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Abstract

The paper concerns the rheological bending prold&mooden beams reinforced with
embedded composite bars. A theoretical model ob#i@viour of a multi-layered beam
is presented. The component materials of this ber@mescribed with equations for the
linear viscoelastic five-parameter rheological mModevo numerical analysis methods
for the long-term response of wood structures aesgnted. The first method has been
developed with SCILAB software. The second one lbeen developed with the finite
element calculation software ABAQUS and user sutimeu UMAT. Laboratory
investigations were conducted on sample beams tfraladimensions in order to
validate the proposed theoretical model and venfymerical simulations. Good
agreement between experimental measurements aretinahresults is observed.

Keywords: ABAQUS, creep, composite materials, FEMulti-layered structures,
reinforcing of structures, rheology, wood

1. INTRODUCTION

This paper concerns the results of experimentéd téseoretical and numerical
models of rheological bending problem of wooden nieaeinforced with
embedded composite bars. A theoretical model dfethmams is presented, in
which the rheological properties of the componerdtarials have been
described with the constitutive relations of line#scoelasticity in the form of
the five-parameter model. We have adopted the Bdlifoypothesis of plane
cross-sections and assumed perfect bond betwedaythies without slip. The
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equation of motion for the beam displacement isvadrby means of operator
calculus.

The first numerical model was made in ABAQUS andriBl FORTRAN
COMPILER. The second one based on the finite elénmeethod and a
Lagrange functional written for the viscoelastic ltnlayered beam and
obtained by means of our own computer applicatidnich was written in the
environment of SCILAB.

Laboratory investigations were conducted on sampéams of natural
dimensions in order to validate the proposed th@ale model and verify
numerical simulations. Good agreement between owperanental
measurements and numerical results is observed.

2. LABORATORY TESTS

Long-term experimental investigations of layeredrhe were conducted at the
laboratory in the Institute of Building Engineeriag the University of Zielona
Géra. The multi-layered beams of natural dimensimasle of wood, polyester
glass composite bars and epoxy adhesive, were egdnin the four-point
bending test (Fig. 2).

With the aim of comparison, additional tests weagied out on wooden beams
of homogenous cross-section with the identical ggdoal characteristics as
the layered beam’s cross-section. The cross-sectidrthe beams and their
geometrical characteristics are displayed in Figvierein the symbols denote:

- AP AK AL AP areas of cross-section,
- EJ, EX, E5, EJ - elastic modul,

NN - the moment of inertia of cross-sectional area
-Wh, WP WY - section moduli,
-D,K,L,P,Z - index of materials: wood, adhesive, homogeneous

beam, composite bar, reinforced beam.

Up to the point of stress value being equal app% ®f failure load, the wood
may be treated as linear viscoelastic medium [Ber&fore, in experiments the

equal stres80% F,- was adopted, wherE,~ is the average force destroying
the homogenous beam, marked earlier in tests at-&hm loads. The duration

of the load equalled 100 days. Six beams of eape (.S and ZS) were
subjected to the test and the mean values of Hudtsavere calculated.
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Fig. 1. Cross-sections of the tested beams: a) genapus wooden cross-section, LS,
b) cross-section with embedded composite reinfoecenzZS
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Fig. 2. General view of LS and ZS beams

3. THEORETICAL MODEL

A typical multilayer beam is illustrated in Fig. 1.

The following assumptions have been made [1, 3]:

1. Across section of a beam is symmetrical with resfeethe vertical axig.

2. A beam is composed of layers made of linear vissiel materials
exhibiting the same rheological properties in tengind compression.

3. Planar cross-sections remain planar before and laéteding (the Bernoulli
hypothesis).

4. The layers are perfectly joined without slip.

5. Temperature and moisture conditions are constatire
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Fig. 3. A multi-layered beam: a) internal forcestimlayer,
b) a cross-section of the beam

Using the above assumptions we can calculate:
- the time changeable distance from the neutral axi

Zn:Ei [ =0 (3.1)

- the total bending moment in cross-section

n n

M=) M'=>EOdkO’ (3.2)
i=1 i=1
- the normal stresses in &h layer

o' =E'Odk[Z (3.3)

where:

S' - the static moment of cross-sectional aféaof ith layer,

I" - the moment of inertia of cross-sectional aféaof ith layer,

k - curvature,

C - the convolution product,

E' - the relaxation function of material of df iayer.

Unfortunately, the convolution product is a soueotesignificant difficulties in
calculations. Therefore, to calculate curvatl¢e deflections and normal
stresses, an approximated calculation was usedewhe convolution product
is approximated by the sum with a variable summationit [1], so
representation (3.2) can be presented in the fallgform:
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M(t,) = Z{Z 1'(t,)E'(t,, —t j)}Ak(t j)} (3.4)
j=o0 (Li=1

and representation (3.3):

m

o'(t,)=> E'lt, -t; )kl )2 (t,,) (3.5)

j=0

4. RHEOLOGICAL MODEL
The rheological properties of all materials arecdégd with the five-parameter
model shown in Fig. 4.

E, E,

. W WW—

=
L L
h 1,

Fig. 4. Five-parameter rheological model

The mathematical formula for the relaxation modwtithis model was derived
from the constitutive relations of linear viscoei@sy in differentia form by
making use of the Laplace transformation [1, 3].

1 1
Elt =—# ——[ﬁ @20 lq, +q, [p, +0q, (b2 )-
(t) 0, 1, (D, Qo -, P> |:ﬁqo G Lo+ 0, 1)

4.1)
+ py [0 [6% +o Lp, +0, Ebzz)}}

where:

N

P = EE— b, +(p2 - 40p, Ty ) } (4.2)

20p,
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N

P2 = L E%_ pl_(plz —-4lp, Epo) (4.3)

20p,
Po=Eo[E, + B [E, + B, [Ey, py = (Eo + B, +(E, + Eo)Uny, B, =m0,

(4.4)
G =B R [E,, C]1=E0[(E1[I72+E2 [’71)’ O =B ln,

The model parameterls and s of these models have been determined from
additional separate tests conducted on samplésesétmaterials and evaluated
by the method of least squares [3].

5. NUMERICAL MODEL NO. 1

Numerical model No. 1 based on the finite elemeerthmd and a Lagrange
functional written for the viscoelastic multi-lagel beam and obtained by
means of our own computer application, which waitevr in the environment
of SCILAB. The multi-layered finite element (Fig) 8escribed in [1] was used.

) I ;
M i fR@O-3 T DR ] hep 2 30
§ G = T
R, R,
1 1
W) “’2
P, P, % <
fZ:—,(v3- 2+ 1R /ﬂfl: - I

Fig. 5. The multi-layered finite element [1]

The numerical algorithm based on the FEM solvesititegral equation of
convolution type [1]:

K Cdu=R, (5.1)

where:

K - global stiffness matrix with entries changingime,

U - vector of nodal displacements,

R - vector of nodal loads changing in time

The convolution product is approximated by the suth a variable summation
limit [1], so representation (5.1) can be preseimnetie following form:
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Z[K (. -t )mu(tj )] =R(t,) (5.2)
j=0
This algorithm is very time-consuming and ineffeeti

6. NUMERICAL MODEL NO. 2

Numerical model No. 2 was made in ABAQUS and INTEORTRAN. The
UMAT (User-defined MATerial) subroutine was used tmplement the
rheological model of component materials. This suline calculates the stress
increment and the Jacobian matrix C of the conatéunodel for each time
increment [2]:

ng

A

Differential form of constitutive equations of fiymarameter model and the
central difference operator were used to calcuteelacobian matrix [3]:

Polo+p T+p, [ &=qylE+q[E+q[F. (6.2)

(6.1)

All elements of reinforced beams (wood, glue, baveye modeled as parts
(PART) in ABAQUS. The parts (PART) were joined wsilE function. An
element C3D8R (8-node linear brick, reduced intigna with hourglass
control) was used.

Fig. 6. Numerical model No. 2, ABAQUS
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7. RESULTS

The results of the calculations performed by meafnequations (3.4), (3.5),

(5.2) and ABAQUS in the form of experimental, thetizal and numerical

deflections values, in selected days are presémteid). 7.

The experimental tests and numerical calculaticosion that the proposed
models of the multi-layered beam can properly mftee viscoelastic response
of the analysed elements.

The analysis of correlation between theoretical anomerical deflection

functions and mean values of experimental deflastizvas made using the
deviations,, :

[100%. (7.1)

L )=t (1))
_ 1 Uge \X, By E077 _utd(x1tk)
S =72

e Utt(xvtkijvUj)
During all the period of time, strong linear intepgtndence was observed,
Swo =0,955% for the theoretical modes, , =0,587% for the numerical model

No. 1, s,,=0,868% for the numerical model No. 2. The glob@he of the

curves is the same and the values are very clogmehical model No. 1 is
worse than No. 2. It is is very time-consuming areffective.

8. CONCLUSIONS

The experimental tests presented in the articletb@dheoretical elaboration of

their results enable drawing the following conabuns:

1. A positive, but inconsiderable, influence of a mdier-glass composite
reinforcement on rheological increments of deflmtdi was stated. These
increments are less than in case of non-reinfobesans.

2. The five-parameter rheological model describes Idggo of applied
materials very well.

3. The proposed theoretical and numerical modelsiofared beam displays
good agreement with experimental data and can & toscalculate a broad
range of settings, such as beams with glued-irfaiament or the typical
composite structures.

4. The numerical model No. 1 is very time-consuming areffective.
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Fig. 7. Time-deflection experimental and numermalep curves
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NUMERYCZNA ANALIZA UGI EC BELEK WARSTWOWYCH

Streszczenie

W artykule przedstawiono problemy zwane z reologicznymi przyrostami a@i
drewnianych belek z wklejonym wzmocnieniem kompomygtm. Zaprezentowano
teoretyczny model pracy takiej belki jako ukfadurstevowego. Przyto hipotez
ptaskich przekrojéw i brak pbzgéw miedzy warstwami.Zachowania reologiczne
materialow skltadowych: drewna, kleju na bazgwic epoksydowych i pitow z
kompozytu poliestrowo-szklanego, opisano réwnaniamdelu p¢cioparametrowego.
Przygotowano dwa modele numeryczne. Do budowy noodelmerycznego nr 1
wykorzystano wariacyjne egie mechaniki pgtowych ukladéw warstwowych i meted
elementédw skaczonych. Otrzymane wyniki byly zgodne z modelemligma@nym i
danymi ddwiadczalnymi. Niestety zaproponowana metoda jests@zhlonna oraz
wymaga duej pameci operacyjnej komputera. Model numeryczny nr 2ygatowano w
oparciu o system MES ABAQUS oraz samodzielnie raapisv jezyku FORTRAN
procedue UMAT (User-defined MATerial) zawieraga zaleznosci miedzy napezeniami
a odksztatceniami dla giioparametrowego modelu reologicznego. UzyskanalZwar
duwza zgodna¢ z danymi déwiadczalnymi i modelem analitycznym.

Stowa kluczowe:  ABAQUS, drewno, kompozyty, konstjgk warstwowe, MES,
petzanie, reologia, wzmacnianie
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