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Safety-critical and mission-critical systems are often sensitive to functional degradation at the system or component level.
Such degradation dynamics are often dependent on system usage (or control input), and may lead to significant losses and a
potential system failure. Therefore, it becomes imperative to develop control designs that are able to ensure system stability
and performance whilst mitigating the effects of incipient degradation by modulating the control input appropriately. In
this context, this paper proposes a novel approach based on an optimal control theory framework wherein the degradation
state of the system is considered in the augmented system model and estimated using sensor measurements. Further, it is
incorporated within the optimal control paradigm leading to a control law that results in deceleration of the degradation
rate at the cost of system performance whilst ensuring system stability. To that end, the speed of degradation and the state
of the system in discrete time are considered to develop a linear quadratic tracker (LQT) and regulator (LQR) over a finite
horizon in a mathematically rigorous manner. Simulation studies are performed to assess the proposed approach.
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1. Introduction

Traditional control system designs (Stengel, 1986; Astrom
and Wittenmark, 1995) focus only on the stability
and performance without taking into consideration the
effects of aging, fatigue, and damage of the concerned
components and without minimizing the risk of failure.
However, safety-critical systems (Knight, 2002) arise
in several application areas, such as transportation and
air-traffic control systems, space systems, nuclear plants
and automated industrial processes.  The evolution
of such complex systems calls for development of
new control technologies that maintain system stability
and performance specifications, and also address the
progressive incipient degradation.

In this context, recent works include approaches such
as adaptive or robust control to address issues where the
degree of failure may be unknown. In the work of Bole
et al. (2010), a fault adaptive control is proposed for
incipient fault modes growing into catastrophic failure
conditions. The methodology is developed for a finite
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constrained optimization problem where the model of
the system and the degradation is supposed to be
known. Zhang et al. (2022) develop a reconfiguration
control method using a multiple-model based adaptive
control. The proposed control law allows handling
component faults while maintaining the performance of
the electro-hydraulic position servo system. Moreover,
fault tolerant control design (Noura et al., 2009; Blanke
et al., 2006) has been developed for various industrial,
mission critical and safety critical systems that operate in
closed loop, in order to compensate for fault occurrence.
In the work of Hamdi et al. (2021), a fault tolerant control
was introduced for delayed linear parameter varying
systems including disturbances and actuator faults.

In recent years, new methods have been developed
such that the useful life of critical systems can be
enhanced. In this context, health aware control has
emerged as a significant domain where control laws
are designed while taking into consideration the state
of health (SoH) and/or remaining useful life (RUL)
prognostics of critical components. Some prominent
works have proposed methods for developing control laws
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that attempt to extend the RUL of a component/system
(e.g., Lipiec et al., 2022; Pour et al., 2021; Rodriguez
et al., 2018; Salazar et al., 2017). Moreover, in the
framework of model predictive control (MPC), several
works have been adopted to design a controller that
ensures robustness to particular failures, thus reducing
their impact on the system (Brown et al., 2010; 2021).

However, in the case where the states of a system
are not measurable, it can be challenging to design
effective controllers that can maintain good performance
in the presence of these uncertainties. In such situations,
various techniques can be employed to estimate the
system states and the degradation state such as the Kalman
filter (Durrant-Whyte, 20006), the extended Kalman filter
(Kanso et al., 2022; Obando et al., 2021; Bressel et al.,
2016), particle filtering (Jha et al., 2016), etc. In the
framework of linear systems, Kalman filtering is often
used for real-time control applications due to its low
computational complexity and convergence guarantee.
Combining the Kalman filter and linear quadratic control
(LQC) yields a powerful control approach known as
linear quadratic Gaussian (LQG) control (Lewis et al.,
2012; Soderstrom, 2002). It is commonly applied
to optimize the performance of linear systems in the
presence of additive white Gaussian noise. It is widely
used in a variety of applications to maintain good control
performance in the presence of noise (Athans, 1971). The
Kalman filter allows estimating the states of the system
based on noisy measurements; then the estimated states
are used to compute the optimal control input, ensuring
optimal system behavior and performance.

In the context of incipient degradation, incorporating
the degradation state into control design is a non-trivial
task (Soderstrom, 2002). This challenge is further
compounded when the degradation states are not directly
measurable (Félix et al., 2022). Consequently, it can be
difficult to accurately assess the extent of degradation
and to design controllers that can adapt to changing
degradation levels over time or decelerate the degradation
speed.

Most of the existing work focuses on integrating fault
tolerance within the control design without addressing
the incipient functional degradation phenomena that lead
to such faults and, consequently, a system failure. On
the other hand, very few works have addressed the
problem emanating due to degradation that is often not
measurable and incipient in nature. In this context, this
paper proposes a novel approach based on an optimal
control theory framework wherein the degradation state
of the system is considered in the augmented system
model and estimated using sensor measurements. Further,
it is incorporated within the optimal control paradigm
leading to a control law that results in deceleration of
the degradation rate at the cost of system performance
whilst ensuring system stability. While the importance of

MPC control and its practical benefits are recognized, our
specific research focus centers on exploring the potential
of the LQR and preparing the foundation for future
research on reinforcement learning approaches in control
design for nonlinear systems.

This work is an extension of the previous one (Kanso
et al., 2023), wherein a linear quadratic regulator (LQR)
and tracker (LQT) were designed for a deterministic
discrete-time linear system in the presence of a linear
degradation, and the full information about the state and
the degradation was considered available.

This paper aims to extend the previous work and
address the cases of incomplete states information,
thereby addressing stochastic systems using LQG control.
The main scientific contribution is the proposition of a
novel degradation tolerant approach based on optimal
control theory for a stochastic discrete-time linear system
with partially measurable states and degradation.

This paper is organized as follows. Section 2
introduces the problem statement. Section 3 presents
the proposed reconfiguration approach for deterministic
systems. Section 4 develops LQG control for incomplete
state information. Section 5 examines the feasibility of the
proposed approach using an academic example. Also, it
highlights the distinction between the formulation of this
article and the approach of extending the state vector to
include both the system state and the degradation state for
the control design. Finally, the conclusions summarize
significant advances and presents future perspectives.

2. Problem formulation

The degradation of a system’s components affects its
performance and stability. The state of degradation or
deterioration, considered as a health indicator, also affects
directly the remaining useful life of the active system,
consequently reducing the usability and productivity
of the system. Moreover, the SoH is predominantly
influenced by the states of the system, and implicitly
affected by the action of the controller. Therefore, the
development of an optimal approach for performing a
control action that takes into account the performance
requirements, the stability and also the SoH of the system
gains paramount importance for such systems undergoing
component degradation.

This paper focuses on linear MIMO (multiple inputs
multiple outputs) discrete-time systems represented by the
state transition, control and observation matrices, A; €
R™*", Ay € R™*!, By € R™™ and C) € RPX™,

Tp1 = Az + Aody, + Brug, )]

yp = Crxp, ()

whereu € R™, 2 € R*, d € Rl and y € R? correspond
respectively to the input, state of the system, state of
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degradation and measurement vectors. The system is
affected by the degradation in an affine manner and
the degradation evolution is described by the following
state-space representation:

i1 = Azxy + Aadi 3)

with A3 € R™™™ and A4 € R, In most cases, the
evolution of the degradation is monotonic and irreversible;
moreover, it is generally unknown. In this work, the
current state of degradation is assumed to be dependent
on the previous state of degradation and also the previous
state of the system. Moreover, it is assumed that the
degradation variable dy has a maximum value d,,x, such
that, if the degradation level at any time k is less than
dmax» the system remains stable and can be asymptotically
stabilized on R™.

In order to maintain the system performance while
minimizing the energy and the speed of evolution of
degradation, a quadratic utility function is defined by

U, = (Cla:k — rk)TQ(Clxk — Tk) + u;‘gRuk

4)
+ AdF Q1 Ady,

where 7, is the desired reference trajectory and Ady, is the
rate of evolution of degradation described by
Ady = dgy1 — d, = (A4 — I)dk + Aszy. 5)

The utility function @) is used to develop the performance
index of a linear quadratic tracker problem, which gives
the following quadratic cost function:

1 _
Jo = 5[(01$N —rn) SN (Cray —rN)
+ Ady PyAdy]
L N
+ 3 Z [(Crzy — )T Q(Cray, — 1)
k=0
+ ui Rup + AdF Q1 Ady], (6)

where @, Q1, R, Sy and Py are symmetric positive
definite cost-weighting matrices and |R|# 0. The initial
plant and degradation state are given as xg and do,
respectively.

In the following section, the control problem will
be addressed for the case of deterministic systems while
minimizing the rate of evolution of degradation.

3. Optimal reconfiguration control of
deterministic systems

In this section, the developed optimal control based
approach allows the synthesis of a state feedback control
law using the minimization of a quadratic criterion
involving the state, control and rate of evolution of

degradation. The problem posed is to bring the state to
any reference track, which is equivalent to bringing the
state to equilibrium (zero) starting from a non-zero initial
condition. Hence, in Section 3.1, the solution of the
problem is developed for an LQT, and then the solution is
deduced for a LQR problem. The constructed controller
is for deterministic systems with fully measurable states.

3.1. Linear quadratic tracker. This section
synthesizes an optimal control law that forces the
system to track a desired reference trajectory 7, over a
specified time interval [0, N]. The cost function (&) is
sensitive to the tracking error, the input and Ad to force
the state to reach the reference and to decelerate the speed
of evolution of degradation. Using (3) to eliminate Ad in

(@ gives

1 _ _
Jo = 5[$%(CTSNC + AgPNAs)wN

+ djz\}(A4 — I)TPN(A4 — I)dN + T%SNTN
— LL’JA}CTS’NTN — T%S’NCCEN

+ djz\}(/hl — I)TPNAger + $%A§pN(A4 — I)dN]
N-1
1
+ 3 Z [20 (CTQC + AT Q1As)xk, + uf Ruy,
k=0

+d} (A4 — DT Q1(As — Dd + 1} Qry,
— 2y CTQri — v QCuxy, + df (As — I)T Q1 Asy,
+ x%Ang(A;l — I)dk]
(7
To solve the LQT problem, the Hamiltonian is first
considered in order to derive the necessary conditions.

The Hamiltonian function is defined by the following
equation:

1
Hy, = §[$£(C1TQ01 + AT Q1As)xk + uf Ruy,

+di (A — )" Q1(Ag — Dy + L Qry

— 2t CTQry, — rFQC,

+di (As — DT Q1 Aszy + xf AT Q1(Ag — I)di]

+ A1 [Arxg + Aady, + Brug),

®)
where )\, € R" is the costate of the system and is given
by
~ OHy
N 8:%
= (CTQCy + AT Qi Ag)y + AT Ny @)
+ A5 Q1(Ay — Ddy — CF Qry.

Ak

Solving the stationarity condition %Ij == 0 yields

up = —R'BT M\pyq. (10)
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If the optimal \; can be found, (I0) can be used
to find the optimal control. Moreover, the boundary
condition is given by

0PN

Ay = —
aLL'N

A rs an
= (Cl SNcl + A3 PNA3)CBN
+ A?;PN(A4 - I)dN - CrlrgNTN
with
1

Oy = i[x%(CngC1 + A3T]5NA3):EN
+d5(Ay — )T Py(Ay — Idn + r5Snry
— x%ClTS‘NrN — T%SNC&:EN
+d&(Ay — )T Py Azzy
+ 28 AT Py (A4 — Idy).
12)

Thus, assuming that a linear relation like (IT)) holds for all
times k < N, the costate equation can be written as

Ak = Skxk + Pedi, — .- (13)
Using (13) in the state equation (II), we get
Tpp1 =+ B R 'B1TS4)7!
X [(Al — BlRleka_HAg)xk

+ (A2 — BIR'BI Py 1 Ay)dy,
+ B1R™'BY g41].

(14)

Using ([[4) and (T3) in the costate equation @) gives

Skxr + Prdi — qx
= [T QC, + ALY Q. Az)xy
+ AT Sy 1[I + BiR™'BY Spy1] ™
x [A; — BiR™'BY P 1 A3y,
+ AT Sk [I+ BRI BY Spa] ™t
x [Ay — BiR™'BY Py 1 A4)dy,
+ AT S 1[I+ BiR 'BT Syt ' BiR ' B qiys
+ AT Ppyy Aydy, + AT Pryy Agay,
+ AFQ1(As — INdy, — Arqryr — CT Qrye.
(15)

This equation must hold for all state sequences xj,
and dj, given any o and dp, leading to
Sk =Cl QC1 + A7 Q1 A3
+ A?Squl(I + B1Rle1TSk+1)7l

X (Al — BlR_leP]H_lAg,) + A,{P]H_lAg,
(16)

Py, = A7 Sp1(I + BiR™' B Sj41) ™!
x (Ay — Bi1R™'Bf Py i1 Ay) a7
+ AT Pey1Ag + AT Q1(Ay — 1),

@k = Al g1 + CL Qri, — AT S

- - B (18)
x (I +B1R lBlTSkH) 'BiR 1B1TQk+1-

By comparing (I1)) and (I3), the boundary conditions
for these recursions are

Sy = CfSNcl + AgPNA:g,
Py = A} Py(Ay — 1), (19)

Tz
UN = _Cl SNT‘N.

Since the sequences Sy, Py, and gj, can be computed, the
assumption (I3) is valid and the optimal control is

up, = =R B (Spq12r41 + Pesrdpr1 — qrr1)- (20)
Substituting (I) and (@) in 20Q) yields
up, = —Kiap — Kjide + Kjlqei @n
with

Kj = (R+ B Sp41B1) ' BY (Sk41A1 + Pey143),

(22)

K = (R+ Bl Sp41B1) "' BT (Spq1 42 + Prg1 Ag),
(23)
K= (R+ B{ Sg41B1)"'BT. (24)

Equations 22)), 23) and (24) are solved off-line and
backwards in time, starting from time N — 0.
The solution for the LQR is reached by determining

the control sequence ug, U1, ..., un—1 that minimizes Jy
in
L ra T 5
JO = §($NSN£L'N + AdNPNAdN)
| N1 (25)
+ 3 xf@xk + ufRuk + AdelAdk.
k=0

However, the regulation problem is nothing but a tracking
problem where the reference is the equilibrium (zero).
Thus, in this case gy = 0, which implies that the optimal
control takes the form

up = —K¥xy — Kldy, (26)

where Kj; and Kg are computed using Eqns. (Z2) and
(23), respectively.

The controllers in @I) and (26) are full state
and degradation feedback, so they require complete
information on the system and degradation states. In
many real-world systems, it is not possible to measure
all of the states directly, especially the degradation
state. This can be due to a variety of factors, such
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Fig. 1. Regulator design using state feedback and the Kalman filter as the observer.

as the system complexity, the cost or difficulty of
obtaining measurements, or the inherent limitations of the
measurement devices. As a result, it is often necessary
to estimate the system states based on partial or noisy
measurements, using techniques such as Kalman filtering.
In the following section, the control problem of stochastic
linear systems with incomplete state information will be
addressed.

4. Optimal control with incomplete state
information

In the previous section, the system was assumed to
be exactly known, with no modeling inaccuracies,
disturbances, or noises. In control design, often not
all states are available for feedback purposes, only
measurements are accessible. This can be due to various
factors, such as the cost or complexity of measurements
and the limitations of available sensors. In this section,
incomplete state information is assumed to be available
and the measurements are considered noisy. To solve this
problem, a Kalman filter observer will be used to estimate
the state and the degradation from noisy measurements.
LQT control combined with the Kalman filter constitute
together the linear quadratic Gaussian (LQG) control. It
provides a powerful method for controlling linear systems
in the presence of noise.

Suppose we have the following systems described by
the stochastic dynamical equations:

Tipt1 = Arzy + Aady, + Biug + w1k,
dp+1 = Aszg + Aady + wo i, (27)
yr = Cray + vg.
The signals wy ; and ws j are unknown process noise
that acts to disturb respectively the dynamical system

and the degradation, and it could represent unmodeled
high-frequency plant dynamics or the effects of wind

gusts, for instance. The signal vy is unknown
measurement noise that impairs the measurements and it
represents sensor noise. The signals w1, wo , and vy, are
uncorrelated.

Consider the following augmented system composed
of the dynamical system and the degradation with X} =

[:Z?k dk]T (S R+ and Uy = ug:
X = AX; + BU, + s
k+1 k k Wi (28)
Y, = CXy + vg,
where
_ A A _[B1
B ]

W1,k
c=\|C 0, = .
o) w=[2]
Here w;, ~ (0,Qops)s vk ~ (0, Rops) are white noise
processes orthogonal to each other.
Suppose we have the full state-feedback control

U = 7K,f117k 7Kgdk+Kqu+1 (29)

= —Ki' X + Klqp 41
with K ,f = [K A Kg] The same feedback vector is
used as when the system was deterministic and the states

were known (Stengel, 1986).
The closed-loop system becomes

Xp+1 = (A — BK )Xy, + BKlqj1 +wi.  (30)

The control law (29) cannot be implemented since
not all the states are usually measurable. Now, consider a
Kalman filter designed as

Xit1 = (A= L1 C)Xg + BU, + L1 Ve, (31)

where the filter gain Ly is obtained using the Kalman
filter algorithm (Durrant-Whyte, 2006).
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The feedback of the estimated states X . 1s used
instead of the actual state X ;.. Hence, the feedback control
law becomes

up = —K{X X + Klgiii. (32)

The closed-loop structure using this controller is
illustrated in Fig. [l

The state feedback gains and the observer gain can
be developed separately to obtain the desired observer
behavior and closed-loop plant behavior. This leads to the
separation theorem (Lewis et al., 2012), which is the core
of modern control design. To verify the effectiveness of
the developed control schemes, a finite horizon tracker is
implemented on an academic example in the next section.

5. Simulation results

Consider the following unstable stochastic discrete-time
linear system:

0 6.3 1
Tht1 = [0.6 9 ] Tk + [O} ug + 0.1dy, + w1 i,

Yk = [1 O] Tk + Vk.
The dynamic of the evolution of degradation is described
by the following equation:
diy1 = [2 x 1073 0] T +di + w2, k-

The weighting matrices of the tracker are chosen as

10 o 3 B
Q[O 103}, Q. =10% R=0.01,

SN:Qv PN:QI
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The augmented system is given by

0 6.3 0.1 1
X1 = 0.6 2 0| Xp+ |0]| Up +wg.
2 x 103 0 1 0

Y. = [1 0 O]Xk—i—vk

The first step in the Kalman filter algorithm is to
initialize the states and to adjust the covariance matrices
to make the filter work properly. The noises wy and vy
are assumed to be Gaussian with zero mean and variances
Qobs and Ry, respectively, with

o2, 0 0
Qobs = 0 0'3;1 0 , Rops = 0'12”
0 0 012”2

where 0,,, = 1073, 0, = 1073 and 0, = 1072,

Figure 2(a) shows the trajectory of x1 , £1,% and
the measurements y; for N = 120. A strong correlation
is observed between the three curves, which implies that
the Kalman filter is able to estimate x; since Z; and the
measured values are overlapped. Moreover, the output yy,

tracks the reference r;. This indicates that the controller
is able to force the output y;, to reach the desired trajectory
and to stabilize the system while using the estimated
states’ feedback.

Consistent results are obtained in Fig. 2(b) since the
trajectories of 22 ;, and &5 j coincide. The second graph in
Fig. 2(b) shows the evolution of the estimated and the real
value of the degradation in closed loop; the two curves are
correlated with a small error between dj, and czk

Figure 3(a) displays the evolution of the matrices Py
and S, which form respectively the solutions of Eqns.
(I7) and (I8). The values are computed offline backward
in time from N to 0. It can be seen from these two figures
that the matrices’ parameters converge respectively to P
and Sy, for any S and Py, as k approaches 0.

Similar performance is obtained in Fig. 3(b),
respectively, which is reasonable, as K} ,K g and K Z
are computed with respect to Py11 and Sy1 @C2)-@4).
As N — o0, P and Si converge to P, and S,
respectively, which implies that K¥, K¢ and K ¢ reach
steady-state values K%, K& and K.

Thus, in this case, the optimal control can be written
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Fig. 5. Trajectory of z; ; in closed loop for Q1 = 10°; 21,5 for the formulation of the augmented state vector (a), x1,; for the

formulation developed in the article.

as follows:
up = —K2x, — K& dp + KL gppr-

A disadvantage of this formulation is that g; needs to be
computed offline using the backward recursion (I8).

The main objective of the developed work is
to decelerate the speed of evolution of degradation
Ady. Looking at Eqn. (@), it can be seen that the
weighting matrix () strongly affects the progression of
the degradation. Thus, the impact of )7 on the system
behaviour will be studied in the following results.

For different values of Q; =[102, 10°, 5 x 10°] and
for a finite horizon N = 120, the trajectory of the output
yr is represented in Fig. 4(a). It can be seen that, by
increasing the value of ()1, the steady state error between
the output and the reference increases; thus, the input
uy, reduces in its turn, as shown in Fig. 4(b). Moreover,
Fig. 4(c) displays the evolution of the degradation for
different values of Q. It shows that the final value of
the degradation d decreases when ()7 increases. This
means that the controller tries to find a trade-off between
the performance and the speed of degradation. Thus by
augmenting the value of ()1, the controller will prioritize
reducing the rate of evolution of degradation over the
system performance.

Figure 4(d) shows results consistent with the
previous ones, as it displays the rate of evolution of
degradation for different (1 and confirms that the speed
of degradation is slower when () is large.

The choice of the formulation presented in this
article was carefully considered based on several factors
and issues. One of the primary reasons for selecting
this specific formulation was to address the problem of
decelerating the speed of degradation. One intuitive
and simplistic formulation that can be employed was

the augmentation of the system state vector with dj and
Adj. Using such a formulation leads to an undesired
behavior in the trajectory of =1, where it exhibits negative
values for a large horizon (Fig. 5(a)). Conversely, the
approved formulation, which is the focus of this article,
demonstrated a more desirable behavior in the trajectory
of z;, without exhibiting such unconventional values
(Fig. 5(b)). This observation reinforces the effectiveness
of the chosen formulation in controlling the system
dynamics and achieving the desired objectives.

6. Conclusions and perspectives

This paper proposed a degradation tolerant control (DTC)
design based on the LQG approach, where the degradation
is hidden. A finite horizon optimization approach was
developed for linear systems, where these were supposed
to be affected by a linear degradation in an affine
manner. The degradation and state of the system were
considered not fully measurable. Thus, the Kalman
filter was employed to estimate the system states and the
degradation state in order to implement the state feedback
controller. This allows fast estimation with a negligible
residual using noisy measurements. Moreover, using the
output of the observer, the LQT was able to force the
measured state to follow the reference and to stabilise the
system. In order to slow down the speed of degradation,
the value of the matrix ()1 can be increased so that the
controller prioritizes reducing the rate of evolution of
degradation over the system performance, thus preventing
a system breakdown.

The convergence of the gains K7, Kg and Kg,
as well as the matrices Py41 and Sjy1, needs to be
investigated. Therefore, future work will focus on proving
the convergence of the controller gains. Furthermore,
the integration of the remaining useful life in the cost
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function to extend its value will be examined. However,
it is also important to extend the framework to address
more complex and real-world cases. This involves
considering system dynamics with nonlinearities and
handling scenarios that involve higher-dimensional and
realistic environments. By addressing these challenges,
the future work aims to provide practical and effective
solutions that can be applied to real systems. To
this end, the future work will also involve developing
reinforcement learning algorithms and techniques that are
specifically designed to handle the challenges posed by
nonlinear systems.
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