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This paper deals with the theoretical investigation of the effect of a magnetic field, rotation and magnetization
on a ferromagnetic fluid under varying gravity field. To find the exact solution for a ferromagnetic fluid layer
contained between two free boundaries, we have used a linear stability analysis and normal mode analysis
method. For the case of stationary convection, a stable solute gradient has a stabilizing effect, while rotation has a
stabilizing effect if A >0 and destabilizing effect if A < 0. Further, the magnetic field is discovered to have both
a stabilizing and destabilizing effect for both A >0 and A< 0. It is likewise discovered that magnetization has a
stabilizing effect for both A >0 and A <0 in the absence of the stable solute gradient. Graphs have been plotted
by giving numerical values of various parameters. In the absence of rotation, magnetic field and stable solute
gradient, the principle of exchange of stabilities is found to hold true for certain conditions.
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1. Introduction

A ferromagnetic fluid (additionally referred to as a magnetic fluid) is an electrically non-conducting
colloidal suspension of solid ferromagnetic particles in a non-electrically conducting carrier fluid like water,
kerosene, organic solvent etc. These colloidal particles are covered with stabilizing surfactants which forbid
particle agglomeration even if a strong uniform magnetic field gradient is applied to the ferromagnetic fluid.
Rosensweig [1] discussed this difficulty in his monograph. There are numerous stability issues on
ferromagnetic fluids. Bénard convection (Chandrasekhar [2]), double-diffusive convection (thermosolutal
instability) are a few instability issues in ferromagnetic fluids. Finlayson [3] studied the convective
instability of a ferromagnetic fluid for a fluid layer heated from below in the presence of a uniform vertical
magnetic field. Sekar and Vaidyanathan [4] studied the convective instability of a magnetized ferrofluid in a
rotating porous medium. Also, the convective instability of a layer of a ferromagnetic fluid rotating about a
vertical axis was discussed by Gupta and Gupta [5]. The thermosolutal convection in a ferromagnetic fluid
was studied by Sharma et al. [6]. Sunil et al. [7] discussed the effect of rotation on a ferromagnetic fluid
heated and soluted from below saturating a porous medium. Also, the effect of the magnetic field dependent
viscosity on the thermosolutal convection in a ferromagnetic fluid saturating a porous medium was studied
by Sunil et al. [8]. The effect of rotation on the double-diffusive convection in a magnetized ferrofluid with
internal angular momentum was studied by Mahajan et al [9]. The Bénard convection in ferromagnetic
fluids was mentioned by many authors (Siddheswar [10, 11], Venkatasubramaniam and Kaloni [12]). The
thermosolutal convection in a ferromagnetic fluid saturating a porous medium was investigated with the aid
of using the results of Sunil et al. [13]. Also, Sunil et al. [14] studied the effect of the magnetic-field-
dependent viscosity on the thermosolutal convection of a rotating ferromagnetic fluid saturating a porous
medium. The magneto-rotational convection for ferromagnetic fluids in the presence of compressibility and
heat source via a porous medium was studied with the aid of using the results of Sharma et al. [15]. Recently,
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Nadian et al. [16] discussed the effect of rotation on the thermal instability of a couple-stress ferromagnetic
fluid in the presence of a variable gravity field. The thermal instability of a couple-stress ferromagnetic fluid
in the presence of a variable gravity field, rotation and magnetic field was discussed by Nadian et al. [17].
Also, the effect of rotation on a couple-stress ferromagnetic fluid heated and soluted from below in the
presence of a variable gravity field was studied by Nadian et al. [18].

The present study is planned to examine the effect of rotation and a magnetic field on the
thermosolutal instability of a ferromagnetic fluid in the presence of a variable gravity field. We have assumed

that gravity is varying as g =Ag,, where g, is the value of g at the Earth’s surface, which is always positive

and A can be positive or negative as gravity increases or decreases upwards from its value g.

2. Mathematical formulation of the problem

Here, we consider an infinite, horizontal layer of thickness d of an electrically non-conducting
incompressible ferromagnetic fluid heated and soluted from below bounded with the aid of using planes
z=0 and z=d as shown in Fig.1. The fluid is acted upon by a uniform rotation(0,0,Q), uniform

magnetic field H(0,0,H) and variable gravity field g(0,0,—g), where g =Ag,. The ferromagnetic fluid

. . . ,-1, .
layer is heated and soluted from below leading to an adverse temperature gradient =-2 7 L with T) >T,

o Cy-C . . .
andf = %, where C, and C; are the constant concentrations of the lower and upper boundaries with

G, >C,.
Z-axis g(o, O, -g) H(O, O, H)
@L—;Q(o,o, Q) \ i
z=d

y-axis

Heated and Soluted from below

Fig.1. Geometrical Configuration.
Since ferromagnetic fluids react quickly to a magnetic torque, so we expect the subsequent situation to hold
MxH=0. (2.1)

Now, assuming that the fluid is electrically non-conducting and that displacement current is negligible,
Maxwell’s equations become
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V.B=0, VxH=0. (2.2)

In Chu formulation of electrodynamics, the relation between the magnetic field H , magnetization M and
magnetic induction B is

B=y,(H+M). (2.3)

We expect that magnetization is aligned with the magnetic field, however there is a dependence the
magnitude of the magnetic field, temperature and salinity, so that

H
M —EM(H,T,C). (2.4)

Let p, p, T, C, 0, o, X, K¢ and q(u;,u;5,u3) denote, respectively, the pressure, density, temperature,

solute concentration, thermal expansion coefficient, an analogous solvent coefficient of expansion, thermal
conductivity, solute conductivity and velocity of the fluid. The equations of conservation of momentum,
continuity, conservation of temperature and solute concentration are

{a—q+(q.V)q}=—in+g(1+@]+iM.VH+2(q><Q)+L(V><H)XH, (2.5)

ot Po Po) Po 4mp
Vq=0, (2.6)
%—f+ (qV)T =x;V°T, 2.7)
%—f+(q.V)c =14V’ C. (2.8)

Maxwell’s equations [19] of electromagnetism are given by

aa—lj: (HV)q+nV°H, (2.9)
V.H =0. (2.10)

The density equation of state is
p=py[l-0(T-T))+0'(C-Cy)] @.11)
where the suffix zero refers to the value at the reference level z=0.VH is the magnetic field gradient. Also,

2 2 2
y2o9 90

ox? ay2 E)z_zj H=|H|’ B=|B

. M=|M|
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In the present study, we assume that magnetization depends only on temperature 7' i.e. M =M (T). Thus, as

the first approximation, we consider that
M=My[1-Y(T-T))] (2.12)
where, M, denotes the magnetization at 7'=17, with 7, being the reference temperature and

()
v M,\ 3T )y

3. Basic state and perturbation equations

The basic motionless solution is

q=(0,0,0), p=p(z), p=p(z)=p0[1—(x[iz+oc'[3'z], T=T(z)=T0—BZ,

(3.1
C=C)—-Pz, Q=(0,0,2), H=(0,0H), M=M,(I+YBz), M=M(z).
The perturbed flow may be represented as
q=(0.0,0)+(upuzouz),  h=(0.0,H)+(h,h,.h ), T=T(z)+8,
(3.2)

C=C(z)+Y, p=p(z)+dp, p=p(z)+dp, M=M(z)+M

where, q(u;,u;,u3), h(h h,,h ), 0, v, 8p, dp, OM are, respectively, the perturbation in fluid velocity

x>ty s ltz
q(0,0,0), magnetic field H, temperature 7, solute gradient C, density p, pressure p and

magnetization M .
Linearizing the equation of perturbation and analyzing the perturbation into normal modes, we
assume that the perturbation quantities are of the form,

ikxx+ikyy+nt)

(us-0.8.C . y)=[ W (2).0(2). X (2).2(2).K (2).T(2) Tl (3.3)
where, k, and k, are wave numbers in the x and y directions, respectively, and k& =(kx2 +ky2 )]/2 is the

resultant wave number of the disturbance and » is the frequency of any arbitrary disturbance (which is
generally a complex constant).

Now, eliminate the physical quantities using the non-dimensional parameters a =kd, 6= (nd 2 V),

pi=(v/xz), p,=(v/m), ¢=(v/xg), D" =dD and dropping (*) for convenience, we obtain,
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2 42 / r 242
G(DQ_GZ)W_'_MM d [ O_YMOVHje_kgOOLa d Ct
\Y% PyOA \Y
, (3.4)
L2 p,  MHd (p?-a?) DK =0,
v 4mp,yv
oz =224 py KA f (3.5)
v 4rp,v
(02 —d’ —sz)X:—H—dDZ, (3.6)
n
(DZ —d’ —Gp2)K=—H—dDW, (3.7)
n
2
(D2 ~d’ —cp1)®=—5iw, (3.8)
Kr
’ 42
(D2 —d’ —Gq)Fz—B 4w (3.9)
Ks

Now eliminating X, ©, K, Z and T" among Eqgs (3.4)-(3.9), we obtain the stability governing equation,

1
}\’azRf'(DZ _a2 _Gpl)W = G(D2 —az)W+7»a2S.mW+
(3.10)
+T, (DZ — _sz) D’W+Q (DZ _az) D’w
[G(Dz ~a’ —6p2)+QD2] (D -a® —op,)

where, R, = (OLBd * /vy )[ gy —(YM,VH / poock)] is the Rayleigh number for ferromagnetic fluids,

2
S =( gooc'B'd4 / VKS) is the solute Rayleigh number, T, =[(ZQd . V)J is the modified Taylor number

and 0= ( wH 2d? 14 Tch\m) is the Chandrasekhar number.

If A>0, gy>(YM,VH /pyok), then R, <R,which implies that convection begins in a
ferromagnetic fluid at a higher thermal Rayleigh number and if A <0, then R, >R,which means that

convection begins in a ferromagnetic fluid at a lower thermal Rayleigh number.
On boundaries, the perturbation in the temperature is zero due to the fact that each of the boundaries
is maintained at constant temperature. The suitable boundary conditions are,

wW=0, Z=0, ©=0, X=0, T'=0 at z=0 and z=1I,
also 3.11)
DZ=DX=D’W=D'W=0 at z=0 and z=1I.
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From Eq.(3.11) it is apparent that each the even order derivatives of W vanishes at the boundaries. Therefore
the proper solution of Eq.(3.10) characterizing the lowest mode is

W =W,sinnz (3.12)

where W), is a constant.
Now using Eq.(3.12) in Eq.(3.10), we get

(I+xw)(1+xw+i61p1) (1+xw+i61p1)
Ax,, ! (I+x,,+i0,9)
+TA1 (1+xw+i(51p1)(]+xw+i61p2)+ 0, (1+x,)(I+x,+ic,p;)
Ax,, [i61(1+xw+i61p2)+Q1] Ax,, (I+x,+i0;p,)

R] :iGI
(3.13)

where, xw=(a2/n2), i01=(0/n2), R1=(Rf/n4), S1=(S/7t4), Ty, :(TA/n4), Q1=(Q/7t2).
4. Analytical discussion

4.1. Stationary convection

When stability sets in as stationary convection, the marginal state will be characterized by 6; =0. So

puting 6; =0in Eq.(3.13), we get

TA[ (1+xw)2 +Q1(]+xw)

Ql}\"xw Ax

4.n
Equation (4.1) expresses the modified Rayleigh number R, as a function of the parameters S;, 7 4 9 and
dimensionless wave number x,, . To examine the effect of the solute gradient, rotation and magnetic field, we
have to study the behavior of (dR; /dS;), (dR, /dTy, ), (dR; /dQ;) analytically.

Now by Eq.(4.1), we have

% = ] (which is positive) (4.2)

1

Clearly, the solute gradient has a stabilizing effect on the system

dr, (1+x,)
dTAI QIMW ’

4.3)

which shows that rotation has a stabilizing effect on the system if A >0 and a destabilizing effect if AL <0

dR, (1+xw){1_TA,(1+qu’ (4.4)

0, A o/

w
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which shows that magnetic field has a stabilizing effect on the system if
A>0. O >T, (I+x,)andA<0, Q7 <T, (I+x,).
Also, the magnetic field has a destabilizing effect on the system if
A>0. O <T, (I+x,)andA<0, Q7 >T, (I+x,).

In the absence of rotation, Eq.(4.4) becomes

&:(]-f-xw)
o, A,

w

which shows that the magnetic field has a stabilizing effect on the system if A>0and a destabilizing
effect ifA<0.

Now to see the effect of magnetization, we examine (dR/dM ) analytically.

(4.5)

: -2 '
dR P TA1n4(]+xW)2+Q1ﬂ;4(1+xw) (I—YMOVHJ (YVH j

=5+
am, ! O;hx Ax PoAg PoAg

w w

which shows that in the absence of the solute gradient; magnetization has a stabilizing effect for both A >0
andA<0.

4.2. Stability of the system and oscillatory modes

Multiplying Eq.(3.4) by w" (conjugate of W) and integrating over the range of z and making use of Eqs
(3.5)-(3.9) together with boundary conditions (3.11), we get

ol +d?| o', +— (1. 4 pool,) |+ (1 + p,67L )+
1 [ 27 V(3 p20ly) 41p (5 P> 6)

T \%
2 | Po 0 y 4.6)
Aoa” Ky YM,VH * Agooa“ig *
- - L +pc Iy |+——=1g+q0 1;))=0
vB [ 0 DOk ( 7T Pi 8) ( 974 10)

where
1= j(|DW|2 +a? |W|2)dz, I, = j (|z|2 )dz,

I;= j(|DX|2 +d’| x| )dz,14 =] X[,
fs = IUDZK‘Z +2a° |DK|2 +a* |K|2 2,15 = j(|DK|2 +a’ |K|2 )dz,

1, =1(|pel’ +a’|ef’ Jiz.15 = i(|ef )i
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_ j(|DF|2 +a? |F|2)dz,110 - j(|1"|2 )d

All these integrals from /; —1;, are positive definite.

Now putting 6 =0, +i0; in Eq.(4.6) and equating real and imaginary parts, we get

2 2 ,
nd N Aol K M, VH
4mp,, v 4np \% vp poor
;2 2
Agpo'a“x | Bnd Hn
VB 4mp v 4np0v
Ao’ x ‘M, VH Ag0a’ K
_ r|, 7o', 0% %5,
vB 0 PoOA 7 vp’ 9
and
He na? HeN
;| 1, —d’I,+ Iy ——= I+
- 2 4mpyv P2iq 4npovp2 6
5 P 4.8)
Aoa” Ky YMyVH AgoOa“xg
+ - To——Y—— 9 g1, |=0.
vB {g() pO(XX ]P] 8 VB’ 410

It is obvious form Eq.(4.7) that 0, may be positive or negative which means that the system may be stable or

unstable.
In the absence of rotation, magnetic field and stable solute gradient, Eq.(4.8) becomes

2 2 ,
wnd Aoa” K YM)VH
Gi[11+ C—pyly+ TLgo— § pilg |=0.
0

41p v vB PO
YM,VH . .. . .
If Agy =————, then the terms in the bracket are positive definite, which means that6; =0. Therefore,
Po
. .y e . YM,VH
oscillatory modes are not allowed and the principle of exchange of stabilities is satisfied if Ag, >——.
Po

5. Numerical computations

The dispersion relation (4.1) is analyzed numerically also. The numerical values of the thermal
Rayleigh number R; are determined for numerous values of the solute gradient §;, rotation 7, , magnetic

field O; and magnetization M. Also, graphs are plotted between R; and S;, R; and T, , R; and O, R,
and M, as shown in Figures (2)-(10).
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Fig.2. Variation of R; with S; for fixedA =35, Ty, =100,200,300 and Q; =50,100,150.

Fig.3. Variation of R; with 7 for fixed A=3,5; =100,300,500 and Q; =0.05.
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Fig.4. Variation of R; with TAI for fixed A=-7,8;=15,10,15 and O, =500.
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Fig.5. Variation of R; with O, for fixed A=2,§,=175,8,10 and TA1 =0.1,0.5,0.8.
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Fig.7. Variation of R; with O for fixed A=-2,5;,=25,50,75 and T, =100,150,200.
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In Fig.2, critical Rayleigh number R; is plotted in opposition to the solute gradient parameter S; for
T,, =100,200,300; Q;=50,100,150 and X >0(A=35), which suggests that the critical Rayleigh number

R, increases with an increase in the solute gradient parameterS;. So, the solute gradient has a stabilizing

effect on the system.
In Fig.3, the critical Rayleigh number R; is plotted in opposition to the rotation parameter 7' 4 for

S;=100,300,500; Q;=0.05 and A>0(A=3), which indicates that the critical Rayleigh number R,

increases with an increase in the rotation parameter 7' - So, rotation has a stabilizing effect on the system.
In Fig.4, the critical Rayleigh number R; is plotted in opposition to the rotation parameter 7T 4 for

S;=5,10,15;Q, =500 and A <0(A=-7), which shows that the critical Rayleigh number R, decreases with

an increase in the rotation parameter 7’ 4, - So, rotation has a destabilizing effect on the system.

In Fig.5, the critical Rayleigh number R, is plotted in opposition to the magnetic field parameter O,
for §;=5,8,10; T, =0.1,0.5,0.8 and A > 0(A =2), which indicates that the critical Rayleigh number R,

increases with an increase in the magnetic field parameter Q;. So, the magnetic field has a stabilizing effect
on the system.
In Fig.6, the critical Rayleigh number R, is plotted in opposition to the magnetic field parameter O,

for S,=10,15,20; TA1 =1000,1500,2000 and )\,>0(7\,=5), which suggests that the critical Rayleigh

number R;decreases with an increase in the magnetic field parameter Q;. So, the magnetic field has a
destabilizing effect on the system.
In Fig.7, the critical Rayleigh number R, is plotted in opposition to the magnetic field parameter (O,

for S;=25,50,75; TAz =100,150,200 and A< 0(7\, = —2) , which indicates that the critical Rayleigh number

R, increases with an increase in the magnetic field parameter O;. So, the magnetic field has a stabilizing
effect on the system.
In Fig.8, the critical Rayleigh number R, is plotted in opposition to the magnetic field parameter O,

for §;=100,500,800; T, =0.02,0.09,0.15 and A< 0(A=-10), which indicates that the critical Rayleigh

number R;decreases with an increase in magnetic field parameter ;. So, the magnetic field has a
destabilizing effect on the system.
In Fig.9, the critical Rayleigh number R, is plotted in opposition to the magnetization parameter M,

for T u = 50,75,100, Q; =100,150,200 and A > 0(% =0.1 ) , which indicates thatthe critical Rayleigh
number R,;increases with an increase in magnetization parameter M, . So, the magnetization has a stabilizing

effect on the system.
In Fig.10, the critical Rayleigh number R; is plotted in opposition to the magnetization parameter

M, for T, =30,50,70; O;=100,120,150 and A< 0(A=-0.5), which indicates that the critical Rayleigh

number R;increases with an increase in the magnetization parameter M. So, magnetization has a stabilizing
effect on the system.

7. Conclusions

To the best of our knowledge, the problem of the thermosolutal instability of a ferromagnetic fluid in
the presence of a variable gravity field, rotation and horizontal magnetic field has not been investigated so
far. So, in the present paper, we have discussed the effect of the magnetic field on a rotating ferromagnetic
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fluid heated and soluted from below in the presence of a variable gravity field. To obtain the dispersion
relation, we have used the linearized perturbation theory and normal mode technique. The main results from
the evaluation of this present problem are as follows.
e For stationary convection,
I.  the solute gradient has a stabilizing effect on the system.
II.  rotation has a stabilizing effect on the system if A >0 and a destabilizing effect if A <0.

II. the magnetic field has a stabilizing effect on the system if A>0, QO >T 4 (/+x,)and
A<O0, le <7 (I+x,,). Also, the magnetic field has a destabilizing effect on the system if

A>0, 07 < Ty, (I+x,,)and A <0, 0/ > T, (1+x,,) .In the absence of rotation; the magnetic field
has a stabilizing effect on the system if A >0and a destabilizing effect if A< 0.
IV. in the absence of the solute gradient; magnetization has a stabilizing effect for bothA>0and A<0.

e The principle of exchange of stabilities is not valid for the present problem under consideration, whereas
in the absence of rotation, magnetic field and stable solute gradient, the principle of exchange of

s . . . ‘M, ,VH
stabilities (PES) is valid for the present problem if Ag, > R\
Po
Nomenclature
d — depth of layer [m]
a — dimensionless wave number
g — acceleration due to gravity [m/s?]
g — gravity field [m/s?]
k — wave number [1/m]
ky,k, — horizontal wave numbers [1/m]
n — growth rate [1/s]
p — fluid pressure [pa]
O — Chandrasekhar number

T, — Taylor number
R — Rayleigh number
S —solute Rayleigh number
T —temperature [K]
¢t —time [s]
Q - rotation vector having components (0,0,2)
(ug.uy,u3) — component of velocity after perturbation
o — coefficient of thermal expansion [1/K]
B — uniform temperature gradient [K/m]
B’ — uniform solute gradient [K/m]
0 — perturbation in temperature [K]
y — perturbation in concentration [K]
x; — thermal diffusivity [m?s]
kg — solute diffusivity [m%/s]
v — kinematic viscosity [m?/s]
— density [Kg/m?]
— del operator

< o

d,D — curly operators and derivative with respect to z(d / dz)
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