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The present paper is dedicated to computer simulations performed using a numerical model of a one-stage
gear. The motion equations were derived utilizing the bond graph method. The formulated model takes into
consideration the variable stiffness of toothings as well as an inter-tooth clearance which has been represented via
discontinuous elements with so called dead zones. As a result of these assumptions, the nonlinear model was
obtained which enables representation of the dynamic phenomena of the considered gear. In the paper, an
influence of errors of gear wheels’ co-operation on the character of excited dynamic phenomena was studied. The
methodology of the analyses consists in utilization of the following tools: color maps of distribution of the
maximal Lapunov coefficient and bifurcation diagrams. Based upon them, the parameters were determined, for
which the Poincare portrait represents a structure of the chaotic attractor. For the identified attractors, the initial
attractors were calculated numerically - which along with the changes of the control parameters are subjected to
multiplication, stretching or rotation.
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1. Introduction

Nonlinear systems have been intensively investigated experimentally and via versatile models
especially since the second half of the 20th century. Qualitatively new phenomena were observed whose
courses were evaluated as irregular due to new theoretical approaches. It is worth mentioning that nonlinear
systems, especially these which behave in a chaotic manner, have been analyzed intensively and essentially
since Edward Lorenz published in 1963, the results of computer simulations of a simplified model of fluid
convection phenomena [Lorenz [1]]. In the aforementioned work, it was proved that a relatively slight change
of initial conditions in a virtual area of the atmosphere, could be a cause of essentially high changes in some
other area. Since the publication of Lorenz work, we can observe an intensive development of a new branch of
science, i.e. the theory of chaos. Several papers have been published where the chaotic behavior has been
shown for mechanical [Cai-Wan and Shiuh-Ming [2]; Khomeriki [3]; Awrejcewicz et al. [4], electric [Armand
Eyebe Fouda et al. [5]] and robotized systems [Sajid et al. [6]]. Chaotic behavior of a dynamic system can be
accurately observed when the modelled system is analyzed two times, changing slightly initial conditions of its
work. In a general approach, the phenomena - whose courses are chaotic —occur when the analyzed systems
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have some special features, e.g.: irregular time histories of their characteristic variables as well as a continuous
amplitude-frequency spectrum. Additionally, the Poincare cross-section has a complicated structure where a
strange attractor can be observed [Dudkowski ef al. [7]]. It is worth highlighting that an assessment of these
phenomena can be performed utilizing several different numerical tools and approaches. Effective and useful
numerical procedures are: the so called maximal Lapunov exponent [Awrejcewicz et al. [8]] and bifurcation
diagrams showing splitting of the paths of solutions [Cai-Wan [9]].

In the present paper, the nonlinear model of the gear was analyzed via versatile numerical
simulations. Free entering in meshing and outgoing from meshing of co-operating geared wheels are assured
due to the tip and interteeth clearances. Interteeth clearance are one of the main sources of a nonlinear
behavior of the system which is taken into account in the proposed mathematical model. Most frequently, it
is modeled utilizing the special discontinuous function with the so called dead zone [Zhao Xin et al. [10];
Kokare and Patil [11]]. Due to simplification of numerical calculations, step-wise function characteristics of
interteeth clearance is frequently approximated by means of, e.g. polynomial function [Saghafi and
Farshidianfar [12]]. The step-wise function is not differentiable in some point, on the contrary, polynomial
creates very precise substitute of class C'. This method of modelling of interteeth clearance takes
simultaneously into consideration the average stiffness of toothing, wherever an influence of one- and two-pair
meshing is neglected. In consequence of such formulated assumptions, we obtain a model equivalent to
Duffing’s oscillator. The disordered phenomena which pass in gears in a chaotic manner, are mainly related to
the excited forces due to the co-operation of a pair of gear teeth. Their values have an essential influence on the
stiffness of toothing which, in turn, depends on the number of teeth being in mesh at particular time moment.
From the theoretical point of view, the most simple method of identification of the stiffness of co-operating
geared wheels — consists in considering the gear tooth as a restrained beam. Such simplification allows for an
achievement of an approximate information, nevertheless it is sufficient for performance of quantitative and
qualitative analyzes of the investigated system. More precise values of the toothing stiffness are determined by
means of the formulas derived by Cai [13], Cai and Hayashi [14]. In the published results of investigations on
particular models, the variable toothing stiffness was represented via the following different functions:
harmonic [Wang et al. [15]], rectangular [ Xiang et al. [16]] and trapezoid function [Litak and Friswell [17]].

Other factors influencing the gear dynamics are the so called transmission errors of the co-operating
geared wheels [Luczko 18]]. This parameter depends, among others, on preciseness of manufacturing and
assembly of co-operating gear wheels. In the mathematical models, this variable is modelled by the harmonic
function or the function being a superposition of several harmonic functions [Ghosh and Chakraborty [19];
Wang et al. [20]]. Additionally, numerical models of the gear sometimes take into account also the flexibility
of shafts’ bearings [Zhang et al. [21]]. The motion equations are usually derived based upon the classical
methods of mechanics, which utilize the formalism of Lagrange’s equations. However, in model-based
investigations and simulation of gears, non-classical methods based on the graph theory are frequently
utilized [Lang [22]; Wojnarowski et al. [23]; Drewniak and Zawislak [24]]. Nevertheless, in the present
paper, the bond graph method was applied for modelling [Lou and Tan [25]; Guo et al. [26]]. Bond graphs
were defined in the second half of the 20th century by Paynter and are widely used nowadays. Their initial
purpose was making it possible to analyze the stable and unstable states of electrical circuits. Later, Karnopp
and Rosenberg extended the method, allowing for modelling of other types of technical systems, especially
simultaneously in one common model which is a valuable feature of the bond graph approach. The most
essential advantage of these graphs is an effective and handy modelling of complex dynamic systems
consisting of subsystems of different technical nature. It is also worth mentioning that the basic convenience
of the bond graph method consists in simulation of dynamics of technical systems, without explicit
generation of mathematical notation of differential motion equations. The new approach consists also in
consideration of clearances via a special summand in the equations.

2. Formulation of the calculation model of the gear

In the present paper, a one-stage cylindrical gear is the subject of its model investigations. Dynamic
behavior of the gear is analyzed based on the model of a vibrating mechanical system of two degrees of
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freedom. The formulated phenomenological model (Fig.1) consists of two non-deformable discs of radiuses
R; and R, respectively. Their inertial properties are represented by inertial mass moments J; and J>. The
discs rotate around the stiffly supported axes O; and O,. The toothed wheels are coupled by means of two
elements connected parallely, i.e. the elastic one - modelling stiffness of toothing ¢, and the dissipative one —
modelling the energy losses of the co-working geared wheels bz Additionally, in the formulated
phenomenological model, an inter-meshing teeth clearance L, and the so called transmission cooperation
error (or just transmission error) of toothed wheels e(?) is introduced. Motion of the gear is powered by an
external drive moment My, additionally the gear is loaded by the loading moment M.

Fig.1. Phenomenological model of one-stage cylindrical gears.

Based on the phenomenological model of one-stage gear, its bond graph is built utilizing adequate rules
(Fig.2). It represents the cause and effect relationships existing among the particular elements of the system.
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Fig.2. Bond graph representing Lagrange’s phenomenological model of the gear.

The ideas and relations connected with the 0-junctions and 1-junctions of the bond graph constitute
the formal basis for the derivation of differential motion equations. From the theoretical point of view,
aiming at a quantitative description of the dynamics of the analyzed gear model, we do not need the explicit
representation of motion equations. However, considering performance of qualitative investigations, in
particular, aiming at a description of phenomena passing in a chaotic manner, it is necessary to know the
mathematical model. In the scheme presented in Fig.2, a bond graph is shown in which two additional fiction
edges of kinematic enforcement were distinguished by means of vertical dashed lines. Moreover, these edges
are not to be described. Their goal is an assignment of flow variables to the 1-junctions, which represent
angular deflections of the geared wheels. Due to consideration of the fictional edges of kinematical
enforcements in the considered graph, we can apply differential causality of the elements accumulating the
kinematical energy. The result of this approach consists in a possibility of using a simple procedure of
derivation of differential motion equations in an explicit form. In general, it consists in writing down the
relations existing between power variables for the 1-junctions incident to the fictional edges of kinematical
enforcements
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The cause and effect relationships existing between the adequate variables of the bond graph,
describing 0-junction, 1-junction and transformers are expressed by means of the following equations

{662674‘68, {f4=f6+f9+f57 {f4=R]f3’ {f9=R2f10= (2.2)
Js=17=1Ts ‘

64266269, e3=R1€4, 610=R2€9.

In case of elements accumulating kinematical and potential energy as well as elements which
dissipate energy, the respectable mathematical relationships have the following form

d d
2] =J1§» e =J; % e, =byf7, es =Czjf8df- (2.3)

Aiming at derivation of motion equations in an explicit form, it is necessary to define the external
loadings via the power S, and the flow S; sources, respectively

After entering Egs (2.2)-(2.4) into formula (2.1), the motion equations of the one-stage gear have the
following form
M—J@ Rib, (R, f;—R —é R R, f;—R —e(t))d
N=d TR z( 1f3—=Rof10 e(t))+ 1€z ( 1f3 =R S0 e(t)) Z,
(2.5)

d ) .
Mo =J2%—szz (R.f5 = Rofro —e(t))—chzj(R1f3 — Ry fig—é(1))dt.

Additionally, taking into account flow variables which are incident to the I-junctions, one can
rewrite the equation. Modification consists in introducing the description of the fictional edges being sources
of flow variables. In consequence, the system of differential Eqs (2.5) turns into the final version

My =J1%; + Riby (R = Ry, —é(1)) + Rycy _[(RJ(PJ ~Ry¢, —¢(1))dt,
(2.6)
~Mg =T, = Roby (R, = Ro; (1)) = Rocy J.(RKPJ — Ry, —&(1))d.

A qualitative evaluation of the forces generated during the meshing of the geared wheels, is easier to
perform by means of the reduced 1-DOF model. The mentioned reduction is achieved via entering a new

variable (using well known notation for the derivative of first and second order) ¢ = R;¢; — R,¢,

Mya+by (G—e(1))+cy j (g—e(t))dt =m, 48 2.7)
where
JJ 5 M, R, R
wd =———— p=—>=, §=|—L+=22 M, = ,
el = R 1 IR M, [J,+J2j 1selr)=epcos(ox)
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Additionally, several other descriptions and relationships can be entered into the considered
equations, i.e.: oz = z;-ws — mesh frequency, ms — motor angular velocity, z; — pinion teeth number. In
consequence, the mathematical form of Eq.(2.7) can be simplified, entering the following replacement
u=q—é(t). In consequence, Eq.(2.7), after some further substitutions has the final form

Myogii + byt + C71 =m0y S+ My 05, (t)cos(wyt). (2.8)

It should be underlined that till now the stiffness of meshing c; has frequently been considered in a
general manner, especially nonlinearities have been neglected. These nonlinearities result from interteeth
clearances and fluctuating stiffness along the line of contact. During the numerical experiments, the
fluctuating mesh stiffness was modelled by a periodic function

¢z (t)=cy+cicos(o,t) (2.9)
where
¢y — average mesh stiffness, ¢; — amplitude of the dynamic component.

Proper cooperation of the geared wheels is assured by an interteeth clearance, which is modelled
(among other) by means of a discontinuous element with the so called dead zone. Adequate mathematical
formulas for this element are as follows

f(u,Ly)= 0, —0.5L, <u<0.5L,, (2.10)
u—0.5L,, u>0.5L,.

Taking into account relationships (2.9) and (2.10), the differential motion equations of the
investigated gear model, after conversion into a dimensionless notation, can be written as follows

¥+ hx + [1 - acos(mGr)]f(x) = fo + fo0g:008(0GT). (2.11)
where

b c ®
Z _ Y _
o= s 0‘)G— s
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As a consequence of the introduction of a dimensionless notation and a new co-ordinate x, which
depends on dimensionless time T = wyt, the dead zone is changed, which at present - in turn — is contained in
the interval restricted by endpoints -/ and /. The formulated mathematical model constitutes the formal basis
for of quantitative and qualitative computer simulations. The prepared model is more compound in
comparison to those in literature, so we do expect that analyses would be more realistic and allow drawing
more adequate conclusions.

3. Investigation based on the model of the gear

The model-based investigations were performed utilizing the numerical data gather in Tab.1, which
represent the one-stage gear being a part of a lifting mechanism of the prototype bridge crane. During
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performance of computer simulations, inertias of the rotor of the electric motor Js and the drum of the hoist
system Jp were additionally taken into consideration. Moreover, these variables were recalculated for the
pinion and the geared wheel, respectively. Additionally, in the simulations, it was assumed that the shafts
connecting the gear with the motor and the cable drum are perfectly stiff.

Table 1. Parameters characteristic for the system under analysis.

Name Description Value
Module m 5 [mm]
Tooth number of geared wheel 1 z; 14
Tooth number of geared wheel 2 Z) 85
Mass moment of inertia of rotor Js 2.7 [kg m’]
Mass moment of inertia of drum Jp 5.3 [kg m’]
Mass moment of inertia of wheel 1 Ji 0.0011 [kg m’]
Mass moment of inertia of wheel 2 Jo 1.12 [kg m’]
Average of toothing stiffness Co 5.03-10° [Nm™]
Amplitude of dynamic component of mesh stiffness c 3.27-10" [Nm™]
Transmission error et 0.01 [mm]
Nominal power of the drive motor P 12 [kW]
Nominal velocity of the drive motor g 1450 [rev/min]

The results of numerical calculations allow versatile analyses e.g.: an influence of the normalized
frequency o . The transmission error of geared wheels e; on the gear dynamics is represented by means of a
color map showing the distribution of the maximal Lapunov exponent A (Fig.3a), bifurcation diagrams (Figs
3b-3d), time responses, amplitude-frequency spectrums, Poincare’s intersections (Fig.4) and the so called
scale diagrams (Fig.5).

a)

A -value
-0.025

Fig.3. Results of numerical calculations: a) color map of distribution of the Lapunov exponent ~=0.12,
a=0.063, f,,=0.044, b) diagrams of bifurcations f,=0./, and their magnification.
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Moreover, other analyses were carried out to investigate the phenomena from different points of view,
e.g.. an influence of the distribution of components of amplitude-frequency spectrum of normalized
frequency g on the structure of Poincare’s cross sections. However, Poincare’s cross sections were drawn
on the background of phase image. For comparison, the corresponding numerical solutions received based on
the mathematical model of the gear were presented — respectively — for time and frequency domains.
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Fig.4. Influence of o frequency and excited harmonic components on structure of Poincare’s intersection.
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Aiming at detecting, which harmonic components are dominating in particular time moments — the
so called scale diagrams were made which were obtained based upon the wavelet analysis.
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Fig.5. Color scale diagrams corresponding to Poincare’s cross sections, which were generated for the
chosen frequencies wg,

Taking into consideration the similarity of Fourier spectrums, the numerical calculations were
performed, aiming at detecting of the initial attractor for Poincare’s cross section whose position is defined
via the /,. indicator. The images are registered in a special manner, i.e. every /,. cycle of their course. Due to
the fact that the position of the reference plane of Poincare's cross-section does not depend on the frequency
of the source of dynamical excitations, the generated geometrical images of adequate cross-sections are
equivalent to the enlarged primary Poincare cross-section.

Graphical representations of the initial attractors are presented on the background of Poincare’s cross
sections calculated for the control surface deflected at angle 2.
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Fig.6. Initial Poincare’s cross sections for the analyzed gear model.
4. Analysis of results and final conclusions

The color maps of the distribution of the Lapunov exponent inform the scientists in which areas of
variability of control parameters the behavior of the gear can have a chaotic character. Moreover, the
sensitivity of numerical solutions on the initial conditions was analyzed. These investigations consist in
comparing the Fourier spectrums and time responses of generalized co-ordinates based on the mathematical
model assumed for system modelling. This sensivity was evaluated for two slightly different initial
conditions where the difference is equal to e = 0.0001. The methodology was briefly discussed in the
introduction. Moreover, it is worth mentioning that generation of the Fourier spectrums showing the satisfied
resolution implies utilization of the essentially longer time series then these used for obtaining the charts
showing the time response of the considered system. The color map of the distribution of the maximal
Lapunov exponent (Fig.3a) illustrates the chaotic behavior of the system within the variability range of the
control parameter @ from approx. 0.35 up to approx. /.7. Moreover, the range also changes with an increase
of the transmission error of cooperating geared wheels f.. In the present paper, the scope of investigations
was restricted to an analysis of the dynamics of the gear, making the assumption that the transmission error is
constant and equal to f; =0.1. For the assumed value of parameter f,, related to the particular cross section of
the color map of the distribution of maximal Lapunov exponent, the diagrams of bifurcations were prepared
(Fig.3b). Based on these diagrams, it was stated that in the considered gear, the chaotic phenomena dominate
when the frequency of meshing is higher than the resonance frequency of the gear. In the performed
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investigations, the ratio of meshing frequency and the resonance frequency wg were equal to approx. 1.092.
Moreover, they correspond to the situation, where some simplification of the model were incorporated, i.e.
for a geared wheel having the moment of inertia J;, the inertia of the rotor of the power motor was
incorporated. Similarly, the inertia mass moment of the drum was incorporated in the second geared wheel
moment of inertia J,. This value was assumed as a limit and it has been changing by 0.05, for particular cases
— Poincare’s cross sections, time responses and Fourier spectrums (Fig.4). It can be stated that the parameter
¢ had a decisive influence on the complexity of a structure of the attractor — which was presented on
adequate Poincare’s cross sections. In a general approach, it is possible to formulate an opinion that the
attractors have usually the form of ”small tongues of flames”, whose number changes due to changes of
frequency m¢. The obtained results of investigations related to domain of time and frequency proved that the
system shows sensivity due to changes of the initial conditions for the established ratio ws. Moreover, it is
commonly known that the classical Fourier spectrums are useful investigation tools, delivering practical
information related to the excited harmonic components of vibrations. However, based upon these data, it is
impossible to determine the dominant frequencies in chosen time moments. Information about the excited
harmonic components, corresponding to the particular time moments, is submitted by the procedures which
are based among others on algorithms of wavelet transformation. The prepared scale diagrams, clearly show
(Fig.5) that when wg = 1.2 and wg = 1.35, the periodical vibrations are excited in the gear. A comparison of
the values of the parameter w; with the bifurcation diagram (Fig.3b) confirms the above formulated
conclusions. In case of the chaotic attractors, it was observed that the harmonic components localized in a
similar range of parameter @ are subjected to excitation. However, the scale diagrams show that in the
particular time moments, other frequencies had the dominant role. The obtained results of model
investigations i.e.: Poincare’s cross sections, time responses (Fig.4) and scale diagrams (Fig.5), confirm the
different gear dynamic behavior which depends on the changes of the control parameter ws. However, the
Fourier spectrums, with the exception of three cases, had a similar structure in the zone localized under the
frequency ®¢. Similarity of Fourier spectrums inspired us to make an attempt to identify initial attractors.
From the theoretical point of view, points observed on Poincare’s cross section arise when the trajectory
passes through the control surface, whereas the surface could be chosen in an arbitrary manner. Usually, it is
identical with the phase plane, which corresponds to angle oo = 2r. In the performed investigations, it was
assumed that the angle defining the localization of the control surface could be a multiple of the angle a.
Effects of these investigations are shown graphically in Fig.6, where parameter /,, defines multiplication of
angle 2n. Based on the drawing of initial attractors, it is possible to formulate final conclusions:
- the dynamics of a nonlinear model of the considered gear, within the analyzed range of variability of
parameters, corresponds to the same attractor;
- with an increase of the frequency wg, the ends of ,,arms” of an attractor are subjected to stretching or
bending;
- parameter /,, defining multiplication of angle 27, is equal to the number of ,,small tongues or flames” of
the particular attractor, drawn for a control plane related to angle 2,
- inaccuracies in manufacturing of gear parts after assembly of the whole unit can cause inaccuracies of
transmission abilities of a particular gear.
Moreover, such analyses should be performed preventing of activity of the system in chaotic manner.
The system should act in (safety) blue areas in Fig.3. So, designers have to carry out frequency analyses and
pay more attention to some geometrical and related parameters like clearances, recurrence and uniformity.

Nomenclature

b; —energy losses of the co-working geared wheels
b; —reduced resistance of movement in meshing
¢y — average of toothing stiffness
¢; — Amplitude of dynamic component of mesh stiffness
¢z — stiffness of toothing
e;(f) —transmission error
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e; — effort variable of the bond graph
fi —flow variable of the bond graph
J;, J> —inertial mass moments
L, —backlash
l,, — attractor indicator
My — external drive moment
My —loading moment

~

m  —module of tooth
m,.q — reduced mass
ng —nominal velocity of the drive motor

O;, O, - central axes of the co-operating (engaged) wheels

P —nominal power of the drive motor

R;, R, —radiuses of the discs representing geared wheels

u(f) —reduced displacement
x(f) — dimensionless displacement
A —Lapunov exponent

©;, ¢, —angular displacement of gear

®s — motor angular velocity
o —normalized frequency
oz - frequency of meshing
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