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The paper concerns problems of rheology in woodéructsires reinforced
with polyester-glass composite bars glued to thgmmbans of epoxy resin. A theoretical
model of the behaviour of a multi-layered beamrisspnted. The component materials
of this beam are described with equations for lingscoelastic media (five- and six-
parameter rheological models). The Bernoulli's plasections hypothesis has been
assumed and this assumption includes the statertiexit the particular layers
are perfectly composed with no allowances for crégpations for stresses have been
derived. To verify the elaborated theoretical mpdebrogram of experimental tests has
been prepared. The performed calculations havealkedthat the theoretical model
is consistent with the experimental data. The tebigion of stresses occurs
in the beam, also when global loads are constairhin
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1. INTRODUCTION

This paper concerns the analysis of stresses @oefiastic multi-layered beams.
The rheological characteristics of a beam made fransingle material
are manifested by deformations that increase viitte t(creep) or decreasing
of stresses (relaxation of stresses). In the Mayered beams a redistribution
of stresses may occur due to different rheologicaperties of the component
materials, which leads to changes in the locatibithe neutral axis, strains
and displacements in time. The layers of the camedi multi-layered beam
are bonded together by means of an epoxy resiresagh that exhibits
pronounced rheological properties, which furthenates the viscous response
of the beam as a whole.
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2. THEORETICAL MODEL OF A MULTI-LAYERED BEAM

A typical multilayer beam is illustrated in Fig. 1.

2) F(1)
R

Fig. 1. A multi-layered beam: a) internal forcestimlayer,
b) a cross-section of the beam

b)

The following assumptions have been made [1, 3, 8nd 6]:

A cross section of a beam is symmetrical with respethe vertical axig.

2. A beam is composed of layers made of linear vissiEl materials
exhibiting the same rheological properties in tengind compression.

3. Planar cross-sections remain planar before and lagteding (the Bernoulli
hypothesis).

4. The layers are perfectly joined without slip.

5. Temperature and moisture conditions are constainiz

As a result of a load applied at any point in timlayer of the beam,
a strairg' is caused, defining by the formula:

£ =KX, (2.1)

=

where K — curvature.
After differentiation dependence (2.1) assumesftrin:

de' =dK [ . (2.2)

It follows from the formulae of equilibrium of ste$ that the sum total
of normal forces operating in all layers equals O:

N=YN'=0. (2.3)

The normal forc&l', in turn, is the resultant force of normal stresse
in an th layer whose field in the cross section equals

N' = [0'dA. (2.4)
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The rheological behaviour of material in each lagatescribed by means
of an integral representation of linear viscoetastedium [2]:

o=ELde, (2.5)

where:
E — a relaxation function,
de — an increment of strain,
L — the convolution product.
Replacing representation (2.4) with (2.5), we ahtai

N' = jEi Ode'dA (2.6)
o
and taking into account representation (2.2):
N' = [E' OdK [ZdA . (2.7)
A
Therefore, the equilibrium of normal forces (2.8%@mes the form:
N’ :ijEi OdK [ZdA =0, (2.8)
=
and after transformation:
N:iEi 0K O 2dA =0. (2.9)
i= A

The integral in representation (2.9) correspondgh® static moment

of cross-sectional areaA’ of ith layer with respect to the neutral axis

of the beam:
S =[2dA, (2.10)
Ai

and so representation (2.9) can be presented ifiolibe/ing form:
N=an:Ei OdK (8 =0. (2.11)
It follows from equation (2.11) that:
an:Ei (8 =0. (2.12)

Equation (2.12) makes possible calculating the tifm@ngeable distance
from the neutral axis.
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The bending moment in anthi layer can be calculated
from the representation:

M' = [0’ [¥dA (2.13)
A

and taking into account representation (2.2) aral itliegral representation
of constitutive equations of linear viscoelastitié@our (2.5):

M’ = [E ok fz ] A (2.14)

The above equation can be transformed into:
M'=E DOdK O (2 ) dA, (2.15)
Ai

where:
I'=[(2) an, (2.16)

corresponds to the moment of inertia of cross-seatiareaA' of ith layer
with respect to the neutral axis of beam.
Having considered (2.16), equation (2.15) assume$ailowing form:
M'=E Odk O'. (2.17)

The total bending moment in cross-section will head to the sum total
of partial bending moment in each layer:

M=>M =YED0dKO' . (2.18)

i=1 i=1
The convolution product can be identified on thsidaf equation (2.17):
E' CdK ='\|"— (2.19)

The same product can be established from repraéser®42.2) and (2.5):

EOdk =2 (2.20)
z
After comparing the right sides of equations (2.1&8)d (2.20),

the equation representing the normal stressesiii éayer is obtained:
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o =M|—i&. (2.21)
This equation has a form which is analogical withe tclassical
dependence on the distribution of normal stressea homogenous bending
beam. However, the momen¥l' remains unknown. It can be identified
by means of the condition of strain deformation.pfeentations (2.17)
and (2.18) lead to the following dependences:

dk =m'OE O')*, (2.22)
dK =M D(i E Dij_l. (2.23)

Comparing the right sides of the above equatidris, possible to derive
the dependence describing the bending moment iith dayer:

n . . -1
M‘:E‘EI‘D(ZE'EI'J OM . (2.24)
i=1

Integral equation (2.23) makes possible calculatimyature K, and to be
more specific, the discrete set of curvature valnesibsequent points in tinbe
Using curvature values, deflection can be iderdibg means of the equation:

_ d®u
dx®

Integration of the above equation enables calagabieam deflections
u at any timd.

Unfortunately, the convolution product, appearinghe above equations,
is a source of significant difficulties in a prezigalculation. Therefore,
to calculate curvature K, an approximated calcolatiwvas used, where
the convolution product (2.18) is approximated bg tsum with a variable
summation limit. Dependence (2.20) was transforsigdlarly. Both equations
have the following form:

(2.25)

M(t,) = i{zll "t )E'(t,, —tj)}AK (tj)} (2.26)

o' t,)=2E, -t )>K )z () (2.27)

i=0
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Curvature increments in subsequent moments wereculastd
from formula (2.26), and on their basis, by meahdoomula (2.27), normal
stresses in each layer were specified.

It needs to be stressed that at the starting pbin@ the relaxation

function E'(t) of the material in ith layer it assumes the vatifemodulus
of elasticity E(‘J of the material, that is:

E(t=0)=E.. (2.28)

In a homogenous linear viscoelastic beam, durirggmr an increment
in the value of deflection will be observed, wherdhe stresses are constant
intime. In the case of a multi-layered and multtarial arrangement,
the aforementioned phenomenon may only occur wherrdlaxation functions
in the particular layers of material are simil&gttis:

E'(t) =k CE(t), (2.29)

where k' is the factor of proportionality specified for @éatayer, and E(t)

is the basic relaxation function. In any other ctee redistribution of stresses
will occur between the constituent layers of thierisection.

Using the above dependencies to calculate streamds deflections
in a viscoelastic multilayered bar is possible raftpecifying the relaxation

function E' (t) of rheological model of the material in each layEne values
of modulus of eIasticityE} in the equations and coefficients of elastiaii'.y

areto be identified experimentally in creep tesis relaxation tests.
Due to significant difficulties in carrying out eelation tests, the former
solution is usually applied. The method of deteimdnvalues of parameters

E and 7, is discussed in [5].

3. LABORATORY TESTS

Long-term experimental investigations of layeredarbe were conducted
at the laboratory in the Institute of Building Engering at the University
of Zielona Gora. The multi-layered beams of natdralensions made of wood,
polyester glass composite bars and epoxy adheseme, examined in the four-
point bending test (Fig. 2).

With the aim of comparison, additional tests weaeried out on wooden
beams of homogenous cross-section with the iddntigaometrical
characteristics as the layered beam’s cross-sectiime cross-sections
of the beams and their geometrical characteristics displayed in Fig. 3,
wherein the symbols denote:
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AP, AS, A, AY — areas of cross-section,

EY,EY,Es,E; — elastic moduli,

I, 1 — the moment of inertia of cross-sectional area,

W5 WS, W — section moduli,

D, K, L, P, Z- index of materials: wood, adhesive, homogendeasn,
composite bar, reinforced beam.

F) l F() l

{ 1.50 m ‘ 1.20 m ‘ 1.50 m ‘
| | |

Fig. 2. General view of LS and ZS beams

Up to the point of stress value being equal appfs Df failure load,
the wood may be treated as linear viscoelastic mmed{5]. Therefore,
in experiments the equal stre38% F was adopted, wherié'" is the average
force destroying the homogenous beam, marked eanligests on short-term
loads. The duration of the load equalled 100 daisn the beams were relieved

for 35 days, whereupon they were loaded again. Twerg relieved and loaded
again. The whole multi-stage loading program isserged in Fig. 4. Six beams
of each type (LS and ZS) were subjected to the @est the mean values

of the results were calculated.
a) b)
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Fig. 3. Cross-sections of the tested beams: a) genamus wooden cross-section, LS,
b) cross-section with embedded composite reinfoecenzZS
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Fig. 4. The multi-step programme of loads of LS Z&dbeams:
a) load change, b) hypothetical deflection change

4. RHEOLOGICAL MODELS OF COMPONENT MATERIALS

The rheological properties of the polyester glassl ghe epoxy adhesive
are described with the five-parameter model shawhig. 5a, whereas the six-
parameter model shown in Fig. 5b is used for thedvo

a) E, E,

L W i —
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h 7,

b) E, E
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a W W
AW~ - —
i

m 13
Fig. 5. Rheological models: a) five-parameter mplgkix-parameter model
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The material parameteEs and of these models have been determined
from additional separate tests conducted on sampfeghese materials
and evaluated by the method of least squares. Tathematical formulae
for the relaxation function of each of the applietbdels were derived from
the constitutive relations of linear viscoelasyian differentia form by making
use of the Laplace transformation [4, 5, and 7].

5. REDISTRIBUTIONS OF STRESSES

The pertinent wooden beams in glued-in compositdarement are statically
indetermined arrangements. Deformations in eaclenahtare limited owing
to the condition of agreement of deformations. tlwenmore, each material
displays different rheological features, and sedistribution of stresses occurs
in the bar, even when the global loads are consitdire.

The results of the calculations performed by meafnsquations (2.26)
and (2.27) in the form of stress values in seledtggs are presented in Table 1.
Stresses in the lowero(®) and upper ¢.°) edge of the wooden part

of the reinforced cross-section and in the glag ) and the reinforced baog )

were correlated. In order to compare, extreme st the beams LSJ(,
at the lower and upper edge of the beam crossssgatre presented.

Table 1. Normal stresses in beams ZS and LS

Wood — ZS beams Glue Composite LS beams
Phase | Day | 500 1pa) | g2 MPa]| OF MPa] | O MPal | OF MPal
0 -15,86 14,94 2,89 47,15 15,42
load 100 -15,48 14,09 2,00 57,71 15,42
100 0,38 -0,85 -0,89 10,56 0,0
unload | 135 0,20 -0,46 -0,23 5,33 0,0
135 -13,02 11,99 2,19 44,63 12,85
load 205 -12,82 11,56 1,52 50,24 12,85
205 0,39 -0,89 -0,89 10,95 0,0
unload | 240 0,24 -0,55 -0,31 6,40 0,0
240 -18,25 16,87 3,06 61,37 17,99
load 310 -17,95 16,18 2,17 70,10 17,99
310 0,54 -1,24 1,21 15,12 0,0
unload | 345 0,33 -0,78 -0,39 8,97 0,0

The results of the calculations in the form of fiiloie of relative stress
hange in timet (quotient of normal stresses in tineand time t=0,
?at't /agt)ELOO)/o) are shown on Fig. 6-11.
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Fig. 6. Relative changes of normal stresses in&8ns during the period
0 — 100 days
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Fig. 7. Relative changes of normal stresses in&8rns during the period
100 - 135 days

110,00
100,00 —
. AN 145 155 165 175 185 195 205

’ “— topedge of beam »—— composite bar
80,00 ; -
00 [ e bottom edge of beam :
60,00 : / epoxyglue .
50,00
40,00

Fig. 8. Relative changes of normal stresses in&8ns during the period
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135 — 205 days
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Fig. 9. Relative changes of normal stresses ine8rs during the period
205 — 240 days
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Fig. 10. Relative changes of normal stresses ib&8ns during the period
240 — 310 days
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Fig. 11. Relative changes of normal stresses ib&ns during the period
310 — 345 days
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An analysis of the diagrams enables making the losion that, in bent
wooden elements with glued-in composite reinforagimea significant
redistribution of stresses in the intersectionbsesved. When the load is active,
the composite bar is additionally loaded and irreare cases the stresses rise
by 50% with relation to stresses at tita®. The stresses in the wood decrease
slightly (appr. 10%), both in the compressed ané tiensioned area.
The stresses in the glued joint decrease significdappr. 30%). This results
from its sensitivity to creep (in glue tests thesalogical deflections rose
by 50%).

During the periods of relieving the beams, owinglifferent rheological
properties of the particular materials, a redistiitn of stresses is also
observed. In each part of cross-section a decrieasiess values is observed,
though at a different velocity. The largest chargesobserved in the composite
bar and the glue.

6. VERIFICATION OF BERNOULLI HYPOTHESIS

In order to test Bernoulli hypothesis, results adfasurements of deformations

were used. More specifically, the mean values dbrdeations £.° and £3°

are calculated on the basis of 36 readings.

The degree of agreement of mean deformation vahigs Bernoulli
hypothesis will be even larger when the deformatimttion is nearer a straight
line, and the measure of this agreement corresptmdbe value of linear
correlation R between average measurement resull &me point
of measurement at the depth of the beam.

The results of calculations and measurements asepted in Fig. 12, 13,
and 14. The results are given for tita®, t=310 and=345 days, that is the time
of commencement, completion of the test and the Gesy of activity
of the largest load. Unfortunately, due to the meament by means
of a mechanic tensometer and the way the reinfaeoerwas located in ZS
beams, only wood deformations were measured.

The analysis of correlation between localisatiordeflection measuring
point and mean values of deflections has revediad turing all the period
of time, strong linear interdependence was obserbedh for homogenous
and reinforced beams. In each case the coefficiehte of linear correlation
equalled R=0,999.

Diagrams of theoretical deformation functieh® and £7° are presented

in Fig. 12, 13 and 14. The experimental deformatidisplay a large degree
of agreement with the theoretical model duringpgkdod of load activity. More
divergences are observed in no-load periods, duh@dast stage in particular.
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Fig. 12. Theoretical and experimental deformatiofhi&S and LS beams

at timet=
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Fig. 13. Theoretical and experimental deformatiofhi&S and LS beams
at timet=310 days
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Fig. 14. Theoretical and experimental deformatiofh&S and LS beams
at timet=345 days

7. CONCLUSIONS

The experimental tests presented in the article thadtheoretical elaboration

of their results enable drawing the following carsibns:

» The adopted theoretical model of reinforced beaspldis good agreement
with empirical data and can be used to calculateoad range of settings,
such as beams with glued-in reinforcement or thgich composite
structures.

» A significant redistribution of stresses in thesgection occurs in the bent
wooden elements with glued-in composite reinforagméhe composite bar
is further loaded when the load is active, in axiecases the stresses rise
by 50% with relation to stresses at tits®. Stresses in the wood decrease
slightly (appr. 10%), both in the compression aedstoned area. In turn,
stresses in the glue joint decrease significantlizich results from its
sensitivity to creep (in tests of glue samples ittmement of rheological
deformations equalled 50% of elastic ones). Dunimgload periods, a
decrease in deformation values is observed at pkade of intersection,
though at a different pace. The largest changes cdaserved in the
composite bar and the glue.
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REOLOGICZNA REDYSTRUBUCJA NAPRZEN W BELKACH
WIELOWARSTWOWYCH

Streszczenie

W referacie przedstawiono problemy reologii konlstju wielowarstwowych
na przyktadzie belek drewnianych wzmacnianych vakigmi pretami kompozytowymi
(trzy warstwy: drewno, spoina klejowa o zy grubdci, pret kompozytowy).
Zaprezentowano teoretyczny model pracy tego typlki kebudowany w oparciu
o réwnania érodkéw liniowo lepkospgzystych, hipoteg ptaskich przekrojéw
oraz zatgenie idealnego zespolenia elementéw sktadowych. dftylstupc rachunek
operatorowy wyprowadzono réwnania ¢fgii napezen. W celu weryfikacji modelu
teoretycznego przeprowadzono badanidwigdczalne na belkach w skali naturalnej,
litych i wzmocnionych. Wykonane obliczenia wykazatiobm zgodnd¢ modelu
teoretycznego z danymi élsiadczalnymi. Stwierdzono istatrredystrybuc napezen
w obrebie przekroju poprzecznego.





