n/ ® (non-conducting plates).
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Fig.21. Nusselt Number (Nu; ) for different M and
o=0333,6,=1,045=12,064=15h=0.75,
B=0.5 €=05 p=lLo=Lt=1/0
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Fig.22. Nusselt Number (Nu, ) for different M
andou=0.333, 6, = 1, 6,, =1.2, 6)y=1.5, h=0.75,
B=0.5, €=0.5 p=1, wo=I1,t=n/® (non-
conducting plates)

The solid lines in the figures describe the velocity and temperature profiles for unsteady motions and
dash-spot lines for the steady motions. The effect of flow parameters, like the Hartmann number M, Hall

parameter 'm', density ratio P, viscosity ratio o, height ratio 'h', electrical conductivity ratioG, and thermal
conductivity ratio 3 on the velocity and temperature fields is discussed. Since the problem involves a number of



T. Linga Raju and V.Gowri Sankara Rao 99

non-dimensional parameters, so for simplicity, we fix the parameters, namely 6,; =/.2 and Gy, =1.5 in all the

numerical calculations and the effect of other important parameters is investigated.

We observe that the solutions are independent of 's' (ratio of the electron pressure to the total pressure).
It is found that this investigation is in great concurrence with that of Raju [40] when the motion is under steady-
state. Also, this study agrees with the solutions of Malashetty and Leela [24] where there are no effects of Hall
currents in their investigation for a steady magnetohydrodynamic(MHD) two-fluid flow.

The effect of varying the Hartmann number 'M 'on the velocity distribution in the two regions is
shown in Figs.2 and 3. It is seen from Fig.2 that an increase in the Hartmann number 'M "up to the estimation
of M =4 diminishes the primary velocity distribution and past this estimation it increases in the two regions.
While from Fig. 3, it is discovered that when there is an increase in the Hartmann number 'M 'up to the
estimation of M =6 , the secondary velocity distribution increases and past this estimation it diminishes in the
two regions. However, it is seen that the greatest primary and secondary velocity distributions in the channel
tend to move over the channel centerline toward the region-I as 'M "' increases. The effect of varying the
Hartmann number 'M ' on temperature distribution is displayed in Fig.4. It is discovered that an increase in
Hartmann number 'M' diminishes the temperature distribution in the two-fluid regions. The greatest
temperature in the channel tends to move below the channel focus line towards the region—II as 'M ' increases
at the point when the remaining parameters are fixed. It is clear from these observations that the magnetic field
has a more noticeable effect on velocity distributions than the temperature distributions.

The effect of changeable Hall parameter ‘#’ on both primary and secondary velocity distributions
appears in Figs.5 and 6. It is noticed from Fig.5 that a rise in the Hall parameter increases the primary velocity
distribution in the two regions. This implies that the Hall parameter accelerates velocity of the fluids in the
primary fluid flow direction. But, it is evident from Fig.6 that an increase in ‘m’ up to the estimation of m =2
enhances the secondary velocity distribution and past this estimation it diminishes in the region-I. However,
in the region-II, an increase in ‘m’ up to the estimation of m =1 increases and from that point diminishes. This
kind of tendency may be due to the minimum retarding force acting along the y-direction that is created due
to the interaction of the applied magnetic field and the Hall current in electrically conducting fluids. So the
newness of the Hall current shown in this study is that it not only induces a cross flow (i.e., secondary flow)
transverse to the main flow(primary flow) but also makes it oscillatory. Likewise, it is observed that the greatest
primary and secondary velocity distributions in the channel tend to move over the channel centerline towards
the region I as 'm' increases. The cause of the variable Hall parameter ‘7’ on temperature distribution is shown
in Fig.7. It is seen in two regions that the temperature distribution increases with an increase in the Hall
parameter ‘m’. The most extreme temperature distribution in the channel tends to move over the channel
centerline towards the region-I as the Hall parameter ‘m’ increases.

The outcome of o , that is, the ratio of viscosities of the two fluids is shown in Figs.8 and 9. It is evident
from Fig.8 that an increase of o up to the estimation o0=0.9 rises the primary velocity distribution and from
there on diminishes in the two regions. It is observed from Fig.9 that an increase in « increases the secondary
velocity distribution in the two regions. The greatest primary velocity distribution in the channel tends to move
above the channel centerline towards the region-I as o increases and the most extreme secondary velocity
distribution in the channel tends to move beneath the channel focus line towards the region-1I as o increases.
The outcome of the viscosity ratio o, on the temperature distribution is shown in Fig.10. It is observed that a
rise in o diminishes the temperature distribution in the two regions. Moreover, the temperature distribution in
the channel tends to move over the channel centerline towards the region-I as o increases.

The significance of the variance of the height ratio ‘4’ on both primary and secondary velocity
distributions is illustrated in Figs.11 and 12. It is seen that an increase in ‘4’ increases both primary and
secondary velocity distributions in the two regions. The most extreme primary and secondary velocity
distributions in the channel tend to move over the channel focus line toward the region-1 as ‘4’ increases. The
impact of changing the height ratio ‘4’ on the temperature distribution is shown in Fig.13. It is seen in the
region-I that an increase in ‘A’ enhances the temperature distribution up to 2=0.9and from there on
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diminishes, but the temperature increases in region-I1. The most extreme temperature in the channel tends to
move over the channel centerline towards the region-I as ‘4’ increases.

The impact of the electrical conductivity ratio G, is shown in Figs.14 and 15. It is discovered that
there is an insignificant variation on both primary and secondary velocity distributions as O increases. The
maximum primary and secondary velocity distributions in the channel tend to move over the channel focus
line toward the region-I as O, increases. The effect of varying the electrical conductivity ratio G, on the
temperature distribution is shown in Fig.16. It is discovered that there is no minor departure from the
temperature distribution in the two regions as O, increases. The maximum temperature distribution in the

channel tends to move over the channel centerline towards the region-I as O, increases.
The effect of p, that is the ratio of densities of the two fluids is shown in Figs.17 and 18. It is found
that there is no significant variation in both primary and secondary velocity distributions as p increases. The

most extreme primary and secondary velocity distributions in the channel tend to move over the channel
centerline toward the region-I as p increases. Figure 19 shows the effect of p on the temperature distribution

in the two-fluid regions. It is discovered that there is not much critical departure from the temperature
distribution in the two regions as p increases. The greatest temperature in the channel tends to move over the

channel focus line towards the region—I as p increases.

The effect of the thermal conductivity ratio J on the temperature distribution is exhibited in Fig.20. It
is observed that an increase in B is to build temperature distribution in the two regions. The greatest
temperature in the channel tends to move over the channel centerline towards the region-I as 3 increases. This

indicates that the thermal conductivity ratio accelerates the fluids temperature towards the region-I.

The heat transfer coefficient rates against the Hartmann number are shown in Figs.21 and 22. It is
discovered that the rate of heat transfer coefficient increases as 'M ' increases at the point when the remaining
parameters are fixed. It is also found that an increase in the Hall parameter 'M 'up to specific estimation
diminishes the rate of the heat transfer coefficient and past this estimation increases the rate of heat transfer
coefficient at the upper plate, while the rate of heat transfer coefficient increases at the lower plate as the Hall
parameter increases exactly when all the other governing parameters are fixed.

5. Conclusions

A novel investigation of unsteady magnetohydrodynamic(MHD) heat transfer two-fluid flow of
ionized gases driven by a constant pressure gradient through a horizontal channel bounded by two parallel,
non-conducting plates under the influence of an applied transverse magnetic field with Hall effect is made.
The equations of motion, current and energy for the two-fluid flow regions are detailed. The resulting partial
differential equations are solved analytically by employing the regular first order perturbation method and the
solutions for both velocity and temperature distributions in the two-fluid regions are obtained. The heat transfer
rates at the plates are also expressed in the form of a non-dimensional Nusselt number. The effects of flow
parameters such as, the Hartmann number, the Hall parameter, the ratios of viscosity, density, height, electrical
conductivity and thermal conductivity on velocity and temperature fields are analyzed graphically. The main
findings of this study are summarized as follows:

e An increase in the Hartmann number diminishes the primary velocity distribution up to a specific
estimation of the parameter and from that point the velocity increases. Yet, the secondary velocity
distribution increases up to a specific estimation of the parameter and from that point diminishes as
the Hartmann number increases.

e An increase in the Hall parameter improves the primary velocity profile, while the secondary velocity
distribution increases up to a specific estimation of the parameter and from that point diminishes.

e A rise in the viscosity ratio raises the primary velocity distribution up to a specific estimation of the
parameter and from that point diminishes. However, the secondary velocity distribution increases.
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e Anincrease in height ratio raises the primary and secondary velocity distributions.

e Anincrease in the Hartmann number and viscosity ratio reduces the temperature distribution.

e An increase either in the Hall parameter or thermal conductivity ratio enhances the temperature
distribution.

e An increase in height ratio up to a specific estimation increases the temperature distribution and from
that point diminishes.

e Most of the extreme temperature in the channel, tends to move above the channel centerline towards
the region-I at the point when each one of the parameters increases except for the Hartmann number,
while the most extreme temperature in the channel tends to move below the channel centerline towards
the region—II as the Hartmann number increases.

e The rates of heat transfer coefficient at the upper and lower plates increase as the Hartmann number
increases.

e An increase in the Hall parameter up to a specific estimation diminishes the rate of heat transfer
coefficient at the upper plate and past this estimation it increases, while the rate of heat transfer
coefficient increases at the lower plate as the Hall parameter increases.

Nomenclature

A5, 4,,...a;,a;, ...
By, B,,...b;,by,...; — symbols/or functional relations considered in the equations and solutions
Dy, D, D;.

B, — applied uniform transverse magnetic field

B — magnetic flux density
Dy, D,, D; — symbols represented as D; =; +if,, D, =B; +iB,, D; =ic; +mo,

e — Electric charge
E., E, —applied electric fields in x- and z- directions respectively

h  —ratio of the heights of the two regions
;  — height of the channel in the upper region (Region-I)

eyl

h, — height of the channel in the lower region (Region-II)
I,.1;:1,,.I., —dimensionless current densities along x- and z-directions in two fluid regions

J,,J, —current densities in x- and z- directions, respectively
J — current density

K;,K, —thermal conductivities of the two fluids in region-I and region-II
m — Hall parameter

my,my,m; ... — symbols/or functional relations considered in the equations and solutions
m,, m, — dimensionless electric fields

M — Hartmann number

N;,N, — symbols represented as N; =m, +im. and N,=m,, +im_,

Nu;, Nu, - rate of heat transfer coefficients at upper and lower plates respectively
P —pressure
p. — electron pressure
q01-902-911-9;2 — complex notations represented for simplicity
;> 4m, — complex form of the mean velocities
Pr — Prandtl number
s — = pe/ p (ratio of electron pressure to the total pressure)
t, T —time, temperature
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— constant plate temperatures

— symbols used for simplicity as U; =q;/4,,,.Us =45/4m,

— complex conjugates of U;, U,

— primary velocity distributions in the two fluid regions

— primary mean velocity distributions in the two fluid regions

— primary velocity distributions in the steady state case in two fluid regions

— transient primary velocity components in the two fluid regions

2
_ b , characteristic velocity
ox U,

— secondary velocity distributions in the two fluid regions

— secondary mean velocity distributions in the two fluid regions

— secondary velocity distributions in the steady state case in two regions
— transient secondary velocity components in two regions

— space co-ordinates

— ratio of viscosities

B — ratio of thermal conductivities
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— viscosities of the two fluids

— electrical conductivities of the two fluids

— ratio of electrical conductivities

— modified conductivities parallel and normal to the direction of electric filed
— amplitude (a small constant quantity, € <<1)

— ratio of densities

— free charge density

— densities of the two fluids

— non-dimensional forms of temperature distributions of the two fluids

— temperature distributions under the steady state in the two regions

— temperature distributions under transient state in the two fluid regions

1, T, — mean collision time between electron and ion, electron and neutral particles
o — frequency of oscillation
0,,6, —modified conductivities parallel and normal to the direction of electric field
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