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The subject of this paper are thin plates with abtaristic material structure: periodic in
selected direction and smoothly varying along asotfihe aim of the contribution is to
formulate and apply averaged model describing tee ibrations of these plates.
Modelling procedure is based on the tolerance gwegatechnique (TAT). We analyze
the plate in the rectangular as well as in thencylcal coordinate systems, respectively.
We are to obtain numerical solutions of this prablesing finite difference method, and
to analyze the interrelation between the ingrediéligtribution and the first frequency of
free vibrations of these plates. The presented rgemesults are illustrated by the
analysis of natural frequencies for two cases atigsl a plate band and an annular plate.

Keywords: functionally graded materials, thin piatcomposites, the tolerance
averaging technique, free vibrations.

1. INTRODUCTION

1.1. Thesubject of the consideration

The subject of this paper are thin plates with abi@ristic material structure:
periodic in the selected direction and smoothlyyiay along another: thé-
periodic structure along; coordinate, but smoothly graded apparent (avedaged
properties in the perpendicular direction of thealongx, axis. (Figs. 1 and 2).
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1.2. Theaim of contribution

We would like to derive and apply a deterministiaamoscopic model of the
elastodynamics of considered plates. We will cagrsigvo special cases: the
band plate and the annular plate. (Figs. 1 and 2).

a)

dl‘l;

d,

d1$

Fig. 2. Example of considered microheterogeneoate ph rectangular coordinates
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1.3. Theassumptions

We assume that the generalized petiad sufficiency small when compared to
the characteristic length dimension of argument

2. THEELASTODYNAMICSOF FGM PLATE

2.1. Introduction

The tolerance averaging technique allows the dioivaof the model equations
in a general way, for any coordinate system. Thisva the combination of two
seemingly independent problems: vibrations of theuéar plate and the plate
band within a single work.

2.2. Thedirect description

The bases of modeling procedure of FGM plate dre [5
» strain-displacements relations:

K _=-W , 1
a8~ ap 1)
where:k 4 is the curvature of the plate,is displacement field.
e constitutive equations:

aB _ o, aByo
m =BH Kya_, (2)
where:
LB 1 gH gBY 4 gV gPH _ -
21 olbavobu DU,UD,BV)
ES°
B= , 4
131—025 @

where:
E - Young moduled - thickness of plate; - Poisson number2’ — component
of Ricci tensorg’ - component of contravariant metric tensor.

These equations have highly oscillating coeffigesb they are difficult
to solve.

2.3. Theaveraged description
The density of elastic and kinetic energy we wageunctional in the form:
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1., 1
Ly =-5BH P W Wy, o KW )

For further modeling we will use the TAT, as delsed by Cz. Wozniak and
others in [10]. After micro-macro decompositiortle form:

m,(gl’gz’t):u(gl’gZ’t)_l_qA( 1)\/A(<¢1’<;2’t)
where

(6)

“(51’521'[)’ VAEEY) are slovly-varying functions ix*direction: [10]
ulen &2 1)osv M), (e &2 t)osym),

and using averaging operator

ie)=;

— o

t(&,&2)ag )

N~

we obtain averaging density of elastic and kinetiergy as follows:

(Ly)= —;<BH W‘>ulaﬁuw —<BH“qul>vAu|W - 2<BH12qu>VA|2u|W +

- < BH ZZWqA>VA122uM, - ;<BH Hg ﬁ1q1l131>VAVB - < BH llzzq;fqu>VAV8122 +

(8)
_ 2<BH1212q€qE>VA|2VB|2 —;<BH 2222 A_B

aq >VA|22VB|22 +

2 oV, 2 g VY

Next we use the tolerance averaging procedure aedobtain the
following system of equations:
(Brouly) (B g, ), + (8170 o), + o= ()
Q"B W, + (G BH 8, V, + (GABH™ 2" Vg, +
+(auBr ), + (0B E N, ), + (0°BH" Vg, ¢ (92D)
+(0"a0° N, =(a’p)

The above system consistsNf1 differential equations with continuous
and slowly-varying functions of argumeét as coefficients.
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3. MODEL EQUATIONS IN RECTANGULAR AND POLAR
COORDINATES.

3.1. Model equationsfor a plate band

The previous considerations have been independénhe coordinate
system. Further considerations we will performdpecific coordinate systems:
for a plate band in rectangular coordinates andaforannular plate in polar
coordinates.After simple manipulation we obtain from equatiof@b) the
following system of N+1 differential equations delsimg dynamic behavior of
the plate band

05(< B## > 622W0+ < Bzmq\ll >V+< BZZZZC] >0,V)+<u> w° =0,
0,(< 82222(',] > 022W0+ < Bllzzq 0,,9>V+< Bzzzzqq >0,V)+
—40,(<B"%,00,0>0,V)+ < B"%0,,0>0,,Ww’+ < B"¥9,,00>0,,V +.

+< Bllllanqanq >V+<gq>V = <qp>
(10)
Equations (10) represent a system of two partifiérdintial equations for the

averaged deflectionv’ (C}t) and fluctuation amplitud¥ ([,t) .
W(%,,t) = WP(x,) €% V(x,,t) =V (x,) e, (11)
Substituting (11) into (10) we obtain equations ¥a¥(x, ) and\7(x2)

022(< B2222 > 622W0+ < Bzmq\u >\ +<Bzzzzq> 622V)+ <u> PR = 0,
0,,(< 52222(3] > azzwo +< anzq 0,,>V +< Bzzzzqq >0,V)+
—40,(<B*9,90,q>0,V)+ < B"*9,,0>0,,w’ +< B*9,,49> 9,V +.

+<B"9,,90,,9>V+</q9>a’V =0

(12)
Since q()OO(A?), the inertial module< x0q> and the underlined terms

depend on the microstructure length parameker hence aforementioned
equations describe the microstructure length-sagfiect on the natural
frequencies of the plate under consideration.

3.2. Model equationsfor an annular plate
Let us consider the following polar coordinatese aircular coordinate; in

angle measure and another radial coordinéjein linear measure. Model
equations in these coordinates are more complicttad those written in
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Cartesian coordinates. Mathematical derivationhef following equations can
be found in [6]:

W ( Appy2211 ) WP ( A 2211) W <qA|uBH1111>
112 2<q BH >,2 TW00, <q BH >+ n1 +<qA|uBH2211>,22 *

{<unlBH1122> + 2,0<qABH22”>,2+
122

2<C|ABH 2211> n <qABH 2222>,22 J + WO,2222 (<qABH 2222>,2222)+

p qABH 2211
W01222[2<<qABH2222>>,2 J + VV0,2 (p<qullBH1111> + ,0<qABH2211>122+2<qABH2211>12)+

+Vy (@A HBH05) + (P BHZ 6Pk ) Voo (2|0 BH0%) )+
+VB'22(<unlBH“22qB>+< ABH?Mg°u) +(q A|3H2222qE‘>,22)
+v8222(2< ABHmqu>,2)+VB2222(<qABH2222qB>)+<q Pa° e =(a’p)
vv°,1111(<BH1111>)+W°112[p<BH1212> Z<BH22“>+4<BH1212>,2+2<BH2211>,2]+
L N YR

WP, (2 BHZH) 4 4(BHIZ) s w0, ?<BH )-24en >_;<BH bt +

(B 0 2B B,
w ,22£2<BH22“> - p*(BHMH) + p<BH22“>,2+<BH2222>,22+%<BH2222>,2J ¥
+W°,2222(<BH2222>)+w°,222[%<BH2222>+2<BH2222>,2]+
+w°,, [—3p<BH“11> +%<BH22“> + p<BH2211>,22+4<BH2211>,2—p2<BH1111>,2+%<BH 2222>,2j +
+VA11(<BH““un>)+VA(<BHZz“un>,22+%<BH22“q“|u>2 - p{BHg%) - 2<BH““qA|u>] "
+VA‘2£2<BH ZZ“qAM>,2+%<BH 2ighy) - p<BH““qA|u>J "
(B (B 1= B 2 81 1) p B 1) 2B

+VA1122(< BH 2211qA>)+VA 222( 2< BH zzzqu>’2 +%< BH 2222qA> _ ,0< BH1122qA>j +VA 2222(< BH zzzqu>)+ <p>W - < P>

where:
1111 1 H 2222 __ 1| H 1122 _ H 2211 - % H 1212 - H 2121 - H 2112 - H 1221 1 v

@) ) (&)’ 2e,)
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4. APLICATIONSAND NUMERICAL RESULTS

4.1. Introduction

The following assumptions will be introduced now:
— displacement field disjoined:

w=w’+qV, (14)
where:
weOSV,(T), vOsy,(T),

— no external loadingp=0
— harmonic vibration:

wo(£9,t)=w(e? )codat), V(7.t)=V(€7)codat), (15)

— shape function:
a()= A{CO{ Z;f j + Cj - (16)

where constart we receive from equation:

(o) =0, (17)

as:
2 _ 2 ) _ 2rd
Aé [ o+ P, co{ 52/]} Py = Py co{ £ D

277(:01d + :02/152 - pzd)

C=

(18)

In both examples (4.2 and 4.3) we used the sarfeviolg materials:
- matrix: & = 69GPay; = 0.3,p; = 2720 kg/mi
- walls: & = 210GPay, = 0.3,p, = 7800 kg/mi

4.2. Numerical resultsfor band plate

We consider the following example: free vibratiafighin plate band. This plate
is shown in Figure 2 in the rectangular coordirggtstem. We must formulate
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boundary conditions. Boundary conditions will betten in the form for left-
hand side clamped and right-hand side freely below:

B ow N ow’ B 0°w _
e (5 oo [ Jemor (G e

because (14):

(19)

ow’ oV
W .,=0, (afzJ =0, Ve =0 (052] s =0,

(20)

and for both sides simply supported:

9°w 9°w
Wlep=0. [(as)] o0, Wl =0, ((agz)ZJ - =0, ay

because (14):

ow’ ov
WO 2 _ = 1 7 .\ 2_, = ’ 2 _, = 1 2_, = ]
a0 g o0 Vi [ oo
W0 LZZ:L = O y [(aa;\;())z} |52:L = O, V L(Z:L = O, (aagz\g)2 |§(2:L = O . (22)

We use finite difference method to obtain numergmltions. We write
the own computer program in MS Visual C++ for sotyithis problem. We
could change any geometrical and material parasefgrlate and hence we can
obtain first frequency of free vibrations. Hence, shall analyze the influence of
material proportion and microstructure parameteio dhe frequency of free
vibrations.

The following geometrical data will be applied:
— microstructure parametgr= 0.3 m,
— the thickness of plate h = 3cm,
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— band plate span L = 3m.
Below, some numerical results will be presented:
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Fig. 3. Dependency the first frequency of free &itims on share of composite

ingredients for the plate band (left- hand sidenglad, right-hand side free)
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Fig. 4. Dependency the first frequency of free a&itims on share of composite

ingredients for the plate band (both sides simppp®rt)

4.3. Numerical resultsfor theannular plate
Next we consider an example: free vibrations af #mnular plate. This plate is
shown in Figure 1 in polar coordinates. We writeitaary conditions for both
side clamped below:
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ow
W|{2:ri =0 and {a—gzj |<‘2=ri =0,

because (14):

o _n [OW _ _ oV _
w |<(2:ri_o’(a_£2 |~’fz:fi_o'vlfzzﬁ_o’ 6_52 |52:ri_0'

and for freely supported both sides:

Wl =0 and 62—W+ia_W | =
o bef e og e

because (14):

’w® 1 ow

0 —_ —_ —
W o, =0, [(652)2 +?052Jl<‘2:n =0, V. =0

oV 1oV
(052)2 fz 052 2=,

(23)

(24)

(25)

(26)

The above equations system is more difficult tavesdhan the equations
system for the plate band [6]. We use finite défeze method to find numerical
solution of this equations system. We write the a@mputer program in MS
Visual C++ for solving this problem. Similarly as the previous example we
could change any geometrical and material parasiefeplate and we received
first and higher frequencies of free vibrations ahdpes of displacement field
corresponding to it. Hence, we shall analyze tlfileénce of material share and

microstructure parameter on frequencies of freeatidns.
For example, the following data materials willd@plied:

- matrix: & = 20 GPay, = 0.3, p,= 2800 kg/n,

- walls: E = 220 GPay,= 0.3, 5,= 7800 kg/m,

and geometrical data:

— angle of periodic cell = 0.032416rad,

— thickness of plate h = 3cm,

- ring width L = 3m,

- internal radius R= 4m,

— external radius R= 7m.

Below, some numerical results will be presented:
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Fig. 5. Dependency of the first frequency of fré@rations on share of composite
ingredients for the annular plate (free supporinternal and external circuit)

4.4, Thediscusion of the numerical results

Particularly noteworthy is the case in which thetffrequency of free vibrations
of the composite do not fall between the first €rexcies of free vibrations of
the plates made of homogeneous materials: theandllthe matrix respectively.
This situation occurs for the bracket plate band #re free support on both
borders annular plate with certain geometric shaltes connected with the
asymmetry of boundary conditions and different ealof the elasticity modules
and density of individual materials. In the casehaf annular plate we have the
asymmetry of boundary conditions, due to a diffeesof internal and external
radius: when both radiuses approadimity the annular plate seeks to a plate
band and phenomenon disappeares: the first fregusnitcee vibrations of the
composite is placed between the first frequenciésfree vibrations for
homogeneous plates. For the plate band brackelasimsults can be found in

[1].

5. CONCLUSIONS

After modeling and analysis of the obtained reswitsne conclusions could be

made:

» the tolerance averaging technique can be succhssfuplied to formulate
averaging model of dynamic behavior of compositatgd made from
functionally graded material,
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the obtained model is described by equations witictional but smooth

coefficients in contrast to direct description (atjons with non-continuous
and highly oscillating coefficients),

the first frequency of free vibrations for bothesideely supported composite
plate band is between frequencies of homogeneatisspimade respectively
of material of beams and material of matrix,

the first frequency of free vibrations for the keccomposite band plate is
not placed between the first frequencies of frdwations of respectively

homogeneous plates.
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WPLYW SKEADNIKOW KOMPOZYTU NA CZESTOSCI DRGAN PLYT
ZBUDOWANYCH Z MATERIALOW O FUNKCYJNEJ GRADACJI WEASIOSCI

Streszczenie

Przedmiotem niniejszej pracy piyty cienkie posiadage charakterystycangeometrs:
periodycza w jednym kierunku i zmieniaga sie w sposéb ptynny w drugim. Celem
rozwazan jest zbudowanie modelwnednionego opisagego dynamiczne zachowanie
tego typu ptyty. Procedura modelowania jest opamta technice tolerancyjnego
usredniania zaprezentowanej w pracy Miaka i Wierzbickiego [10]. Wyprowadzone
réwnania modelu plyty aszapisane w ukladzie biegunowym dla ptyty pigeniowej
oraz w ukladzie kartezjgkim dla przypadku pasma pilytowego. Npsie zostalo
zaprezentowane rozuzianie numeryczne za pompmetody ré@nic skaiczonych oraz
przeanalizowano wplyw udzialu sktadnikbw kompozyta pierwsz czestaé¢ drgan
wiasnych plyty.





