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This work is devoted to the analysis of the linear temporal stability of a laminar dynamic boundary layer on a 
horizontal porous plane plate. The basic flow is assumed to be laminar and two-dimensional. The basic flow 
velocity profiles are obtained by numerically solving the Blasius equation using the Runge-Kutta method. The 
perturbations of these basic solutions are expressed in the form of three-dimensional Tollmien-Schlichting waves. 
The formulation of the stability problem leads to the Orr-Sommerfeld equation modified by the permeability 
parameter (Darcy number) and the small Reynolds number. This equation is given in a general form which can be 
applied to the Chebyshev domain and the boundary layer domain and solved numerically using the Chebyshev 
spectral collocation method. The marginal stability diagrams, the critical Reynolds numbers and the eigenvalue 
spectra are obtained for different values of the parameters which have modified the stability equation. Numerical 
solutions indicate the importance of the effect of these parameters on the flow stability characteristics.  

 
Key words: permeability parameter, small Reynolds number, linear temporal stability, boundary layer, modified 

Orr-Sommerfeld equation, spectral collocation method. 
 
1. Introduction 
 
 Research to improve aeronautical performance, reduce fuel consumption and reduce noise emissions 
is an important aspect within the scientific community interested in the development of aerodynamic vehicles. 
Thus, flow control and the problem of reducing drag and vortex instabilities are topical themes that are the 
subject of much research in several laboratories around the world. To this end, various flow control techniques 
have been used in order to control the flow; they fall into two broad categories: passive control and active 
control. Passive techniques are generally simple to implement and inexpensive, since they do not require an 
external input of energy; they mainly use geometric or physical characteristics to act on the flow [1, 2]. Active 
techniques require an external input of energy which must be as low as possible to optimize the energy 
supplied/energy gain ratio. They use information relating to the flow to adapt its action [3, 4], such as for 
example control by injection or aspiration.  
 Among the research work carried out with active control on the study of the temporal linear stability 
of a flow, we can mention among others Ming-Liang et al. [5] who derived the parabolized stability equation 
(PSE) to study the linear stability of the charged particle flow in the growing Blasius boundary layer. The 
stability characteristics for various Stokes numbers and particle concentrations were analyzed after solving the 
equation numerically using the perturbation and finite difference method. Adding fine particles reduces the 
critical Reynolds number while adding coarse particles improves it. The stabilizing and destabilizing effect of 
the particles depends monotonically on the concentration of the particles, but not monotonically on the Stokes 
number.  
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 Seth et al. [6] studied the Hartmann flow of an electrically conductive incompressible viscous fluid in a 
rotating system in the presence of an inclined magnetic field. Expressions for the shear stress at the channel plates 
due to the primary and secondary flow rates and mass flow rates in the primary and secondary flow directions 
are derived. They found that maximum velocity profiles occur near the channel walls which indicates the 
formation of boundary layers near the walls. It has been noticed that the magnetic field decreases the temperature 
of the fluid while the rotation, the Hall current, the tilt angle and the Prandtl number increase it.  
 Hinvi et al. [7] have studied the effect of the small suction Reynolds number on the stability of the 
fluid flow between two horizontal fixed porous parallel plates. They showed that the instability of the disturbed 
flow is governed by an equation called the modified Orr-Sommerfeld equation and found that the small 
Reynolds number of suction/injection makes the flow more stable.  
 Monwanou et al. [8] studied the effects of the small injection/suction Reynolds number, the Hartmann 
parameter, the permeability parameter and the wave number on an electrically conductive incompressible 
viscous fluid flow, in porous parallel plates forming a channel. Through a suitable equation called the modified 
Orr-Sommerfeld equation, they found that the small injection/suction has a negligible effect on the linear 
temporal stability of Couette's hydromagnetic flow. They noticed that the permeability parameter (Darcy 
number), the Lorentz force (the Hartmann parameter) and the wave number contribute to the temporal linear 
stability of Couette's hydromagnetic flow. 
 Hatziavramidisand and Ku [9] developed a Chebyshev integral expansion method, based on the 
pseudo-spectral approximation (collocation) for the solution of boundary value problems expressed by ODEs. 
The method has been applied to problems arising from the linear stability analysis of two parallel shear flows, 
the Poiseuille plane flow and the Blasius boundary layer flow. From the application it is evident that this 
method, in addition to the uniform convergence and high precision characteristics of spectral methods, has the 
capabilities to deal directly with general type boundary conditions and is easier to perform. 
 Nasr and El-Hawary [10] proposed an expansion procedure using Chebyshev polynomials using the 
El-Gendi method, which gives more precise results than those calculated by Hatziavramidisand, from the 
resolution of the Orr-Sommerfeld equation for the plane Poiseuille flow and the Blasius velocity profile. This 
method is accomplished by starting with the Chebyshev approximation for the highest order derivative and 
generating approximations of the lower order derivatives by integrating the highest order derivative.  
 Laouer et al. [11, 12] studied the hydrodynamic linear stability of the external flow on a flat plate with 
suction or wall blowing. The flow is assumed to be a similar to a two-dimensional laminar boundary layer 
flow. The average speed profiles are obtained numerically for the case of suction or blowing. The eigenvalue 
problem associated with the Orr-Sommerfeld stability equation is solved with great precision using the 
Chebyshev spectral collocation method. The digital solutions facilitate the construction of complete neutral 
stability curves and the determination of the stability characteristics for a wide range of permeable wall 
intensities from strong blowing to strong suction.  
 A spectral method of general mathematical framework was considered by Dongarra et al. [13] and 
Melenk et al. [14] for hydrodynamic stability problems. They analyzed the Orr-Sommerfeld equation provided 
with homogeneous boundary conditions. Reddy et al. [15] also studied the pseudospectrum method and the 
numerical range of this Orr-Sommerfeld operator. 
 Hifdi et al. [16] presented a temporal linear stability analysis of a developing channel flow. They used 
the Chebyshev spectral collocation method to solve the Orr-Sommerfeld equation and considered, for the 
average flow, an analytical solution. The results of the stability study depend essentially on the shape and the 
amplitude of the velocity profiles imposed at the entrance of the channel.  
 In the present paper, we have studied the effects of the control parameters on the temporal linear 
stability of a dynamic boundary layer (flow of a viscous incompressible fluid) on a horizontal fixed porous flat 
plate. This plate is subjected to a bottom injection speed and the thickness of the boundary layer is subjected 
to a suction speed. We used on the one hand the Blasius equation for the basic flow and, on the other hand, a 
new approach based on a derivative of a stability equation called the “modified Orr-Sommerfeld equation”. 
This derivative of the equation is solved numerically to deal with the problem of temporal linear stability. 
 The paper is organized as follows: Section 2 deals with the modified Orr-Sommerfeld equation, 
allowing to study the temporal linear stability. Section 3 indicates the method used, that is the Chebyshev 
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spectral collocation. In Section 4 the results and discussions are given and the effects of the control parameters 
Kp  (permeability parameter or Darcy number) and Reo  (small injection/suction Reynolds number) are 
analyzed. The conclusion is given in the last section. 
 
2. Mathematical formulation 

 
Basic flow 
 For the basic flow, the fluid is assumed to be Newtonian, incompressible and a two-dimensional 
laminar flow. The system of equations is described by considering the boundary layer approximation and 
neglecting the permeability parameter and the suction / injection rate. The basic flow velocity is simulated by 
solving the dimensionless Blasius equation: 
 
  ,2F F F 0′′′ ′′+ =   (2.1) 

 
with the boundary conditions: 
 

  

( ) ( ) ( )

( ) ( )

with at the wall ,
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 (2.2) 

 
Linear stability 
 For the study of linear stability, we established a new model of stability equation: 'Modified Orr- 
Sommerfeld equation' assuming a three-dimensional (3D) flow according to the physical model below: 
 

 
 

Fig1. Physical model. 
 
The continuity and momentum equations for an incompressible Newtonian fluid are given by: 
 
  V 0∇ = ,  (2.3) 
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t K
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 (2.4) 
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where ( ), ,V u v w  is the velocity. 
We introduce the following additional quantities: 
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Following to the axis X, Y et Z, equations (2.3) and (2.4) give : 
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For the analysis of stability, one superposes on the basic flow U parallel, a perturbation represented by 

( )’ , , ,u x y z t , ( )’ , , ,v x y z t , ( )’ , , ,w x y z t , ( )’ , , ,p x y z t  with:  
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Equations (2.6)-(2.8) give: 
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 The perturbations have the form ( ) ( ) ( ); ; ; ,f x y z t f y expi kx z t= + ξ − α′   where f ′  represents each of 

’, ’, ’ ’u v w p∨  and f  the amplitude; ( )k x cos= β = β θ  and ( )z sinξ = β = β θ  are numbers of waves, 

respectively, following the directions of the axes x  and z ; kcα =  is the frequency of the wave; 2i 1= − , 
( ); ,x c cr iciθ = β β = +  is the complex speed, k ∧ ξ  are real numbers due to temporal analysis. We have then: 
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From Eqs (2.12) and (2.14), one obtains: 
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where D is the Chebyshev’s spectral differentiation matrix. From Eq.(2.13), we derive the pressure gradient 
which we replace in the relation Eq.(2.15): 
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Equation (2.17) can be written as: 
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with the boundary conditions:  
 
  ( ) ( ) ( ) ( )' 'v 0 v y v 0 v y∞ ∞= = =    . (2.19) 
 
Equation (2.18) is that of modified stability, here called the Orr-Sommerfeld 
equation modified by the permeability parameter pK  and the small Reynolds number e0R . It can be written 
in the form of an eigenvalues equation:  
 
  H cGϕ = ϕ  (2.20) 
 

where c and 
´
vϕ =  are respectively eigenvalues and eigenfunctions; H and G are matrix differential operators:  
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  ( )2 2G ik D= − − β .  (2.22)  
 
3. Numerical method 
 
Mean flow solution  
 For the numerical resolution of the base flow velocity profile U, its first derivative U’ and its second 
derivative U”, we used the fourth-order Runge-Kuta method. Thus, we have written the third order equation 
Eq.(2.1), with the boundary conditions Eq.(2.2), in three first order equations that we have treated in the Fortran 
environment. 
 
Spectral method solution 
 To solve our new model (modified Orr-Sommerfeld equation) and make this work numerically 
reliable, we used Chebyshev’s spectral collocation method which is better suited for linear stability studies. 
This method is well detailed in [17, 19].  
 So, to leave the domain of Chebyshev 1 z 1− ≤ ≤  for that of the boundary layer 0 y y∞≤ ≤ , we made 
the following transformations:  
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with D̂ , the new differentiation matrix. 
 

  
for ,
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So the modified Orr-Sommerfeld equation Eq.(2.18) can be rewritten as a new eigenvalue equation:  
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with ϕ̂  the discrete eigen function; Ĥ  and Ĝ , matrix differential operators: 
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where I  is the identity matrix of order M×M. 
 The problem of generalized eigenvalues Eq.(3.4) linked to the boundary conditions Eq.(2.19) in the 
boundary layer is solved using the QZ algorithm. This algorithm makes it possible to calculate the neutral 
stability curve, for a given average speed profile U(y), by finding the values of k and of Re at which c is real; 
from where ci 0= . 
 
4. Results and discussion 

 
Basic flow velocity profile 
 Figure 2 represents the variations of the dimensionless velocity and their first and second derivatives 
of the base flow as a function of the dimensionless coordinate y.  
 

 
 

Fig.2. Speed profile. 
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Stability analysis results 
 Figure 3 represents the stability curves of the flow for some values of the imaginary part (ci) of the 
wave propagation speed. These stability curves are presented in the form of contour plots in the ( );kR  plane. 
This figure shows that the interior of the neutral marginal curve ( )ci 0=  is unstable ( )ci 0>  and its exterior 
is stable ( )ci 0< . This is done for pK 7199=  and Reo 0=  (Fig.3(a)), for pK 7199=  and e0R 2=  (Fig.3(b)) 
and for .pK 0 04=  and e0R 0=  (Fig.3(c)) with 0F 0=  in each case . 
 Figure 4 also represents the curves of marginal stability of the flow for some values of the permeability 
parameter pK  with e0R 0=  and 0F 0= . Each curve in this figure separates the stable area from the unstable 
area of the flow.  
 Note that the increase in the permeability parameter causes a widening of the instability zone. This 
increase causes a gradual decrease in the Reynolds number R  and a gradual increase in the k  wave numbers, 
which makes the flow more unstable.  
 We also notice that there is a threshold ( )pK 7199=  of the values of pK , from which the zone of 
instability becomes invariant, i.e. the Reynolds and wave numbers are constant (Tab.1.).  
 
Table 1. Critical flow parameters with the effect of pK , for e0R 0=  and .0F 0=  
 

pK   0.04 0.1 0.3 1 7198 7199 10 000 1 000 000 000 
Rec  7590.1 2454.1 1053.9 665.9 531.3 531.2 531.2 531.2 
kc  0.1525 0.2135 0.2570 0.2870 0.3025 0.3030 0.3030 0.3030 

 
Table 2. Comparison of ecR  with or without Kp effect, for e0R 0=  and .0F 0=   
 
 present  

results  
present  
results  

Laour et al. 
[11, 12] Boiko et al. [21]  Venkatasobbaiah and 

Sengupta [20] 

p

1
K

 not 
neglected neglected neglected neglected Neglected 

Rec 531.2 520.06 519.4 520 519.018 
 
 Thus, pK 7199∀ ≥ , the domain of instability is constant and the critical Reynolds and corresponding 
wave numbers are .ecR 531 2=  and .kc 0 303= , respectively.  
 It is therefore retained here that the permeability parameter (Darcy number) plays the role of injection 
(increase in instability) in the hydrodynamic boundary layer on a porous flat plate.  
 Moreover, when we compared this critical value .ecR 531 2=  to those of the literature, we noted that there is 

a difference (Tab.2.); which is quite normal. This difference is due to the fact that the coefficient 
p

1
K

 of 

Eq.(2.18) cannot be zero , ;p
p

1 0 K 0
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 
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 

 ), we found .ecR 520 06=  which is in good 

agreement with the results of the literature where the effect of the Darcy number is not considered (Tab.2.). 
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 Figure 5 illustrates the effect of the small Reynolds number on the temporal linear stability which is 
highlighted. Thus, for pK 7199=  and 0F 0= , the increase in the small Reynolds number ( )eoR  leads to a slight 
reduction in the zone of instability (Fig.5(a)); this reduction is clearly observed in the zoomed part (Fig.5(b)). 
 Similarly, for .pK 0 04=  and 0F 0=  (Fig.6.), the zone of instability is contracted by the effect of the 
small Reynolds number (Fig.6(a)), which is quite clear in Fig.6(b). It is therefore maintained here that the small 
Reynolds number plays the role of suction (reduction of instability) in the hydrodynamic boundary layer.  
 Figure 7 represents the spectrum of eigenvalues for pK 1= , e0R 0=  (Fig.7(a)); for pK 50= , e0R 0=  
(Fig.7(b)) and for pK 1= , .e0R 0 5=  (Fig.7(c)); with 0F 0= , eR 1000=  and .k 0 2=  in each case. 
 
a)  

c)  

  
Fig.3. Stability curves for different values of ci : a) pK 7199=  and e0R 0= ; b) pK 7199=  and e0R 2= , 

c) .pK 0 1=  and e0R 0= . 
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Fig.4. Marginal stability curves for e0R 0= , 0F 0=  and varying pK . 
 
 Here, the maximum values of ci  for the three spectra ((Fig.7(a): . .c 0 569234 0 00339i= + ); (Fig.7(b): 

. .c 9 50 0 43610i= + ); (Fig.7(c): : :c 0 572231 0 000997i= + )) confirmed the results according to which the 
permeability parameter pK  contributes to the widening of the instability zone of the dynamic laminar 
boundary layer and the small Reynolds e0R  number, its reduction. 
 
a) b) 

 
  

Fig.5. Marginal stability curves for pK 7199= , 0F 0=  and varying e0R . 
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a) b) 

  
Fig.6. Marginal stability curves for .pK 0 04= , 0F 0=  and varying e0R   

 

 
 

Fig.7(a). Eigenvalue spectra for pK 1=  and e0R 0= . 
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Fig.7(b). Eigenvalue spectra pK 50=  and e0R 0= . 
 

 
 

Fig.7(c). Eigenvalue spectra pK 1=  and .e0R 0 5= . 
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5. Conclusion 
 
 In this work we have studied the linear temporal stability of a dynamic laminar boundary layer on a 
horizontal permeable flat plate received an injection/aspiration speed. We assumed the laminar and two-
dimensional base flow and obtained the base velocity profiles numerically by the fourth-order Runge-Kutta 
method applied to the Blasius equation. The formulation of the stability problem leads to the Orr-Sommerfeld 
equation modified by the permeability parameter (Darcy number) and the small injection/suction Reynolds 
number. This equation is solved numerically by Chebyshev's spectral collocation method. This method allowed 
us to obtain the diagrams of marginal stability, the critical Reynolds numbers and the spectra of the eigenvalues 
for different values of the permeability parameter and the small imposed Reynolds number. The numerical 
solutions allow us to claim that the increase in the permeability parameter makes the dynamic boundary layer 
more unstable while the increase in the small Reynolds number makes it stable. 
 
Acknowlegments 
 
The authors thank The World Academy of Sciences (TWAS) for financial support through Research Grant 
Agreement N° 20-307 RG/PHYS/AF/AC_G-FR3240314170. The authors would like to thank very much the 
anonymous referees whose useful criticisms, comments and suggestions have helped improve the content and 
the quality of the paper. 
 
 Nomenclature  
 
 c cr ici= +  – wave velocity (complex eigenvalue) 

 D
y

∂=
∂

 – Chebyshev spectral differentiation matrix 

 D̂  – differentiation matrix in boundary layer domain 
 F  – non-dimensional stream function 
 0F  – initial value of F 

 F U′ =  – mean velocity nondimensional profile 
 'F U′′ =  – the first derivative of velocity 
 ''F U′′′ =  – the second derivative of velocity 
 ,G H  – differential operators 
 I  – identity matrix 
 ,k ξ  – the wave numbers respectively on x and z axis directions 
 ck  – the wave critical number 

 L  – plate length or maximum value of x  
 P  – non-dimensional pressure 
 ’P  – perturbation pressure 
 eR  – hydrodynamic Reynolds number 

 ecR  – Reynolds critical number 

 e0R  – injection/suction Reynolds number 

 t  – time dimensional 
 t – time non-dimensional 
 eU  – maximum dimensional velocity of the base flow in the ox direction 

 0V  – injection/suction velocity in the oy direction 
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 0W  – dimensional velocity of the base flow in the ox direction 

 , ,u v w  – dimensional velocity in the ox, oy and oz directions respectively 
 , ,U V W  – dimensionless velocity in the x, y and z directions respectively 

 V  – velocity vector in the x,y,z directions respectively 
 ', ', 'u v w  – perturbations velocity 
 , ,u v w    – fluctuating components or the speeds ' 'u v  and 'w  respectively 
 , ,x y z  – dimensional cartesian coordinates 
 , ,X Y Z  – dimensionless cartesian coordinates 
 y∞  – maximum dimensionless value of y 

 α  – the frequency of the wave 
 β  – wave number function of k and ξ 

 ρ  – density of fluid particle, ( ). 3kg m−  

 ∇ = , ,y z∂ ∂  – nabla operator 

 ϕ  – amplitude function 
 δ – boundary layer thickness 
 ( ),kθ = ξ  – angle 

 μ  – dynamic viscosity, (Pa.s) 

 υ – kinematic viscosity, ( ).2 1m s−  

 ∀  – for all 
 ∈  – belongs to 
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