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This article addresses the impact of magnetic field induction on the buoyancy-induced oscillatory flow of
couple stress fluid with varying heating. Modelled equations for the incompressible fluid are coupled and nonlinear
due to the inclusion of viscous heating and thermal effect on the fluid density. Approximate solutions are
constructed and coded on a symbolic package to ease the computational complexity. Graphical representations of
the symbolic solutions are presented with detailed explanations. Results of the present computation show that the
effect of induced magnetic field on the oscillatory flow and heat transfer is significant and cannot be neglected.
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1. Introduction

The convective flow of a viscous fluid subjected to periodic heating and cooling plays a vital role in a
huge number of home appliances, industry, geology and geophysics, medicine, acrodynamics and much more.
In a study by Wang [1], the equations for the buoyancy-induced flow were modelled and separated into steady-
periodic regimes. Jha and Ajibade [2-4] popularized the approach by conducting studies under different flow
conditions. Following the analysis is a study by Adesanya [5] on a micro-channel flow with partial slip and
thermal conditions. More recently, Adesanya et al. [6] presented results for magnetohydrodynamic convective
flows in steady-periodic regimes with constant magnetic fields. Several other related studies on convective
flow problems with or without a magnetic field can be seen in papers [6-11] and lots more in the literature.

In many cases of engineering interest, induced magnetic fields usually act as a flow control mechanism,
especially under intense heat. The following studies were conducted by taking an induced magnetic field into
consideration, Ahmed [12] studied the double diffusivity in a developing flow. Raju ef al. [13] focused on the
convective flow over a stretching surface. Igbal et al. [14] presented a numerical study on a developing
nanofluid stagnation point flow. In similar work, Animasaun and his associates [15], examined the radiative
viscoelastic stagnation point flow. Sheikholeslami et a/. [16] presented an analysis of a convective nanofluid
problem using Koo-Kleinstrever-Li correlation method. Noreem et al. [17] investigated a pseudo-plastic
peristaltic fluid flow. Kumar and Singh [18] addressed the radial flow through a vertical cylinder with constant
heat source. Gosh et al. [19] constructed a solution for a convective fluid flow. Raju et al. [20] analyzed the
stagnation point flow. A numerical study of natural convection was discussed extensively by Kumar and Singh
[21]. In fact, there are several investigations in various fluid flow problems relating to electrically conducting
fluid with induced magnetic fields, some of these can be found in papers [22-34] and references therein.
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One major characteristic that distinguishes the couple stress fluid among other non-Newtonian fluids is
the inclusion of size-dependent microstructure that is of mechanical significance. As explained by Stokes [35]
in the couple stress theory, the couple stress constitutive model can easily give an explanation for couple
stresses, the effect of body couples and the non-symmetric stress tensor manifested in several real fluids of
technological importance. This important class of fluids has been used extensively in the literature to explain
the non-Newtonian behaviour of some real fluid. In view of the huge available references, few of these studies
on couple stresses will be described here. Srinivasacharya and Kaladhar [36] applied the model to study the
convective flow behaviour in reacting fluids. Srinivas et al. [37] applied the model for flow with varying
properties. In the study by Srinivas et al. [38], the micropolar fluid flow in a non-Darcian medium was reported.
A similar work by Mahabaleshwar et al. [39] addressed the hydromagnetic case over a leaky stretching sheet.
Kaladar et al. [40] examined the diffusivity problem in a vertical configuration. Ali et al. [41] analyzed the
MHD oscillatory flow over a stretching surface. Kan et al. [42] derived an exact solution of hydromagnetic
couple stress fluid using the wave transformation approach. Hayat et al. [43] examined the developing case in
a moving surface subjected to internal heat generation and Newtonian heating. Srinivas and Murthy [44]
studied the entropy build-up in immiscible couple stress fluids in a channel flow. Adesanya et al. [45] reported
the effect of couple stresses on the hydromagnetic viscoelastic fluid flow. Eldabe and his collaborators [46]
discussed the pulsatile flow between solid boundaries. Other interesting results on the application of the couple
stress theory is not limited to [47-51] and the cited references.

The above studies on the induced magnetic field motivates the present study on the convective couple
stress fluid undergoing steady-periodic heating, which has not been done despite the huge number of studies
reported on the size-dependent effect. In the following section, the Mathematical analysis for the problem will
be presented and the dimensionless coupled boundary-valued-problem would be solved by the Adomian
decomposition method. Interested readers can see the detailed review, theory and huge applications of the
method in [52-56]. Section 3 of the paper deals with presentation and discussion of results while the paper is
concluded in section 4.

2. Mathematical analysis

Consider a 2-dimensional unsteady couple stress fluid flow with a velocity vector §=(u,v, 0)

together with the magnetic induction vector H = (bx,by , 0) .
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Fig.1. Physical model of the problem.
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The channel half-width is taken to be /4 and normal to the channel length while the x-axis is normal to
the channel length as shown in Fig.1. The channel length is assumed to be long enough for the flow to be fully
developed. In formulating the model, only variations of fluid density and heat source/sink with temperature
are considered. The present formulation also catered for dissipations due to fluid friction, couple stresses, and
electric charges. With large magnetic suction, the induced magnetic field is also considered. Thus, in vector
form we have [6,16]:
conservation of electric charge:

Jp
—+V.-J=0, 2.1
o (2.1)

conservation of mass:

op _
—+V. =0 2.2
=+ (pg)=0, (22

Gauss’ law of magnetism:
V-H=0, (2.3)

momentum equation:

0 ,— o\— _ - = N\
p(a—Z+(q -V)qj:—VP+uV2q +ue(J><H)—1:V2(V2q)+pg, (2.4)

energy equation:
_ 2
pC, (%—?r (7 V)Tj = kV’T +p(Vg) + i(VH)2 +1(V’g) +0,(1,-7), (2.5)
c
conservation of magnetic induction:
oH 1

E'i‘VX(qX]’_I):G—ueVZ]’_I. (26)

Neglecting the variation of fluid density with time and from Eq.(2.2), the fully developed case implies
that v( y) =-v,, 1.e. a constant. In the first approximation, by assuming a small velocity gradient in the

momentum equation and eliminating the pressure gradient, we get

ou  ou 0°u Wby ob 1 9%u

—v =v +e0 x| T-T,)-——:-, 2.7
o "oy 9t p W (T -T)) p oy’ @7
ob, b, , ou 1 b,

=ph,— 2.8
> Vo » 08y+uec ayz ) (2.8)
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o oy

orf  oT o°T
pc, =k 3

dy
with

2 2 2
ou 1( db, 0°u
+M($j +E( ay ] +T{ay—2J +Q0 (]—b —T) , (29)

u'(0)=u"(0)=0, b.(0)=0, T(0)=T,+Tycos(wt),  y=0,

F(0)=1=F(),

(2.10)
u(h)=u"(h)=0, b, (1)=0, T(h)=T,+Tycos(ax),  y=h.
We introduce the following
gBhZ iot
u(t,y) =5 (1= 1)) A) + T:B()™ |,
T(t,) =T, +(T; = T)) F(») + T,G(y)e'”, @.11)
h? 2 i
bx(t,y)=£(&J (T, =T5) L)+ TM ()™ |,
v p
along with the dimensionless quantities
2
Y u( gph’ o ue,
=—, A=—|"—|(7,-T)), St=——07! Pr=—=n,
" k( v ) @7 h) v Tk
(2.12)
2 2
H:M &, K2:h— 8:Q0h R Pm:GVHe, S:M,
v \p T k %
giving rise to the following orders of perturbations:
. \0
o(e® ) : AP =17 (4"(n) +s4'(n)+ HL'(n) +F (n)),
A(0)=0=4"(0)=A(1)=4"(1),
L"(n)==(sP,L'(n)+HP,A'()); L(0)=0=L(1), (2.13)
2 2
] ' ' A" n L' n
F (n):SF(T])—sPrF (n)—?» A(n)2+ 1(<2) + E)) ,
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o )1 :BY ()=« (B"(n)+sB'(n)-iStB(n)+HM '(n)+G(n)),

B(0)=0=B"(0)=B(I)=B"(1),

M"(n)=PR, (iStB(n)—sM'(n)+HB'(n)),  M(0)=0=M(I), (2.14)
G"(n)=(8+iStPr)F(n)—sPrG'(n)—ZM'(n)B'(n)—%A"(n)B"(n),
_;—}‘L'(n)M'(n), G(0)=1=G(I).

m
3. Adomian decomposition method of solution

As shown in [56], the Adomian decomposition method (ADM) is a well-established method for
solving differential equations. In what follows, the coupled differential equations in Eqs (2.13)-(2.14) with the
boundary conditions give the equivalent integral equations that are given by:

A(n)= TdA—O)dHﬁHdSA(O)deden

o aw 3.1)
+ﬂﬂx2 (A"(Y)+sA'(Y)+HL'(Y)+F (Y))dYdYdyay,
B(n)=}d§—;))dY+ﬁ]T : g)}deYdY+
nnnno " (3-2)
[ [ (B (¥)+5B'(Y)+ HM (G)~iStB(Y)+ G(Y))d¥dvayay,
F(n)z1+i|§d12§]0)dY+];.];.(SF(Y)—SPrF'(Y))deY+
, (3.3)
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G(n) =1+T%ﬁf))dﬂtﬁ(&ﬂStPr)F(Y)—sPrG’(Y)deY+

A'(Y)B"(Y)

Substituting Eqs (3.7) in Eqs (3.1)-(3.6), we get

n

4y(m)=

—
£
QU
~
+
S —y 3

0

with the recurrence relations:

L,y (n) ==

m—n

].(SP L,'(Y)+HaP,4,'(Y))dYdy,

(8F, (Y)-sPrF,'(Y)-AK, )dYdy.

S 3 D 3

Fn+1 (n) =J-

Similarly, in the periodic flow regime

nn y y
[[axavaray ; ,(m)=[1dy ; (n)=1+jﬁ,dY},
00 0 0

Ayey(n)= Hj!'( (4,"(¥)+s4,'(Y)+HL, (Y)+ F, (Y))dYdYdyay,

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)
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n nnn y y
= [byay + [ [ [bavavay ,  My(m)=[mdy, Gy(n)=1+][gydY, (3.10)
000

while the rest of the terms are given by

n
Iy j & (B,"(Y)+sB,'(Y)+HM,"(G)-iStB,(Y)+G, (Y))dYdYdYdy,
B (=[[]3
000
nn
Gy (M) = [[((8+iStPr) F, (¥)=sPrG, (¥) - 20U, )d¥ay, (.11)
00
nn
vt (N) = [ [ B (iStB, (n) = sM,, '(n) + HB, " (n)) d¥dY
00

where

(3.12)
y —[d4,\(dB, ), I d’4,\(d’B,| 1 (dL,\(dM,
"lay )Lay ) e\ ay? )\ day? ) p,\dY )\ dy
the appropriate Adomian Polynomials are:
2 2
R I BT
dy dy? pm Y
=2 (L4, 2 L4\ 84, 2 a4
T ay JLay av? \ av? ) p,\av \ay )
U, = o )(dBo), 1 (d 4y \(d°By |, I (dLy)(dM,
0 dy dy K2 dYZ dYZ P dy Y ? (313)

0[] ) ) 2 ] )
o) 2] o 2 (L) o)) ),
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The iterative processes (3.8)-(3.13) are then coded into MATHEMATICA version 10.0 for easy iteration.
Expressions for the unknown constants are also obtained with the aid of the remaining boundary conditions. At the
end we obtain the following q™ partial sums as the approximate solutions of the coupled differential equations.

q q q
AM)=> 4,(), B(n)=2 B,(n), F(n)=2 F,(n),
n=0 n=0 n=0
(3.14)
q q q
G(M)=>.G,(n), L()=D L,(n), M(n)=> M,(n)
n=0 n=0 n=0
Finally, the induced current density is given by
J=_9L g dM (3.15)
dy dy

in the steady and periodic flow regimes, respectively.
4. Results and discussion

Equations (3.8)-(3.14) are carefully coded in MATHEMATICA version 10.0 for easy iteration of the
Adomian decomposition procedure. The following symbolic solutions are obtained graphically due to a large
output of the computation. Figure 2 represents the variation of some important fluid parameters in the steady
flow. As shown in Fig.2a, an increase in the magnetic field parameter is seen to decrease the flow velocity
because ferrofluid particles agglomerate with increasing induced magnetic field, also the retarding effect of
Lorentz forces. The variation of the couple stress inverse parameter in the steady flow velocity is also shown
in Fig.2b. From the graphical result, an increase in the couple stress inverse parameter is seen to enhance the
flow velocity. In other words, an increase in the couple stress inverse parameter means a decrease in the non-
Newtonian behaviour of the fluid. Hence, an increase in the couple stress parameter is seen to decrease the
flow velocity. In Fig.2c, an increase in the viscous heating parameter is observed to enhance the fluid velocity
due to increased heat generated in the fluid. Moreover, as presented in Fig.2d, an increase in the magnetic
Prandtl number is observed to decrease the steady flow significantly due to increased induced magnetic field.
Similarly, Fig.2e shows that an increase in the suction Reynolds’s number is seen to decrease the flow velocity
as much fluid is sucked away from the flow domain. A closer view of Fig.2g revealed the effect of Prandtl
number on the fluid flow; it is also observed that the flow velocity decreases with increased Prandtl number
since the fluid dynamic viscosity increases. Finally, Fig.2f shows that as the heat sink parameter increases, the
fluid velocity distribution within the flow declines accordingly due to heat loss to the ambient.

Figure 3 depicts the variation of steady temperature with pertinent fluid parameters. In Fig.3a, the influence
of viscous heating of the fluid on the temperature profile is presented. From the graphical result, an increase in the
viscous heating parameter is seen to raise the fluid temperature distribution in the core area of the channel; this is so
because the fluid viscosity increases the heat generated due to the frictional interaction of the fluid particles. In
Fig.3b, the variation of the fluid temperature with the magnetic field is presented. From the plot, the balanced effect
of suction and injection on the fluid is clearly seen. However, as seen in Figs.3c and 3d, increasing values of the
couple stress parameter is seen to increase the fluid temperature due to thinning of the fluid. Also, note that the
couple stress inverse parameter enhances the fluid temperature. A similar conduct to that is seen as the suction
parameter increases. In Figs.3e and 3f, variation of the internal heat loss parameter and Prandtl number are
presented, as the heat loss parameter increases, the fluid temperature falls since the heat is dissipated. Lastly, the
Prandtl number is seen to decrease the temperature distribution within the domain of flow; this is because the
increased Prandtl number is associated with decreased thermal conductivity of the fluid.
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Fig.2a. Variation of steady velocity with
the magnetic field parameter.
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Fig.2c. Variation of steady velocity with the
viscous heating parameter.
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Fig.2e. Variation of steady velocity with the

suction Reynolds number.
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Fig.2b. Variation of steady velocity with the

couple stress inverse parameter.
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Fig.2d. Variation of steady velocity with the

magnetic Prandtl number.
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Fig.9f. Variation of unsteady current density profile
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Figures 4 addresses the response of the induced magnetic field to the variation of fluid parameters. It
is important to see that Figs 4a-4f are all negative due to the flow reversal of the magnetic flux in the channel.
On the other hand, the induced current density shown in Figs 5 represents the induced current density which
is a direct opposite presentation to the induced magnetic field. Conclusion concerning the results in Figs 6-9
for the unsteady flow behaviour are seen to conform with the steady case except for reduction in the flow and
heat maximum that is associated with increased frequency of heating as highlighted in Figs 5f, 6f and 7a.

5. Conclusions

The convective flow of a hydromagnetic couple stress fluid with an induced magnetic field has been
addressed here in the steady-periodic regimes. The momentum, energy and magnetic induction equations are
formulated, made dimensionless and solved by the Adomian decomposition method. The main contributions

to of the present study are as follows:

e Increasing values of the Hartman number, Strouhal number, couple stress parameter and heat loss
parameter decrease the flow velocity while viscous heating of the fluid encourages both steady and

oscillatory flow profiles.
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e Fluid temperature distribution is seen to improve with increasing values of the viscous heating
parameter, Hartman number, and the couple stress parameter while it decreases with increasing values
of the Prandtl number, heat loss parameter, suction parameter and Strouhal number.

e Increasing values of the Hartman number, viscous heating, suction and magnetic Prandtl number are
seen to enhance the induced current density while an increase in the Strouhal number decreases it.

Nomenclature
A(n),B(m) —  dimensionless steady and oscillatory velocity, respectively
B, —  constant magnetic field strength
C, —  specific heat at constant pressure
F(n),G(m) —  dimensionless steady and periodic temperature, respectively

g —  gravitational acceleration
h —  half the channel width
k —  thermal conductivity

Oy — internal heat loss
t —  time

T —  temperature of the fluid

7,,T;,T, —  fixed wall temperatures

v’ —  dimensional velocity
y —  horizontal coordinate
B —  thermal expansion coefficient
8 —  heat loss parameter
n —  non-dimensional horizontal coordinate
A —  viscous heating parameter
u —  dynamic viscosity

v —  fluid kinematic viscosity
p —  fluid density
6 — celectrical conductivity
T —  couple stress parameter

® —  heating frequency
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