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The paper presents a model for an elastic foundation consisting of a finite number of
homogeneous and isotropic layers. The simplified continuous elastic media with internal
constraints introduced by R Switka [1] has been adopted for discussion, in which it is
assumed that the horizontal components of a displacement vector equal zero.

The purpose of the paper is a solution determining the displacement of the foundation
surface, caused by a uniform load within a circular area. By means of the Hankel integral
transformation and the notion of the layer transfer matrix in the transform domain, a
solution to vertical displacements of the foundation surface has been obtained.

The method for computing the infinite integral specifying numerical values of displace-
ments of the foundation surface has been presented. The solution concerning the interac-
tion of a uniform load within a circular area presented in the paper can be used for an
approximate solution (by computer methods) to the task of the contact between a beam or
a raft and the surface of an elastic layer foundation.

Keywords: elastic layered half space, internal constraints, boundary value prob-
lem, computer methods, soil-structure interaction.

1. INTRODUCTION

The paper presents a model for an elastic foundation consisting of a finite num-
ber of homogeneous and isotropic layers. The continuous elastic media intro-
duced by Switka ([1] his associate professor thesis) in 1968 has been adopted
for discussion. In this model it is assumed that the horizontal displacement com-
ponents of the vector equal zero. The paper [1] presents complete equations for
a simplified media and solves the basic problems concerning elastic half space
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with a static and a dynamic load. The basic equations for a simplified media
have been presented in paragraph 2.

The purpose of the paper is to generalise the simplified foundation (with
internal constraints) introduced in the paper [1], through taking into considera-
tion the occurrence of horizontal layers with different material parameters in the
foundation (fig. 1). By means of the Hankel integral transformation and the no-
tion of the layer transfer matrix in the transform domain corresponding to a
specified layer of the foundation, a solution for vertical displacements of the
foundation surface caused by a uniform load within a circular area has been
obtained. The method for computing the infinite integral specifying numerical
values of displacements of the foundation surface has been presented.

The solution concerning the impact of a uniform load within a circular
area presented in the paper can be used for an approximate solution (by com-
puter methods) of the contact between a beam or a raft and the surface of an
elastic layered foundation. A method for solving the problem of the contact
between a beam and an elastic layered foundation by means of computers has
been indicated as an example of the possibilities of using the results obtained in
the paper.

By, 1

V2

y.v

zZ, W
Fig. 1. The boundary value problem analysed in the paper

2. SIMPLIFIED ELASTIC FOUNDATION [1]

The new model for an elastic foundation introduced by Switka in his associate
professor thesis [1] was obtained on the basis of analysing the mechanical sys-
tem. The mechanical system analysed was designed in such a way that it did not
make horizontal displacement elements of the constraints possible. In mathe-
matical notation it leads to kinematic assumptions:

u(x, y,2)=0; v(x,y,z)=0. 2.1)
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Considering the above assumptions, geometrical equations are:
82 = W,z’ 7xz = W,x’ 7yz = W,y ’ (22)

and physical equations in the form of the function of the displacements u, v, w
are:

o, =2uu, +10=7w,, T, =2 ,u(u,y+v,x)= 0
G, =2, +20=Iw, v, =2ulu, +w, )= pw, (2.3)
o, =2uw, +i0 = (/1+ 2,u)w,Z T, = 2,u(v,z+w,y )= W, .

Next, the equations of the internal equilibrium equations of the simplified elas-
tic media are determined by the equations

uw, +X =0,
o, +Y =0, 2.4)
,u(W,H-i- W,y W, )+ (i+ w)w, +Z =0.

By putting the third of the equations (2.4) in order an differential equation is
obtained

)+ (it 2 ) w

’zz

,u(w +w

xx Y

+Z=0, 2.5)

specifying the vertical displacements of a simplified foundation. By introducing
the notation:

1-v

p = u G 1-2v
B (1+v)1-2v)°

=2 =T E'=)42u=E
J+2u E° 2-2v

(2.6)

where: E* - the module of the deformation of a simplified foundation; E,v — the
deformation module and the Poisson coefficient of the classic foundation, the
equation (2.5) can be written as:

Bt w,, J4 w2 =0. @.7)

The boundary condition on the foundation surface (z=0) has the form
0. =EWw, =—q, (2.8)
o — the normal load on the foundation surface.

The differential equation (2.7) and the boundary condition on the foundation
surface (2.8), specify the boundary value problem of simplified uniform elastic
half space (with internal constraints).
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In order to compare the material permanent values of a simplified foundation
and the classic foundation two basic solutions have been analysed. The solution
of the Boussinesq problem (the vertical force acting upon the foundation sur-
face) has the form:

l—vl
227G r’

w(x,y,0) = (2.9)

and the solution obtained in the paper [1] or from the equations (2.7) and (2.8):

w(x,y,0) =%% : (2.10)

It results from the comparison between the two formulas that after it has been
assumed that

B=1-v, @2.11)

identical results are obtained for the top surface of the foundation. The constants
E* and B, in this case, take the form of the formulas (the bottom index has
been introduced for contrast "0"):

. 1-v
Ey=.+2u=E 7> Po=1-v. (2.12)

21+ v)(1-v)
The equality of the displacements obtained exists only on the surface of the

foundation. With z >0 the results concerning displacements stresses are slightly
different.

3. EQUATION OF THE LAYER OF A SIMPLIFIED
FOUNDATION

The boundary value problem of a specified layer of a simplified foundation in
cylindrical coordinates is determined by the differential equation of the simpli-
fied continuous elastic media (with internal constraints)

1
ﬂz(w,,r+7w,,)+w,m=0 (3.1)

and boundary conditions (fig.2):
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(3.2)

=)

L -'@l)'i'E;
e

Fig.2. The layered foundation: a) the division into layers, b) the boundary
conditions of a specified layer.

The Hankel integral transformation [2] has been used in order to solve the
boundary value problem described with the equations (3.1) and (3.2). The trans-
formed equations are specified by the formulas:

W, —nw=0 (3.3)
and

(.2 )= (@),
(r,z41) = Wy (@)
(

(

Y

Qi

a,2,)=6 (@) G4

a, Zk+1) 0'k+1(a)

Qi

Where: W, (a,zk)=j:w(r,zk M, (or)oda; &, (a,zk)zfjcz(r,zk ), (o Jaudar ;
n=of.

The general solution of this equation (3.3) is the function

(e, z)= Ay exp(nz)+ By exp(-nz). (3.5)
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Constants A; and By in the equation (3.5), corresponding to the layer "k” are
calculated from the boundary conditions (3.4) with z = 0 and 7 = &

{Wvgl} ) [exp(]nhk) exp(lnhk )H;t} (3.6)

The relation inverse to (3.6) has the form

T S ML g SR

By means of the transformed physical equation ¢, = (/1+2u)v71,z, the formula

(3.5) and the formulas (3.7) specifying the integration constants, the relation is
obtained

Gt | __ Eim —cosh(nhy,) 1 Wie—1 3.8)
&, | sinh(nh,) 1 cosh(ph, ) || W, | '

The relation (3.8) can be written in the form:

Wi COSh(nhk ) - M Wy
5 = Em s [ 3.9)
k= — Eimsinh(nh,)  cosh(hm) k
or in short
Sk—] =Pk Sk’ (310)
where

Sk=

inh\nh
P _ sttty )
s B =

) -1 — E. * .
8, k-1 Pl (3.11)

k= -Em sinh(nhk ) cosh(hkn)

The matrix Py will be called the transfer matrix of the layer "k"in the transform
domain, and the vectors S, and S,_, will be called the state vectors on the layer

boundaries.
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4. SOLUTION OF THE BOUNDARY VALUE PROBLEM FOR A
LAYERED FOUNDATION

A foundation consisting of N layers is being considered. For each of the N layers of an
elastic foundation it is possible to write an equation of the (3.10) type. Taking into acco-
unt that

S,=PS,, S,=P,S,, S,=P,S, .. Sy,=P,S,, 4.1)

an equation binding the vectors Sy and Sy of the state on the surface of the top
layer of the foundation and on on the surface of the bottom layer is obtained.

SOZ(P1P2P3PN—]PN)SN:q)ONSN (42)

The matrix @, is the operator matrix of the transfer of the system of N foun-
dation layers. The matrix components ®,, =P, -P, -P,-...-P,_, - P, with the

dimensions 2x2 have been designated with the symbols ¢, :

P11 P2
D, = . 4.3
o L@ @j 3

On the basis of (4.2) it is possible to write the dependence

{Wo (a)} _ Vu(a) 912 (Q)HWN (a)} “4d)
Sola)] [ ¢ula) ¢n(a)]|6y(@)]’ '
Taking into account the boundary conditions

wy =0, &y =-g,(a) (4.5)

the equation is obtained

{ %(a)}=[¢“(a) ¢12(05)H 0 } 4.6)
—go(@)] | 4(@) ¢y(@)||Ey(@) '
whose solution is the transforms of the displacements on the top surface and of
the stresses on the bottom surface:

wa)=-2280 @), alw)-- 2 @)

The displacements of the foundation surface are calculated from the formula
(the Hankel inverse transformation):
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= ¢, (a)

wy(r)= J'O Wy () p(ar)ad o = - ) o) (@), (ar)ade . (4.8)
In the case of a uniform load within a circular area with the radius ry (fig. 1)
r<r,
4(r)= {% " (4.9)
0 r>rg,
and
Goler)="2" 7 (o). (4.10)

Vertical displacements in the case of the load specified by the formula (4.9) are
described by the formula:

= ¢p,(@)
wy(r)=—qyr, Jolar)J,(om))odex . 4.11
0 oojo (@)’ 1\ (4.11)
It is difficult to calculate the value w, (r) according to the formula (4.11) be-

cause of the infinite value of the top integration boundary and oscillation of the
integrand diagram.

S. CALCULATING THE VALUES OF THE DISPLACEMENTS
OF THE FOUNDATION SURFACE

The values of the displacements described by the formula (4.11) are calculated
in the paper by means of the analytical-numerical method. By means of substitu-
tion

A=ary, p=r/np (5.1)
the formula (4.11) is has the form

wi(0)= -0 [~ 212W/10)
0(P)=-aq, " ¢22(/1/r0)10(/)/1)]1(/1)d/1- (5.2)

_ P ’”0_1/1
fle) ﬁm‘_]ﬂ; (5.3)

The function
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in the integral in the formula (5.2) can be, with large values of the argument
A/ 1, , approximated by the function

fle) rlA>10. (5.4)

1

al’
The asymptotic representation of the function (5.3) was achieved by means of
numerical experiments. This approximation is very good for large values of the
argument (the numerical results obtained in example Nol confirm this). As a
result the expression on the right-hand side of the equation (5.2) can be calcu-
lated as the sum

§=8,+5; (5.5

where

-1
x 2
51(p)==a0 ZZ oAb (. 56)
and
-1

S2(p) == [ 7o (pM)1, (W) k. = =222 1 ). (5.7)

The value x within the integration boundaries is a "large number”
(x> 10r,, 1, >0). The integral §, is calculated by means of standard numerical

integration methods (the integrand is limited within the integration limits).

The function I(p) is specified in the following way
1(p)= [ X7, (pA),(W)dh = 1,(p)~ 1, (p). (5.8)
where:

1,(p)=[7 X7 (pA)7, (W),

L(p)= X 7507, (Man =L 7, (oA ) (M) + 7, ()] o2
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The integral can be expressed as:

1 p=0,

E(pz) 0<p<l,

2

Lp)=y7 P=1 (5.10)
2—pj1—d“]_t t p>1

0 [(52 _; '

Jilp? )

and the integral specifying the function I, (p) where p>1 has to be calculated

with special numerical methods (the method for isolating the singularities of the
integrand where t — 0, and r — I_, described in the paper [5]).

The integral I, (p) is calculated by standard numerical integration methods (the
integrand is limited within the integration boundaries).

6. NUMERICAL EXAMPLES

Example No 1. The uniform load p, acts upon the foundation surface within a
circular area with the radius ry. The results obtained for a uniform simplified
foundation (elastic half space) in the paper [1] have been compared with the
results obtained for a layered surface with identical physical parameters of each
layer. Moreover, the result obtained for classic elastic half space has been given.

i
I ||||||kP°|
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Fig. 3. The division of the foundation into layers and the designations adopted
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The layered foundation adopted for the calculations consists of N=10 layers
with the thickness h (fig. 3). Each layer has identical substitutive parameters E,
and f, expressed by the parameters of the classic material according to the
formulas (2.12). The data has been adopted: 2 = 10,0m; r, = 1,0 m; p, = 40,0

kN/mz; E = 40000 kN/mz; v= 0,4. The substitutive parameters of the uniform
simplified foundation and layered foundation have the values S, =1-v=06;

E; = 40000/ [2(1+04)(1-04)’|239700 kN/m2 The results have been pre-
sented in table 1.

Table 1. The vertical displacements in the centre of the loaded area

Foundation model r=0 r=rp
Elastic half space

w(r,0)=4(1-v? )pyro(RE ) E(r/r,) | 16800 | 1,0695
Simplified elastic half space [1]

Y
w V,0)=2P070(7’/30Ek) E(r/ry)
Simplified N-layer elastic foundation 1,6799 | 1,0695

1,6800 1,0695

Example No 2. The uniform load p, exists on the surface of a two layer founda-
tion within a circular area with the radius ry — as in fig. 4. The data has been
adopted: ry = 1,0 m; p, = 40,0 kN/m*; E, / E, = 2; E, = 20000 kKN/m*; v, =v, =
0,35. The results presented in the monograph by Poulos and Davis ([4], p.161)
have been compared with the results obtained in this paper. The division of a
simplified foundation into layers: one layer of changeable thickness h with the
parameters E,,v,; the area with the parameters E,,v, has been replaced with
nine layers with the thickness 10 m.
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Fig. 4. The division of the foundation into layers and the designations adopted
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The substitutive parameters of the simplified foundation have the value:

Table 2. The displacement in the central of the loaded area

h/ry Simplified foundation Classic foundation [4]
[mm] [mm]
2 2,02 2,22
4 1,88 1,99
6 1,83 1,88
8 1,80 1,86

Example No 3. The uniform load p, exists within a circular area with the radius
roon the surface of an elastic layer with the thickness 4 (fig.5).

— e
VL PP
SYZASYZANYVZANYZA N2
|

E v

7777777777777 77777777777

Fig. 5. An elastic layer with the thickness & loaded
uniformly within a circular area

The results presented in the monograph by Poulos and Davis ([4], p.112) have
been compared with the results obtained in this paper. The calculations have
been done adopting the division of the foundation into ten layers with an identi-
cal thickness and identical substitutive parameters S, i E, .

The data adopted for the calculations: ry, = 1,0m; py = 40,0kN/m2; E =
40000N/m2; v= 0,3. The substitutive parameters of a simplified foundation
have the value: f,=1-v=07; E(; =31397kN/m? . The results obtained have
been presented in table 3.
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Table 3. The displacement on the edge of the loaded area

Simplified foundation | Classic foundation [4]
hry [mm] [mm]
1 0,46 0,42
0,70 0,69
5 0,93 0,95
10 1,07 1,04

7. CONCLUSIONS

The numerical examples presented show that a simplified foundation with the
use of the substitutive material constants E; = E (1-v) / 2(1 + V)(l - V)2 and
B, =1—v for each layer corresponds to a satisfactory extent to the results ob-

tained for a classic foundation. The main purpose of the solutions presented is
their use for solving problems concerning the contact between the soil and the
structure where the most important problem are the differences between the
displacements in adjacent points on the surface of the foundation. The solutions
concerning a uniform load within a circular area presented in the paper can be
used for the approximate solution (by computer methods) to the problem of the
contact between a beam or a raft with the surface of an elastic foundation. An
example of using the results of the paper can be the problem of the contact be-
tween a beam and an elastic foundation. After division of the beam by means of
finite elements and approximation of the contact pressure with a step function
(uniform interaction under a finite element) — according to fig. 6 — it is possible
to formulate the dependence between the displacement of the beam base and the
values of the contact pressure of the elastic foundation. In order to use the re-
sults obtained in the paper a uniform load within a rectangular area is replaced
with a statically equivalent load within a circular area (fig. 6).This dependence
is represented by the formula

Woi diy dy . . diy || Por
Woz dy dy . . doy || Poz
= . . . . . e (7.1)

Won | Ldwi Ay . - dyy || Pov |
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Fig. 6. The approximation of the interaction of the forces at the contact area
between the beam and the foundation

where: w,; - the displacements of the foundation surface at the centre of the
element "i", p,, - the value of the contact pressure at the centre of the element

"i". The elements dj; of the matrix of the "flexibility of the foundation" are de-
fined by fig. 7.

Fig. 7. The approximation of the interaction at the contact area
between the beam and the foundation

The dependence (7.1) makes it possible to take into account the influence of the
foundation in the equation of the beam (obtained by means of FEM — Finite
Element Method) on the basis of the condition of displacement compliance.
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UPROSZCZONY MODEL N-WARSTWOWEGO PODEOZA SPREZYSTEGO
Streszczenie

W pracy przedstawiono model podtoza sprezystego sktadajacego sig ze skonczonej licz-
by warstw jednorodnych i izotropowych. Przyjeto do rozwazan uproszczony osrodek
sprezysty z wiezami wewnetrznymi wprowadzony przez R. Switke [1], w ktérym zaktada
sig, ze skladowe poziome przemieszczen sa réwne zero.

Celem pracy jest podanie rozwigzania okreslajacego przemieszczenia powierzchni pod-
foza, spowodowane obciazeniem réwnomiernie roztozonym dziatajacym w obszarze
kota. Wykorzystujac transformacje¢ catkowa Hankela oraz pojgcie macierzy przeniesienia
warstwy w dziedzinie transformat, otrzymano rozwiazanie dotyczace przemieszczen
pionowych powierzchni podloza. Podano sposéb obliczania catki niewtasciwej okresla-
jacej wartosci liczbowe przemieszczen powierzchni podloza. Podane w pracy rozwiaza-
nie dotyczacego dziatania obciazenia rownomiernie roztozonego w obszarze kota moze
mie¢ zastosowanie do przyblizonego rozwigzania (metodami komputerowymi) zadania o
kontakcie belki lub ptyty z powierzchnia warstwowego podioza sprezystego.



