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The paper presents a method of planning a collision-free trajectory for a humanoid manipulator mounted on a 
rail system. The task of the robot is to move its end-effectors from the current position to the given final location 
in the workspace. The method is based on a redundancy resolution at the velocity level. In addition to this 
primary task, secondary objectives are also taken into account. The motion of the robot is planned in order to 
maximize a manipulability measure in purpose of avoiding manipulator singularities. State inequality constraints 
resulting from collision avoidance conditions are also considered. A computer example involving a humanoid 
manipulator operating in a three dimensional task space is also presented. 
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1. Introduction 
 

 Nowadays serial manipulators are widely used in industry, they are employed to carry out various 
tasks such as pick and place operations, assembly, welding, spray painting and many others. However, there 
are also a lot of tasks that cannot be accomplished with a single manipulator arm. In many cases it is 
necessary to perform complex manipulation tasks in which two coordinated arms are needed. Amongst 
others, they include for example screw assembly or peg-in-hole tasks. It results in growing interest in the 
application of humanoid manipulators (Harada et al. [1]). The methods used to motion planning of dual arm 
robots are based on solutions for serial manipulators. They are based on kinematic redundancy resolution 
using the Jacobian pseudo-inverse (Caccavale et al. [2], Caccavale et al. [3]), augmented Jacobian 
(Vahrenkamp et al. [4]) and relative Jacobian (Jamisola et al. [5]). In some approaches dynamics of the 
system is taken into account and dynamic controllers are proposed (Caccavale et al. [3], Dietrich et al. [6]).  
 In this paper, the task of the humanoid manipulator is to pick parts from the storage location (which then 
have to be delivered to the assembly line). To increase its workspace it has been mounted on a rail system – so in 
this case the robot can be used to retrieve parts in the kitting system. Kitting is a method based on kit preparation 
and delivery of parts to feeding assembly lines. An economic comparison of different kinds of kitting systems has 
been carried out in (Caputo et al. [7]). The authors showed that automated (or robotic) retrieval solutions are cost 
effective as compared to manual ones. Boudella et al. [8] have estimated performance of the kitting system with 
the robot arm mounted on a rail system which has moved along the picking aisle and then has picked parts. To 
design such a system the knowledge of robotics and observations made on current kitting areas, discussions with 
experts and company workers are also needed (Patalas-Maliszewska [9]). 
 

2. Model of the system 
 

 In the paper a humanoid manipulator mounted on a rail system moving along the picking aisle is 
considered. The humanoid manipulator is inspired by the upper body of the Justin robot developed by the 
German Aerospace Center (DLR) and it is composed of a three DOFs torso and two four DOFs manipulators 
(arms of the original Justin robot consist of manipulators with seven DOFs). Additionally, to increase the 
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operating range of the robot, it is mounted on a rail system. A kinematic scheme of the whole robotic system 
is shown in Fig.1. 
 

 
 

Fig.1. Kinematic scheme of the robot. 
 

 As it can be seen in the figure the kinematic model of the robot consists of one prismatic and twelve 
revolute joints. The first prismatic joint is used to allow the robot to move along the rail, the next revolute 
joints are associated with rotational movements performed by the torso and both arms of the humanoid. The 
kinematic structure of the robotic system has thirteen joints but it has only twelve DOFs: 

 1 DOF is connected to the movement along the rail, 
 3 DOFs are introduced by the torso but as it can be seen in Fig.1, the torso is modeled using four 
revolute joints, the last joint located at the end of the torso is passive and it ensures that the chest is 
always kept orthogonal to the ground (a configuration parameter connected to this joint is used to 
compensate rotations introduced by two previous joints), 
 two arms, each with 4 DOFs. 

 It is assumed that the humanoid robot consists of series of rigid bodies connected by rigid joints. In 
this case, the location of each link with respect to a previous link, can be easily described by the location 
(position and orientation) of the local coordinate frame, attached rigidly to the chosen link, relative to the 
local coordinate frame attached to the previous link. To increase the readability of the presentation, the Y 
axes in Fig.1 have been omitted, but they are chosen to complete right-handed coordinate frames.  
 In order to describe the position of the two end-effectors (left and right ‘hand’) of the robot in the 
base frame BBBB ZYXO , the homogeneous transformation matrix approach and the modified Denavit-

Hartenberg (DH) notation introduced by Craig [10] is used (axis iZ  of a local coordinate frame is located 

along the axis of joint i ). As it can be seen in Fig.1, the frame rsrsrsrs ZYXO  is attached to the base of the 

torso, position of the origin of this frame describes the robot movement along the rail. Frames 
1 1 1 1T T T TO X Y Z -

4 4 4 4T T T TO X Y Z  are assigned to the joints of the torso, 
1 1 1 1L L L LO X Y Z -

4 4 4 4L L L LO X Y Z  and 
1 1 1 1R R R RO X Y Z -

4 4 4 4R R R RO X Y Z  to the joints of the left and the right arm of the robot, respectively. The DH notation is 

applicable to serial open chain manipulators so in the case of a humanoid robot, which has a tree kinematic 
structure, it can be used to describe each of two chains starting from the base and ending with the end-effectors 
of the robot or to describe kinematics of the torso and each arm separately. The DH parameters of the robot are 
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specified in Tab.1. (parameters of the arms have been obtained taking into account that the base frames of the 
arms are located at the end of the torso and they are rotated by the angle of   as shown in Fig.1). 
 

Table 1. DH parameters for the humanoid manipulator. 
 

torso 

i  i 1  i 1a   id  i  

1 2
  0 1Tl  2q  

2 2
  0 0 3q  

3 0 2Tl  0 4q  

4 0 3Tl  0 *q  
 

 

left arm 

i  i 1  i 1a   id  i  

1   0 1Ll  5q  

2 2
  0 0 6q  

3 -
2
  0 2Ll 7q  

4 2
  0 0 8q  

 

 

right arm 
i  i 1  i 1a   id  i  

1 0 0 1Rl  9q  

2 -
2
  0 0 10q  

3 2
  0 2Rl  11q  

4 -
2
  0 0 12q  

 

where: 
1Tl , 

2Tl , 
3Tl , 

1Ll , 
2Ll , 

1Rl , 
2Rl  are lengths of humanoid links, 2q , 3q , 4q  are joint angles of the 

torso, 5q , 6q , 7q , 8q  are joint angles of the left arm and 9q , 10q , 11q , 12q  are joint angles of the right 

arm, *q  is a joint angle of the last joint of the torso, it used to compensate rotations introduced by two 

previous joints, * 3 42
q q q   . 

 Taking into account the kinematic scheme of the robot and DH parameters defined in Tab.1, the 
homogeneous transformation matrices describing the location of each link with respect to a previous link can 
be determined as 
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where  cosanglec angle ,  sinangles angle , j
iT  is the homogeneous transformation matrix describing 

the position and orientation of the iiii ZYXO  frame in the jjjj ZYXO  frame. 
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 Positions of the end-effectors expressed in the coordinate frame of the last joint of the left and the 
right arm are given as 
 

  
3

4

L
L

L

l

0

0

 
 

  
 
 

p  and ,
3

4

R
R

R

l

0

0

 
 

  
 
 

p  

 

where 
3Ll , 

3Rl  are lengths of the end-effectors of the humanoid manipulator and i p  is the position of a 

specified point expressed in the iiii ZYXO  frame. 

 Positions of the end-effectors expressed in the base frame can be found after composition of 
transformations as follows 
 

  3 4 0 3 41 2 1 2
1 2 4 0 1 2 3 4

T T L L LT T L LB B rs
L rs T LT 3T T L L L L Lp T T T T T T T T T T p ,  

   

  3 4 0 3 41 2 1 2
1 2 4 0 1 2 3 4

T T R R RT T R RB B rs
R rs T RT 3T T R R R R Rp T T T T T T T T T T p . 

 
 Introducing the vectors of generalized coordinates of the torso, the left and right arm and the whole 
system as 
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and ignoring orientations of the end effectors, the kinematic model of the system can be described as 
 

     
 

,L

R

 
   

 

f q
x f q

f q
 (2.1) 

 

where: 6x  is the vector with positions of the humanoids end-effectors expressed in the base frame, 

 f q  is the vector function determining the humanoid manipulator kinematic model, : 12 6 f  and 

 Lf q ,  Rf q  are the functions describing positions of the left and right end-effectors in the base frame. 

 The end-effectors linear velocities in the base frame are given by the differential kinematics equation 
 

    ,x J q q   (2.2) 
 

where x  is the vector containing linear velocities of the end-effectors, q  is the vector of the generalized 

velocities of the robot joints and    J f q q  is the  6 12  dimensional Jacobian matrix of the humanoid 

manipulator 
 

    , ,

, ,
,L torso L larm

R torso R rarm

 
  
 

J J 0
J q

J 0 J
 

 
where  ,L torso L T  J f q q ,  ,L larm L L  J f q q ,  ,R torso R T  J f q q ,  ,R rarm R R  J f q q . 
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3. Problem formulation 
 

 In this paper, the primary task of the humanoid manipulator is to move its end-effectors from the 
given initial location 0x  (corresponding to the initial configuration of the robot) to the final location fx . 

Additionally, due to the redundancy of the robot (the Jacobian matrix has more columns than rows), the 
following secondary objectives are taken into account: 
 the motion of the robot has to take into account constraints connected with the obstacles existing in the 

workspace, 
 configuration of the manipulator joints should be far away from singular configurations. 

 Using the kinematic model of the humanoid manipulator given by dependency (2.1), the primary 
task of the robot can be expressed as 
 

       
  

,

,

,
L fL

f
R fR

T
T

T

   
     
     

pf q
f q x

pf q
 (3.1) 

 

where t T  is the final moment of motion, fx  is the vector containing the final position of the left ,L fp  

and the right ,R fp  end-effectors of the robot. 

 Furthermore, at the initial moment of motion, i.e. for t 0 , the manipulator is (by assumption) in the 
collision-free, nonsingular configuration for which its end-effectors are in the initial location 0x  
 

       
  

,

,
,

L L 0
0

R 0R

0
0

0

   
     
    

f q p
f q x

pf q
 (3.2) 

 

where 0x  is the vector containing the initial position of the left ,L 0p  and the right ,R 0p  end-effectors of the robot. 

 Finally, the motion of the robot should be planned in such a way as to accomplish secondary 
objectives during the execution of the primary task. Conditions resulting from the constraints connected with 
the obstacles existing in the workspace can be written as a set of inequalities 
 

    i t 0 q ,          :i 1 L , (3.3) 
 

where: i  is a scalar function which describes collision-free conditions of the robot with the obstacles and 

L  stands for the total number of collision avoidance conditions. 
 In practice, the configuration of the manipulator joints should be far away from singular configurations. In 
order to achieve this goal, the Yoshikawa manipulability measure (Yoshikawa [11]) which describes the distance to 
singular configurations may be maximized. The Yoshikawa manipulability index   q  is proportional to the 

volume of the velocity ellipsoid. The semi-axes of this ellipsoid coincide with eigenvectors of the matrix TJ J , the 

lengths of these semi-axes are equal to square roots of the eigenvalues of TJ J . Since the product of semi-axes 
lengths is proportional to the volume of the ellipsoid and the product of eigenvalues of the matrix is equal to the 

determinant of the matrix, the manipulability measure may be calculated as:    det T q J J . It seems that in 

the case of a dual arm humanoid manipulator avoiding singular configurations of the robot arms (Dietrich et al. [6]) 
is important, so the following manipulability measure is taken into account 
 

     det T
arms arms q J J , (3.4) 

 

where   
,

,

L larm
arms

R rarm

 
  
 

J 0
J

0 J
. 
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4. Solution 
 
 Dependency (3.1) defines the primary task of the robot. Introducing the end-effectors error   te q  
 

      ,f e q f q x  (4.1) 
 

the primary task of the robot can be presented in a more general form as 
 

    lim .
t

t


e q 0  (4.2) 

 

 In order to solve the above problem the following differential equation is proposed 
 

  , e K e 0  (4.3) 
 

where K is a diagonal matrix with positive gain coefficients.  
 As can be easily shown, the system (4.3) is asymptotically stable (for the diagonal matrix K with 
positive coefficients) so the end-effectors error e  converges to zero. The convergence rate depends on the 
gain coefficients of matrix K  – the larger values of coefficients, the faster the convergence (see e.g. 
Siciliano et al. [12]). After substituting the derivative of error e  into (4.3) the trajectory of the robot can be 
obtained from 
 

. J q K e 0  (4.4) 
 

 The humanoid manipulator has redundant degrees of freedom (its Jacobian matrix has more columns 
than rows) so generalized velocities of the robot joints cannot be obtained directly from Eq.(4.4). If the error 
measure e  and Jacobian matrix J  are given for a certain configuration q , joint velocities q  satisfying 
Eq.(4.4) can be found by minimizing the following cost function 
 

     , ,T1
2

L   q q q Jq Ke   λ λ  (4.5) 
 

where the first term in this function is responsible for minimizing the joints velocities and the second term is 
responsible for fulfilling constraints (4.4), λ  is the vector of unknown Lagrange multipliers which make it 
possible to fulfill constraints (4.4). 
 The optimal joints velocity vector q  has to satisfy necessary conditions 
 

,
L



0

q
         ,

L



0

λ
 

 

which for the function (4.5) can be written as 
 

,T q J 0           . J q K e 0  
 

 Solving the first equation for q  and substituting it into the second one, λ  is obtained as 
 

    .
1T 

 JJ Keλ  
 

        Finally, substituting λ  into the first equation, the optimal velocities q  of the robot can be determined as 
 

# , q J K e  (4.6) 
 

where #J  is the Moore–Penrose pseudoinverse of matrix J ,  # T TJ J JJ . 
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 In order to fulfill secondary objectives of the task, the following dependency (resulting from 

properties of #J ) is used 
 

# ,J J I   
 

where I is the identity matrix. 
 Right multiplying the above dependence by J  gives 
 

 # , J I J J 0   
 

where #I J J  is the projection matrix on the null space J , and as a result: if q  is a solution of 
Eq.(4.4) then for any chosen vector 0q , a solution of Eq.(4.4) is also a vector 
 

   # .0
  q q I J J q    (4.7) 

 

 Finally, it may be concluded that the vector 0q  allows changing the configuration of the robot 
without changing positions of its end-effectors. It may be used to satisfy the secondary objectives of the task. 
According to Siciliano et al. [12] it is usually taken as 
 

 
,

T

0
w

c
  

   

q
q

q
  

 

where  w q  is the secondary objective function and c is a positive coefficient describing a gain connected to 

this function.  
       In this paper, two secondary tasks are taken into account, so the following form of vector 0q  is proposed 
 

    
,

TT L
i

0
i 1

c c 


    
          


qq

q
q q

  (4.8) 

 
where c  and c  are gain coefficients connected to maximization of the manipulability measure of the robot and 

minimization of the penalties related with collision avoidance constraints,   is a penalty function which associates 
a penalty with a violation of collision avoidance constraint. In the numerical example it has been taken as 
 

         for

otherwise

2
i i

i
0

         


q q
q , 

 

where   is a constant positive coefficient determining the threshold value which activates the constraint. 
Finally, the trajectory  tq  that satisfies boundary conditions (3.1) and (3.2), collision avoidance constraints 

(3.3) and maximizes the performance index (3.4), can be obtained from Eq.(4.6) taking into account (4.7) 
and (4.8) as follows 

         # # .

TT L
i

f
i 1

c c 


                      


qq
q J K f q x I J J

q q
  (4.9) 

5. Numerical example 
 
 In the numerical example, a humanoid manipulator, working in a three-dimensional task space was 
considered. The kinematic parameters of the robot are given as (all physical values are expressed in the SI system) 
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  . ,
1Tl 2 0      . ,

2 3T Tl l 0 5       . .
1 2 3 1 2 3L L L R R Rl l l l l l 1 0       

 

 At the initial moment of motion the robot is in the nonsingular, the collision-free configuration 
 

    , , , , , , , , , , , .
T1 1

3 4
0 0 0 0 0 0 0 0 0 0 0    q  (5.1) 

 

 The task of the humanoid manipulator is to move its end-effectors from initial positions 
 

 , . , . , . ,
T

L 0 0 12 2 23 3 05 p   , . , . , . ,
T

R 0 0 12 2 23 3 05p  
 

to the final positions 
 

 , . , . , . ,
T

L f 2 0 2 0 4 0 p    , . , . , . .
T

R f 2 0 4 0 4 0 p  
 

 There are two obstacles in the workspace, each of them is approximated by the sphere, their center 
points and radiuses are given as follows 
 

     , , , ,. , . , . , . , . , . , . .
T T

obst 1 obst 2 obst 1 obst 21 0 2 0 3 0 1 0 4 0 3 0 r r 0 25     p p  
 

where: ,obst ip  is the center of i-th obstacle and iobstr ,  is the radius of i-th obstacle. 

 Three cases of performing this task have been considered. In the first one, the humanoid manipulator 
has performed the primary task only. In the second case, the collision avoidance constraints have been taken 
into account. In the last case, the primary task and both secondary tasks have been considered. In each case 
the trajectory of the robot has been obtained by integrating velocities (4.9) over time and using initial 
condition (5.1). It has been assumed that the algorithm stops when the distance to the desired location fx  is 

less than the given value  , e.g.: .0 01  . In all simulations the gain coefficients matrix K  has been equal 
to the identity matrix, so in all simulations the rate of convergence is similar and the final time T of task 
execution in each task has been obtained as 6.4 [s].  
 

 
 

Fig.2. Robot movement without collision avoidance constraints. 



Trajectory planning of the humanoid manipulator 599 

 In the first case, the primary task has been considered only, so the gain coefficients connected to the 
secondary tasks have been taken as: . ,c 0 0   .c 0 0  . The initial and final configuration of the manipulator 

in the workspace, distance to the obstacles and changes of the manipulability measure obtained in numerical 
simulations, are shown in Figs 2 – 4, respectively. In Fig.2 the obstacles have been shown, and as it can be 
seen from Fig.2 and Fig.3., the robot may potentially collide with both spheres in the workspace. 
 

 
Fig.3. Distance to the obstacles. 

 
Fig.4. Changes of the manipulability measure. 

  
 In the second case collision avoidance conditions have been considered ( . ,c 0 0   .c 1 0  ). Figures 

5 and 6 illustrate how the manipulator avoids collision with the first and the second obstacle, changes of the 
manipulability measure obtained in this simulation are shown in Fig.7. As it can be seen, robot avoids 
collisions but the value of the manipulability measure of the robot arms obtained in this simulation is smaller 
than the one obtained in the first task. 
 

 
 

Fig.5. Collision-free robot motion. 
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Fig.6. Distance to the obstacles. 

 
Fig.7. Changes of the manipulability measure. 

 
 In the last case both secondary tasks have been considered ( . ,c 1 0   .c 1 0  ). Figures 8 and 9 

present the collision-free manipulator motion. Additionally, as it can be seen from Fig.10, in this case the 
manipulability measure of the robot achieves the highest value. 
 

 
 

Fig.8. Collision-free robot motion. 
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Fig.9. Distance to the obstacles. 
 

Fig.10. Changes of the manipulability measure. 
 

6. Conclusions 
 

 In this paper, a method of planning a collision-free trajectory for a humanoid manipulator has been 
presented. A redundancy resolution approach at the velocity level has been used to solve the task of the 
manipulator working in the workspace including obstacles. Moreover, the robot motion is planned in the 
manner to maximize a manipulability measure in order to avoid singular configurations of the robot arms. 
The proposed approach of the trajectory planning allows real time computations. The effectiveness of the 
presented method is confirmed by the results of the computer simulations.  
 A certain disadvantage of the proposed approach is that it allows taking into account boundary 
conditions dependent on the robot configuration only. For this reason, in subsequent studies the redundancy 
resolution will be performed at the acceleration level. Our future research will concentrate also on the 
application of a method to plan the trajectory of the robot solving the dual arm manipulation task. In this 
case, an additional holonomic constraint resulting from a closed kinematic chain has to be taken into 
account. It seems that solutions proposed by Pajak [13] for cooperating manipulators may be adopted. 
Additionally, in future application we will consider mounting a humanoid manipulator on a wheeled mobile 
platform (Pajak [14]) to increase the workspace of the robotic system. In this case the mobile manipulators 
can be used as service robots in the productions systems as well as in health care (Pajak and Pajak [15]) or as 
home assistant (Deitrich et al. [16]). 
 

Nomenclature 
 
 c , c  – gain coefficients connected with secondary cost functions 

 e  – measure of error 

 f  – kinematic model of the robot 

 J – Jacobian matrix of the humanoid manipulator 
 K  – diagonal matrices of positive coefficients 

 L  – number of inequality constraints 

 B
Lp , Lp  – position of the left end-effector of the robot in the base frame 

 B
Rp , Rp  – position of the right end-effector of the robot in the base frame 

 q  – generalized coordinates of the manipulator 

 T – homogenous transformation matrix 
   – coefficient determining the threshold value which activates the constraint 
    – penalty function 

   – manipulability measure 

 i   – scalar function describing i-th collision avoidance condition 
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