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Streszcz enie 
W artykule przedstuwiono matematyczny model transportu stabilnych i 
pasywnych zanieczyszczen w przeplywie wady gruntowej, uwzgl~dniajqc 
procesy adwekcji i adsorpcji. w oparciu 0 wczesniejsze badania labora­
toryjne st~ten zanieczyszczen na modelu jizycznym oraz wykorzystujqc 
rozwiqzanie numeryczne prezentowanego modelu matematycznego obli­
czono paramelry adsorpcji k1 i n dla nieliniowej funkcji opisujqcej /en 
proces. W dalszej kolejnosci opracowano doswiadczalne zaletno.vci pa­
ramelr6w adsorpcji od parametr6w charakteryzujqcych r6wnoczesnie 
warstw~ wodono~:nq oraz przep/yw wady gruntowej. Zaletnosci le pozwa­
lajq na lepszq ocen~ prognozy jakosci zasob6w w6d gruntowych doply­
wajqcych do uj~c wady gruntowej. 

Summary 
The article presents mathematical modelling of transporting bolh stable 
and passive contaminations in ground water flow taking into considera­
tion processes of advection and adsorption. On the grounds of the earlier 
laboratory investigations related to contamination concentrations on the 
physical model and using numerical solulion of the presented mathemati­
cal model the adsorption parameters k1 for the nonlineral function de­
scribing the process were calculated. This was followed by determining 
experimental (empirical) dependence between the adsorption parameters 
and the parameters characterizing a/the same time the aquiferous layer 
and the ground water flow. This dependence allows for a better prognosis 
evaluation of the resources of ground water flowing into ground water 
intakes. 
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1. INTRODUCTION AND OBJECTIVE 

The paper addresses the advection and adsorption of some conservative contami­
nants such as chlorides, heavy metals or non-biodegradable toxic organics, which begin 
to appear more frequently in the ground water. The effect of the molecular diffusion was 
neglected as considered negligible when compared to advection and adsorption proc­
esses [Weinberger and Mandel, 1973]. The main objective of the paper was determina­
tion of the relationships between soil adsorption capacity and selected parameters char­
acterising the aquifer layer and ground water flow. The soil particle diameter (d 10) was 
used to characterise the aquifer; the pressure (head) line slope (I) was used as the pa­
rameter characterising ground water flow. The non-linear adsorption process is repre­
sented by the two adsorption parameters k1 and n [Barovic, 1979; Kowal, 1990]. Based 
on earlier laboratory experiments the empirical relationships of parameters k1 and n, for 
effective grain size (d 10) and porosity (p) as well as pressure line slope of ground water 
(I) were worked out. Rhodamine as a conservative tracer was used in the laboratory 
experiments. 

2. MODELLING CONTAMINANT TRANSPORT IN GROUND WATER 

Conservative contaminant pollutant transport incorporating reversible sorption proc­
ess, the well - known spatial advection - dispersion equation, resulting from the transport 
continuity [Ogata, 1970; Aniszewski, 1998] is: 

X X X X r3 2C o2C o2C 
-+v + v +v = D + D + D -g 
et X Ox Y 0y Z Oz X Ox 2 Y 0 2 Z Oz2 I 

(1 ) 

where: C - pollutant concentration in ground water [g?m-3
]; Vx, vy, Vz- components of 

Darcy velocity (m?s-1
]; Dx. Dy. Dz- components of dispersion [m2?s-1

] ; t- co-ordinate of 
time [s]; g1- term describ ing the reversible sorption process [g?m-3?s-1

]; x, y, z - co­
ordinates of the assumed reference system [m]. 

In equation (I) the mechanical dispersion constants Dx , Dy and Dz were selected on 
the assumption that co-ord inate axes (x, y, z) coincide with mixing axes. In further 
analysis for homogeneous soi l medium it was assumed, that ground water flow is one­
dimensional in axis x wi th the constant Darcy velocity in this direction Vx. Thus, in the 
further analysis components of Darcy velocities in the rest directions were neglected 

(vy = Vz = 0) and at the same time the advection terms in these directions (Vy 8C/Oy = Vz 

8CI8z = 0). For the laboratory experiments Darcy velocities (vx), soil characteristic 
diameters (d10) and value of molecular diffusion coefficient (OM), the numerical range of 

Peclet number (Pe = Vx d10/DM) was defined at 5,0 ~ Pe ~ 580,0. Based on the calcu­
lated values of Peclet number it can be assumed, that in pollutant mass transport in 

ground water flow, the advection transport dominates (vx 8C/8x) [Szymkiewicz, 1995]. 
Based on the laboratory experiments in the soil column, the feasibili ty of neglecting the 



2. MK. , Ochrona i Rekultywacja Obszar6w Dorzecza Od1y. .. 15 

longitudinal dispersion (vx ffc1ax2
) was confirmed, when small lengths of the measured 

frontal zones generated by this dispersion were taken into account. The example of 
measured lengths of fi·ontal zones in the particular cross - sections on the model were 
presented by Aniszewski ( 1998). Taking into account the small diameter of the soil 
column and at the same time quick concentration equalisation in the cross-sections on 

the column length, in equation ( I) the transverse dispersion terms (Dy a2C!f}/ = Dz ffCI 

8z2 = 0) were also neglected. 
Thus, the equation ( I ) can be written as: 

ac ac 
-at-+ V X 8x = - gl (2) 

The term g1 in the equation (2) describes the reversible physical sorption process, which 
can be expressed in the form [Barovic, 1979; Miller and Weber, 1984]: 

gl = 
p(I - P) as C"'.)) 

p at 
where: S - mass of sorbed pollutants on the soi l patt icles related to the mass of the soil 

, 
sample [- ]; p- density of the soi l media [g?m""']; p - porosity coefficient of the 

soil [- ] . 

The term ( a S/ at) can be expressed as the sum of the two components [Kowa l, 1990]: 

(4) 

where: 8s ;/at, as d I at - terms expressing process of pollutant adsorption on the 

ground grains and desorption from the ground grains, respectively [s" 1
] . 

Adsorption process was described by means of a non - linear function close to em­
pirical Freundlich isothcnn widely used in literature (Kowal, 1990): 

asa = k l P C" 
at p(l- p) 

(5) 

where: k1 -rate coefficient of pollutant concentration reduction caused by adsorption 

[m3<n-t)?g·<n· ll?s· 1
] ; n- constant index exponent of non-linear adsorption [- ]. 

In the further analysis, desorption process was neglected (8Sctf8t = 0) taking into ac­
count steady and continuous flow of pollutants into the ground water [Barovic, 1979; 
Kowal, 1990]. Taking into account the equation (5), the equation (3) can be written as: 
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- p(l - p \ p c 11 - k c 11 

gl - p I p(l - p) - I 
(6) 

It should be noticed, that the equation (6) is related to the constant value of ground po­
rosity (p). 
Thus, taking into account the equation (6), the general equation (2) can be written as: 

(7) 

For numerical solution of the equation (7) the initial and boundary conditions were as­
sumed, which for the soil column can be written in the form: 

- boundary condition 

C = C
0 

for x = 0 and for 0 ~ t ~ oo (8) 

initial condition 

C = 0 for t = 0 and for 0 < X ~ oo (9) 

The cross - section x = 0 was situated in distance of ea. I 0 cm from the tracer outlet, 
where concentration equalisation in the whole cross - section of the soil column took 
place. To solve equation (7) implicit differential scheme, the , up - wind scheme" was 

used, which makes the use of the grid presented in Figure I . In this figure~~ = h'= ~ 

x/L expresses the assumed dimensionless grid step along longitudinal axis x (~). On the 

contrary ~T = w'= vx ~t/L expresses calculated according to ( 13) dimension less grid 

step along time axis t (t ). 

t(t) 

t~T·w· 

if-1 
h-1 
I ~ 
I. .t~y .h 

i. 
I 

.I 

X 

l+ 1 

Fig. t. Node grid for the assumed differential scheme "up- wind scheme" 
The differential equation (7) can be written as: 
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bCir + A ic;~r = BCi r-1 + h i Ci-1 r-1 , , ' ' 
(10) 

for the auxiliary relationships: 
1 1 1 1 k 

1 
L C (n- l) 

-. - • = B; * = b; * = hI ; 
0 = A I (I l) 

w h w h vx 
where: C0 - in itial tracer concentration in the cross - section x = 0; L - actual length of 
the soil column. 

Equation (I 0) is a non - linear algebraic equation, which was solved by means of the 

"regula falsi, method (consecutive secants). Time step ilt was assumed to eliminate the 
effect of numerical diffusion. Equation ( I 0) generates numerical diffusion, coefficient of 

which Yn can be written as: 

v x ilx 

2 

the symbol of Ca expresses the Courant number which can be defined as: 

V X ilt 

LlX 

( 12) 

(13) 

It follows that the eq. I 0 will not produce the numerical diffusion for Ca ~ I. Stability 
analysis of the eq. (1 0) proved, that it is relatively stable. Stable numerical solution is 
possible for C11 = I [Szymkiewicz, 1995]. The solution of the equation (7) by means of 
eq. ( l 0) can be done by the computer program ,SORPCJA - I" [Aniszewski, 1998]. 

3. RESULTS AND DISCUSSION: LABORATORY EXPERIMENTS 

Based on the colorimetrically measured concentrations of tracer solution on the 
physical model and utilising the numerical solution results of the equation (I 0), the 
values of adsorption parameters k1 and n were estimated. The empirical relationships of 
the adsorption parameter depended on both groundwater head slope I and diameter d10; 

complied with the values of constant spatial ground porosity p and adsorption index 
~xponents n. 

The empirical relationship was assumed in the exponential form: 

( 14) 

• 

where: 
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a1 = 0,2259· 10-4 d10 + 0,4214 ·10-6 

bl = 3,2629 d 10 + 20,0337 
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} (I 5) 

The values of (d 10) diameters according to ( I 5) are in [mm] and those of ( I ), according 
to ( 14) in [%). 
The graph of the calculated and the equalised values of (k 1) parameters in re lation to (I) 
line slopes for the th ree chosen diameters (d 10) complied with the values of constant 
spatial ground porosity (p) and adsorption index exponents (n) was presented in Figure 
2. 
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Fig. 2 Values of adsorption coefficients (k1) in relation to pressure line slopes of ground 

water(!), effective grain size (dHJJ, porosity (p) and index exponents (n): o - the calcu­
lated values according to (/ 0). -- the equalised values according to (14) 

The empirical re lationship of the adsorption index exponents n from the diameters d 10 
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in the range of spatial porosity 32,0 ~ p ~ 41,5 % was also worked out. 

The empirical relationship can be written as: 
n=b 2 d 10 +c 

where: 

b 2 = -0,1672 ·1 o-' 

c = 1,023 0 

The values of ( d 10) diameters according to ( 16) are in [mm]. 
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(16) 

(17) 

The graph of the relationships of the adsorption index exponents (n) from the character­
istic diameters (d 10) was presented in Aniszewski [ 1998). 

4. CONCLUSIONS 

Experiments on the physical adsorption process, conducted on the physical soil col­
umn model confirmed the quantitative relationships between the parameters characteris­
ing the soil medium and the ground water flow in fine and coarse sands. The empirical 
relationships developed here, should facil itate better practical estimation of the water 
quality from groundwater source intakes. 
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