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In this article, the semi-analytical method known as the Differential Transform Method (DTM) for solving
different types of differential equations is reviewed. First, basic definitions and formulas of DTM and Differential
Transform-Padé approximation (DTM-Padé), which are used to increase the convergence and accuracy of DTM
approximations, are discussed. Then both techniques of DTM and DTM-Padé, which have been successfully
applied to partial differential equations, as well as the application of these methods in fluid mechanic and heat
transfer are presented. In addition, the extension of DTM for integral differential equations and the fuzzy
differential transformation method (FDTM) for fuzzy problems are discussed.
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1. Introduction

The Differential Transform Method (DTM) is an analytical and in some cases semi-analytical
approach to solve differential equations. Initially, Zhou [28] proposed the idea of differential transform. He
used the DTM to solve linear and nonlinear problems of an electric circuit. The DTM provides exact values
of the k-th derivative of an analytical function at a point based on known and unknown initial boundary
conditions. This method gives the analytical solution of differential equations in the form of a polynomial. It
is different from the classical high order Taylor series method. The DTM is an iterative method to obtain the
analytical Taylor series solutions of differential equations, while in the Taylor series method, symbolic
computation of required derivatives of functions is necessary. That causes the high computational cost for
high orders of the Taylor series method. In other words, the DTM gives the approximate solution of
differential equations using the finite Taylor series, while there is no need to evaluate the derivatives of a
function directly and an iteration procedure will be used to approximate the relative derivatives. In recent
years, the DTM has been investigated and applied to solve various types of linear and nonlinear problems.

In the classic strategy, polynomials are useful for approximating the truncated power series. In
addition, polynomials singularities cannot be found easily in a finite plane. Furthermore, using the power
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series is not always useful when the radius of convergence of the power series does not cover the two
boundaries. Padé approximants is a useful tool to tackle this problem. The DTM-Padé uses rational functions
of finite degree polynomials. Padé approximants are widely used in computational mathematics because a
Padé approximant usually gives more accurate approximation of the function rather than truncating its power
series. Padé approximants can also be used when the power series is not convergent. In addition, Padé
approximants can be simply calculated by computer programming software such as Mathematica or Maple.

Fuzzy set theory is a powerful tool to model the uncertainty and process the mathematical model’s
data, which is used to for modelling of many real problems. Fuzzy differential equations are used as a natural
technique for modelling dynamical systems with the presence of uncertainty [38]. In recent years, many
research works and studies on theoretical and applied fields have been carried out and produced significant
results in both areas, see [10, 18, 19, 32]. There are various types of analytical and numerical techniques to
solve the fuzzy initial value problem (FIVP). The initial studies in the field have usually pursued methods
based on the Hukuhara derivative, which is one of common techniques that researchers used for solving
FDEs. However, in some problems the Hukuhara derivative has poses difficulties that are considered as
disadvantages of this approach. Therefore, in general due to the technique of fuzzification of used derivative
of FDE formulas with the Hukuhara derivative, an efficient generalization of the related crisp case was not
found. Moreover, the other well-known methods to solve FDEs are computationally expensive and they
require high computational evaluations.Bede and Gal [7-9] introduceda more general definition of
differentiable fuzzy mappings based on generalized differentiability to solve the disadvantages of the
Hukuhara derivative. For first time, Allahviranloo ef al. in [1], developed the DTM using the concept of
generalized differentiability and introduced thefuzzy differential transformation method to solve first order
fuzzy differential equation.

In this review paper, first, a brief introduction of DTM is given, and then a review of some
applications of the DTM in fluid mechanic and heat transfer are discussed. Then, the DTM for integral
differential equations and fuzzy differential equations are reviewed.

2. Differential Transform Method (DTM)

Consider f(¢) a single variable function; transformation of k-th derivative of f'(¢) is defined by
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where F(K) is known as a transformed function. A differential inverse transform of F(K) is given by
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In fact, from Eq.(1.1) and Eq.(1.3), we obtain
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From Eqs (2.1) and (2.3), the mathematical formulas of the DTM are obtained and shown in Tab.2.

Table 2. Differential transform formulas.
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3. Differential transform-Padé technique

The technique of differential transform-Padé approximation can increase the accuracy of series
solution given in Eq.(2.4) with a higher rate of convergence, when compared with DTM solutions [42].

Summation theory is used to obtain the convergent function f (t) while Euler summation evaluates

the limit of the convergent series, and in Borel, summation gives the limit of a convergent integral. In Euler
and Borel summation, the exact value of all of divergent series terms must be known in advance, while in
real calculation only a limited number of series terms can be evaluated. Therefore, it is essential to have a
summation algorithm to input only a finite number of divergent series terms. Then, for given new terms, a
new and improved approximate of an exact sum of the divergent series is available. One of the best
summation methods with this advantage is Padé approximation.

Liao in [21] proposed the Padé approximation as a powerful tool to increase and improve the
accuracy and convergence of the series. The main idea of Padé summation is to change and substitute the
value of

+00 )
i=0
with a sequence of a rational function of two polynomials given by
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where with no loss of generality we consider b,=/. Then choose other (p+q+1I) values of coefficients
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+00
same as first (p+q+1) terms of the power series f (t) = Zci ¢ . The obtained rational function fqp (t) is
i=0
+00 )
called a Padé approximate. If the power series Zci t' represents the function f (t), then in many cases
i=0
+00 )
fqp (t) — f(¢t) as p,qg > oo, even when the series Zci t' diverges. The convergence of the Padé sequences
i=0

given by
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will usually be considered, where p=¢g+/ with a fixed value of /land g — co. When / = 0 then this sequence is

a known as a diagonal sequence.
The differential transform is combined with Padé technique and called the differential transform-
Padé approximation, which is found to be a very efficient tool for solving differential equations.

4. DTM in fluid mechanics and heat transfer

Rashidi and Erfani [28] compared the numerical solution of Burgers’ equation and nonlinear heat
transfer problems by different models: the differential transform method and the homotopy analysis method.
Keimanesh et al. [20] used the multi-step differential transform method to study a non-Newtonian fluid flow
with third grade and two parallel plates. Meanwhile, Mohyud-Din et al. [23] applied the DTM for obtaining
a semi-analytic solution of heat transfer analysis for the squeezing flow of a Casson fluid with parallel
circular plates. By using the similarity transformation, the model has been reduced to an equivalent system of
nonlinear ODEs.

In [36], the DTM is used to approximate the heat transfer and unsteady two phases of a nanofluid
flow under the influence of the magnetic field between moving parallel plates. The similarity transformation
was applied to convert the partial differential equations into the system of ODEs. The DTM is specified as
applicable for solving these problems, compared to solving with the fourth order Runge-Kutta method
(RK4).

Rashidi [31] developed the DTM-Padé to solve the magnetohydrodynamic equations with boundary-
layer. It was indicated that DTM solutions are solely verified for small values of independent variables,
which is actually a usual behavior for most of the analytical methods such as the VIM, HPM and ADM. That
means the valid solution only exist for independent variables in the range [0, /], and for higher values of
independent variables, one must implement another technique for tackling the problem. One solution is using
the Padé approximant for increasing the convergence domain.

In [34], authors used the DTM for finding analytical solutions of governing equations of a non-
Newtonian fluid flow using an axisymmetric channel and porous wall on turbine disk. The approach was
adopted for a cooling application. The obtained results were compared with the numerical solution of RK4.
They showed that the method is very efficient for solving a large system of non-linear differential equations.
The analytical solution of a nanofluid hydrothermal flow with the presence of a variable magnetic field,
using the DTM, was studied by Sheikholeslami and Ganji [33].

5. DTM in differential equations

Gokdogan et al. [15] adopted a fast and effective algorithm for the multi-step differential
transformation method (MsDTM) by improving the convergences of the DTM series. MsDTM has been
successful in application for analytical solutions of some well know differential equations such as van der
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Pol, Quadratic Riccati, Duffing, and Rayleigh equations. The obtained results proved that theMsDTM
performed efficiently for its time stepping and time processing.

The concept of 3D differential transform method and basic theorems were proposed by Ayaz [5] for
the first time. The application of the 2D and 3D differential transform was investigated for exact solutions of
both linear and non-linear systems of PDEs. In addition, Ayaz [4] proposed the numerical approximation of
linear differential-algebraic equations (DAEs) by means of the DTM. Using this technique, different
problems have been solved and numerical results were compared with exact solutions. The DTM can simply
be applied to DAEs and series solutions. Ebrahimi et al. [12] investigated the applicability of the DTM on
vibrational characteristics of functionally graded (FG) size-dependent nano-beams.

6. DTM in integral -differential equations

In [3], Arikoglu and Ozkol extended the DTM for solving integro-differential equations. New
theorems are introduced and proved for the transformation of integrals. There are many linear and nonlinear
integro-differential problems that were solved to demonstrate the efficiency of the method. Odibat [25]
proposed the DTM for solving linear and nonlinear Volterra integral equations where the kernels were
separable. The numerical solution of these problems is approximated in series form. The power and
robustness of the DTM for solving complicated problems are studied in [2, 26, 27, 30, 35, 37].

7. DTM in fuzzy differential equations

In recent years, many researchers have studied the fuzzy differential transformation method (FDTM)
for solving fuzzy differential equations. In [1] Allahviranloo et al., using the generalized differentiability

concept, proposed FDTM for solving first order fuzzy differential equations. The fuzzy transformation £ (k)

of the k-th derivative of the fuzzy function f (t) in one variable is defined as follows
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when f (t) is the generalized Seikkala derivative (gS-derivative) in the form of (i) and
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when f (t) is gS-differentiable in the form of (ii).
f (t) is the original fuzzy function, F](k,r) and F, (k,r) are the transformed functions. The

differential inverse transform is given as follows
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when f{(¢) is gS-differentiable in the form of (i) and

A= Y Ek)e-n), L= Y Br)i-n)

k=0, even k=0, odd

0
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k=0, even k=0, odd

where f'(¢) is gS-differentiable in the form of (ii).

In [22], Mikaeilvand and Khakrangin used a two-dimensional FDTM to solve fuzzy partial
differential equations. In [31], Salahshour and Allahviranloo used a new application of the FDTM for solving
fuzzy Volterra integral equations, where the kernel was separable. In [6], Ahmadi and Kiani used the FDTM
for solving fuzzy differential inclusions by fuzzy partitions. Ghazanfari and Ebrahimi used the FDTM for
solving fuzzy fractional heat equations in [13]. They developed the generalized two-dimensional FDTM for
the numerical solution of linear PDEs with space and time-fractional derivatives. Hajilou et al. considered
the numerical solution of hybrid fuzzy differential equations by the FDTM in [16]. Mohammed and Khaleel
used the FDTM for solving fuzzy integro-differential equations of fractional order in the Riemann-Liouville
and Caputo fractional derivatives in [24]. The FDTM was proposed to approximate the solution of initial
value for nonlinear fuzzy differential problems by Kadkhoda ef al. in [17]. Ghazanfari and Ebrahimi used the
FDTM for solving hybrid fuzzy differential equations in [14]. Biswas and Roy considered generalization of
the Seikkala derivative and FDTM for fuzzy Volterra integro-differential equations in [11].

Nomenclature

DTM - Differential Transform Method
DTM-Padé — Differential Transform-Padé approximation
FDTM - Fuzzy differential transformation method

ODEs - Ordinary differential equations

PDEs - Partial differential equations

FDEs - Fuzzy differential equations

RK4 — 4" order Runge-Kutta method
FIVP - Fuzzy initial value problem
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