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Skin, separating the vital organs of a human body, is a desirable route for drug delivery. However, the intact 
skin is normally permeable only for drug molecules with a low molecular weight. The stratum corneum (SC), 
being the outermost layer of the skin and the epidermis being the second – more permeable – layer of the skin, 
play an essential function in  transdermal drug delivery . Physical and chemical methods of skin poration are used 
to enhance transdermal drug delivery. Each poration leads to an irregular system of pores which are connected 
with a system of micro-capillaries passing through the epidermis. Both the systems  by their irregularity form a 
fractal porous matrix. Drugs administrated by this matrix can be either suspensions and solutions or creams and 
gels, therefore they have to be modelled as non-Newtonian fluids. 

To analyse the fluid flow through the porous matrix the model of the epidermis is  assumed as gobbet-and-
mortar with the tortuous mortar of variable thickness and after transition from the mortar to the tube one 
considered classical and fractal capillary flows of selected non-Newtonian fluids. 

Fractal expressions for the flow rate, velocity and permeability of fluids flow in a porous matrix are derived 
based on the fractal properties of the epidermis and capillary model. Each parameter in the proposed expressions 
does not contain any empirical constant and has a clear physical meaning and the proposed fractal models relate 
the flow properties of considered fluids with the structural parameters of the epidermis as a porous medium. The 
presented analytical expressions will help understand some of the physical principles of  transdermal drug 
delivery. 
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1. Introduction 
 
 Fractal is a natural phenomenon or geometric set that exhibits a repeating pattern displaying at every 
scale. It is also known as evolving or expanding geometry [1]. Fractal geometry was popularized by 
Mandelbrot [2] when he showed that for decreasing unit of measurement the length of a natural coastline 
does not converge but, instead, increases monotonically. His study on the length of the coastline, being scale-
dependent, marked the origins of fractal geometry which has now found numerous applications in 
characterizing and describing disordered phenomena in science and engineering (Mandelbrot [3]). More 
information on the engineering fractals applications may be found in the monograph [1]. 
 Skin is one of the most readily accessible organs of the body; it separates the vital organs from the 
outside environment and serves as a protective barrier against physical, chemical and microbial attacks. 
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 The human skin is composed of three layers, consisting in: Stratum Corneum (SC), Epidermis and 
Dermis (Fig.1), the outer layer is the SC. The epidermis is put in contact with the dermis by so called dermo-
epidermis function (as permeable membrane). The dermis is constituted by a connective tissue layer of 
mesenchymal origin. Finally, the inner layer is represented by the hypodermis, mainly constituted by 
connective tissue [4-10]. 
 

 
 

Fig.1. Schematic representation of the transport process involved in drug release from the formulation up to 
its uptake through the dermal capillaries. 

 
 The transdermal drug release is a variable administration route for powerful, not only low-molecular 
weight therapeutic agents, which has to be precise in their control of drug distribution. This release is 
specially recommended for many drugs that are difficult to be taken since they must be delivered slowly over 
a prolonged period to have a beneficial effect [8-10]. 
 The transdermal drug administration has several interesting advantages over other systemic routes; 
the most interesting is the reduction of first-pass drug degradation as the liver is initially bypassed [5]. The 
transdermal drug delivery was mainly considered as diffusion transdermal delivery. Recently, methods of 
drug delivery taking into account the drug flow and the diffusion transport through the skin have been 
considered. The first application of these methods was described by Siegel [16] who approached insulin 
delivery by means of an implantable mechano-chemical pump converting changes in blood glucose 
concentration into a pressure pumping insulin out of the device. This pumping is possible after past 
execution of micro-capillaries in the skin connected the pump with the dermis, or – more generally – after an 
enhancement of the skin permeability. While chemical enhancers can be a successful tool for the 
improvement of small drug permeability through the skin, for big molecules other strategies have to be 
undertaken. Indeed, proteins and peptides transdermal administration requires the use of physical methods 
involving electrically based techniques (iontophoresis, electroporation, ultrasound, and photo-mechanical 
waves), structure-based techniques (microneedles, specially with internal jet-injection), and velocity-based 
techniques (jet-propulsion) [7-9, 11-15]. Each of these methods leads to the aforementioned execution of 
micro-capillaries in the skin. 
 The aim of this paper is to present the drug flow in tortuous capillaries passing through the epidermis 
layer of the human skin. This flow is analysed twofold: as a classical flow or as a fractal flow. The drugs are 
modelled as Newtonian fluids (aqueous drug solutions of small molecular weight) or as non-Newtonian 
fluids (all other drug solutions). 
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2. Structure of the skin after physical poration 
 
 Physical poration of the skin changes temporarily its structure turning the epidermis into a porous layer. 
Figure 2 shows the hypothetical bilayer poration model involving an electroporation technique [7-9]. 
 Pores are hypothesized to form in the intercellular bilayers via momentary realignment of lipids that 
recover their original position at various times after an electrical pulse. The distribution of the pores makes a 
fractal structure. 
 

 
 

Fig.2. Hypothetical bilayer poration model. 
 
 The pores are connected with a system of micro-capillaries passing through the epidermis. This 
system may be composed of straight capillaries of constant or variable cross-sections in a transcellular 
transport or it may be composed of tortuous capillaries also of constant or variable cross-sections in an 
intercellular transport (Fig.3) 
 To simplify mathematical considerations, the “gobbet-and-mortar” model of the epidermis is 
assumed , in which the mortar is tortuous and has a variable thickness (Fig.4). 
 

 
 

Fig.3. Schematic representation of the geometrical forms of microcapillaries: a) straight capillary of constant 
cross-section; b) straight capillary of variable cross-section; c) tortuous capillary. 

 

 
 

Fig.4. Scheme of a gobbet-and-mortar representation of the epidermis and the dermis. 
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Note that the mortar may represent only a capillary fissure. Introducing the notion of a hydraulic radius hR  
 

  h
2A

R
P

   

 
where A  is the fissure area and P  is the fissure perimeter wetted by a fluid one may pass from the capillary 
fissure to the capillary tube of radius equal to h cR r . 
 In further considerations, we will discuss the flows of different fluids in a system of tortuous 
capillary tubes of variable cross-sections. Introducing the hindrance factor we will be able to model a matrix 
of capillary tubes of variable cross-sections by a matrix of capillary tubes of constant cross-sections. 
 
3. Classical flow through the epidermis modelled as a matrix composed of capillary tubes 
 
 We will consider the classical models of flow through the epidermis considered as a matrix 
composed of capillary tubes. Assuming that the capillaries are tortuous and have variable cross-sections we 
will present the formulae for the flow of the following fluids: Newtonian, micropolar, pseudoplastic 
(DeHaven and Sisko models) and viscoplastic (Shulman model). Detailed considerations may be found in [1, 
17-20]. These considerations will be supplemented by deliberations on the capillary tortuosity and variability 
of cross-sections. 
 Newtonian fluids. Newtonian fluids may model all flows of drugs being aqueous suspension of low 
molecular weight particles. 
 The flow velocity through the porous matrix is given as follows (Fig.5) 
 

  
2

c N p
N

r dp

8 dy

   
     

 (3.1) 

 
where cr  is the maximum capillary radius, p  is the matrix porosity, N  is the Newtonian hindrance factor, 

  is the Newtonian viscosity,   is the tortuosity (in the case of tortuous capillaries). 

The term dp
dy  denotes the pressure gradient generated by the donor device. 

 

 
 

Fig.5. Porous matrix composed of rectilinear parallel capillary tubes. 
 
 Micropolar fluid. This fluid represents so called polar fluids which may characterise all drugs being 
suspensions composed of particles having mean value of molecular weight. These fluids are described by 
two viscosities: the first of them is similar to the Newtonian shear viscosity  , the other, k , is the vortex 
(coupling) viscosity describing the particle rotation. 
The flow velocity through the porous matrix is given as follows 
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 (3.2) 

 
where m N    is the hindrance factor, k  is the vortex viscosity. 
 Pseudoplastic fluids. We will consider two essential models of these fluids, namely: DeHaven fluid 
and Sisko fluid; many well known but more complicated models reduce – for suitably selected material 
coefficients – either to DeHaven or to Sisko fluids.  
 The viscosity of a DeHaven fluid displays a non-linear relationship between the shear stress and the 
shear strain rate. To be more precise, the shear strain rate is a non-linear function of the shear stress. This 
fluid is characterised by a shear viscosity  , which is similar to the Newtonian viscosity, material coefficient 

ik  and power exponent in , which represent the aforementioned non-linearity of the shear strain rate. 
 The flow velocity through the porous matrix is given as follows 
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where a  is the second, additional, hindrance factor. 
 The viscosity of a Sisko fluid displays a non-linear relationship between the shear stress and the 
shear strain rate. This fluid is characterised by a shear viscosity   which is similar to the Newtonian 

viscosity, an additional viscosity i  and power exponent in . 
The flow velocity through the porous matrix is given as follows 
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  (3.4) 

 
where S  is the second, additional, hindrance factor. Both these models of pseudoplastic fluids render it 
possible - for properly chosen material parameters - to consider the flows of more complex fluids [1], which 
may model transdermal delivery of different drug solutions and suspensions. 
Note that the use of these models of pseudoplastic fluids requires further studies on the drugs rheology. 
 Viscoplastic fluids. These fluids may model the flows of different therapeutic substances and agents 
such as drug suspensions, emulsions, ointments and cremes.  
 

 
 

Fig.6. Flow field of a viscoplastic fluid in a capillary tube. 
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All these rheological systems are multiphase systems and  have many common peculiarities despite different 
physico-chemical structures which are dependent on the mutual concentrations of phases [22]. One of the 
common peculiarities is the flow with the yield stress limit characterised by the  existence of core flow 
(Fig.6). 
 The model of a Shulman fluid is often used to analyse the flows viscoplastic fluids [1]. The full 
analysis of the flows of viscoplastic fluids described by the Shulman fluid one may find in [1, 17]. The flow 
velocity of this fluid in a capillary tube of constant cross-section is given as follows [17] 
 

   
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2
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 (3.5) 

 
where: m, n are the flow behaviour indices,   is the plastic viscosity and 
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whereas 
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Introducing the hindrance factor Sh  and the tortuosity factor   into (3.5) , we may write the following 
formula for the flow velocity through a porous matrix composed of the capillaries of variable cross-section 
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it may be assumed for the rectilinear capillary tubes of variable cross-section that 
 

    .
m

nSh N    (3.9) 

 
 For a special case of a Shulman fluid, when , 0n 1 r 0   (there is no a core flow), we deal with an 
Ostwald-de Waele (power-law) fluid and then  
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. (3.10) 

 
 Note that for flows with a large core, 1   and for flows with a small core when 1  , one can 
use the following approximations: 
– for a large core 
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– for a small core 
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These formulae are important for all fluids derived from the Shulman fluid, namely: for a  Casson fluid 

  ,m n  Vočadlo fluid  m 1 , Herschel-Bulkley fluid  n 1  and Bingham fluid  m n 1  . 

 Note that in medical applications the approximations given by Eqs (3.11) and (3.12) are important 
only for all ,m n  being odd numbers  , , ,... .m n 1 3   

 
4. Fractal flow through the epidermis modelled as a matrix composed of capillary tubes 
 
 Porous media in nature and also in medicine have been shown to be fractal objectives, and the fractal 
geometry theory has been proven to be powerful for the flow analysis in these media. 
 The tortuosity of pores is connected with the fractal properties of the epidermis and it may be defined 
by a tortuosity factor being the ratio of actual capillary tube length TL  to the length (thickness) of the 

epidermis 0L . In what follows, we will limit the considerations to the epidermis being a matrix of capillary 
tubes. 
 The fractal scaling law for the tortuous capillary is [23-25] 
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where T  is the fractal tortuosity factor. 
Differentiating Eq.(4.1), we have 
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or passing to y variable 
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Therefore the pressure gradient is equal to 
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 The cumulative size distribution of pores in the porous epidermis also follows the fractal scaling law 
[1] and is given as [24] 
 

  max
F

c

c

r
N

r

 
  
 

 (4.4) 

 
where maxcr  is the maximum pore (capillary) radius and F  is fractal dimension for pores. After 
differentiation Eq.(4.4) gives 
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F
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r   ; (4.5) 

 
it follows from this expression that the number of pores decreases with the increase of pore sizes. 
 The surface A  of the porous epidermis matrix is now equal to 
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where pA  is the total pore area, 

 

  2 F
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is now the fractal porosity [23] and 
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4.1. Fractal model of a Newtonian fluid flow through a porous matrix 
 
 The flow rate q  through a single capillary tube of variable cross-section for a Newtonian fluid is 
given as follows (see also Eq.(3.1)) 
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here the fractal tortuosity of a capillary tube was taken into account. 
The total flow rate Q  over the matrix cross section can be obtained integrating Eq.(4.9) over the entire 
interval of pore sizes 
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c

c
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taking into account Eqs (4.3), (4.5), (4.8) and (4.9) we will obtain 
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here 0 eL h  is the thickness of the epidermis matrix (see Figs 1 and 5). 
Note that the following inequalities hold for the epidermis as the porous matrix 
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Dividing Eq.(4.12) by Eq.(4.6) gives the average velocity for the flow of a Newtonian fluid through the 
porous matrix 
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It is easy to see that the fractal flow velocity of a Newtonian fluid through the porous epidermis is more 
complicated than Eq.(3.1) describing the classical case of this flow. Equation (4.13) is related not only to the 
characteristic parameter of the fluid such as viscosity   but also to the structural parameters of the matrix 

such as: max, , ,e c ph r T  and F . 

 
4.2. Fractal model of a micropolar fluid flow through a porous matrix 
 
 The asymptotic flow rate of a micropolar fluid through a fractal tortuous capillary tube is given as follows 
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therefore the total flow rate Q  over a matrix cross section will be (see the previous Section) 
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whereas the average flow velocity 
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4.3. Fractal model of a DeHaven fluid flow through a porous matrix 
 
 The flow rate q  through a simple tortuous capillary of variable cross-section for a DeHaven fluid is 
as follows 
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Introducing this equation into Eq.(4.10), after integration, taking into consideration Eqs (4.3), (4.5), (4.8), 
(4.17), and neglecting the terms of small values, we will obtain the following formula 
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Dividing Eq.(4.18) by Eq.(4.6) gives the average velocity for the flow of a DeHaven fluid through the porous 
matrix 
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It is easy to see that the fractal velocity of a DeHaven fluid through the porous matrix is related not only to 
the structural parameters of the matrix such as: max, , ,e c ph r T  and F  and the pressure gradient but also to 

the characteristic parameters of the fluid: , ,i ik n . 
 
4.4. Fractal model of a Sisko fluid through a porous matrix 
 
 The flow rate q  through a single tortuous capillary of variable cross-section for a Sisko fluid is 
given by the following formula 
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Because Eqs (4.17) and (4.20) are similar, we can also deal similarly with the calculations. As a result we 
have 
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.(4.22) 

 
 It can be seen that in the case of this fluid the velocity depends not only on the structural parameters 
but on the characteristic parameters of the fluid which are now: , ,i in  . 
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4.5. Fractal model of a Shulman fluid flow through a porous matrix 
 
 Let us consider at first the flow of a Shulman fluid with a large core through a porous matrix. The 
asymptotic flow rate q  through a single tortuous capillary of variable cross-section is as follows 
 

     
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  (4.23) 

 
Introducing relationships (3.7)1 and (4.3) into the above equation and integrating the result over a matrix 
cross-section we will obtain the total flow rate 
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  (4.24) 

where 

  min
max

0

c

r

r
   . (4.25) 

 
Here all small quantities were neglected. Dividing Eq.(4.24) by Eq.(4.6) gives the asymptotic average fractal 
velocity for the flow of a Shulman fluid with a large core through a porous matrix 
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This formula is important for m  being an odd number. 
 Let us now consider the flow of a Shulman fluid with a small core through a porous matrix. 
The asymptotic flow rate q  through a single tortuous capillary of variable cross-section is given as follows 
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  (4.27) 

 
Introducing relationships (3.7)1 and (4.3) into the above equation and integrating the result over a matrix 
cross-section we will obtain the total flow rate 
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 (4.28) 
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Here all small quantities were neglected. Dividing this equation by expression (4.6) gives the fractal average 
velocity for a Shulman fluid flow with small core through a porous matrix 
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  (4.29) 

 
This formula is also important for all fluids derived from a Shulman fluid; note that for the power-law 
(Ostwald-de Waele) fluid, we have  min0r 0 0      and n 1 . For a Newtonian fluid , 0m n 1 r 0    

this formula reduces to the form described by Eq.(4.13). 
 
5. Fractal permeability of the epidermis 
 
 For a sufficiently small porous regions, such as medical scarps of the skin under drug delivery devices, 
the fluid flow is described by the Darcy law; which – for a Newtonian fluid – has the form [1] 
 

   gradN p


 


v   (5.1) 

 
where: v  is the velocity vector, N  is the (coefficient of) permeability. 
For a one-dimensional flow there is 
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. (5.2) 

 
Comparing this formula with Eqs (3.1) and (4.13) we find that: 

 for a classical Newtonian flow there is 
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 whereas for a fractal Newtonian flow we have 
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in the case of a straight capillary the tortuosity factor is equal to T 1  and 
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It is easy to see that for a tortuous capillary system the fractal permeability of the epidermis depends on its 
thickness eh  and its fractal porosity, whereas for a straight capillary system this permeability only depends 
on its fractal porosity. 
 For the viscoplastic fluids described by a Shulman model the generalised form of the Darcy law is 
given as follows [26] 
 

   grad
m

Sh
np


 


v  (5.6) 

 
where: Sh  is the epidermis permeability for a Shulman fluid. 
For a one-dimensional flow there is 
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. (5.7) 

 
Let us only consider the Shulman fluid flow with a small core; the velocity of a classical flow through a 
porous matrix is given by Eqs (3.8) and (3.13) whereas the velocity for a fractal flow is given by Eq.(4.29). 
Comparing these equations with Eq.(5.7) we will find 
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and 
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 (5.9) 

 
For the system of straight capillaries  T 1  this formula is subject to further simplification. 

 For the pseudoplastic fluids the generalisation of the Darcy law has the following forms [26]: 
 for a DeHaven fluid 

 

     grad grad in 1N DHp p
 
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 
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in a one-dimensional flow there is 
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 for a Sisko fluid 
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and in a one-dimensional flow will be 
 

  
in 1

N Sdp dp

dy dy


    
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 After a comparison of Eqs (5.11) and (5.13) with Eqs (3.3), (3.4) and Eqs (4.19), (4.22), the 
epidermis permeability for these two pseudoplastic fluids may be easily found.  
 
6. Conclusions 
 
 In this paper, we have focused on an analytical description of transdermal drug delivery modelled as 
flows of different fluids through the epidermis. The epidermis was modelled as a porous layer being a 
gobbet-and-mortar matrix in which the mortar forms a tortuous capillary of variable thickness. 
 Introducing a hydraulic radius a capillary fissure may be changed into an equivalent capillary tube. 
To facilitate the transdermal drug delivery physical poration of the skin is often used. This process leads to 
the formation of a fractal system of capillary tubes passing through the epidermis to the dermis. These 
capillaries of variable cross-section are tortuous and they change the epidermis to a fractal porous matrix.  
 The flow through this matrix was analysed twofold: first, as a classical flow, and next as a fractal 
flow. Using the formulae for the classical flow we present the new formulae for the fractal flow. An 
introduction of hindrance factors allow us, in a simple procedure, to take into account the variability of the 
cross-sections of the capillaries passing through the epidermis. 
 For the purpose of considering transdermal delivery of drugs in different consistency (e.g.: 
suspension, gel, cream etc, etc) we presented the flow formulae for various models of fluids. 
Based on the theory of fractal geometry, the fractal expressions for the flow rate, flow velocity and fractal 
permeability for different fluids modelling the drug flow in the epidermis considered as a porous matrix were 
given. The proposed fractal models are expressed as functions of fluid characteristic parameters, pressure 
drop and structural parameters of the porous matrix. The results have a clear physical meaning and relate the 
properties of the fluids under consideration to the structural parameters of the porous matrix. 
 
Nomenclature 
 
 A  – area  
 pA  – fractal pore area  

 h  – thickness  
 dh  – dermis thickness  

 eh  – epidermis thickness  

 sch  – stratum corneum thickness 

 k  – vortex viscosity  
 ik  – material coefficient for a DeHaven fluid  

 0L  – nominal capillary length 

 TL  – actual (tortuous) capillary length 

 ,m n  – power exponents for Shulman fluids 

 in  – power exponents for pseudoplastic fluids 

 P  – wetted perimeter of a fissure 
 p  – pressure 
 Q  – total flow rate  
 q  – capillary flow rate  

 hR  – hydraulic radius  
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 cr  – capillary radius  

 T  – fractal tortuosity factor  

 ( )
( )

m
nT  – polynomial function for a Shulman fluid 

   – flow velocity 
   – shear or plastic viscosity  
 i  – material coefficient for a Sisko fluid  

   – classical tortuosity factor 
 p  – classical porosity 

 p  – fractal porosity 

 r  – radii ratio 

   – hindrance factor 
   – relative core flow radius 
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