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In the article, the analytical dependences of modelling the cell cross-sectional area between two adjacent blades 
of a rotary blade pump and capacity for a pump with fixed and rotating stators are given, and analytical dependences 
are derived to model the power necessary to overcome the friction forces of the blades. The forces acting on the 
radially placed blade of a rotary pump with a fixed stator (non-rotating or stationary) and a rotating stator are 
analyzed. Design and technological parameters that influence the pump capacity and power are taken into account. 
The power required for the movement of the pump blade without taking into account the compression of the air has 
the opposite character of the change as to the pump capacity The capacity of a rotary pump with a rotating stator is 
three times higher than that of a stationary stator. The rotary pump with a rotating stator, with six radially spaced 
blades, consumes 0.854 [kW] less power to overcome the blade friction of [ ].  .1 313 kW  The results of modelling 
of the pump work are given. 
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1. Introduction 

 
The question of the design of rotary pumps is relevant. According to JARN 2017, the annual production 

of positive displacement rotary compressors and pumps alone exceeds 154.3 million pieces and grows by . %11 2  
annually [1]. Designs of rotary pumps are improved without changing the process of their work.  

Monasry et al. [2] calculated the basic design parameters and technological characteristics for a rotary 
pump without blades. They simulated the parameters and analyzed the power consumption of the drive. Lim 
et al. [3] determined the change in temperature, gas flow rate and mass flow rate through the end gaps of the 
rotor based on the simulation of gas flow in a rotary compressor using Mach number. The models were not 
tested experimentally.  

Soedel [4] investigated a rotary roller compressor-pump with forced rotation. Tramschek and Ooi [5] 
examined the capacity of a rotary blade pump depending on the design of the intake and exhaust windows. Ma 
et al. [6] and Dmytriv et al. [7] believe that the disadvantage of rotary pumps is the mechanical friction of the 
rotor-stator and the blade-stator, which takes up to %30  of the total power. Ma et al [6] claim that the friction 
power of the blade tip and the stator is . %81 2  of the mechanical friction force in pumps. The most difficult 
issue in research, which constrains the widespread use of rotary blade pumps is the power loss due to friction 
of the stator-blade and the reliability of this pair. Dmytriv et al. [8] and Mindaugas [9] stated that the pressure 
in the pump is lost due to the flow of air between the blade and the stator, and the coefficient of air friction is 
changed at significant flow rates. Many researches have studied the friction power loss and friction pair 
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reliability, in particular Wu et al. [10], Kong et al. [11], Sarip et al. [12], Kawamura et al. [13], Hu et al. [14]. 
Costanzo et al. [15] simulated the pressure and temperature of a rotary blade pump using the compression 
ratio. The compression ratio was determined by the ratio of the measured inlet and outlet values of pressures 
or gas flow rates. Dmytriv et al. [7] proposed the flow rate or pump capacity coefficient (aspect ratio) taking 
into account the geometric dimensions of the rotary blade vacuum pump. The analytical dependence of the 
pump delivery rate takes into consideration the dynamic parameters of the pump, in particular the speed, 
pressure change of pump operation or power consumption. 

In the first approximation, the distribution of forces of the "blade-stator" pair of the rotary pump can 
be identified with the work of bearing. Walicka et al. [16] considered the influence of the effects of complete 
inertia in the support bearing. Walicka et al. [17, 18] analysed the multi-lobed tapered bearing and determined 
its parameters based on Galerkin's method with an analysis of the power characteristics of the bearing. 
However, in this case, the mass and inertial components of the pump blade are not taken into account. 

A number of studies presented in scientific articles have attempted to determine the influence of the 
pump design on its technological characteristics. Mohammed et al. [19] used the ANSYS Fluent software and 
finite element simulation of the flow of the medium in the working chambers of the pump. Cheng et al. [20] 
used the CFD COMSOL to model the force of the main elements in different dynamic conditions and to 
monitor the flow of the medium in the pump. Kolasinski et al. [21] believe that the numerical method of pumps 
modelling provides the reproducibility of results. 

Therefore, it is important at the stage of improvement and development of rotary blade pumps to know 
the analytical model of its operation, which Petrović proved in [22]. Development of the analytical equations 
for modelling the characteristics of rotary blade pumps, which describe the design and technological 
parameters, and experimental study of the modelling results are issues of importance.  

 
2. Mathematical model of operation of the rotary blade pump  
 

The rotor-type pump works on the principle of filling with air and emptying the cells formed with two 
adjacent blades. The cross section of the cell changes due to eccentricity, the displacement of the rotor axis 
relative to the stator axis of the pump, and the angle of rotation of the rotor.  
 
2.1. The model of cell cross-sectional area of the rotary blade pump 

 
Let us consider the scheme of a rotary blade pump (Fig.1.) and determine the change in cross-sectional 

area of the cell when rotating the rotor with the blade at ϕ  angle. 
 

 
 

Fig.1. The scheme of cross-section of the rotor-type blade pump: 1О  – stator center; 2О  – rotor center. 
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The area of the cell formed by the radial plates can be calculated by the formula: 
 

  
,
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φ− β

= ⋅ ⋅ φ − ⋅ ⋅β . (2.1)  

 
From the scheme of the cross-section of the pump (Fig.1.) we can determine the radius vector: 

 
( ) cos cosR e Rρ φ = ⋅ φ + ⋅ γ   (2.2) 

 
where – ; .e R r R const= =   
To determine the angle γ  as a function of ( )fγ = ϕ  let us draw the scheme from Fig.1. (Fig.2.). 
 

 
 

Fig.2. Scheme for determining the γ angle between the R body radius and Rρ radius-vector  
 

To determine the angle γ   we can use the sine theorem (Fig.2.) 
sin sin

R e=
φ γ

, whence it follows:  

 

  arcsin sine
R

 γ = ⋅ φ 
 

. (2.3) 

 
Then Eq.(2.2) for the radius-vector we can write in the form of: 

 
  ( )( )( ) cos cos arcsin sinR e Rρ φ = ⋅ φ + ⋅ λ ⋅ φ   (2.4) 

 
where /e R=λ . 
We get the radius-vector formula after transformation in Eq.(2.4): 

 

  ( ) cos sin ( )2 2R e R 1ρ φ = ⋅ φ + ⋅ − λ ⋅ φ . (2.5) 
 

Taking into account Eq.(2.5), Eq.(2.1) will take the form of: 
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We reduce Eq.(2.6) to a convenient form for integration: 
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The result of integrating of Eq.(2.7) is as follows: 
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Using the formula of trigonometric transformation, we will replace the second item in Eq.(2.8) and 

integrate the third item, the result will be as follows: 
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For the convenience of modelling, we write Eq.(2.9) using symbols: 

 

  ( ) )(sin( ) cos( )
2

2 2
T 1 2
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2 2 2
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where С1, С2 are parts of integration: 
 

  sin sin sin sin2 2 2 2
1С 1 1

2 2 2 2
β β β β       = φ + ⋅ − λ ⋅ φ + − φ − ⋅ − λ ⋅ φ −       

       
, 

 

  arcsin sin arcsin sin2С 2 2
    β β   = λ ⋅ λ ⋅ φ + − λ ⋅ φ −       

       
. 

 
The results of modelling of the change in the cross-sectional area of the rotary pump cell depending 

on the ϕ  angle of rotation of the rotor with a different number of blades are shown in Fig.5. 
To model the capacity of the pump with a fixed stator and with the rotation of the stator, for vacuum, 

we use the existing dependences [7] and take into account the value of the pressure in the cell between two 
adjacent blades. The air is pumped out by a cell between two adjacent blades with a frequency corresponding 
to the rotor speed. The theoretical capacity of the pump without stator rotation when creating a vacuum, related 
to atmospheric pressure is calculated by the formula: 
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The theoretical capacity of the pump with rotating stator in vacuum mode, related to atmospheric 

pressure, taking into account the previous studies [7], is calculated as a function of: 
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max
T

T T p л р
T
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= ⋅ ⋅ ⋅ ω ⋅ .   (2.12) 

 
The results of modelling the capacity of a rotary pump with a fixed stator and with the rotation of the 

stator are shown on Fig.6. 
To evaluate the energy efficiency of the pump, we will develop a mathematical model of the drive 

power of the rotary pump for the non-operating stroke without taking into account the air pumping. 
 

2.2. Analytical dependence of power consumption by the rotary pump  
 
Rotary type-pump with fixed stator 

Let us consider the forces that are applied to the pump blade, which is placed radially (Fig.3.). The 
forces acting on the blade will be considered positive if they are directed from the center of the rotor. 

 

 
 

Fig.3. The scheme of forces acting on the radially placed blade of the pump. 
 

Reduced to the centre of mass of the blade, the resultant of all forces acting along the blade and the 
stator, is calculated by the formula: 

 
  cosbl c іbl рbl 2 gQ F F F f F= + ± ⋅ − ⋅ φ   (2.13) 

 
where cF  is the centrifugal force, which is positive at any point of the stator circle,  
 
  2

c bl blF m= ⋅ω ⋅ρ ,  (2.14) 
 

іblF  is the force of inertia of the blade, directed in the opposite to the acceleration,  
 

  
2
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іbl bl 2
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gF  is the force of gravity of the blade directed downwards, 
 
  g blF m g= ⋅ .   (2.16) 

 
 During the movement of the blade along the rotor slots, it is acted upon by the КblF  Coriolis force, 
which is calculated by the formula: 

 

  bl
Кbl bl

dF 2 m
dt
ρ

= ⋅ ⋅ ω⋅ .  (2.17) 

 
Taking into account the above parameters, the mechanical power consumption for the friction of the 

blade is calculated analytically at different positions. To do this, we compose the equation of the moments of 
forces acting on the blade during its movement around the stator circle without taking into account the force 
of air compression: 
 

  cos sin cos2bl
рbl bl bl bl bl st bl

dF 2 m Q f a Q a
dt
ρ

⋅ρ = ⋅ ⋅ω⋅ ⋅ρ + ⋅ δ ⋅ ⋅ ± ⋅ δ ⋅ δ ⋅ .  (2.18) 

 
The resultant force of (2.13) acting on the blade is written taking into account Eqs (2.14)-(2.17):  
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2
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Let us substitute the expression for рblF  of Eq.(2.18) into Eq.(2.19) and get: 
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The available value of Qbl in Eq.(2.20) is substituted into Eq.(2.18) and after the two parts are 

multiplied by Δϕ  (in radians), we get the dependence to determine the elementary work done to overcome the 
friction of the blade against the stator, in the slots of the rotor and on the cover:  
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Rotary-type pump with revolving stator 
In such a pump, the friction forces can be neglected provided that the linear speed of the blade at the 

point of contact with the stator is the same as the linear speed of the rotating stator at this point. The forces 
acting on the blade are different than in a pump with a fixed stator, they will be considered positive if they are 
directed from the center of the rotor (Fig.4.). 

The blQ  resultant force of all forces acting along the blade and on the stator, the cF  centrifugal force, 
which is positive at any point on the stator circle, the іblF   force of inertia of the blade, which is directed 
opposite to acceleration, and the KblF   Coriolis force created by the blade, the gF   gravity force of the blade, 
which acts downward, are determined, respectively, by the dependences of (2.13)-(2.17). 

The equation of mechanical power consumption is derived from the equation of moments of forces 
acting on the blade during its rotation together with the stator without taking into account the force of air 
compression: 

 

  sin cosbl
рbl bl bl bl bl

dF 2 т Q a
dt
ρ

⋅ρ = ⋅ ⋅ω⋅ ⋅ρ ± ⋅ δ ⋅ δ ⋅ .  (2.22) 

 
Let us substitute the expression for Fрbl of Eq.(2.22) into Eq.(2.19) and get: 
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Fig.4. The scheme of forces acting on a the radially placed blade of the pump with a revolving stator. 
 

The derived equation (2.23) for blQ  is substituted into Eq.(2.22) and, after both parts are multiplied 
by Δϕ   (in radians), we get the dependence for determining the elementary work, which is done to overcome 
the friction forces of the blade in the slots of the rotor and on the covers:  
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Pump drive power without air compression 

The power ( )kW  spent on the movement of the blade without air compression is calculated by the 
formula: 

 

  
2

3
0

 .
60 10

I ibl r
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Z nW L⋅= ⋅ Δ
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π

η
 (2.25) 

 
According to the schemes (Figs 1 and 2) we determine the values included in the analytical 

dependences of (2.21) and (2.24), which are functions of the ϕ   rotor angle. The a   distance is calculated by 
the formula: 

 
  cos sin2 2 2а е R e= ⋅ φ + − ⋅ φ .   (2.26) 

 
The distance from the centre of gravity of the rotor to the centre of gravity of the blade (radius-vector) 

is determined by the formula: 
 

  cos sin2 2 2
bl e R e h 2ρ = ⋅ φ + − ⋅ φ − .   (2.27) 

 
The speed of the blade: 
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Acceleration of the blade: 
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3. Results and discussions 
 

The cross-sectional area of the cell of the rotor blade pump (Fig.5) was modeled by the 
eccentricity of [ ].  ,e 0 01 m=  the rotor radius of [ ].  r 0 06 m=  and the internal stator radius of 

[ ].  .R 0 07 m=   
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Fig.5. The functional dependence of the TS   cross-sectional area of the cell between two adjacent blades of 

the rotor pump on the blZ  number of blades and the ϕ  angle of rotation of the rotor. 
 
An analysis of the change in the cross-sectional area of the cell between two adjacent blades of the 

rotor type pump depending on the number of blades and the angle of rotation of the rotor showed that the cell 
area is maximum .  2

TS 0 002749 m=  
   at ( )  0 360 180ϕ = ° ° °  and is minimal .  2

TS 0 001335 m=  
   at 

180ϕ = °  for a rotor with two blades. As the number of blades increases, the cross-sectional area of the cell 

between two adjacent blades decreases and is .  2
TS 0 0008188 m=  

   at ( ) 0 360ϕ = ° °  and .TS 0 0002729=   

at 180ϕ = °  for 8 blades (Fig.5.). 
The results of capacity simulation for pumps without stator rotation and with stator rotation are shown in 

Fig.6. The speed was in the range of –  1930 1430 min− 
   and the number of plates (blades) was taken from 2 to 8. 

 

 
(а)                                                                              (b) 

 
Fig.6. The results of modeling the TQ   theoretical capacity of a rotary blade pump depending on the blZ  

number of blades and the rп   rotor speed for non-rotating stator (a) and with the rotating stator (b). 
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The capacity of the pump at vacuum mode is increased with an increase of the rotor speed and with a 
decrease in the number of blades (Fig.6.). 

For two blades, the capacity of a rotary pump with a rotating stator is .2 43  times higher compared to 
a pump with a non-rotating stator. As the number of blades increases, the difference in pump capacity increases 
as well. For eight blades, the capacity of a rotary pump with a rotating stator is .3 86  times higher than that 
without a rotating stator. 

For modelling, the following parameters of the pump are accepted: eccentricity [ ].  ;e 0 01 m=  rotor 
radius [ ].  ;r 0 06 m=   the inner radius of the stator [ ].  ;R 0 07 m=  angular rotor speed [ ].  / ;r 149 67 rad sω =  
rotor length [ ].  ;pL 0 2 m=  blade height [ ].  ;h 0 032 m=   blade mass, expressed by force 

.  [ · / ;]2
blm 0 064 N s m=  blade friction coefficient . ;2f 0 15=  the number of blades blZ 6= ; radial placement 

of the blades. 
For a rotary blade pump with a non-rotating stator the power consumption to overcome the friction of 

the blades on the stator, in the slots of the rotor and on the covers is [ ].  .2 167 kW   
The rotary pump with a rotating stator with 6 radially spaced blades, will consume power to overcome 

the friction of the blades by [ ].  0 854 kW  less, which is [ ].  .1 313 kW   
 

Conclusions 
 
The developed mathematical model allows modelling the elementary work which is done to overcome 

the friction of the blade to the stator, in slots of the rotor and inside covers. The analysis shows that a rotary 
blade pump with a rotating stator is more efficient than a pump with a non-rotating or fixed stator. The capacity 
of the rotary pump with the rotating stator is three times higher than that of the non-rotating stator. The power 
consumed by the friction of the blades is [ ].  0 854 kW  lower. The service life of the pump is higher. Such a pump 
is much more efficient.  

 
Nomenclature  
 
 е  – eccentricity of the pump, [ ]m  
  2f  – coefficient of the blade friction along rotor slots  

 h  – blade height, [ ]m  
 рL  – rotor length, [ ]m  

 blM  – weight of the blade, · /2N s m 
    

 n  – polytropic coefficient for air ,n 1 41=   

 rп  – speed, 1min− 
    

 Rρ  – radius-vector, [ ]m   

 R  – inside radius of the stator (pump body), [ ]m  
 r  – rotor radius, [ ]m  

 max
TS  - maximal sectional area of cell between two adjacent blades, [ ]2m   

 min
TS  - minimal sectional area of cell between two adjacent blades, [ ]2m  

 t  – time, [ ]s   
 blZ  – number of blades, [ ].pcs   
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 η  – coefficient that takes into account the friction of the blades on the pump cover and the friction in 
the bearings, we take 0η =   

 β  – angle between two radial blades, [ ]rad  

 ϕ  – angle of rotor rotation (blade), [ ]rad  

 γ  – angle between the R body radius and radius-vector Rρ, [ ]rad   

 blρ  – spacing from rotor center to gravity center of the blade, [ ]m  

 ω  – angular velocity of the rotor, [ ]/rad s   

 rω  – rotor speed, [ ]/rad s  
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