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The present paper studies the periodic flow of a second grade fluid generated by non-torsional oscillations of
the disks rotating in the eccentric form under the application of a magnetic field. Subsequent to the rotational motion
of the disks at a common angular velocity about two vertical axes, they perform oscillations horizontally in a
symmetrical manner. The exact analytical solutions are derived for both the velocity field and the tangential force
per unit area exerted on one of the disks by the fluid. Special attention is paid to the influence of the applied
magnetic field and it is investigated how the magnetic field controls the flow when the frequency of oscillation is
less than or equal to or greater than the angular velocity of the disks. It is found that the application of the magnetic
field leads to thinner boundary layers developed on the disks and the changes in the values of the shear stress
components which represent the tangential force exerted on the disks occur at larger amplitude.
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1. Introduction

Maxwell and Chartoff [1] introduced the Maxwell orthogonal rheometer that simply consists of two
rotating non-coaxial disks to study the behaviour of polymer melts. Abbott and Walters [2] were the first to
present the solution for the flow of a classical viscous fluid in this theometer. The flow in the case of a second
grade fluid was investigated by Rajagopal and Gupta [3]. Rajagopal [4] proved that the flow in this instrument
shows a special motion. Rao and Rao [5] studied the flow of a second grade fluid in the presence of a magnetic
field and obtained an exact solution to the problem by means of a cylindrical coordinate system. The reader is
advised to read the papers by Rajagopal [6], Srinivasa [7], Siddiqui ef al. [8] regarding detailed analysis of
various results on this subject.

Unsteady flows of a Newtonian fluid due to the disks performing non-torsional oscillations in the
orthogonal rheometer have drawn the attention of several researchers. Erdogan [9, 10] analysed the non-
symmetrical time-dependent flows resulting from the oscillations of the disks which are initially in the case of
concentric rotation. Ersoy [11] investigated the time-dependent symmetrical flow induced by the disks
executing oscillations in a symmetrical manner while the two disks are initially rotating about two distinct
axes. The impact of a magnetic field in the same configuration was taken into account by Giri et al. [12]. Ersoy
[13] studied the periodic flow due to the symmetric oscillations of two porous disks while the disks are
originally rotating in the eccentric form. Further, Ersoy [14] analyzed the periodic flow under the influence of
an imposed magnetic field in this flow geometry. Apart from the Newtonian fluid, Ersoy [15] studied the
periodic flow of a second grade fluid resulting from the oscillations of two disks symmetrically while the disks
are originally rotating about two parallel vertical axes. In this paper, the study in Ersoy [15] is extended to the
flow occurred by an applied magnetic field. While the two disks are initially rotating eccentrically in the
presence of a magnetic field, the periodic flow of a second grade fluid resulting from the disks performing
non-torsional oscillations horizontally in the symmetrical form is studied. The behaviour of dilute polymer
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solutions can be modelled by the constitutive equation of second grade fluids. Our main purpose is to study
the influence of a magnetic field on these types of fluids in the periodic flow between the disks rotating in the
eccentric manner. The physical interpretation of the influence of the magnetic field is discussed with the help
of graphs.

2. Mathematical formulation

The flow is confined by two insulated disks placed at z=0 and z=#h. The fixed z’ and z” - axes
represent the axes of rotation of the upper and lower disks rotating at the common angular velocity €. The
axes of rotation of the disks separated by a distance a lie on the yz - plane. The region is filled with an
incompressible second grade fluid and a uniform magnetic induction B, is applied in the z -direction. It is

assumed that the induced magnetic field is neglected in comparison to the applied one. Subsequent to the initial
motion, the upper and lower disks begin to make non-torsional oscillations as seen in Fig.1. After the non-
torsional oscillation motion is initiated, the flow corresponding to the steady-state solution in the fluid is
investigated. The schematic diagram of the flow problem is presented in Fig.1.
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Fig.1. Flow configuration.
The continuity and momentum equations are
Vv=0, 2.
Dy
—=V.-T+JXB. 2.2
P, 2.2)

The Cauchy stress tensor 7 for a second grade fluid is given by Rivlin and Ericksen [16]
T =—pl +uA; +0, A, +0,A7 . (2.3)
The first and second Rivlin-Ericksen tensors are defined as

A, :gradv+(gradv)T, A, :%+Al(gradv)+(gradv)T A,. 2.4

The coefficients 1, o, and o, must satisfy u>0, o,; =20, o; + 0o, =0 (Dunn and Fosdick [17], Dunn and
Rajagopal [18], Fosdick and Rajagopal [19]).
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Thus, the relevant initial and boundary conditions for the problem are
u=-Q(y-2(), v=Q(x—f(z)) at (=0 for 0<z<h, (2.5)
u=-Q(y-al/2)+Usinnt, v=Qx+U sinmt at z=h for (20, (2.6)
u=-Q(y+a/2)-U,sinnt, v=Qx-U,sinnt at z=0 for 20, 2.7)
u=-Qy, v=Qx at z=h/2 for 20 (2.8)

where f (z) and g(z) characterize the location of the centres of rotation along the z - direction for the steady

flow of a second grade fluid between the disks rotating in the eccentric form when a magnetic field is present.
In the light of Eqgs (2.5)-(2.8), we consider a velocity distribution of the form

u=-Q(y-g(z1), v=Q(x—f(z1), w=0 (2.9)

which satisfy the continuity equation.
From J=0(E+vxB), the rectangular components of the current density are obtained as

J,=6(E,+vBy), J, =G<Ey —uBO) , J, =0E . Since the disks are insulated, J, and E, are found to be

: oB . .
zero. Using VXE = v we find that the x- and y- components of the electric field are independent of z.
t

Therefore, we have

g ). g (ag j P
o -Q + —p| =+Qf |-0Byg=C(1), 2.10
1[82281 02 Mazz p > )f g =C;(1) (2.10)
If g IS [af j >
-0 +Q — +p| =—-Q¢ |+0B;, f =C,(1). 2.11
I(azgat > “aZZ p o g 0/ =C, () (2.11)

Let us now introduce the dimensionless quantities as

— fzt)+ig(z,t z o, Q Qhn’
R N - B LN B
a h u u
(2.12)
U

M= [%pp, v.=Lr oy =2l o, k=L

0 Qa Qa Q

Thus, Eqgs (2.10)-(2.11) reduce to the following dimensionless form:
383F +(1—iB)aZ—F—R£—(M2+iR)F—O (2.13)
oot > ot '
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with

F(C,O)Z f(2)+ig(2) ,

(2.14)
a

= . A1 .
F(Lt)=-V, smkr+z[3+Vx smkrj , (2.15)
= . A1 .
F(0,7)=V, s1nk1:—l£5+ V. smktj , (2.16)
—( 1
F(E,rjzo. 2.17)

The Poiseuille-type pressure gradient is zero for every value of time because of the symmetric condition
expressed by Egs (2.8) and (2.17); as a result of this, we find C,(¢)=C, (¢)=0.

3. Periodic solution

Since we seek a solution that represents a periodic motion of the fluid, it is convenient to recommend
a solution in the form

F(§1)=Fy(0)+ F () coskt+Fy ()sinke 3.1)
where
FO(C)J(Z)Z@(Z)-

Substituting Eq.(3.1) into Eq.(2.13), we get

(1-B) Fy—(M° +iR)Fy =0, (3.2)
(1=1B) F'+kBF; —kRF, —(M* +iR) F; =0, (3.3)
(1=iB) F; —kBF/+kRF, - (M’ +iR) F; =0 (3.4)
with
F()(I):ié, F()=0, FE(1)=-V,+iV,,
(3.5)
F(0)=-i3, F0)=0. F(0)=V,-¥,
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The solution of Eqs (3.2)-(3.4) subject to Eq.(3.5) is
F(g1)= (P sinh P{ —cosh PC)
+g(5sinh D¢ —cosh D — Bsinh B + cosh BZ;) coskT+ (3.6)

+%(Esinh B¢ —cosh B + Dsinh D{ —cosh DC) sinkt

pe M2+iR, . /M2+iR(1—k)’ b ,M2+iR(1+k),
1-1B 1-iB(1+k) 1-iB(1-k)

I+cosh P 5_I+coshD E_I+coshB
sinhP ~’ sinhD ’ sinh B

where

(3.7)

P= . V=V il

By means of this solution, the locus of the centres of rotation for the appropriate parameters is revealed in Figs 2-4.
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Fig.2. Location of the points where the velocity is zero for £ =0.5 and other appropriate parameters.

Since the shear stress components 7. and 7). for a second grade fluid are

2
w7 o)
oz azat 0z

of o’ f
T —-UQ=——qa, Q +Q—=
== H oz % {azat oz ]

(3.8)
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the complex form of the dimensionless shear stress components in the fluid is found as follows:
T, +iT,, =—(1-B)K,(C)+
V .
+3[_(B+’)K2(C)+kBK3(C)]COSkT+ (3.9)

+%[(1—i[3)K3 (Q)+ikBK , (€) Jsin k.
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Fig.3. Location of the points where the velocity is zero for k£ =/ and other appropriate parameters.
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Fig.4. Location of the points where the velocity is zero for £ =1.25 and other appropriate parameters.
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where

_ T _ T

T.=—*—, T.,=—>=—, K/({)=PH,(),
Xz HQa/l’l yz ].,LQa/h ](C) ](C)

K,(8)=DH;(8)-BH, (L), K;(8)=BH,(L)+DH;(C).

H,(C)=Pcosh P{~sinh P{,  H,({)=Bcosh B{—sinh B, (3.10)
H;(8) = Dcosh D{ —sinh D¢ .
The variation of T,, and Tyz with the appropriate parameters is shown in Fig.5.
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Fig.5. Effect of the magnetic field on (sz) and (1_" )C—I for the appropriate parameters.
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4. Results and discussion

The present paper considers the magnetohydrodynamic periodic flow of a second grade fluid due to
the non-torsional oscillations of the disks rotating eccentrically. While the disks are initially rotating at the
same angular velocity in an eccentric manner in the presence of a magnetic field, the periodic flow of fluid
caused by the disks performing oscillations horizontally in the symmetric form is studied. After the oscillation
of the disks is started, the flow contains transients at initial times. As the time elapses, the initial transients
decay and the flow reaches a periodic state. The periodic state described by the steady-state solutions is
considered here. The periodic flow is taken into account after the dimensionless time T=G87 since the
periodicity of the flow already starts at the instant considered for the values of parameters used in the paper
(Ersoy [13], Ersoy [14], Ersoy [15]).

In this flow, each z = constant plane rotates about the centres of rotation of the fluid layers which are

expressed by x= f (z,t) and y=g(z,t). Since the disks undergo non-torsional oscillations, the location of

the centres of rotation varies continuously with time. It is clear that the velocity field and shear stresses depend
on all the parameters governing the flow. Since Ersoy [15] analysed this flow in the absence of a magnetic
field, the attention in the present paper is focused on the influence of the magnetic field. Figures 2-4 illustrate
the coordinates of the centres of rotation for various appropriate parameters when the magnetic field is absent
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and present. In Figs 2a and 2b, the frequency of oscillation 7 is less than the angular velocity of the disks €.
Figures 3a and 3b show the situation where n is equal to €. Figures 4a and 4b display the case when n is
greater than €. From these figures, it is evident that the motion has a period of T=2m/k , and the centres of
rotation in the mid region get closer to each other when the Hartmann number increases.

An orthogonal rheometer is mainly used to measure the material moduli characterizing non-Newtonian
fluids, the calculation of tangential force exerted on one of the disks is especially crucial. When the applied

magnetic field is present and absent, the dependence of (]_"XZ ) 1 and (1_"yz )Q_I which symbolize the x-and y

-components of the non-dimensional force per unit area applied by the upper disk on the fluid, respectively,
on the dimensionless time is plotted in Fig.5.
It should be noted that the shear stresses 7,. and 7, on the upper disk are mutually equal to those on

the lower disk, i.e., (7, )z= N = (T, )z= , and (T e )z=h = (T e )z=0 as a consequence of the symmetric condition.

As clearly seen from Fig.5., the increase of the Hartmann number leads to a rise in the magnitude of the force
in the x - direction exerted on the disks.

5. Conclusion

In this paper, the attention is paid to the analysis of the impact of a magnetic field. The exact analytical
solution to the present problem is obtained. It is verified that the fluid motion is retarded due to the effect of
the imposed magnetic field. The centres of rotation of the fluid layers in the core region tend to align in the
z -axis with an increase of the exerted magnetic field. Consequently, the boundary layer thickness decreases
and the dimensionless shear stress components on the disks have larger changes with the effect of the magnetic
field. When the frequency of oscillation is greater than the angular velocity of the disks, the amplitudes of the
non-dimensional shear stresses on the disks become larger. When n is less than Q, the influence of the
magnetic field is more prominent.

Nomenclature

A;, A, - first and second Rivlin-Ericksen tensors

a — distance between the axes of rotation

B —magnetic induction

B, - applied uniform magnetic induction

D/ Dt —material time derivative operator

— electric field
— gap between the disks
— unit tensor
— current density
— ratio of the frequency of oscillation to the angular velocity of the disks

— frequency of oscillation
— pressure

E

h

1

J

k
M — Hartmann number
n

p

R —Reynolds number
T

— Cauchy stress tensor
— shear stress components

— dimensionless shear stress components
¢t —time
U —velocity vector of oscillation
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U,, U, - velocity amplitudes of oscillation
u, v, w —velocity components in the Cartesian coordinate system
v — velocity vector
Vi, V, —dimensionless velocity amplitudes of oscillation
x, ¥, z — Cartesian coordinates
o;, 0, —normal stress moduli
B —second-grade fluid parameter
{ — dimensionless vertical distance
u  — dynamic viscosity coefficient
p —density of the fluid
o —electrical conductivity of the fluid
Tt — dimensionless time
Q — common angular velocity of the disks
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