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The problem of mixed convection flow of a heat generating/absorbing fluid in the presence existence of
Lorentz forces in a vertical micro circular subjected to a periodic sinusoidal temperature change at the surface has
been studied taking the first-order slip and jump effects into consideration. The research analysis is carried out by
considering a fully developed parallel flow and steady periodic regime. The governing equations, together with
the constraint equations which arise from the definition of mean velocity and temperature, are written in a
dimensionless form and mapped into equations in the complex domain. One obtains two independent boundary
value problems, which provide the mean value and the oscillating term of the velocity and temperature
distributions. These boundary value problems are solved analytically. A parametric study of some of the physical
parameters involved in the problem is conducted. The results of this research revealed that the magnetic field has
a damping impact on the flow and results in decreases in fluid velocity for both air and water. Furthermore, the
presence of the heat generation parameter is seen to enhance the temperature distribution and this is reflected as
an increase in the magnitude of the oscillation dimensionless velocity, whereas in the presence of heat absorption
a reversed trend occurs.

Key words: mixed convection, micro circular duct, Lorentz forces, heat generation/absorption, slip and jump,
time - periodic.

1. Introduction

The study of convection flow and heat transfer containing volumetric heat generation are associated
with large temperature difference and this is often encountered in many practical problems such as in spent
fuel storage, in thermal control of space vehicles, in combustion chamber liners, in blading and casting of gas
turbines, in fire and combustion modelling, in post accident heat removal, in high-performance insulation for
buildings and in engine cooling system such as heat absorption in a car radiator. A good amount of literature
is available on the influence of internal heat generation/absorption on flows. Records of such investigations
can be found in the works of [1-10]. Jha et al. [11] examines the effect of a generating/absorbing fluid flow
through a saturated porous medium filled in a vertical tube having time-periodic boundary condition on the
surface of the tube. Jha and Ajibade [12] studied fully developed convection between two infinite vertical
parallel plate with steady-periodic temperature regime in the presence of temperature-dependent heat
absorption/generation. Jha and Aina [13] investigated the flow and heat transfer characteristics of a fully
developed mixed convection flow of an electrically conducting, heat generating/absorbing fluid in a vertical
tube due to periodic temperature variation on the vertical tube surface in the presence of a transverse
magnetic field.

Recently, the effects of buoyancy on steady-periodic flows phenomenon have received considerable
attention during the last two decades owing to the importance in technological applications, for instance, the
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thermal control of electric resistors in alternating current or the development of heat-exchange enhancement
techniques based on flows with time-oscillating mass rates. Numerous theoretical investigations have been
carried out on the influence of periodic heating on flows in the past decade [14-23]. Barletta and Rossi di
Schio [24] investigated the convection in circular duct with time-periodic boundary conditions. Makinde [25]
carried out analysis of Non-Newtonian reactive flow in a cylindrical pipe. Chinyoka and Makinde [26]
studied the transient flow of a reactive viscosity third grade fluid through a cylindrical pipe with buoyancy
effects. Also, Chinyika et al. [27] presented theoretical studied on entropy analysis of unsteady magnetic
flow through a porous pipe with buoyancy effects. Singh and Makinde [28] investigated axisymmetric slip
flow on a vertical cylinder with heat transfer. Recently, Jha and Aina [29] studied the fully developed mixed
convection flow in a vertical pipe having a time periodic boundary condition in the presence of a transverse
magnetic field.

On the other hand, studies on micro-electro-mechanical system (MEMS) and nano-electrical-
mechanical systems (NEMS) are getting more popular since the fluid is widely used in the design of micro-
devices such as micro-motors, micro-sensors, micro-mechanical gyroscopes, micro-pumps, micro valves,
micro-rockets, micro-gas-turbines, micro-heat-exchangers, biological and chemical devices etc. Micro-
channels are used to transport biological material such as protein, DNA, cells and embryos or to transport
chemical samples and analyses. The advantage of micro-channels is due to their high surface to volume ratio
and their small volume. The large surface to volume ratio increases the rate of heat and mass transfer that
makes micro devices excellent tools. Flow in heat transfer and chemical reactor devices are usually faster
than those in biological devices and chemical analysis micro-devices. These applications have motivated
scholars to understand the flow behaviours in these small systems to enhance the performance during the
design process. Several researcher published articles about micro-channels and micro-tubes [30-35].
Recently, Jha and Aina [36] investigate fully developed mixed convection flow in the steady-periodic regime
for a Newtonian fluid in a vertical microtube. They reported that the oscillation amplitude of the
dimensionless temperature, velocity and pressure drop are dependent on the frequency of heating, strength of
rarefaction parameter, fluid—wall interaction parameter and Prandtl number of the working fluid. The
purpose of the present work is to generalise the work of Jha and Aina [36] by considering a
generating/absorbing fluid flow under as a magnetic field flow in a vertical circular microtube having time-
periodic boundary condition on the surface of the microtube. Analytical solutions of the momentum and
energy equations are derived in terms of modified Bessel’s function of first kind.

2. Mathematical analysis

A fully developed mixed convection flow of a viscous, incompressible, and electrically conducting
fluid in a vertical micro circular duct having a periodic variation of temperature with time is considered in
the presence of a transverse magnetic field. The velocities are assumed to be in a range such that the flow is
always laminar. The flow is assumed to be parallel so that the X —component U of the velocity vector U is
non zero. The X —axis is the axial coordinate which is parallel to the gravitational acceleration g but with

opposite direction while the R —axis is the axis in the radial direction. A uniform magnetic field B, is

assumed to be acting perpendicular to the flow direction. We assume that the magnetic Reynolds number is
very small, which corresponds to the negligibly induced magnetic field compared to the externally applied
one. Furthermore, the effect of viscous dissipation in the fluid is neglected.

Since only the axial component of U is non-vanishing, the mass balance equation ensures that

oU/oX =0, i.e. U=U(R,t). It is assumed that the pipe surface at R=R, is kept at an oscillating

temperature with time, namely

T(X,Ry,t)=T; + AT cos(ot). (2.1)
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Moreover, since the thermal boundary condition (2.1) does not yield any net fluid heating or cooling,
heat transfer occurs only in the radial direction, so that

or

= (2.2)

Le. T=T (R,t). The prescribed mass flow rate is assumed to be stationary, therefore average velocity in a

pipe cross section, defined as

U, =—jRU (R.1)dR, 23)
L 0

is time-independent. The equation of state p = p(T ) is considered as linear

p=py[I-B(T-T))] 2.4)

where 7, is the reference temperature with respect to both the pipe cross section and to a period of time,
namely

oox
nRO! ! (R.t)dR.. (2.5)

Since aT_ 0, T, is a constant.
oX

By using the Boussinesq approximation, the governing equation of the momentum of conducting
fluid in the presence of the magnetic field is as follows

oU 1 OP

U L ep(r-T,
o pyoX eI =)+

2
qp B(Ra_Uj_GBOU 2.6)

poROR\"0R) p,

where P=p+gp,X is the difference between the pressure and the hydrostatic pressure. By differentiating

2

both sides of Eq.(2.6) with respect to X , one obtains 2)(_1; = (). This result implies an existence of a function
A(t) such that

oP

—=—A(?). 2.7

oX ( ) 7)
Then, Eq.(2.6) can be rewritten as

U _ 1 I wo(,8U) oBU

A(t)+g[3(T—T0)+—£—( j 2= (2.8)
o Po pp ROR\ OR Py
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The energy balance equation is given by

QZEE(RG_T} (7 -T) (2.9)
o RaR\"R)" pC,

The non-dimensional quantities used in the above equation are defined as

2 2
o-1 - . R, U n= ot o-2Ro k:4R0A(t) Re = 2RU
AT~ 2R, U, ’ v wu, v '
(2.10)
Gr - SEBATR] ecli=ly 5o v v o OBiAR) Q4R
VZ > AT > (1, u > apOCp

The physical quantities used in the above equations are defined in the nomenclature.
Substituting the dimensionless quantities defined in Eqs (2.8) and (2.9), the dimensionless
momentum and energy equations are

od _ +Eg+li(ra_“j_M2u, @.11)
on Re ror\ or

QPrﬁzii(;’@)—HB. (2.12)
on ror\ or

The dimensionless boundary conditions for the present physical situation are as follows

ou ou
~N|=-p,Kn— , — =0, 2.13
u(2 T]j P "ar p or|._y (-13)
00 00
0| —,n |=&+cos(n)-B,Knln— , — =0 2.14
( n) g+cos(n) - =i =i (2.14)
where
B0, pio e Lo g A B
c, 6, Y,+1Pr 2R, B,

Referring to the values of 6, and o, given in Eckert and Drake [25] and Goniak and Duffa [26], the
value of f3, is near unity, and the value of 3, ranges from near 1 to more than 100 for actual wall surface
conditions and is near 1.667 for many engineering applications, corresponding to 6, =1, c,=1, y, =14
and Pr=0.71 (BV =1B, = 1.667) .

From Eqgs (2.3) and (2.5), the following two constraint equations in dimensionless form are
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ru(r,n)drzé, (2.15)

S b0 |~

dn r@(r,n)drzO. (2.16)

Sy
S 0 |~

The fanning friction factor is defined as

21 2 Ou

e

2.17
pOUg Re or ( )

IE
r=—

By differentiating with respect to n both sides of the integral constraint on u(r,n) expressed in
Eq.(2.15), we have

1
2
jra”(r’”)drzo. (2.18)
0

Multiplying both sides of the momentum equation in Eq.(2.11) by (r) and integrating with respect

to 7 in the interval [0,5}, one obtains

i i i i i
2 2 2 2 2
ou Gr O oOu 2

Qr—dr=Nrdr+—\r0(r,n)dr+ | —| r— |dr—-M~ | ru(r,n)dr, 2.19
J. on I ReJ. ( n) I@r( 8}’} I ( n) (2-19)
0 0 0 0 0

which gives
ou

Re=—2— , 2.20

/ = )
1

A M’  Gri
=———+4—|1r0(r,n)dr. 2.21

2 2 Reo ( n) ( )

3. Analytical solution: velocity and temperature distribution

In the steady periodic regime, the momentum and energy balance Eqgs (2.11) and (2.12), together
with the boundary conditions (2.13) and (2.14) and the constraints (2.15) and (2.16) can be solved

analytically by considering the function u(r,n), 8(r,n) and A(n) as the real parts of three complex valued

functions, namely

u(r,m)= %e[u * ((r,n))] ,
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0(r.n)=Re[ 0*((r.m))]. (.1

A(n)=Re[1(n)].

On the account of Egs (2.11) - (2.16), the complex valued functions u*(r,n), 6*(r,n) and A*(n)
must be the solution to the boundary value problem

Q%=X*+EG*+£ELI”%)—M2M*, (3.2)
on Re ror\_ or
* %k
QPrae =£i(rae j—HG*, 3.3)
on ror\' or
1 ou* ou*
* ) =- VK ’ :09 34
u(an P n&r L or . 34
; 00 * 00 *
0* —,n|= M _B Knln— =0 3.5
E ,nj <t:+e ﬁv nin or r:i, or 0 ) ( )
2
1
2 1
jru*(r,n)drz—, (3.6)
) 8
i
27 2
jdnjre*(r,n)dr=0. 3.7)
0 0
Therefore, one has
u*(r,n)=u:(r)+%u2(r)exp(in),
e
9*(1”,7]):62(r)+92(r)exp(in), (3.8)

A*(n)=2, +R—Z7»b exp(im).

By substituting Eq.(3.8) into Egs (3.2)-(3.5), one obtains two independent boundary value problems.
The first boundary value problem is expressed as

Tdfduy |y g+ Sgt — g,
rdr| dr Re
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ii(rdeaJ—He’; =0,

rdr| dr
u: i B Kn du, ’ du, _0.
2 dr| 1 dr
r= r=0
) de, de;
ea (iJ :a—BvKnll’l < s “ =0a (39)
dr | 1 dr »
r—E r=
1
iru: (r)dr = i,
8
0
1
2 *
J.rGa (r)dr=0,
0
while the second order is given by
Tl | p2y i)+ +6, =0,
rdr\ dr
1df, 4 —iQPro, —HO, =0,
rdr dr
“Z i):—BVKndﬂ , duy, =0,
2 dr| 1 dr »
}’—E =l
N de, de,
0, L =1-B Knln—2 , — =0, (3.10)
2 dr| 1 dr 0

r=—
2

By employing the constraint on 62 (r) yields £ =0,1.e., T =1 the solution of Eq.(30) is
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M, | 1,(0.5D))+B,KnD,1,(0.5D;)~1,(rD;)
M2 1,(0.5D;)+B,KnD,1,(0.5D;)

b

) M?D,1,(0.5D;)+B,KnD,1,(0.5D;)

“ {Dy1,(0.5D;)+B,KnD,1;(0.5D; )} —41,(0.5D;)’

while the solution of Eq.(3.10) is

0, (1) = 1,(rDy)
P 1,(0.5D,)+B,KnDy 1, (0.5D,)

1,(rD,)
(D7 = D3 )15 (0.5D;)+B,KnD,1,(0.5D, )

b

] . A
l/lb(r):(d8 +d77\’b)10 (I”D3)+D—1;2+
}\,* _ _d13 _dIO

y =
d;j+d,
where

D;=M,  D,=+iQPr+H and D;=+M’+iQ.

The values of d; —d,; are defined in the Appendix.
The fanning friction factor can be written as

fRe= Re[fa* Re+ f;%exp(l’n)}

where fa* and fb* are respectively given by

*

* du

du,
Re=—2—4 —L
Ja o

fb*Rez— .
1 1

r=—

r

r=

4. Results and discussion

3.11)

(3.12)

(3.13)

(3.14)

In order to have a physical insight into the problem, we have written a MATLAB programme to
compute and generate the graphs for the dimensionless velocity, dimensionless temperature, dimensionless
pressure drop, and dimensionless friction factor. Some representative results are presented in the form of line
graphs in Figures 1-19 to interpret the effects of these parameters. The negative value of H corresponds to
the internal heating of the fluid, while the positive value corresponds to the internal cooling of the fluid.

Figures 1 and 2 depict the influence of the Lorentz force on the radial distribution of ‘U Z ‘ under the

cases of a small value of dimensionless frequency (Q=0.5 ) and large value of dimensionless frequency



Influence of heat generation/absorption on mixed convection 9

(Q = 50) . It is observed in Figs 1 and 2 that an increase in the value of Lorentz forces tends to slow down

the movement of the fluid in the vertical micro circular duct. Physically speaking, the retarding effect of the
magnetic force is strengthened with the increase in the Lorentz force. This increase in the Lorentz force
decreases the thickness of the momentum boundary layer and induces a Lorentz force which opposes the

fluid flow. The radial distribution of ‘U Z‘ in Figs 3 and 4 has two local maximum, one local maxima on the

circular micro-duct axis while the other close to the circular micro-duct surface. Further, the presence of a
local minimum arises for » =~ (.3 . This local minimum is more evident in Fig.3 in the case of a small value

of dimensionless frequency (0<Q<2.0).

x10*

-
b

I

fi] I I I I I 1 1 1
0 0.05 01 015 02 025 03 035 04 0.45 05

Fig.1. Radial distribution ‘UZ‘ for different values of M with Q = 0.5, H=0.5, Pr=0.71, B, Kn = 0.05, In=1.667.

0
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Fig.2. Radial distribution ‘U ; ‘ for different values of M with QQ = 50, H=0.5, Pr=0.71, B ,Kn = 0.05, In=1.667.
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Fig.3. Radial distribution ‘U .
B,Kn=0.05, In=1.667.

for different values of Q(0.5<Q<2.0) with M=0.5, H=0.5, Pr=0.71,
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0

Fig4. Radial distribution ‘UZ
B, Kn =0.05, In=1.667.

for different values of Q(100<Q<200) with M=0.5, H=0.5, Pr=0.71,

Figures 5 and 6 illustrate the effect of the rarefaction parameter on radial distribution of ‘U Z‘ for a

small value of dimensionless frequency (Q=0.5) as well as a large value of dimensionless frequency

(Q=50) , respectively. It is observed for small value of dimensionless frequency that, increase in the
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rarefaction parameter enhances the velocity slip for both air and water while the reverse is the case of a large
value of dimensionless frequency. This result yields an observable increase in the fluid velocity.

—_
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B Kn=00050.1

u Uls U1 IAL] uz U2 u3 U35 u4 Uds ub

Fig.5. Radial distribution ‘UZ

for different values of B, Kn with M=0.5, H=0.5, Pr=0.71, 2 =10.5, In=1.667.
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5 “H\ B Mr=00.050.1

Fig.6. Radial distribution ‘UZ‘ for different values of B,Kn with M=0.5, H=0.5, Pr=0.71, Q = 50, In=1.667.

The effect of the fluid wall interaction parameter on radial distribution of ‘U Z‘ is shown in Figs 7

and 8. We observed for both small and large values of dimensionless frequency that the role of the fluid wall
interaction parameter is to reduce the fluid velocity in the circular micro-duct. Furthermore, the effects of the
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fluid wall interaction parameter on the radial distribution of ‘U;‘ become significant in the case of large

values of dimensionless frequency.

%10

In=05,10

1u*

i 1 1 1 1 1 1 1 1
0 005 01 015 02 025 03 035 04 0.45 05

Fig.7. Radial distribution ‘U Z for different values of In with M=0.5, H=0.5, Pr=0.71, Q = 0.5, B,Kn=0.05.
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Fig 8. Radial distribution [U;

for different values of In with M=0.5, H=0.5, Pr=0.71, Q = 50, B,Kn=0.05.

Figure 9 depicts the variation of radial distribution of ‘U Z ‘ versus the heat generation/absorption

parameter. It is seen that an increase in the heat generation parameter in the range (0 <Q< 2.0) increases the

convectional current in the fluid while the reverse is the case of internal heating (Fig.10).
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Fig.10. Radial distribution ‘UZ‘ for different values of H (Negative) with Pr=0.71, Q = 0.5, In=1.667, M=0.5,
B,Kn=0.05.

Figures 11 and 12 represents the influence of the rarefaction parameter and fluid wall interaction

parameter on the radial distribution of ‘62‘ . These figures reveal that, increase in the rarefaction parameter as

well as in the fluid wall interaction parameter leads to a reduction on radial distribution of ‘9,*,‘ .
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Fig.12. Radial distribution ‘e};‘ for different values of with Q= 0.5, B,Kn =0.05, H=0.5.

Figure 13 represents the radial variation of ‘GZ‘ versus the heat generation/absorption parameter

(H ) It is evident that as the heat generation increases temperature also increases, while increasing the heat

absorption decreases the temperature. This is physically true because heat generation causes an increase in
the temperature distribution, while on the contrary, heat absorption decreases the temperature distribution.
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Fig.13. Radial distribution ‘ez‘ for different values of H with Q = 0.5, B,Kn =0.05, In=1.667.

Figures 14 and 15 display the impacts of the Prandtl number and dimensionless frequency on the

distribution of ‘U ;‘ at the axis of the circular micro-duct (7 =0) and near the circular micro-duct surface

(r=0.4), respectively. These figures show that for any radial position there exists a dimensionless

resonance frequency such that the oscillation amplitude of the dimensionless velocity distribution reaches a
maximum. This resonance frequency is a function of the radial position as well as the Prandtl number.

Figures 16 and 17 represent the distribution of ‘U Z‘ for different values of the heat generation/absorption

parameter at the axis of the circular micro-duct (r = 0) and near the circular micro-duct surface (r =04 ) ,

respectively. These figures revealed that at different radial positions, there exists a resonance frequency that
gives a maximum oscillation amplitude of the dimensionless velocity. In addition, these figures show that an

increase in heat generation leads to a reduction in the distribution of ‘U Z ‘ .

5 /\\ Pr=071,70,100

80 90 100

Fig.14. Distribution of |U}| versus © for different values of Pr with B, Kn =0.05, H=0.5, In=1.667, r=0.0.
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Fig.16. Distribution of ‘UZ‘ versus Q for different values of H with B,Kn =0.05, Pr=0.71, In=1.667, r=0.0.
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Fig.17. Distribution of ‘U Z ‘ versus Q for different values of H with B, Kn =0.05, Pr=0.71, In=1.667, r=0.4.

Figure 18 illustrates the combined effects of the Prandtl number and dimemsionless frequency on the
dimensionless pressure drop ‘k;‘. The dimensionless pressure drop is a monotonic decreasing function of
dimensionless frequency. Further, it decreases more rapidly when the Prandtl number assumes higher values.
Figure 19 displays the influence of the heat generation/absorption parameter as well as dimensionless
frequency on the dimensionless pressure drop ‘XZ‘ . An increase in the heat generation/absorption parameter
as well as dimensionless frequency reduced the dimensionless pressure drop. Also, the heat

generation/absorption parameter considered is temperature dependent, and it is observed that as heat
generation increases temperature also increases, though this growing trend is suppressed by larger Q.

1 T T T T T T T T T

09

08
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06}

Pr=0.71,7.0,100

04

03

02

0.1

0 10 2 0 0 80 60 70 80 € 100
Q

Fig.18. Distribution of ‘7»2‘ versus Q for different values of Pr with M=0.5, ,Kn =0.05, In=1.667.
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Fig.19. Distribution of ‘XZ‘ versus Q for different values of H with M=0.5, B, Kn =0.05, In=1.667.

Conclusions

A mixed convection flow of a heat generating/absorption fluid in the presence of Lorentz forces in a
vertical micro circular subjected to a periodic sinusoidal temperature change at the surface is investigated.
First-order slip and jump are taken into consideration. The solutions of the dimensionless velocity,

temperature, pressure drop in terms of the magnetic field (M), heat generation/absorption parameter (H ) ,

fluid wall interaction parameter (ln), rarefaction parameter (Kn) , Prandtl number (Pr) , and the
dimensionless frequency (€2) were obtained. The main observations are pointed out below.

1. Increasing the value of the Lorentz force tends to slow down the movement of the fluid in the circular
micro-duct for both small and large values of dimensionless frequency.

2. Heat absorption decreases the rate of heat transfer, whereas heat generation increases the rate.

3. The heat generation parameter produces acceleration in the convection flow, while the heat absorption
parameter brings about retardation in the convection flow.

4. The oscillation amplitude of the dimensionless velocity has two local maxima, one close to the circular
micro-duct axis while the other at the circular micro-duct for both large and small dimensionless
frequency.

5. The impact of the heat generation parameter is suppressed by the growing dimensionless frequency (Q)
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 Dyd,~0.51,(0.5D;)
- 8D,d,

d;=1,(0.5D;)+B,KnD,1,(0.5D;), d,

B
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d;=ds =1,(0.5D,)+B,KnD,I,(0.5D,), d,=1,(0.5D3)+P,KnD;I,(0.5D;),

PR B b dsd,
* pi-p}’ 7 pla,” " DI {1,(0.5D,)+B,KnD,1,(0.5D,)}
i d
do = . dy=—30.51,(0.5D;),
’ {15 (0.5D,)+B,KnD,1,(0.5D,)}{ D5 - D3 } " b, 1(0:35)
d i d
d;; ==2051,(0.5D;), d;;=—>, d;;=—2051,(0.5D,).
11 D3 1( 3) 12 8D3 13 D2 1( 2)

Nomenclature

A(r) — function of time
B, — constant magnetic flux density
f — fanning friction factor
Gr — Grashof number
g — gravitational acceleration
H — dimensionless heat generation parameter
— modified Bessel function of first kind and order »
i — imaginary unit
— modified Bessel function of second kind and order n
Kn — Knudsen number, A/2R,

k  — thermal conductivity
In — fluid- wall interaction parameter, B, /B,
M — magnetic parameter
n — integer number
P — difference between the pressure and the hydrostatic pressure
Pr — Prandtl number
p —pressure
R —radial coordinate
R — real part of a complex number
Re — Reynolds number
r ~ dimensionless radial coordinate
T —temperature
T, — mean temperature in a pipe section
T; — mean wall temperature
AT — amplitude of the wall temperature oscillations
t —time
U — fluid velocity
u — dimensionless velocity
u* — dimensionless complex-valued function

*

* . . .
u,,u, — dimensionless complex-valued function

X — longitudinal coordinate

o — thermal diffusivity

B — volumetric coefficient of thermal expansion
) — dimensionless parameter
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A* — dimensionless complex-valued function
1.\, — dimensionless complex-valued function
n — dimensionless parameter
0 — dimensionless temperature
0, — dimensionless complex-valued function
p  — dynamic viscosity
v — kinematic viscosity
® — dimensionless heat flux
®,,d, - dimensionless complex-valued function
p — mass density
pg — mass density for 7=T,
— average wall shear stress

® — frequency of the wall temperature oscillation
Q — dimensionless frequency
o — electrical conductivity of the fluid
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