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MECHANICAL PARAMETERS OF THE SQUEEZE FILM CURVILINEAR
BEARING LUBRICATED WITH A PRANDTL FLUID
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Based upon a Prandtl fluid flow model, a curvilinear squeeze film bearing is considered. The equations of
motion are given in a specific coordinate system. After general considerations on the Prandtl fluid flow these
equations are used to derive the Reynolds equation. The solution of this equation is obtained by a method of
successive approximation. As a result one obtains formulae expressing the pressure distribution and load-carrying
capacity. The numerical examples of the Prandtl fluid flow in gaps of two simple bearings are presented.
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1. Introduction

Steady laminar flows of a Newtonian fluid in a gap of the bearing with impermeable surfaces have
been examined theoretically and experimentally. The bearing walls have been modelled as two cylindrical
surfaces (for journal bearings), two disks, two conical or spherical surfaces. A more general case is
established by the bearing formed by two surfaces of revolution [1-3].

With the development of modern machine elements the use of complex fluids as lubricants has
become of great interest. They also reduce the coefficient of friction and increase the temperature range in
which the bearing can operate.

The development of physico-chemistry has led to the introduction of new lubricants which enhance
the conditions of the bearing operation and its performance. The mono and multigrade lubricants used in
present-day tribological applications are blended with additives which are polymeric in nature. This blending
results in a deviation of lubricant rheology from Newtonian to non-Newtonian.

For a long time the non-Newtonian fluids have evoked a considerable interest (see e.g. [4-7]). The
complex rheology of biological fluids has motivated investigations involving different non-Newtonian fluids.
In recent years, non-Newtonian fluids have become more and more important industrially. Polymer
solutions, polymer melts, paints and slurries, shampoo, toothpaste, clay coating and suspensions, greases and
cosmetics are the most common examples of non-Newtonian fluids. The property of these fluids is that the
stress tensor is related to the deformation tensor by some non-linear relationship. One of the industrial
applications of the non-Newtonian fluids is exactly tribology in which such new lubricants as alloys and
polymer solutions, electrolytes and liquid metals, ionized gases and ferromagnetic fluids are used.

Studies done on fluid film lubrication have employed several models such as the micropolar [§],
couple-stress [2], viscoplastic [9, 10], pseudo-plastic model [11-14] and mixture [15]. Naturally, this list is
not complete and given only to present the possibility of mathematical modelling. A more complete list can
be found in [1-3].
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This paper is mainly concerned with the non-Newtonian effects in lubrication of a thrust curvilinear
bearing lubricated with a Prandtl fluid whose model is given as follows [16]

where 1 is the shear stress, | is the coefficient of viscosity, k£ is the material constant, y is the shear strain
rate.
In what follows we will take into account only such values of k& for which the expression (k}'()

satisfies the relationship (Walicka [1, 2])
(ky)<1; (1.2)

we can present the model Eq.(1.1) in the form of a series

\2 \4
rzp{hr(];{l +1.3(ky) +...]y. (1.3)

2:4-5

For a sufficiently small value of (k}'/) it suffices to limit the expression in brackets of Eq.(1.3) to the first two

terms
N2
r=u[]+@}(. (1.4)

This formula will be used to model the Prandtl fluid flow in a squeeze film bearing.
2. Equations of motion of the Prandtl fluid

The three-dimensional form of the constitutive Eq.(1.4) of the Prandtl fluid is as follows (Walicka [1, 2])
2 1/2
T=-pl+MA,, Mzu[l+%A2J Az[étr(Af)} (2.1)

where 1 is the unit tensor, p is the pressure, 4 is the second invariant of the stretching tensor A4; (the first
Rivlin-Ericksen tensor) defined by

A =L+, L=gradv (2.2)
and v is the velocity vector and 7 denotes the transposition.

The general equations of motion of the Prandtl fluid have the following forms:
— equation of continuity

divv=0, (2.3)
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— equation of momentum

dv

pz =divT (2.4)
or

p%z—VandivA (2.5)
where

A=MA,. (2.6)

Let us consider a thrust bearing with a curvilinear profile of the working surfaces shown in Fig.1.
The lower fixed surface is described by the function R(x) which denotes the radius of this surface. The

bearing clearance thickness is given by the function 4(x,z) .

Fig.1. Geometry of a curvilinear bearing.

An intrinsic curvilinear orthogonal coordinate system x,9,y linked with the lower bearing surface is also
presented in Fig.1. The physical parameters of the Prandtl fluid flow are the velocity components v, v,
pressure p. With regard to the axial symmetry of the flow these parameters do not depend on the angle 9.

The assumption typical for the flow in a narrow gap (Walicka [2], Walicki [3])
h(x)<< R(x)

can be used to make order-of-magnitude arguments for Eqs (2.3)-(2.6).

A further simplification comes by noting that — in accordance with the lubrication approximation —
the most important changes in an annular bearing channel occur in the normal direction to the main flow.
This leads to the assumption that the flow is nearly parallel to the surfaces bounding the gap, so that

L, <<V, — <<=

in an intrinsic coordinate system.
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If some asymptotic transformations are made, the same as in (Walicka [2], Walicki [3]) these
equations can be reduced to a simpler form

1 9(Rv,) 0v,

n -0, (2.7)
R Ox oy
ov ov g 0 wk? |60 |2 ov
Pl U, +U, —F |=———+—1| k+ = =, (2.8)
ox oy ox oy 6 |oy| | oy
0= _P» (2.9)
oy
The last equation yields
p=p(x.1). (2.10)
For the slow flows the inertia effects are very small and Eq.(2.8) may be rewritten in the form
2 2 2 42
Idp:8 Ux+k_|6ux| 0°v, @.11)

wdr g7 2| o] o

The problem statement is complete after specification of boundary conditions. These conditions for velocity
component are stated as follows:

v, (x,0,6)=0, v, (xht)=0, (2.12)
oh
v, (x,0,)=0, v, (x,h,t)=5=h; (2.13)

the boundary conditions for the pressure distribution will be presented in the next section.

3. Solution to the equations of motion

Let us consider the assumption (1.2) which may be presented in the following form

2

2
% a;x <1 (3.1)
Y
it results that
2
B= % << 1. (3.2)

These relationships make it possible to search for solution of Eq.(2.11) in a series form

Ux=B0l)0 +B101 +B202 +... (3.3)
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Putting (3.3) into (2.11) we find for the two first terms

(3.4)

1op 8%y, o° U, |800| 8200
= +ﬁ
pox oy’ o] o7

Solving this equation for each of the [ powers (BO and [3]) and taking into account the boundary

conditions (2.12) we will obtain

3
Ux:(—z—gi](hy y )+—2[|h 2" ~h }( ;ug—g . (3.5)

To find the Reynolds equation it is necessary to introduce Eq.(3.5) into Eq.(2.7) and integrate them across
the gap thickness. After integration it we have

242
L0 py3| L Kh (—6—”) —1p 2 (3.6)
R Ox Ox 40M2 Ox 8t

To find the solution to the Reynolds equation (3.6) let us return to the assumption (1.2); it can be use to
search the solution of Eq.(3.6) in the form of a sum

()

e 04 1) (3.7

Assuming that p(l) << p(a) and substituting Eq.(3.7) into Eq.(3.6) we arrive at two linearized equations:
— the first one

10 gy 0

3.8
Rox ox 81‘ 3-8)
— and the other
3
10 s 10 kRK 3"
——Rh ——=—— . (3.9)
R Ox Ox R Ox 40}12 Ox
The boundary conditions for the pressure in a squeeze film are
5p(0) 0) ép(l) )
=0, =p,, =0, ,)=0, 3.10
6x p ('xo) pO ax p (x ) ( )
x=0 x=0
The solutions of Eqs (3.8) and (3.9) are given as follows
p(x.0)=p, —12H[F0 —F(x,t)} (3.11)

where
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F(x,t)=1(x,t)+—k"J(x,1), F,=F(x,,t),
(3.12)
.3
[ Rivax (] Rirev)
I(x,t)zJ- JYE dx, J(x,t)—j P dx,
The load-carrying capacity is defined by
sznj(p—po)Rcoupdx (3.13)
0

the sense of the angle ¢ arises from Fig.1.

4. Thrust squeeze film bearings

Let us consider a radial thrust bearing with a squeezed film of lubricant modelled by two parallel disks
(Fig.8).

7 N

Fig.2. Squeeze film in a radial thrust bearing.

Introducing the following parameters

R=x, x:i, ﬁz%:e(t), e(t)=1-¢(t), =22

4.1)

N

~ (p_po) ho ? ~_Nh02 2 éxo ’
p:—. —_— 5 N— 5 kp:k h

Ue X, UEX,

o o

(Y

we will obtain the formulae for the dimensionless pressure distribution and load-carrying capacity for the
radial thrust bearing with a squeeze film of the lubricant

.3 2 9 4
p—e—j{]—x +%e—4(1—x ) 5 (42)
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-~ 37 3\
N="|1+—L]. 4.3
263( 5e4J (*3)

Plots of the dimensionless pressure distribution and load-carrying capacity are presented in Figs 3 and 4.
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Fig.3. Dimensionless pressure distribution in the radial squeeze film bearing for ¢=0.3 versus different
values of 2., .
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Fig.4. Dimensionless load-carrying capacity in the radial squeeze film bearing for different values of A , .
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Let us consider now a spherical squeeze film bearing shown in Fig.5.

C:Rs_Rr’
/
e(t)==,
(=1
o
R’
R=R sing

Fig.5. Spherical squeeze film bearing (for 0, = gj .

Introducing the following parameters

uzfzz%zl—scoscp, u,=1-¢gcosq,, e=I1-¢, d):uf—ez—Z(uo—e),
4.4)
(p-p)( CY . NC? L(&R.Y
p=tlell | N=— R, =k [_J
ne (R, HER ¢

we will obtain the formulae for the dimensionless pressure distribution and load-carrying capacity for the
spherical squeeze film bearing

’ (4.5)

B S I { B

S\ ) 2\u! ,

_ A
I (T S [ I A

€ u, e 2u;, 32¢ S\u, e

1 1 1 o 221 1 1 W1 1 o
S R U I A e R SIS I L 4.6
4(uj e4J 2ug} 5 {4[1421 e4j 3{143 ng 2u05} (36
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Plots of the dimensionless pressure distribution and load-carrying capacity are presented in Figs 6 and 7.
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Fig.6. Dimensionless pressure distribution in the spherical squeeze film bearing for £ =0.3 versus different
values of 2 , .
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Fig.7. Dimensionless load-carrying capacity in the spherical squeeze film bearing for different values of A , .

Note that the case of A, =0 represents the pressure distributions and load-carrying capacities for the

flow of a Newtonian lubricant.
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It is easy to see from the presented plots that the increase of the values of A, evokes a significant

increase in the values of the mechanical parameters of both the bearings considered here. This increase is more
visible in the gap of the radial bearing with respect to that one in the gap of the spherical bearing.

5. Conclusion

The modified Reynolds equation for a Prandtl type of a pseudo-plastic lubricant flowing in a gap of a
thrust curvilinear bearing with squeeze film is derived. As a result the general formulae for pressure distribution
and load-carrying capacity are obtained. It follows from the calculations carried out and their graphic
presentations that both the magnitudes depend on the values of rheological parameters k£ or A D

It may be concluded that in both the bearings under consideration the pressures and load-carrying
capacities increase with the increase of A ,. These increases are more visible for the radial squeeze film

bearing.
Nomenclature

A; —the first Rivlin-Ericksen kinematic tensor
f(t) —bearing eccentricity or bearing squeezing
h, h(x,t) - clearance thickness

k — material constant
N —load-carrying capacity
p —pressure

r —radius
R,R(x) - local radius of the lower bearing surface
R, —pinradius of the spherical bearing
R, —sleeve radius of the spherical bearing
V' — squeeze velocity
v,,V, — velocity components

x,y —orthogonal coordinate
— squeezing ratio
— central angle of the spherical bearing

m

0
¥ — shear strain rate
A, — dimensionless coefficient of pseudo-plasticity
n  — coefficient of viscosity
1t —shear stress
9 —angular coordinate
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