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This paper presents an update of the slope-deflection method, which is used in the analysis of statically
indeterminate structures. In this study, new reduced equations are presented based on including both the effects of
the member rotations and the fixed end moments in one term, rather than two terms, in order to simplify the
application of the slope-deflection method. The reduced equations are developed, then three numerical examples
with comprehensive cases of beams are solved by applying both the original and the proposed reduced equations.
The analysis outputs indicated that the reduced equations are applicable for all cases that can be analyzed by the
slope-deflection method, and give identical results compared with the original equations. It is found that the reduced
equations require less computations when the structure has no support settlement, compared with the original
equations, whereas the computations are approximately similar when the structure has a support settlement.
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1. Introduction

The analysis methods of statically indeterminate structures can be classified generally into two
categories; the force (or flexibility) methods, and the displacement (or stiffness) methods [1-3]. The slope-
deflection is one of the displacement methods [2-6], and it is based on the principle of superposition of the
effects of the joint displacements to find the forces in the structures [1].

Slope-deflection method was introduced by George A. Maney in 1915, and it is used to analyze
statically indeterminate beams and frames [3, 5]. The method relates the moments at the ends of the members
to their slopes and deflections [4, 7-9].

Generally, the analysis by using the slope-deflection method is achieved by applying a slope-deflection
equation at each end (near and far ends) of the member, then the equilibrium equations are applied for the
joints that are free to rotate, and finally by solving a system of simultaneous equations [3]. In some cases (when
the span of the beam or frame is supported by a pin or a roller at its end), only one slope-deflection (modified
slope-deflection) equation can be used for the member [2, 3].

The main advantages of using the slope-deflection method are the ease of programming and the
applicability of a wide range of indeterminate structures [2]. Also, the method significantly contributes to
developing the modern stiffness matrix method, and it is enabling the analyst to easier sketch the deformed
shapes of the structures [5].

The slope-deflection method was basically developed to analyze the statically indeterminate two-
dimensional beams and frames. However, this method has been used later by many researchers to analyze
other cases of structures. Yoshida [10] used the slope-deflection method to analyze the statically indeterminate
space frames. The slope-deflection equations with the torsional equation of the member section were used for
dealing with the three-dimensional frames. Backer er al. [11] adopted an analytical method to analyze the
orthotropic plated bridge decks. The internal forces in the bridge deck section were calculated by applying the
slope-deflection equations. Dario [12] studied the stability analysis of Timoshenko beam-column connections
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in the structures. A set of slope-deflection equations was developed for the beam-columns with symmetrical
semi-rigid connections, by considering a combination of the shear, moment, and second-order axial
deformation effects. Riahi et al. [13] investigated the determination of buckling load for the tapered columns
by using the slope-deflection method. Based on the varying moment of inertia for the non-prismatic columns,
slope-deflection equations were developed to compute the critical buckling loads for such columns.

The purpose of the current study is to present reduced forms for the slope-deflection equations in order
to simplify their applications as well as to reduce the computational efforts and the time-consuming analysis
process of statically indeterminate structures. The proposed equations contribute to updating the classical
slope-deflection method since this method provides the basic fundamentals and concepts in the field of
structural analysis, in addition to it is still used in many applications.

2. Slope-deflection equations

There are two main forms of slope-deflection equations; basic and modified equations [2,3]. The
following subsections describe briefly each of these equations.

2.1. Basic slope-deflection equations

For a typical member 4B shown in Figure 1:
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Fig.1. Typical beam member.

If the ends 4 and B are considered to be "near" and "far" ends, and denoted by the subscripts "N" and "F"
respectively, then the basic slope-deflection equation is [2, 5]:
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where M, is internal moment at the near end; £ — modulus of elasticity of beam material; K — member
stiffness, equals //L; I — moment of inertia of the section about the neutral axis; L — span length; 0, — the
slope at the near end, 8, — the slope at the far end; y — member rotation, equals 4/L, A — relative vertical
displacement between the two ends; FEM . — fixed end moment at the near end caused by the external loads.
For the far end, the basic slope-deflection becomes:

Mgy =2Ek(205 +0y —3y)+ FEM gy . 2.2)
Equation (2.2) is similar to Eq.(2.1), but the difference is that the subscripts N and F are switched.
2.2. Modified slope-deflection equations
When the span of a beam or frame is supported at its far end by a pin or a roller, like the support B in

Fig.2., provided no external moment is applied at this end, the basic slope-deflection equation can be modified
to the following slope-deflection equation [2,5]:

My =3Ek(0y — W)+ FEM yp . (2.3)

This equation is applied only for the near end since the pinned far end has no internal moment, but it
becomes not applicable when the pinned or roller end of the span is subjected to an external moment. However,
an improvement was presented by Husain [14] to make it applicable by adding the value of the carry over
moment, that developed at the fixed end due to the external moment, as a new term to the right side of the
modified slope-deflection equation.
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Fig.2. Typical pin end span.
3. Formulation of the reduced equations

The member end moments obtained from the slope-deflection equations represent the summation of
three terms caused by each of the rotations of the joints (8, and 6 ), rotations of the members (), and the
fixed end moments (FEMs) [5].

The fixed end moments in these equations are the moments developed due to external loading only,
while the effect of the relative end displacement (or support settlement) is considered in the term of the member

rotation  , which represents the displacement A for a given member length (y=A/L).

The effect of support settlement can also be considered by means of fixed end moments rather than
the rotation y because the fixed end moments are also developed due to the relative end displacement A as

it will be described in this section.



54 Reduced equations of slope-deflection method in structural...

When the member is subjected only to a relative end displacement (A) as shown in Fig.3., the fixed

end moments developed can be determined from the preceding basic slope-deflection equations, Eq.(2.1) and
Eq.(2.2), as follows.

Since the relative displacement A is the only effect considered in this case, then the values of other
displacements 0 , and 8 are zeros, also since no external loads are applied, then the fixed end moments due to

external loads (FEMs) are also zeros. Thus, by substituting these zero values into Eq.(2.1) at the end 4 we get:
M 45 =—2Ek(3y). (3.1
By substituting the values of (k =7/L) and (y=A/L), the above equation gives:
M 3 =—6EIA/ I7 . (3.2)

This value of M ,; represents the fixed end moment at the end A due to the relative displacement A .
Therefore, Eq.(3.2) can be expressed as:

FEM ;3 =—GEIA/ I (3.3)

|
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(FEM)pp = = (FEM)gs = Iz

Fig.3. Fixed end moments due to support settlement.

By using the same procedure that was applied at the end A4, the fixed end moment at the end B can be obtained
by applying Eq.(2.2) to get:

FEM 3, =—G6EIA/ L7 . (3.4)

These values of the fixed end moments at both ends 4 and B are shown in Fig.3. The negative sign indicates
that the direction of the moment is counterclockwise (based on assuming the clockwise rotation of the member
to be the positive direction).

The values of FEMs in Eq.(3.3) and Eq.(3.4) are also listed in the tables of FEMs presented in many
references of "structural analysis" [2, 3]. These tables give the values of FEMs for the most common loading
cases of beams and the cases of support settlement as well.

Based on the values of the fixed end moments obtained in Eq.(3.3) and Eq.(3.4), cancelling of the term
of the member rotation y from the slope-deflection equation and considering its effect in the term of fixed end
moment will reduce the slope-deflection equation to a new simpler form.

For example, if a given member (e.g., the member in Fig.1.) is subjected only to a support settlement
4, then by using Eq.(2.1) and expanding it we get:
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Since no external loading was applied on the member, then the values of fixed end moments are zeros
(FEM =0) and Eq.(3.5) becomes:

My =4Ek®y + 2Ek0, — 6 Eky . (3.6)

By substituting the values of (k=17/L) and (y=A/L), the above equation gives:

M yp =2Ek(20y +05)—6EIA/ L7 . (3.7)
Now, coming back to Eq.(2.1), if the term of y is cancelled, we get:

M yp =2Ek(20y + 65 )+ FEM v . (3.8)
Substituting FEMyr due to support settlement obtained from Eq.(3.3):

M yr =2Ek(20y +65)—G6EIA/ 7. (3.9)

It can be clearly noticed that the member end moments calculated from Eq.(3.7) and Eq.(3.9) are
completely identical. Thus, it can be concluded that cancelling the term of y and considering its effect in the

term of FEM gives the same result of the member end moments.
Similarly, by following the same procedure used for Eq.(2.1), cancelling the terms of  from the other

slope-deflection equations, Eq.(2.2) and Eq.(2.3) give new reduced forms identical with the original forms.
The original equations and the proposed reduced equations of the slope-deflection method are summarized in
Tablel.

The reduced equations proposed in this study are applicable for all cases of beams and frames that can
be analyzed by using the original equations of the slope-deflection method. When there is no support settlement

(y=0), the reduced equations have already cancelled the term of the member rotation y , while when the

support settlement exists (\|/ # 0) , the effect of the member rotation y is considered as an additional moment
to the fixed end moment term.

Table 1. Original and reduced equations of slope-deflection method.

Equation . . .

Number Original equations Reduced equations
1 My =2Ek(20)y +0, —3y)+ FEM M yp =2Ek(20y +05)+ FEM v
2 Mgy =2Ek (205 +0y —3y)+ FEM M py = 2Ek(20 + 0y )+ FEM 1y
3 Mg =3Ek(8y =)+ FEM yp M i = 3EkBy + FEM vz

4. Numerical examples and discussion

The following three examples illustrate the differences in applying the analysis procedure by using the
original equations and the proposed reduced equations of the slope-deflection method. These three examples
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represent comprehensive cases of beam members since they involve various combinations of the effects that
can be applied on the members in practice. For the analysis of frames, since the procedure of using the slope-
deflection equations for the frames is identical to those for the beams, and to avoid presenting long solutions
for the frame structures in this work, only the examples of the beams are presented. These examples are
representative cases to show how to use the reduced equations for both the beams and frames. In each of the
three examples the negative sign of the rotations and the moments indicate that the rotational direction is
counterclockwise.

Example 1: This example is presented by Hibbeler [2], it is a statically indeterminate continuous beam with
fixed supports at two ends and interior roller as shown in Fig.4. In this example it is required to compute the
member end moments of the beam under the effect of loadings with no support settlements. The details of
procedure and results of applying both the original and the reduced slope-deflection equations are summarized
in Table 2.

Table 2. Steps of the solutions and the results of example 1.

Steps Original equations Reduced equations
FEM 5 0 0
FEM3,4 0 0
FEMjc —wl? /30==7.2 kNm —wil? 130==7.2 kNm
FEMcg wi? /20=10.8 kNm wi? /20=10.8 kNm
0, 0 0
05 exists exists
0. 0 0
Y 5 0 N/A
Yec 0 N/A
El constant constant
%OP& MBA—ZEk(293+9A—3\|;)+FEMBA MBA=2Ek(293+9A)+FEMBA
deflection
Equzllbi.”mm Mas+Mac=0 Mas+Mac=0
Equation
Sozvg’gfor 0, =6.17/EI 0, =6.17/EI
B
Results Original equations Reduced equations
Mz 1.54 kNm 1.54 kNm
Mpy 3.09 kNm 3.09 kNm
Mpc —3.09 kNm —3.09 kNm
Mcp 12.86 kNm 12.86 kNm

The beam in example 1 has two spans (4B and BC) and only one degree of freedom at the joint B (the rotation
05 ), therefore, it was required to apply two slope-deflection equations for each span and one equilibrium

equation at the joint B. The fixed end moments due to external loading are only available for the span BC since
the span AB is free of external loading. The basic slope-deflection equations, Eq.(2.1) and Eq.(2.2), are applied
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when using the original forms, while the corresponding equations, which are presented in Table 1, are applied
when using the proposed reduced forms.

6 kN/m

8 m ! 6 m

Fig.4. The beam in example 1.

The beam in this example represents the most common case for the beams in practice because it has
no support settlement. Since there is no support settlement along the beam, then the values of y in the original

slope-deflection equations are all equal to zeros, while the reduced slope-deflection equations are already not
including the rotation y . Therefore, it can be clearly noticed that the results are identical for both methods

because the values of the variables in both methods are identical. This example shows that when there are no
relative displacements (support settlements) at the joints of the members in the structures, which is a common
case, the analysis by using the reduced forms is easier and shorter than that using the original forms. This can

be simply evidenced by realizing that the analyst has to use a longer formula and to substitute (y =0), whereas

working with reduced forms is easier since the term 3y does not exist in these forms.

Example 2: This example is presented by Ranzi and Gilbert [15], it is a continuous statically indeterminate
beam as shown in Fig.5. In this example, it is required to analyze the beam due to support settlement of 60 mm

downward at joint B. The stiftness EI is given as /2000 kNm? .

50 kN
8 kN/m

B L. Q]_C
10 m 4 m [ 4 m l

Fig.5. The beam in example 2.

The beam in example 2 has two spans (4B and BC) and two degrees of freedom at the joints B and C
(the rotations 65 and 6. ) but the rotation at C is not required in the solution because the span BC has a roller

at its end C, hence the modified slope-deflection equation, Eq.(2.3), as well as its corresponding reduced form
in Table 1 are applied at the span BC only. On the other hand, the basic slope-deflection equations, Eq.(2.1)
and Eq.(2.2), and their corresponding reduced equations in Table 1 are used for the span 4B.

In this example, it is required to analyze the beam under the effect of support settlement at B only (the
effects of the external loads were not considered by Ranzi and Gilbert [10] in order to show the net effect of
the support settlement).
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This example describes clearly the difference in applying the reduced equations when the member has
a relative displacement (support settlement). It can be clearly seen from Table 3 that the effect of the support
settlement is considered by substituting the values of y in the original slope-deflection equations, while the

effect of the support settlement is considered as fixed end moments in the reduced slope-deflection equations.
On the other hand, the FEMs for the original equations are substituted as zero values since the fixed end
moments in these equations are the moments developed due to external loading only, whereas the FEMs for
the reduced equations have specific values due to the included effects of the support settlement. Two values
of FEM are used in the reduced slope-deflection equations (6 El A/ L2 and 3EI A/ L2 ) which represent the
fixed end moments due to support settlement for the fixed-fixed member (member AB) and for the fixed-pinned
member (member BC) respectively. Although there are differences in the values of the fixed end moments
between the original and the reduced equations, the analysis results are completely identical because the effects
of the FEM:s in the reduced equations are equivalent to the effects of the member rotations y, in the original

equations as evidenced by the equations in the previous section.

Table 3. Steps of the solutions and the results of example 2.

Steps Original form Reduced form
FEM,z 0 —6EI A/ I? =—43.2 kNm
FEM3, 0 —6EI A/ I? =—43.2 kNm
FEMpc 0 3EI A/ I7 =33.75 kNm

0, 0 0
05 exists exists
0, Not required Not required
Y 5 0.06/10 N/A
Yo -0.06 /8 N/A
El 12000 kNm” 12000 kN’
equations M ge = 3Ek(85 =)+ FEM g, M - = 3Ek®, + FEM »-
Equilibrium
%quation MBA +MBC:0 MBA +MBC:0
S"lwengf or 0, =0.001032 0, =0.001032
B
Results Original equations Reduced equations
Mus —40.72 kNm —40.72 kNm
Mp —38.25 kNm —38.25 kNm
Msc 38.25 kNm 38.25 kNm
Mcs 0 0

Example 3: This example is presented by Kassimali [3], it is a continuous statically indeterminate beam as
shown in Fig.6. In this example, it is required to analyze the beam due to a combination of external loading
and support settlements of /5.875 mm at B, 38.1 mm . at C, and 19.05 mm at D. The stiffness EI of the beam

is given as 649148.64 kNm? . This example is presented by Kassimali [3] in FPS system units, and the units
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are converted in this study to be in S/ units. This example shows the case of the beam when it is subjected to a
combination of external loading and support settlement.

Table 4. Steps of the solutions and the results of example 3.

Steps Original form Reduced form
FEM 3 0 0
FEM3, wi? / 8 =305.06kNm wi? /| 8=3El A/ > =—64.69kNm
FEMpc —wi? | 12=-203.37 kNm —wl? /12 —6EI A/ I? =—1238.67kNm
FEMcs wi? / 12=203.37 kNm wi? /12 —6EI A/ I? =-831.93 kNm
FEMcp —wl’ | 8 =—=305.06kNm —wl? ] 8+3El A/ I = 138.64kNm
FEMpc 0 0
0, exists exists
0; exists exists
0, exists exists
0, exists exists
Y 5 0.00174 N/A
Yo 0.00243 N/A
Yep -0.00208 N/A
Deflection
Equilibrium Mpy+Mpc=0 Mpy+Mpc =0
Equations Mg +Mep=0 Meg+Meop=0
Solving for 05 =0.002421860 05 =0.002421860
O and O¢ 0. =0.000703152 0. =0.000703152
Results Original equations Reduced equations
Mus 0 0
My 451.1 kNm 451.1 kNm
Mpce —451.1 kNm —451.1 kNm
Mcp —288.4 kNm —288.4 kNm
Mcp 288.4 kNm 288.4 kNm
Mpc 0 0

The beam in example 3 has three spans (4B, BC, and CD) and four degrees of freedom at the joints A4
through D (the rotations 6 ,, 65, 6, and 6, ), but the rotations at 4 and D are not required in the solution

because the end spans 4B are pinned and CD has roller ends, hence the modified slope-deflection equation,
Eq.(2.3), as well as its corresponding reduced form in Table 1 are applied at the spans AB and CD. On the
other hand, the basic slope-deflection equations, Eq.(2.1) and Eq.(2.2), and their corresponding reduced
equations which are presented in Table 1 are used for the span BC.
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29.188 kN/m

Y Y Y \ ! b Y 1 Y 1 ! ! 1 ! Y

P - oWz D C ="

9.144 m 9.144 m 9.144 m

Fig.6. The beam in example 3.

In this example, the combined effects due to both the external loading and the support settlements are
investigated in order to show the application of slope-deflection equations under this situation. It can be clearly
noticed from Table 4 that the effects of the support settlements are considered by substituting the values of v

in the original slope-deflection equations, while the support settlements are considered as fixed end moments
added to the fixed end moments due to external loading in the reduced slope-deflection equations.

It can be observed that the values of the fixed end moments are not identical for both equations, but
the analysis results are identical, because the difference in fixed end moments are zeroed due to substituting
the values of the rotations y in the original equations.

It should be noted that the analyst may make a mistake when using the original equations (in support
settlement cases) because of the confusion by adding the effect of support settlement twice (firstly in y term

and secondly in FEM term). The formulas of the fixed end moments due to the support settlements, which are
used in the moment distribution method and those due to external loading in FEM Tables in the textbooks and
references of the “structural analysis” are widely available and can easily be confused. This confusion does
not occur when using the proposed reduced equations because the term of y is cancelled in these equations.

Also, it is important to focus on a significant point relevant to dealing with the fixed end moments
when using both the original and the reduced equations of the slope-deflection method; that is, in the analysis
by using the original equations, the values of the fixed end moments are obtained from the effects of the
externally applied loads only, while in using the reduced equations the values of the fixed end moments are
obtained from the effects of the externally applied loads and/or the effects of the relative vertical displacements
(support settlements).

From the above three examples, it can be observed that the reduced equations have a smaller number
of variables compared with the original equations (equations without y term) which leads to fewer

computations when using the proposed reduced equations in the case of y =0 . On the other hand, when v # 0,

the computational efforts are similar for both the reduced and the original equations because in reduced
equations we have to calculate an additional fixed end moment due to support settlement but without
calculating a value of y, while in the original equations we have to calculate the value of y without

calculating an additional fixed end moment. In overall, it can be considered that the reduced equations are
more convenient in use because they have shorter forms and fewer computations in the case of y =0, which
is the common case in practice, while in the rare case of y # 0, both the original and the reduced equations
have approximately the same computational efforts but the reduced equations still have shorter forms
(equations without y term).

5. Conclusions

The conclusions of this research can be summarized as follows:
1. It is possible to reduce the equations of the slope-deflection method by cancelling the term of the member
rotation y and considering its effect in the term of the fixed end moment.

2. The reduced equations of the slope-deflection method are:
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M yp =2Ek(20y + 6 )+ FEM y (basic equation),
M gy =2Ek(20; +0y )+ FEM y (basic equation),

The term FEM in the reduced equations represents the fixed end moment caused by the external loads
and/or the support settlements, while in the original equations it represents the fixed end moment caused
by the external loads only. All other definitions of the parameters in the above reduced equations are the
same as those of the original slope-deflection equations.

3. When there are no relative displacements at the joints of the members (when y =0 ), the use of the reduced

equations is more convenient and requires fewer computational efforts compared with using the original
equations, while the computations are approximately the same when the joints of the members have relative

displacements (w # (), which is a rare case in practice.

4. 1Tt is preferred to use the reduced equations of the slope-deflection method presented in this study instead
of the original slope-deflection equations because the reduced equations give completely the same results
with simpler forms and mostly easier computations.

Nomenclature

A - relative vertical displacement between the two ends of the member
E — modulus of elasticity of member material
FEM yr  — fixed end moment at the near end of the member caused by external loads

I — moment of inertia of the section about the neutral axis
k — member stiffness
L —span length
Myr —internal moment at the near end of the member
Y — member rotation
8 —slope at the far end of the member

Oy - slope at the near end of the member
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