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This work investigates the effects of radiation and Eckert number on an MHD flow with heat transfer rate near a
stagnation-point region over a nonlinear vertical stretching sheet. Using a similarity transformation, the governing
equations are transformed into a system of ordinary differential equations which are solved numerically using the sixth
order Runge-Kutta method with shooting technique. Tabular and graphical results are provided to examine the physical
nature of the problem. Heat transfer rate at the surface decreases with radiation, Eckert number and as radiation
increases, the flow temperature also increases for velocity ratio parameters ¢ </ and ¢ >1.
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1. Introduction

Magnetohydromagnetic flow over a vertical flat plate is an important phenomenon in fluid mechanics
because of its applications in engineering and industries including magnetohydynamic power generators,
magnetohydrodynamic pumps, nuclear reactors, aerodynamics heating, electrostatic precipitation, polymer
technology, petroleum industry, purification of crude oil, fluid droplets and sprays; biological problems like
blood flow problems. Stagnation-point flow and heat transfer on a stretching sheet arise in practical
applications like cooling of electronic devices and nuclear reactors, polymer extrusion, drawing of plastic
sheets, etc. The study of magnetohydrodynamic flow near a stagnation-point flow on a stretching sheet has
attracted the interest of many researchers in recent years. Alli ef a/. [1] studied a steady laminar, MHD mixed
convection stagnation point flow of an incompressible fluid over a vertical stretching sheet using an implicit
finite difference scheme. Akyildiz and Siginer [2] used the Galerkin- Legendre spectral method for the velocity
and boundary layer of a flow and heat transfer over a nonlinearly stretching sheet. Asraf et al. [3], Dhanai et
al. [4] and Mabood et al. [5] analyzed the boundary layer flow and heat transfer on a nonlinearly
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shrinking/stretching sheet immersed in a nanofluid. Akyildiz et al. [6] studied the similarity solution of the
boundary layer equations for a nonlinearly stretching sheet. Das et al. [7] and Makinde et al. [8] investigated
the buoyancy effects on an MHD stagnation point flow and heat transfer of a nanofluid past a convectively
heated stretching/shrinking sheet. Makinde [9] investigated the heat and mass transfer of an MHD mixed
convection stagnation point flow towards a vertical plate embedded in a highly porous medium with radiation
and internal heat generation. Ishak et al. [10] studied a steady, two dimensional, MHD stagnation point flow
towards a stretching sheet with variable surface temperature using a finite difference scheme known as Keller-
Box method. Ishak er al. [11] studied a two dimensional NHD flow of a viscous, incompressible and
electrically conducting fluid over a stretching vertical surface with constant wall temperature using the Keller-
box method. Also, Khan et al. [12], investigated viscous dissipation effect on an MHD stagnation point Ferro
fluid flow and heat transfer towards a stretching sheet. The work by Shen et al. [13] studied the problem of an
MHD mixed convection stagnation-point flow on the nonlinearly vertical stretching sheet in the presence of
buoyancy force, suction/injection parameters and boundary slip using the homotopy analysis method. Shateyi
and Makinde [14] investigated the effects of viscous dissipation on a hydromagnetic stagnation-point flow
towards a radially stretching convectively heated disk. Shateyi and Marewo [15] studied the MHD mixed
convection stagnation-point flow and heat transfer of an incompressible viscous fluid over a vertical stretching
sheet.

This work extends the work of Shen et al. [13] by considering the effects of the radiation parameter
and Eckert number on an MHD flow with heat transfer rate near a stagnation point on a nonlinear vertical
stretching sheet.

2. Materials and method

This work considers a steady, MHD, two-dimensional viscous, incompressible, electrically conducting
flow near a stagnation point over a nonlinear vertical stretching sheet with the radiation parameter and Eckert
number. The flow is confined to the region y >0, where y is the coordinate measured normal to the stretching

sheet. The fluid is considered to be influenced by a transverse uniform magnetic field B, normal to the surface
y =0. The flow model along with the coordinate system is shown in the figure below.

Fig.1. Physical model and coordinate system.

It is assumed that the sheet stretches with velocity u,(x) = cx™ and the external velocity is prescribed
as u.(x) = ax™ where a and c are positive constants. The constant m is the nonlinearity parameter with m = /
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for the linear case and m #/ for the nonlinear case. Under the boundary layer approximation, the basic
continuity, momentum and energy equations describing the flow are

6_u+@:0, (2.1)
ox Oy
2 2

ua—u+va—u=ue du, +v8—u+GB (x)(ue—u)+gB(T—Tw), (2.2)
ox Oy dx 6y2 p

or  or) o°T @ ou)
Cplu—+v— =——i+u e (2.3)

ox oy 8y2 oy oy

is the
free stream or external velocity, p 1is the fluid density, o is the electrical conductivity, B(x) is the transverse

where u and v are the velocity components in the x and y directions, Vv is the kinematic viscosity, u,
magnetic field, g is the acceleration due to gravity, B is the thermal expansion coefficient, 7 is the fluid

temperature, c, is the specific heat at constant pressure, k is the thermal conductivity of the fluid under
consideration, ¢, is the radiative heat flux and p is the dynamic viscosity.

The relevant boundary conditions are

uzuw(x)+2;ka0%, v=v,(x), g_::_qu(X) at y=0, (24)
u—)ue(x), T—>T, as y—>w© 2.5)

where G, is the tangential momentum accommodation coefficient, A, is the mean free path, v,(x) is the

suction (or injection) velocity, k is the thermal conductivity and g.(x) is the surface heat flux, o is the
electrical conductivity.
We introduce the following similarity variables in the transformation

(m=1) (m+1)
£(n), —
n=y (gjx 2, y= Javx 2 " and 0= (gj % (2.6)
Vv v/ qox

where  is the stream function. Equation (2.1) is satisfied by introducing v such that

uzﬁ and v=—a—w. 2.7
oy ox

Using the similarity variables in Eq.(2.6), the x and y velocity components are given as

(m—1)
u=ax"f'(m=uf (n), v=—Javx 2 H’”;’jf(n){’”T"jnf'(n)}. (2.8)

To obtain similarity solutions, B(x), v, (x) and g,,(x) are taken as
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m—1 m—1 Sm-3
B(x)=B,x 7 , v, =Y+ 2.9)

1%} w P X S, qw(x):q()x 2

where By, S and gy are constants. It should be noted that § > 0 corresponds to injection and S < 0 corresponds
to suction. Substituting Eq.(2.6) into Eqs (2.2) and (2.3), the following nonlinear ordinary differential equations
are obtained

f"'+(M+1)f"+m(]—f'2)+M(1—f')+x9:0 : (2.10)
i(1+iRdj9"—(m+]jf9'—(2m—1)f'9+Ec (f"?6=0 (2.11)
Pr 3 2 ' '

Subject to the boundary conditions (2.12) and (2.13) below
£(0)=5S, f(0)=e+f(0), 0(0)=-1, (2.12)
(@)1, 06(0)—>0, f(©)>0 as mn—ow© (2.13)
where m is the non-linearity parameter, M is the magnetic parameter, A is the mixed convention parameter,

€ is the velocity ratio parameter, Pr is the Prandtl number, Rd is the radiation parameter, Ec is the Eckert
number. Note that Rd = Ec =0 correspond to the work of Shen et al. (2015).

T, (x)

The skin friction coefficient C; and the local Nusselt number Nu, are defined as Cy =——~ and
pu,
. 0 .
Nu, = xqw—(x) respectively, where the surface stress 7, (x) = u[—uJ and g,,(x) is the wall heat flux
k(TW - Too) y=0
given by Eq.(2.9). Similarity variables (2.6) are also used to obtain
1 ! ]
RelC,=f(0) and Re,?Nu,=——. (2.14)

0(0)

Solving the coupled non linear differential Eqs (2.10), (2.11) together with the boundary conditions
(2.12) and (2.13) numerically by using the sixth order Runge-Kutta method with shooting technique for some
values of the thermo physical parameters involved in the present problem, some graphical results are obtained
and discussed in section 3 below.

3. Results and discussion
From the tabular results, Tabs 1 and 2 it follows that the values of skin friction f"(0) and the heat

1 . - .
transfer rate at the surface % decrease with radiation parameter (Rd) and Eckert number (Ec). It is also

observed that the values of f"(0) are negative for the velocity ratio parameter € >/ which indicates that the
sheet exerts a drag force on the fluid. For the velocity ratio parameter € </, the values of f"(0) are positive
which indicates that the formation of the boundary layer depends solely on the stretching sheet. However, the
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heat transfer rate at the surface % increases positively with the nonlinearity parameter m which means that

the heat is transferred from the hot sheet to the cold fluid. In Figs 2-3, larger values of the radiation parameter
Rd give larger heat energy into the flow field leading to a rise in temperature. In addition, the flow has a
boundary layer structure, when the velocity ratio parameter € </ and the nonlinearity parameter m>/ but
the stretching velocity u,,(x) of the surface exceeds the velocity u,(x) of the external stream when &>/ and

m>1.In Fig.2, the thickness of the velocity boundary layer decreases with Rd for both cases of velocity ratio
parameters € =0.1/ < [ and ¢ =2> [.

Table 1. Computation showing values of f "(0) and % with m, M, Pr, Rd, Ec, S and ¢ as prescribed

parameters when €< /.

m| M |\ Pr |Rd |Ec | 5 | & [8 110 L

0(0)

061 7.0 | 1.0 | 072 101 (07 | 05 |01 [ 035 | 043324755 | 0.68412902
08 1.0 | -0 | 072 |01 lo1 |05 |o1|05]| 060714450 | 0.86084261
10|10 | -0l o2 o1 lor]os |or|os]| 07261082 | 1.01790207
20020 | -10 | 072 | o1 o1 | o5 | o1 os| 095718484 | 1.63433990
20000 -10 072 {0101 05 o105 090576027 | 1.61412314
20020 | -10 | 072 [ o1 o1 05 [ 01|05 095726039 | 1.63487739
20030 -10 072 o1 lor |05 |or]|os| 103306651 | 166398763
20050 -10 072 {0101 05 {0105 108796821 | 1.68396574
200202007201 or |05 |01 05| 087744021 | 160540587
20070 | -10 | 072 [ o1 o1 o5 {0105 095778612 | 1.63865204
20020 00 | 072 o1 or |05 o105 | 1030271 | 166863926
20020 10 | 072 {01 lor | 05 [ o105 110131988 | 1.69604385
20070 20 | 072 o1 or | o5 |or|os| rissse018 | 172134146
200720 | -10 | 072 [ o1 o1 | 05 {0105 | 095718484 | 1.6343399
2002010 1 |orlor |05 o105 097649466 | 1.98069122
2002010 3 |orlor| o5 |or|os| roi3suse | 392349716
20070 10| 5 orlor | o5 {o1]|os]| 102199885 | 555620749
200720 | -10 072 0 o1 |05 |or|os| 096512313 | 175767413
20020 | -10 072 1 lor |05 {0105 089392320 | 1.08441954
20070 | -10 o072 | 3 o1 |os |or|os| 078658728 | 072184243
20070 10072 5 o105 |o1]o0s]| 070912058 | 05903847
20070 | -10 1072 | o100 | 05 |01 05| 095765482 | 1.64280403
20020 | -10 072 o1 10|05 o105 | 095268695 | 155774536
200720 | -10 1072 | o130 05 01|05 ]| 094059360 | 138485403
20070 | -10 072 {0150 05 |01 05| 092443242 | 12083549
20020 | -10 | 072 [ o1 o1 |-10 01|05 05382521 | 0.72608092
200720 | -10 | 072 [ o1 o1 |-05]01] 05| 070838863 | 1.00907493
20020 | -10 | 072 [ o1 o1 | 00 |01 05| 084383107 | 131047035
20020 | -10 | 072 [ o1 o1 05 {0105 095726039 | 1.63487739
20070 | -10 1072 [ o1 lor | 10 {0105 | 10529059 | 1.98108745
20020 | -10 1072 o1 o |05 o1 o | 20020219 | 137106676
20070 | -10 072 [ o1 o1 | 05 {0105 | 095718484 | 1.6343399
20020 | -10 072 [ o101 |05 {o1]| 1 | 061605802 | 17004017
20070 | -10 1072 [ o1 lor | os {01 3 | 025197991 | 1.76350408
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Table 2. Computation showing values of f "(0) and ﬁ with m, M, Pr, Rd, Ec, S and ¢ as prescribed

parameters when > /.

M M Pr |Rd |Ec | 5 | ¢ £'(0) 4
0(0)

061 1.0 | -0 | 072 |01 |01 | 05 | 2| 05 | -123320442 | 0.84676021
08l 1.0 | -10 1072 o1 lo1 | o5 | 2|05 | -1.19285255 | 106868916
10|10 | -1o {072 o1 lor | o5 | 205 | -118629736 | 1.25772956
20020 | -10 | 072 | o1 o1 | 05| 2| 05| -124453308 | 1.96339134
20000 | -10 1072 o1 or |05 | 2l os| -12161884 | 1.97310656
20020 | -10 | 072 [ o1 o1 | o5 | 2| 05| -124450448 | 1.96372378
20030 | -10 072 | o1 o1 |05 | 2| 05| -1.29106348 | 1.94878452
20050 | -10 | 072 [ o1 lor | os | 2| 05| -132830397 | 1.93732300
200720 | 20072 o1 o1 |05 | 2l 05| -12038786¢4 | 1.94769676
20020 | -10 072 | o1 o1 | 05| 2| 05| -1.24430614 | 1.96625134
20020 00 | 072 o1 o1 |05 | 2| 05| -119659273 | 1.98386222
200720 10 | o722 o1 lor | os | 2l 05| -115054158 | 2.00063683
200720 20 | 072 | oror |05 | 2l 05| -1.10598854 | 201666415
20020 | -10 072 | o1 o1 | 05| 2| 05| -124453308 | 1.96339134
20070 10| 1 lorlor|os | 2l os| -123167007 | 239532219
2002010 3 |orlor|os | 2l os| -120772220 | 478056534
20070 |10 5 |orlor|os | 2{ 05| -120271982 | 672050059
20000 | -1olo72] 0 (o105 | 2l os | 12300710 | 211724772
20070 | -10 o072 | 1 o1 |05 | 2l 05| -1.28784764 | 1.27909914
20020 | -10 072 | 3 o1 |05 | 2l 05| -136383125 | 083105127
20020 | -10 072 | 5 o1 |05 | 2{ 05| -142050867 | 0.66816274
200720 | -10 072 o1 oo | 05| 2l 05| -1.24422719 | 1.97389495
200720 | -10 072 o1 10| 05| 2l 05| -1.24747310 | 1.86791895
20020 | -10 | 072 | o130 05| 2| 05| -125551243 | 1.64905882
200720 | -10 | 072 [ o150 05| 2| 05| -1.26667252 | 1.41883920
20020 | -10 072 | o1 o1 |-10] 2| 05| -1.06207493 | 1.28855164
20020 | -10 | 072 | o1 o1 |-05] 2{ 05| -1.12266016 | 1.48009367
20020 | -10 | 072 | o101 | 00| 2| 05| -118401357 | 170517250
200720 | -10 072 [ o1 o1 | o5 | 2| 05| -1.24450448 | 1.96372378
200720 | -10 072 [ o1 or | 10| 2| 05| -130259268 | 225397393
20020 | -10 072 o1 o1 |05 | 2| 0| -328425098 | 212988034
200720 | -10 1072 | o1 o1 | 05| 2| 05| -1.24453308 | 1.96339134
20020 | -10 072 o1 lor|os | 2| 1| -077753047 | 1.90968646
20070 | -10 072 [ o1 lor | o5 | 2| 3 | -031278848 | 1.84891810
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Pr =072, M=1,m=2Ec=0.1,1=-1,5=05,56=05
13
124
11
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£ 00
0‘8-‘
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0_6:
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n

e=01——¢g=2

Fig.2. Velocity profile f '(n ) for different values of €.

Pr =072 M=1,m=2Ec=01,A=-1,5=05,86=035

e= 0.1 ——¢= 2|

Fig.3. Temperature profile 6(n ) for different values of Rd.

Figures 4-5 show the effects of the Eckert number Ec on the velocity and temperature profiles. In
Fig.4, it is observed that the thickness of the velocity boundary layer decreases with the Eckert number Ec for

both cases of ¢ =0./1</ and ¢ =2>1. The velocity field f '(n ) is always an increasing function of Ec for the
two cases. Figure 5 shows that an increase in Ec corresponds to an increase in the temperature and the thermal
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boundary layer thickness. So, the wall temperature 6(0) also increases with increasing Ec, which means that

the heat transfer rate 7/6(0) decreases as Ec increases.
Pr =072, M=1,m=2,Rd=0.1,A=-1,8=05,86=0.5
1344

S \\ Ec=0,1,3,5

lJi ‘>~<;

1.0

£t
0.9

0.8+

0.7 1

0.6

0 1 2 3
n

e=0.1 —— e=2]

Fig.4. Velocity profile f '(’r] ) for different values of Ec.

Pr =072 M=1,m=2 Rd=0.1,2=-1,8=05,8=05

8(m)

W J

e=01——¢g=2

Fig.5. Temperature profile 6(n) ) for different values of Ec.
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4. Conclusion

This work considers the effects of radiation and the Eckert number on an MHD flow with heat transfer
rate near a stagnation point on a nonlinear vertical stretching sheet using the sixth order Runge Kutta method
with shooting technique. The tabular and graphical results show that:

(i) The skin friction f"(0) and the local Nusselt number ﬁ which represent the heat transfer rate decrease

as the radiation parameter Rd and Eckert number Ec decrease.

(ii) The skin friction f”"(0) decreases when the velocity ratio parameter € >/ which indicates that the sheet
exerts a drag force on the fluid.

(iii) The skin friction f"(0) increases when the velocity ratio parameter &</ which indicates that the
formation of the boundary layer depends solely on the stretching sheet.

(iv) The larger the value of the radiation parameter Rd, the larger the value of radiative heat energy into the
flow field which causes a rise in temperature.

(v) The thickness of the velocity boundary layer decreases with the radiation parameter Rd for the velocity
ratio parameter ¢ </ and &>/

(vi) An increase in the radiation parameter Rd will increase the temperature and thermal boundary layer
thickness.

(vii) Wall temperature 6(0) increases with an increase in the radiation parameter Rd but the heat transfer rate

1 - .
% decreases as the radiation parameter Rd increases.

Nomenclature

B, — magnetic field strength
¢, — specific heat capacity at constant pressure
Ec — Eckert number
g — gravity
M — magnetic parameter
MHD - magnetohydodynamics
Pr — Prandtl number
S — suction/ injection parameter (S > 0 for suction and S < 0 for injection)
T — uniform surface temperature
T,, —uniform temperature of the ambient fluid
u. — free stream velocity
(x;y) — coordinates
(u;v) — velocity component
gy — surface heat flux
o — thermal diffusivity
f — thermal expansion coefficient
A — mixed convection parameter
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