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This study introduces a new definition of the strain-concentration factor (SNCF) of thick walled internally 
pressurized cylinders. The stress state has been considered in this new definition; i.e. triaxial and biaxial stress 
states for closed and open ends, respectively.  Primarily, the curvature effect of the strain concentration has been 
studied here. To this end, the inner radius of the employed cylinders has been changed from 0.5 to 50.8 mm. On 
the other hand, the thickness has been kept constant at 16.7 mm. Moreover, the thickness has been fragmented to 
37 elements to study the thickness effect for each case. The results show that the tangential (hoop) strain regularly 
spread over the whole thickness. It has been revealed that the maximum value of the tangential strain occurs on 
the inner surface of the cylinder. In particular, it rapidly decreases from a maximum value on the inner surface to 
reach its minimum value on the outer surface, which is nearly equal to the average value of hoop strain through 
the thickness. The results also demonstrate that tangential strain values decrease with the increase of the inner 
radius for any thickness. It is clear that the rate of decrease of the hoop strain changes abruptly with decreasing 
the inner radius of the cylinder. This led to localization of the strain concentration on the inner surface of the 
cylinder due to curvature, making the values of the strain concentration factor very high on the inner surface of 
the cylinder. In addition, the strain concentration factor decreases through the thickness of the cylinder from the 
inner to outer surfaces, and the rate of the decrease is increasing with a decreasing inner radius of the cylinder. 
The current results introduce the serious effect of the curvature on the strain concentration even if there are no 
irregularities in the cylinder.  
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1. Introduction 
 
 The issue of pressurized thick-walled cylinders under elastic, elastic-plastic and plastic deformation 
is very important for industrial applications. It is well-known that the primary purpose of any industry is to 
provide secure and reliable efficient application without any source of failure. The use of pressurized vessels 
such as nuclear, refineries, pipelines and any other types of container with fluid under pressure is one of the 
critical industrial applications. The through thickness stress and strain distributions are the main source of 
failure of the internally, externally pressurized vessels. In the literature, the problem of characterizing the 
stress distribution of the pressurized thick-walled cylinder has been extensively studied. An exact solution 
for elastic perfectly plastic internally pressurized thick-walled cylinders was introduced by Hill [1] and 
Nadai [2]. Thick vessels have been studied analytically and FEA was used by many researchers [3-12]. In 
addition to that, many researchers have studied this issue numerically [13-16]. It has been deduced by all of 
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the above researchers that the stress distribution throughout the thickness is strongly affected by material, 
geometrical properties and end conditions.    
 Most of the published studies have focused on the stress concentration of the pressurized vessels. 
This issue has been studied using many techniques such as, exact solution [1, 2]; FEM [8-12, 17-21], 
analytical solutions [1-5, 22-25], and numerically [13-16]. It has also been investigated experimentally by 
Kaufman [3]. The majority of the above studies focus on the material and geometrical properties causing 
strain concentrations. Specifically, the stress concentration considered is introduced by the irregularities on 
the wall thickness. The effects of end conditions on the stress – concentration factor have also been studied 
and reviewed. It has been  deduced that the stress concentration of pressurized vessels either thick or thin is 
very imperative and should be extensively studied [26, 27].   
 Unfortunately, the strain concentration has not been extensively studied for thick-walled cylinders. 
Even the curvature effect on the strain concentration factor has not been studied. To this end; the strain-
concentration factor for thick walled cylinders is studied in this paper. The curvature effect on strain 
concentration factor is introduced here.   
 
2. Stress-strain relations for internally pressurized thick-walled cylinders 
 
 We refer to the basics of the tangential and radial stresses for thick walled cylinders, which are well-
studied and used in the engineering design 
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 If the cylinder has closed ends; the longitudinal stress will be introduced and it has a constant value 
throughout the thickness. It is obtained as follows 
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 For internally pressurized thick walled cylinders, i.e. Po = 0.0, Eqs (2.1)-(2.3) can be transformed to 
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 If the cylinder has closed ends; then the longitudinal stress is given by 
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 For elastic deformation and using the generalized Hook’s law; the tangential strain    has the 

following form 
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 Equation (3.1) indicates that    occurs under triaxial stress state for closed ends cylinders, 

whereas it occurs under biaxial stress state for open ends cylinders. It should be noted that the maximum 
tangential strain  max  occurs at the inner surface, i.e. r = ri, of the cylinder. As a result, for closed ends 

cylinders Eq.(3.1) leads to 
 

       max
( ) ( ) ( ) ( )

E E

2 2
2 2i i o i

i o22 2 2 2
io i o i

r P r P
1 2 1 r 1 2 r 1

rr r r r


 
                   

, (2.8) 

 
and for open ends cylinders; .z 0 0    
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3. New strain – concentration factor internally pressurized thick-walled cylinders 
 
 For internally pressurized thick-walled cylinders, a new definition of the strain concentration factor 

Ke
* is introduced. The factor eK   is defined as the ratio of the maximum tangential (hoop) strain  max  to 

the new average tangential strain  *av . Since the maximum tangential (hoop) strain always occurs at the 

inner surface; therefore, it is independent of definition. In addition, Eqs (2.8) and (2.9) clarify that  max  

occurs under triaxial and biaxial stress state for closed and open ends cylinders, respectively. As a result, the 

new *K  is introduced by a new definition of the  *av  on the gross and net section thicknesses as follows 

 

  
 
 

* max
*

av

K









. (3.1) 

  
 The new average tangential strain introduced here is defined under triaxial stress state 
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 For elastic deformation Eq.(3.2) can be rewritten as 
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 Recalling Eqs (2.7), (2.5) and (2.6); for open ends cylinders Eq.(3.3) becomes  
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 On the other hand,  *av  for closed ends cylinders has the following form   
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 For open ends cylinders, substitution of Eqs (2.9) and (3.4) into Eq.(3.1) leads to  
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whereas for closed ends cylinders   
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 It is clear from Eqs (3.6) and (3.7) that the SNCF depends only on geometrical and mechanical 
properties. 
 
4. Material and geometrical properties   
 
 A thick-walled cylinder of variable inner radius (ri), outer radius (ro) and constant wall thickness is 
subjected to internal pressure Pi, as shown in Fig.1. Both closed and open ends cylinders are employed in 
this study. It should be noted that the inner radius of the cylinder has been varied from 0.5 to 50.8 mm to 
verify the effect of the curvature of the cylinder on the strain concentration. The cylinder has a constant wall 
thickness of 16.7 mm for each radius. An austenitic stainless steel with the elastic modulus E of 206 GPa, 
and Poisson's ratio   of 0.3 has been employed here.  
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 Due to symmetry; one quarter of the vessel needs to be modeled. As the focus of this analysis is on 
the response in the vicinity of the thickness, the geometry of the cylinder in Fig.1 was also considered for a 
thorough numerical analysis of thickness elasticity using MATLAB. The internally pressurized thick-walled 
cylinder elastic responses were obtained by meshing one-quarter of the specimen four-node elements under 
open and closed ends assumptions, respectively. 
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Fig.1. Geometrical properties of the thick-walled cylinder. 
 
5. Results and discussion 
 
 Strain concentrations in thick – walled cylinders are due to curvature by direct application of an 
internal pressure on those cylinders. Strain values obtained from MATLAB simulation together with stress 
values during pressurizing can be used to determine the stress and strain concentration factors introduced by 
the internal pressure of the thick-walled cylinders. Calculations on the distribution of the elastic tangential 

 , radial r , and longitudinal z  strains for the closed and open ends cylinders reveal that there is a 
prominent effect of the cylinder curvature on the elastic strains distribution throughout the wall thickness as 
shown in Figs 2, 3, 4, and 5. It is shown that the maximum   and r  take place in the highly stressed 
(pressurized) region, which is the inner surface of the cylinders. Due to the triaxial stress state of closed ends 
cylinders and biaxial stress state for open ends cylinders, the strain has non-zero finite values at any location 
from the inner to the outer surfaces. The rate of decrease in the   and r  values from its maximum at the 
inner surface increases with decreasing the inner diameter of the cylinder. 

ro 
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Fig.2. The tangential strain distribution for closed ends thick-walled cylinder. 
 

(
)

op
en

 

   ri = 0.5 mm 
●   1.0 
□   2.0 
■   3.0 
   4.0  
   5.0 
   7.5 
▲  10.0 
   12.5 
▼   15.0 
    20.0 
   25.4 
    38.1 
○   50.4 

r/ro

    0.0 

0.0005 

0.0010 

0.0015 

0.0020 

0.0  0.1  0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 
 

 
Fig.3. The tangential strain distribution for open ends thick-walled cylinder. 
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Fig.4. The radial strain distribution for closed ends thick-walled cylinder. 
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Fig.5. The radial strain distribution for open ends thick-walled cylinder. 
 
 The variations of the new strain concentration and stress concentration factors with the inner radius 
for open and closed ends cylinders are compared in Figs 6-19. For the same thickness, the SNCF decreases 
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from its maximum at the inner surface and reaches a minimum value at the outer surface. This is an 
indication that the SNCF is strongly affected by the curvature of the thick-walled cylinders. This could be 
clarified using the variation of the SNCF with the wall thickness from the inner to outer radii, as shown in 
Figs 6 - 19. It is prominent that the SNCF rapidly decreases with increasing thickness; i.e. increasing inner 
radius, which means increasing of the severity of the curvature.   
 It should be noted that the stress and strain concentration region is localized at the inner surface for 
all of the employed cylinders. Moreover, this localization of the stress and strain concentration converges to 
the inner surface as the inner radius of the cylinder decreases.  
 To clarify the effect of the thickness of the cylinder on the stress and strain concentration factors, the 
variations of those factors with thickness are given in Figs 6 - 19. The wall thickness of zero value means 
that it is at the inner surface of the cylinder. The SNCF and SSCF decrease sharply with increasing thickness 
for all of the cylinders employed. It is clear that the rate of decrease in the SNCF and SSCF diminishes with 
increasing the inner radius of the cylinder. This is an important result that the strain concentration is 
introduce a even if there are no irregularities in the cylinders. This phenomenon should be considered in the 
design of such structures. 
 Since the strain concentration has not been studied before; the current result has been compared with 
the stress concentration results. The curvature effect on stress concentration has been studied by many 
researches [26, 27]. They deduced that the stress concentration is strongly affected by the curvature of the 
vessels. To validate the current study the results have been compared with the previous published results. 
The strain concentration is strongly affected by the curvature and the values of the strain concentration factor 
are greater than those of the stress concentration factor. The difference between the SNCF and SSCF values 
increases with increasing the inner radius of the cylinders.  
 

 

Fig.6. The variation of concentration factors with thickness for ri = 0.5 mm. 
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Fig.7. The variation of concentration factors with thickness for ri = 1.0 mm. 
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Fig.8. The variation of concentration factors with thickness for ri = 2.0 mm. 
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Fig.9. The variation of concentration factors with thickness for ri = 3.0 mm. 

 

 

Fig.10. The variation of concentration factors with thickness for ri = 4.0 mm. 
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Fig.11. The variation of concentration factors with thickness for ri = 5.0 mm. 
 

 

Fig.12. The variation of concentration factors with thickness for ri = 7.5 mm. 
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Fig.13. The variation of concentration factors with thickness for ri = 10.0 mm. 
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Fig.14. The variation of concentration factors with thickness for ri = 12.5 mm. 

 



Strain-concentration factor of internally pressurized ... 155 

 
t = r - rir = ri 

C
on

ce
n

tr
at

io
n

F
ac

to
rs

r = ro 

1.00

1.25

1.50

1.75

2.00

2.25

ri = 15 mm 
● (K)c 

□ (K
)o  

 (K
)c 

0.0 0.00283 0.00566 0.008 0.0113 0.0141 0.01

 
Fig.15. The variation of concentration factors with thickness for ri = 15.0 mm. 
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Fig.16. The variation of concentration factors with thickness for ri = 20 mm. 
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Fig.17. The variation of concentration factors with thickness for ri = 25.4 mm. 
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Fig.18. The variation of concentration factors with thickness for ri = 38.1 mm. 



Strain-concentration factor of internally pressurized ... 157 

 

 

1.00

1.05

1.10

1.15

1.20

1.25

1.30

0.0  0.002833 0.005667 0.0085 0.01133 0.01417 0.017
t = r - rir = ri 

ri = 50.8 mm 
● (K)c 
□ (K

)o  
 (K

)c 

C
on

ce
n

tr
at

io
n

F
ac

to
rs

r = ro 

 
Fig.19. The variation of concentration factors with thickness for ri = 25.4 mm. 

 
6. Conclusions 
 
 The effect of curvature on the new Strain-Concentration Factor (SNCF) has been studied. The 
following conclusions are drawn: 
1.  The new (SNCF) introduced here has been defined under triaxial stress state for the closed ends cylinders 

and under biaxial stress state for open ends cylinders.     
2.  The curvature of the internally pressurized cylinders has a prominent effect on the new SNCF as well as 

on the stress concentration factor. 
3.  The minimum inner radius of the cylinder leads to the maximum SNCF. 
4.  The values of the new SNCF are greater than those of the stress concentration factor for all cylinders 

employed. As the inner radius increases the difference between the SNCF and stress concentration factor 
becomes more prominent.  

 
Nomenclature 
 
 A  cross-section area 
 E  Young’s modulus 

 K 
    new strain-concentration factor 

  new

closed
K    new strain-concentration factor for closed ends cylinder;  new

c
K  

  new

open
K   new strain-concentration factor for open ends cylinder;  new

o
K  

  
c

K   stress-concentration factor for closed ends cylinder 

 Pi   internal pressure 
 Po  external pressure 
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 R  current distance from the center of the cylinder  
 ri  inner radius of the cylinder   
 ro  outer radius of the cylinder 
 t  wall thickness          
    tangential strain 

  av


    newly defined average tangential strain 

  max   maximum tangential strain 

    Poisson’s ratio 
 z   axial stress 

 r   radial stress 

    tangential stress 
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