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This article investigates the impact of a sudden application or sudden withdrawal of a magnetic field on an
unsteady MHD Couette flow formation in a parallel plate channel. The governing momentum equation is derived
and solved exactly in Laplace domain using the Laplace transform technique with the necessary initial and
boundary conditions to capture the present physical situation for the cases; sudden application or sudden
withdrawal of a magnetic field. Due to the complexity of the solution obtained, the Riemann-sum approximation
technique is used to transform the Laplace domain to time domain. During the course of graphical and tabular
representations, results show that the Hartmann number, time and nature of application of a magnetic field play
an important role in the transition from hydrodynamic to magnetohydrodynamic flow and vice-versa. Also, fluid
velocity steady-state solution is independent on whether the magnetic field is fixed relative to the moving plate or
to the fluid for sudden withdrawal of magnetic field. In addition, the application of a sudden magnetic field leads
to a delay in the attainment of steady-state solution.

Key words: MHD, Couette motion, Riemann-sum approximation, Hartmann number, parallel plates.
1. Introduction

Over the decades, there has been a continuous interest in the study of magnetohydrodynamics in the
channel due to its latest application in purification of metals, administration of drugs for cancer patients and
power generation in MHD (magnetohydrodynamics) generators.

Earlier studies dated back to the work of Hartmann [1], Hartmann and Lazarus [2]. Later, Rossow [3]
studied the flow of electrically conducting fluids in the presence of a transverse magnetic field over a flat
plate. He concluded that the skin-friction and rate of heat transfer are reduced when the transverse magnetic
field is fixed relative to the plate but increases when fixed relative to the fluid. Singh and Kumar [4]
examined the effect of the magnetic field in the absence of rotation on velocity and skin friction for
impulsive and accelerated motion of the moving plates and deduced that fixing the magnetic field relative to
the moving plate could increase the velocity field in both cases. Singh et al. [5] scrutinised the transient
properties of the Couette flow of an electrically conducting fluid when one of the plates is set into the
accelerated motion.

The study of fluid motion in a channel when one of the plates is moving was made by Couette [6]. It
is of importance in ice skating, lubrication of bearings in automobiles, extrusion, power generation and
pumps. Since then, several studies have been carried out to further investigate the significance of the
movement of plates on flow formation and skin-friction [7-10].

On the other hand, few studies have been devoted to the investigation of an unsteady MHD flow in a
channel when there is a sudden application or a sudden withdrawal of a magnetic field. The only research on
this issue is the work of Kumaran et al. [11] where the transition of an MHD boundary layer flow past a
stretching sheet is studied numerically. It was found that the steady state velocity and local skin-friction vary
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with the magnetic field when there is a sudden application of the magnetic field whereas unchanged for a
sudden removal of the magnetic field. However their work is limited in application since their numerical
results cannot be used in situations when one of the plates is moving.

The aim of this article is to investigate the effect of a sudden application or sudden withdrawal of the
magnetic field on an MHD Couette flow formation in a channel. The governing equations governing the
problem are derived and solved in section 2 while results and conclusions are presented in sections 3 and 4,
respectively. The solutions obtained in this article deserve great attention not only on account of their
engineering applications in cooling devices and melting of ice, but also due to the fact that they can serve as
an accuracy check for various conducted experimental results.

2. Mathematical formulation

The motion of a viscous, laminar, incompressible and electrically conducting fluid filling the gap
between two parallel plates is considered. The fluid exists in the region 0 <y <h, where the y axis is the
coordinate normal to the flow and h is the thickness of the channel. The fluid flow inside the channel is set
up by movement of the lower plate which is located at y' =0. Since the plates are of infinite length and the

flow is fully developed, this implies that all physical parameters are functions of y' and t . It is further

assumed that no applied and polarisation voltage exists, in addition the magnetic Reynolds number is
assumed to be negligible so that no magnetic field is induced. Under these assumptions, the steady
hydrodynamic equations in the component form in the absence of pressure gradient is

—=0. (2.1)

2.2)

Now we have to find the velocity of the hydrodynamic flow represented by Eq.(2.1) subject to the
boundary conditions (2.2). Using the following dimensionless quantities: y=y /h, Ug = u /U, where Ugg

is the dimensionless steady state velocity in the absence of the magnetic field. Then Egs (2.1) and (2.2) in
dimensionless form become

-0, (2.3)

(2.4)

The solution of Eq.(2.3) together with boundary conditions (2.4) is

U =1-Y. (2.5)
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The skin-friction at the channel walls is obtained as

Also, the mass flow rate in dimensionless form is given as

p 1
szfuss(y)dy=5 . (2-7)

We now seek to obtain the steady state MHD solution by considering the equation below

2, " 2
9% o8 g (2.8)
dy p

Equation (2.8) is valid when the magnetic lines of force are fixed relative to the fluid. If the magnetic
field is fixed relative to the moving plate, Eq.(2.8) can be replaced with

d°u, —"—Boz[us' -u]=0. (2.9)

——[us' - KU]:O (2.10)

where
when By is fixed relative to the fluid

K= 0 2.11
=1 (2.11)

when By is fixed relative to the moving plate

and p,v,c and ug are, respectively, the fluid density, kinematic viscosity, electrical conductivity steady-
state dimensionless velocity profile.

Using the dimensionless quantities defined above and =Byh//c/vp, the solution of Eq.(2.10)
using boundary conditions (2.4) is

UIS:(1—K)s_inh(|v|(1—y))_K 1_si_nh(ylvl) | (2.12)
sinh(M) sinh(M)
Using Eq.(2.12), we can obtain
tp=25|  __KMcosech(M)— M (1K )coth(M), (2.13)

= 0y y
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_ dus

. =—KM coth(M) — M (1- K )cosech(M), (2.14)

y=1

L1

Q= us(y)dyzwcoth(M)—(1_—K)cosech(M)+
M M
0 (2.15)
K (M —coth(M )+ cosech(M ))
v .

J’_

In this paper, we are interested in two cases (i) suddenly imposed magnetic field and (ii) sudden
withdrawal of the magnetic field from flow formation in a parallel-plates channel.

2.1. Flow due to suddenly imposed magnetic field (Case I)

At t >0, a transverse magnetic field of strength B, is applied throughout the fluid flow (see

Fig.1a). The magnetic Reynolds number is assumed to be very small which corresponds to negligible
induced magnetic field compared to the externally applied one as revealed in Pai [12], therefore, the uniform
magnetic field B is a constant, B=(0,0,B,) and is considered as the total magnetic field acting on the

fluid.

ITITT g T

Fig.1. Schematic of the problem (a) Case I, (b) Case II.

The equation for the unsteady MHD Couette flow in dimensionless form is obtained as

a_uzﬂ_H(t)MZ[u_K] (2.16)

ot oy?

where H (t) is a unit step function. In this case

1for t>0
H(t)= : 2.17
(t) {0 for t<0 @17)
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The above Eq.(2.16) is subject to the following initial and boundary conditions

t<0, u=ug, O0<y<1,

=1 at =0
SN R (2.18)
u=0; at y=1

The solution of Eq.(2.16) can be obtained using the Laplace transform technique. Define the

following transform variables

U(y,r)zj.u(y,t)e’”dt, where r is the Laplace parameter and r >0.
0

Taking the Laplace transform of Eq.(2.16), we obtain the following ordinary differential equation

d’T » .  MZ%K
V—(M +r)u=— : ~(1-y). (2.19)

The solution of Eq.(2.19) subject to boundary condition (2.18) is obtained as

S|l 1 MPk[sinh(B(1-y))
r (M2+r) r(M2+r) sinh(p) 2.20)
M 2K sinh(By)} (1-vy) |
1—
+r(M2+r)[ sinh(®) | (M)
where B=VM?Z+r.

The skin-friction at the wall is obtained by taking the derivative of the velocity profile with respect to
y as follows

_ 2 2
podal 1 1 MKy MOKBooseeh(B) 1 0

d_yy=0 (M2+r) r r(M2+r) r(M2+r) (M2+r)

— 2 2
flzdu S+ i MK Bcosech(B)—M Kpeoth(p) 1 - (2.22)

dyl,, (M2+r) 1 r(MZr) r(MZ+r)  (M?+r)

Another important parameter of interest is the mass flow rate obtained from Eq.(2.20) as
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~ o1 1 MX coth(B)—cosech(B)j
Q_gu(y)dy_ r (M2+r) r(M2+r) ( B "
. M 2K [[3—(:0th([3)+cosech(B)JJr 1
r(M2+r) B 2(M2+r)'

(2.23)

Equation (2.20)-(2.23) are to be inverted in order to determine the velocity, skin-friction and mass
flow rate in time domain. Since these equations are difficult to invert in closed form, we use a numerical
procedure used in [13-15] which is based on the Riemann-sum approximation which has been demonstrated
to be a useful tool with high degree of accuracy [16]. In this method, any function in the Laplace domain can
be inverted to the time domain as follows

et

u(y,t):eT{%U(y,fﬁ Reiﬁ(y,eranJ(_l)”} (2.24)

n=1

where Re refers to the real part, i=+v—1 is the imaginary number. N is the number of terms used in the
Riemann-sum approximation and ¢ is the real part of the Bromwich contour that is used in inverting Laplace
transforms. The Riemann-sum approximation for the Laplace inversion involves a single summation for the
numerical process. Its accuracy depends on the value of ¢ and the truncation error dictated by N .
According to Tzou [17], the value of ¢ must be selected so that the Bromwich contour encloses all the
branch points. For faster convergence, the value of ¢t =4.7 gives the most satisfactory results.

2.2. Flow due to sudden withdrawal of magnetic field (Case II)

In this case, the flow of an electrically conducting fluid is considered initially. Suddenly, a uniform
magnetic field is continually withdrawn from the flow to transform the fluid from magnetohydrodynamic to
hydrodynamic (see Fig.1b). The equation for sudden withdrawal of the magnetic field in the dimensionless
form is obtained from Eq.(2.16) when

0 fort>0
: (t):{l fort <0, (2:23)
ou  o%u

The equation is subject to the following dimensionless initial and boundary conditions

t<0, u=u;, 0<y<l1,

=1 aty=0
t>0{u y 2.27)

u=0; aty=1

where Uy is defined in Eq.(2.10). Using the Laplace transform technique, the following ordinary differential
equation is obtained
d°T
——ru=-u,. (2.28)
dy? :
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The solution of Eq.(2.28) subject to boundary conditions (2.27) is

1_K_ (1K) Jsinh(a(1-y)) K{_sinh(ay)}+

U=[--2 A
P +(M2—r) sinh (o) e sinh(a)

(2.29)
LK {sinh(My) _sinh(ay)}_(l—K)sinh(M (1-y))
(Mz—r) sinh(M)  sinh(a) (Mz—r)sinh(M)
where a=4r.
In a similar manner, the skin-friction at the channel walls is obtained as
% _duj  _|K_(1-K) 1 o coth(a) - Kacosech (o) .
dyl,o | T (Mz—r) r r
(2.30)
K (1- K)M coth(M)
+-————| Mcosech(M )—acosech(a) |+ ,
(Mz_r)[ ( ) ( )] (Mz_r)
?1=d—U = 5——(1QK) e acosech(a)——KaCOth(a)+
dyl,, | T (M —r) r
(2.31)
K (1— K)Mcosech(M)
+————| M coth(M )-oacoth(a) [+ .
(Mz_r)[ ( ) ( ):I (Mz_r)
Similarly
9= K (1-K) 1| cosech(a)-coth(a)) K ( o-coth(a)+cosech(a) .
o (MZ —r) r o r a
L coth(M) _coth(a) cosech(M ) . cosech(a) .\ (2.32)
(|\/| 2 _ r) M o M o

(1_K) cosec —COo
+m[ h(M)-coth(M)].

The time domain solution of Eqgs (2.29)-(2.32) is similarly obtained by using the Riemann-sum
approximation Laplace inversion of Eq.(2.24).

3. Results and discussion

In this section, graphical representations of the solutions obtained are presented. It is found for both
cases that fluid transition from hydrodynamics to magnetohydrodynamics in the channel and vice-versa is
controlled by the Hartmann number (M), time (t) and parameter indicating the nature of the magnetic field
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application (K). Throughout this article we have chosen 0<M <5, 0<t<0.5 and 0<K <1 to describe

the physical problem presented.
To verify the accuracy of the solutions obtained, it is expected that the steady state solution obtained
from Eqgs (2.5)-(2.15) should correspond with the unsteady solutions in Egs (2.20)-(2.32) at large time.

Table 1. Numerical comparison of steady and unsteady state skin-friction and mass flow rate for suddenly
application of magnetic field for different values of M and K .

Unsteady state at large time (t =0.9) Steady state
M —T -7 Q -1 -7 Q

K=0 K=1| K=0 K=1] K=0 K=1] K=0 K=1 | K=0 K=1| K=0 K=1
0.01 [1.0000 1.0000 [1.0000 1.0000 [.5000 0.5000 {1.0000 1.0000 [1.0000 1.0000 [0.5000  0.5000
05 [1.0820 0.9595 [0.9595 1.0820 [.4898 05102 [1.0820 09595 P.9595  1.0820 [0.4898  0.5102
10 [1.3130 0.8509 p.8509 13130 p.4621 05379 (1.3130 08509 [0.8509 13130 p.4621  0.5379
15 [1.6572 07045 D.7045 16572 04234 05766 [1.6572 07045 07045 16572 0.4234  0.5766
20 PR.0746 05514 (5514 2.0746 0.3808 0.6192 PR.0746 05514 5514 20746 [0.3808  0.6192
50 p.005 0.0674 pP.0674 5005 0.1973 0.8027 5.005 0.0674 0.0674 5005 0.1973 0.8027

Table 2. Numerical comparison of steady and unsteady state skin-friction and mass flow rate for sudden
withdrawal of magnetic field at different values of M and K .

Unsteady state at large time (t =0.9) Steady state
M -1 -7 Q -1 - Q

K=0 K=1 K=0 K=1| K=0 K=1 | K=0 K=1|K=0 K=1|K=0 K=1
0.01 |1.0000 1.0000 [1.0000 1.0000 |0.5000  0.5000 [1.0000 1.0000 [1.0000  1.0000 |0.5000  0.5000
05 [1.0000 1.0000 [1.0000 1.0000 |0.5000  0.5000 [1.0000 1.0000 [1.0000  1.0000 |0.5000  0.5000
1.0 |1.0000 1.0000 {1.0000 1.0000 [0.5000 05000 |1.0000  1.0000 |1.0000  1.0000 [0.5000  0.5000
15 |1.0000 1.0000 {1.0000 1.0000 {0.5000 05000 |1.0000  1.0000 |1.0000  1.0000 [{0.5000  0.5000
2.0 [1.0000 1.0000 |1.0000 1.0000 {0.5000 0.5000 |(1.0000 1.0000 |1.0000 1.0000 {0.5000 0.5000
5.0 [1.0000 1.0000 {1.0000 1.0000 |0.5000 0.5000 [1.0000 1.0000 (1.0000 1.0000 {0.5000 0.5000
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Tables 1 and 2 compute numerical comparisons for a suddenly applied magnetic field and a sudden
withdrawal of the magnetic field, respectively, and results show excellent agreement. Also, from these tables,
for a small magnetic field parameter, skin-friction at the channel wall and mass flow rate are independent on
either case considered (sudden application or sudden withdrawal of the magnetic field) as well as the nature
of application of the magnetic field (K).

3.1. Flow due to suddenly imposed magnetic field (Case I).

0.8+ B

0.6 t = 0.005, 0.05, steady state |

0.4+ 1

Fig.2. Velocity profile showing the effect of time for K =0 and K =1 with fixed value of M =10.0, (Case I).

Figure 2 depicts the effect of t and K on unsteady fluid velocity when a sudden transverse
magnetic field is imposed relative to the fluid (K =0) and relative to the moving plate (K =1) . It is found

from this figure that fluid velocity increases with time, until a steady state is attained for (K = 1) while the

reverse result is seen for (K =0).

Figures 3 and 4 present the skin-friction at different time and magnetic field parameter at the wall
y=0 and y=1, respectively. It is evident from these figures that a sudden imposition of the magnetic field

increases the skin-friction at the wall y =0 when the magnetic field is applied relative to the moving plate
while the opposite result is obtained at y =1. It is interesting to note that the skin-friction at y =0 relative to
the moving plate (K =1) is exactly the same as that of the skin-friction at y =1 relative to the fluid. In
addition, the skin-friction at the moving wall increases with time for K =1 and decreases otherwise (K =0).

This increase can be attributed to the fact that the presence of the magnetic field and movement of the wall
increases the drag force which in turn increases the skin-friction at this wall. The reverse trend is found for
the skin-friction at the wall y=1.
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Fig.3. Skin-friction showing the effect of the magnetic field parameter and time for K=0 and K =1, at
(y=0), (Case I).
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K=0 Y

—e—K=1

0 0.5 1 15 2 2.5 3 3.5 4 4.5

Fig.4. Skin-friction showing the effect of the magnetic field parameter and time for K=0 and K =1, at
(y=1), (Case I).

In addition, it is easy to see from Figs 3 and 4 that the transient state skin-friction at both walls
corresponds with that of steady state for a small magnetic field parameter. This correspondence can be
viewed as an accuracy check on Eqs (2.13), (2.14), (2.21) and (2.22).
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3.2. Flow due to sudden withdrawal of magnetic field (Case II)

t='0.005, 0.01, 0.05, 0.1, steady state |

| t=0.005, 0.01, 0.05, 0.1, steady state

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig.5. Velocity profile showing the effect of time for K =0 and K =1 with a fixed value of M =10.0, (Case II).

Figure 5 illustrates the impact of a sudden removal of the magnetic field on the unsteady velocity
profile at different time and K . Results show that the removal of the magnetic field decreases fluid velocity
as time increases until steady state is reached for the case when the magnetic field is relative to the moving
place (K =1) while the opposite trend is found when the magnetic field is fixed relative to the fluid (K =0).
In addition, at steady state, fluid velocity is exactly the same for either (K =0) or (K =1). This is attributed
to the fact that removal of the magnetic field leads to an absence of the magnetic field and hence fluid
velocity is independent of K .

50

40

30+

20+
t=0.1, 0.05, 0.01, 0.005
10

0]

%o

-10
t=0.1, 0.05, 0.01, 0.005
20
30
401~

50+

-60 -
1 1 1 1 1 1 1 1

0.5 1 15 2 2.5 3 3.5 4 4.5 5

Fig.6. Skin-friction showing the effect of the magnetic field parameter and time for K=0 and K =1, at
(y=0), (Case II).
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To see the effect of a sudden removal of the magnetic field on the skin-friction at the channel walls,
Figs 6 and 7 exhibit the impact of the magnetic field and time of drag force at the walls. Figure 6 shows that
the skin-friction decreases with an increase in time and increases with an increase in the magnetic field
parameter for the case K =1 while the reverse observation is found for K =0. Generally, the reverse result
is obtained for the skin-friction at the wall y =1 (Fig.7).

Table 3 gives a numerical comparison of time required to attain velocity steady state for the cases
when the magnetic field is fixed relative to the fluid (K =0) and relative to the moving plate (K =1) for a

sudden application of the magnetic field and sudden withdrawal of the magnetic field. It is evident from this
numerical computation that for both cases the time required to attain steady state velocity increases with an
increase in the magnetic field parameter. In addition, the steady state time increases when the magnetic field
is fixed relative to the moving plate compared to when it is fixed relative to fluid. Also, the attainment of
steady state is faster when there is a sudden removal of the magnetic field than when the magnetic field is
imposed suddenly.

K=0

—e— K=1

60

50

U

30+ t = 0.005, 0.01, 0.05, 0.1

20

10k t= 0.1, 0.05, 0.01, 0.005 i

Fig.7. Skin-friction showing the effect of the magnetic field parameter and time for K=0 and K =1, at
(y=1), (Case II).

Table 3. Steady state time of fluid velocity for different values of the magnetic field.

Due to sudden imposition of Due to sudden withdrawal of

magnetic field magnetic field
M K=0 K=1 K=0 K=1
0.1 0.20 0.20 0.20 0.20
0.5 0.59 0.65 0.65 0.69
1.0 0.65 0.69 0.69 0.85
2.0 0.79 0.81 0.78 0.90
5.0 0.93 0.95 0.85 1.00
10.0 15 1.52 0.90 1.05
50.0 4.5 5.6 0.95 1.10
100.0 6.5 7.8 1.0 1.20
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4. Conclusion

This article investigates the impact of sudden application or sudden withdrawal of the magnetic field
on unsteady flow formation in a channel in which one of the plates is moving for the case when the magnetic
field is applied fixed relative to the fluid or moving plate. The following conclusions can be drawn based on
the solution and graphical representations obtained.

1. Fluid velocity decreases with time when the magnetic field is fixed relative to the fluid for the case of
sudden imposition of the magnetic field while the reverse result is obtained for a sudden removal of the
magnetic field.

2. A sudden removal of the magnetic field leads to an equilibrium in steady state velocity for the case when
the magnetic field is fixed relative to the fluid or relative to the moving plate.

3. The skin-friction for a sudden application of the magnetic field is exactly the same at the moving wall

when the magnetic field is fixed relative to the moving wall as that of the fixed wall when the magnetic

field is fixed relative to the fluid.

A sudden application of the magnetic field leads to a delay in attainment of fluid velocity steady state.

The time required to transform from hydrodynamic to fully developed magnetohydrodynamic flow and

vice-versa is dependent on the magnetic field strength.

o ks

Nomenclature

B, — magnetic field strength

h —spacing between the parallel plates
M — Hartmann number

P —dimensionless pressure

p —pressure

Q —mass flow rate
U - dimensionless axial velocity

u —axial velocity
u, — constant ref. velocity

U0 - mean velocity

v — vectorial velocity profile

x —dimensionless axial coordinate

y' —axial and transverse coordinates, respectively
y —dimensionless transverse coordinate
B - thermal expansion coefficient

k — fluid thermal conductivity

p  — fluid dynamic viscosity

p — fluid density

o — electrical conductivity of the fluid
t  —skin-friction

v — kinematic viscosity

Subscripts

s — steady-state
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