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A wide range of applications is based  nowadays on analytical developments which allow a precise and 
effective approach and short time of computations compared with the time required for numerical methods; in 
this way these developments are suitable for calculations in real time. This work proposes an approach for solving 
a two-dimensional harmonic problem of a rectangular plate under local surface loading using Vlasov’s symbolic 
method of initial functions and a general solution of the harmonic equation for a rectangle. Substituting the 
harmonic functions in symbolic form for the corresponding solutions allows us to give the exact solution of the 
problem in trigonometric form. 
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1. Introduction 
 

Many problems in solid mechanics are described by mathematical models. In many cases the 
development of these models requires solving partial differential equations. Analytical methods for solving 
these equations are the main tools for understanding these problems. However, during the past decades the 
important growth of computing capabilities allowed numerical solving of complex problems both 
geometrical point of view and the laws of behavior of materials. This ability to model complex mechanical 
systems by numerical methods contributed to reduce the interest to analytical solutions. New analytical 
methods have been developed for solving the boundary problems in elasticity [1-4]. Among these methods 
one can cite Vlasov’s method of initial functions (MIF) which is often used for solving the boundary 
problems. This method is a powerful one for obtaining an exact solution for some types of problems in the 
theory of elasticity without hypotheses about the character of the strain-stress state of the structural element. 
MIF was first proposed by Maliev [5] and further developed by Vlasov [6]. The authors attempted to find a 
rational method for obtaining harmonic and biharmonic functions for the general analysis in the theory of 
elasticity, i.e., represent the displacements and stresses via some functions. On the basis of this rational 
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method, they constructed the functions of general analysis with the initial functions by virtue of special 
differential operators proposed by Kellog [7]. 

MIF has been used intensively for the analysis of various engineering problems. For example, three-
dimensional elasticity equations for circular cylindrical shells are solved by assuming Taylor series 
expansions for the stresses and displacements by Faraji et al. [8]; an elasto-plastic problem of a circular plate 
subjected to antisymmetric lateral load can be found in [9]; a circular cylindrical shell under antisymmetric 
load is studied in [10]; an analysis of composite beams and other flexural members using MIF can be found 
in [11, 12]; an algorithm for constructing the basic equations of MIF and the convergence of power series is 
studied by Matrosov [13]. 

In this work, we proposed an approach for solving the two-dimensional harmonic problem of a 
rectangular plate under local surface loading, using the symbolic method of initial functions and the general 
solution of the harmonic equation for a rectangle. 

 
2. Materials and method  
 
 The principle of the method is to determine a vector W representing the components of strain-stress 
state of an elastic system in the Cartesian coordinate system such as 
 
     W w  .     (2.1) 

 
Here,  ( , , ); ( , , ); ( , , )w u x y z v x y z x y z   is the displacement vector; 

 ( , , ); ( , , ); ( , , ); ( , , ); ( , , ); ( , , )z yz xz x y xyx y z x y z x y z x y z x y z x y z         the stress vector. 

 Then the equilibrium equations will be written in the following form 
 
  LW=0 (2.2) 
 
where L is the differential operator. 
 The general solution to this three dimensional problem of elasticity theory is given by 
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     (2.3) 

 
where, , ,...,UU UV XXL L L  are the differential operators related to the initial functions

 
  , ,  

00 0 xzU V   depending on x and y on the plane Z=0. Each type of problems has its own operator-

functions  ijL , and consists differential operators, geometrical parameters and elastic constants. 

 So, in symbolic form for a band and using Vlasov’s general symbolic solution [14] the solution of 
the problem in plane strain can be expressed as 
 
               , , ,UU 0 UV 0 UY 0 UX 0U x y Gu x y L U x L V x L Y x L X x          (2.4) 

 
               , , ,VU 0 VV 0 VY 0 VX 0V x y Gv x y L U x L V x L Y x L X x                 (2.5) 
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               , , ,y YU 0 YV 0 YY 0 YX 0Y x y x y L U x L V x L Y x L X x             (2.6) 

 
               , , ,xy XU 0 XV 0 XY 0 XX 0X x y x y L U x L V x L Y x L X x            (2.7) 

 
             , ,x U 0 V 0 Y 0 X 0x y A U x A V x A Y x A X x          (2.8) 

 
here,               , ,  , , , , ( , )0 0 0 y 0 xyU x Gu x 0 V x Gv x 0 Y x x 0 X x x 0       are the initial functions. 

 Differential operators can be expressed in the form of infinite series or by symbolic formulas in the 
case of plane strain [14] 
 

       
cos sin( )UU

y
L y y

2 1 v


   


,     (2.9) 

 

   
 
     

sin cos( )UV
1 2v y

L y y
2 1 v 2 1 v

 
    

 
,   (2.10) 

 

   
 

sin( )UY
y

L y
4 1 v

  


,   (2.11) 

 

       
 

sin cos( )
sin

( )UX
y1 y y

L y
4 1 v 4 1 v

  
   
    

,   (2.12) 

 
    VU UVL L ,   (2.13) 
 

     sin cos( )
( )VV

y
L y y

2 1 v


   


,   (2.14) 

 

   
 

 
sin( )

cos( )
( )VY

3 4v y y
L y

4 1 v 4 1 v

 
  

  
,   (2.15) 

 
    VX UYL L ,   (2.16) 
 

    sin( )
2

YU
y

L y
1 v


 


,   (2.17) 

 

     sin cos( )YVL y y y
1 v


       

,   (2.18) 

 

    YY VVL L ,   (2.19) 

 

    YX UVL L ,   (2.20) 
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     sin cos( )XUL y y y
1 v


        

,   (2.21) 

 

    XV YUL L ,   (2.22) 

 

    XY VUL L ,   (2.23) 

 

    XX UUL L ,   (2.24) 

 

     cos sin( )
2

U
2 y

A y y
1 v 1 v

 
   

 
,   (2.25) 

 

     sin cos( )VA y y y
1 v


        

,   (2.26) 

 

       
cos sin( )Y

v y
A y y

1 v 2 1 v


   

 
,   (2.27) 

 

     cos sin( )
( ) ( )X
y 3 2v

A y y
2 1 v 2 1 v

 
   

 
.       (2.28) 

Here,    
x





. 

 
3. Results and discussion  
 
 We will get the symbolic solution satisfying the following boundary conditions 
 
       , 0V x 0 V x 0  ,   (3.1) 

 

       , 0X x 0 X x 0  ,   (3.2) 

 

     , ( )hV x h V x ,   (3.3) 

 

       , hX x h X x 0  .   (3.4) 

 
 Taking into account the symbolic Vlasov’s solution satisfying the boundary conditions (3.1)-(3.4), 
we get 
   

    ( )00 V x ,   (3.5) 

 

    ( )00 X x ,   (3.6) 
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         
            

      

sin cos
( )

sin sin cos

sin cos ( ) ,

2
h 0

0 0

2
0

1
V x 2h h 4 1 v h V x

4 1 v

h h X x 3 4v h h h Y x

2 1 2v h 2h h U x

          

         

        

    (3.7) 

 

   
           

           
sin cos sin

( )

sin( ) cos sin cos ( ) .

2
0 0

2
0 0

1
0 2h h V x 2 1 v h h h X x

2 1 v

1 2v h h h Y x 2 h 2h h U x

            

             

   (3.8) 

 
 The differential operators will be treated in the same way as the trigonometric functions. So, we get a 
system of four Eqs (3.5)-(3.8) whose solution depending on the four initial functions is given by 
 

   
 

     
 

sin cos
( ) ( ) 

sin
0 02

1 2v h h h1
U x V x

2 1 v h

    


 
,   (3.9) 

 

     0V x 0 ,   (3.10) 

 

         
 

cos sin
( )

sin

2

0 h2

h h h1
Y x V x

1 v h

    


 
,   (3.11) 

 

     0X x 0 .   (3.12) 

 
 Using expressions (3.9)-(3.12) in the symbolic solution of the initial functions, we get the solution 
for the band satisfying the boundary conditions (3.1)-(3.4)  
 

       
 
     

 
   

  
sin cos cos cos

, ( )
sin sin sin

h2

y y h y1
U x y y 1 2v h V x

2 1 v h h h

          
     

,  (3.13) 

 

           
 

 
 

   
  

sin cos cos sin
, ( )

sin sin sin
h2

y y h y1
V x y 2 1 v y h V x

2 1 v h h h

          
     

, (3.14) 

 

       
 

 
 

   
  

cos sin cos cos
, ( )

sin sin sin

2 2

h2

y y h y1
Y x y y h V x

1 v h h h

          
     

,   (4.15) 

 

         
  

 
 

cos sin cos y
, ( )

sinsin

2 2

h2

h y1
X x y h y V x

1 v hh

       
   

,   (3.16) 
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       
 

 
 

   
  

cos sin cos cos
, ( )

sin sin sin

2 2

x h2

y y h y1
x y y h V x

1 v h h h

           
     

.   (3.17) 

 
 The obtained relationships satisfy the equilibrium equations, strain and stress equations, as well as 
the biharmonic equation. 
 
3.1. Analysis of harmonic functions 
 
 We can point out that each term of the symbolic solution (3.13)-(3.17) is a harmonic function. This 
allows us to substitute the previous function by the exact solution of the harmonic equation. 
 The symbolic solution (3.13)-(3.17) obtained for a band has the following form [15] 
 

   
 
 

sin
( )

sin h
y

V x
h




,   (3.18) 

 

   
 
     

 
 
 

cos sin sin
( ) ( )

sin sin sinh h h
y y y1

V x V x V x dx
h y h y h

      
               

 ,   (3.19) 

 

   
 
     

     
 

cos sin sin
( )

sin sin sinh h h
y y y

V x V x V x
h h x h

      
             

,   (3.20) 

 

   
 
     

 
cos sin

( )
sin sinh h

y y
V x V x

h y h

   
      

,   (3.21) 

 

   
 

     
 

 
 

sin sin sin
( ) ( )

sin sin sin

2
2

h h h
y y y²

V x V x V x
h h x² h

      
             

,   (3.22) 

 

   
 

     
     

 
cos sin sin

( )
sin sin sin

2 2

h h h
y y y

V x V x V x
h y h x y h

       
               

,   (3.23) 

 

   
   
  

   
     

 
cos cos cos sin

( )
sin sinsin

2

h h h2

h y y y
V x V x V x dx

h h h y hh

        
      

           
 ,   (3.24) 

 

   
   
  

   
     

 
cos cos cos sin

( )
sin sinsin

2 2

h h h2

h y h y
V x V x V x

h h h y hh

        
      

           
,   (3.25) 

 

   
   
  

   
 

cos sin sin
( )

sinsin
h h2

h y y
V x V x

h hh

    
   

    
,               (3.26) 
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   
  

   
     

   cos sin sin sin

sin sinsin

2 2

h h h2

h y y y
V x V x V x

h h h y hh

       
      

         
.   (3.27) 

 
 Moreover, it is known that if a harmonic function f is defined in a domain: 
 

,  0 x l 0 y h    , and satisfies the following boundary conditions 
 
     , ( )1f 0 y f y ,   (3.28) 

 

     , ( )2f l y f y ,   (3.29) 

 

     , ( )3f x 0 f x ,   (3.30) 

 

     , ( )4f x h f x ,   (3.31) 

 
its expression has the following form [16] 
 

   

 

 

( )
, sinh sin sinh sin

sin sinh sin sinh

n n
n 1 n 1

n n
n 1 n 1

n l x n y n x n y
f x y A B

h h h h

n h yn x n x n y
C D

l l l l

 

 
 

 

                          

                 
      

 

 
   (3.32) 

 
here the coefficients  nA , nB , nC , nD  are determined as follows [16] 
 

     sin
h

n 1
n 0

2 n
A f d

h

       ,   (3.33) 

 

     sin
h

n 2
n 0

2 n
B f d

h

       ,   (3.34) 

 

     sin
l

n 3
n 0

2 n
C f d

l

       ,   (3.35) 

 

     sin
l

n 4
n O

2 n
D f d

l

       ,   (3.36) 

 

Here    sinhn
n l

h
h

    
 

,       sinhn
n h

l
l

    
 

. 

 
 Now consider the harmonic function (3.18) 
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       
 

sin
, ( )

sin h
y

f x y V x
h





. 

 
 We get 
 

   

     
       

 

sin
,

sin

( ),

2 3
2 4

1 h h

2 3 2

h h2

y y yh H
f y f 0 y V 0 O V 0

h h 6h

y yh y y
V 0 V 0

h 6h hx

  
           

  
      

   (3.37) 

 

   

     
       

 

sin
,

sin

( ),

2 3
2 4

2 h h

2 3 2

h h2

y y yh y
f y f l y V l O V l

hy h 6h

y yh y y
V l V l

h 6h hx

  
         

 
  

      

   (3.38) 

 

         
   sin

,
sin3 h

0
f x f x 0 V x 0

h


  


,   (3.39) 

 

         
   sin

, ( )
sin4 h h

h
f x f x h V x V x

h


  


.   (3.40) 

 
 Finally, the expression of the solution has the form 
 

   

  ( )
, sinh sin sinh sin

( )
sin sinh sin sinh ,

n n
n 1 n 1

n n
n 1 n 1

n l x n y n x n y
f x y A B

h h h h

n x n h y n x n y
C D

l l l l

 

 
 

 

                          

                         

 

 
  (3.41) 

 
here 
 

   
 

sin
h

h
n

n 0

2V 0 n
A d

h h

       ,     (3.42) 

 

   
( )

sin
h

h
n

n 0

2V l n
B d

h h

       ,   (3.43) 

 

    nC 0 ,   (3.44) 
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     sin
h

n h
n 0

2 n
D V d

l

       .   (3.45) 

 
3.2. Implementation on a rectangular plate under local surface loading 
 
 Our goal is to study the plate under a local surface load on the plane y = h. We will consider that 
normal displacements under load are a known variable function of x. On the plane y = 0, displacements 
vanish. On the other hand, on the planes y = 0 and y = h the shear stresses are zero. The boundary conditions 
of the problem are as follows [14] 
 

           , , , ,
1 1

v 0 y V 0 y v l y V l y 0
G G

    ,   (3.46) 

 
           , , , ,y y0 y Y 0 y l y Y l y 0      ,   (3.47) 

 
       , ,x x0 y l y 0    ,   (3.48) 

 

     , ( )h
1

v x h V x
G

 ,   (3.49) 

 

       , 0
1

v x 0 V x 0
G

  ,   (3.50) 

 
           , ,xy h xy 0x h X x x 0 X x 0      .   (3.51) 

 
 When condition (3.46) is satisfied for all y, we can write the following equality 
 

     , |y hV 0 y 0  .   (3.51) 

 
 Also we have 
 

         , | ,y h 0 hV 0 y V 0 h V 0 0    ,   (3.52) 

 

         , | ,y h hV l y V l h V l 0    .   (3.53) 

 
 Substituting Eqs (3.52) and (3.53) in expressions (3.42)- (3.45), one obtains 
 

    n n nA B C 0   ,   (3.54) 

 

     sin
sinh

l

n h

0

2 n
D V d

n h l
l

l

       
 
 

 .               (3.55) 

 
 Finally, we get 
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 
     

sin sinh
sin

sin
sin

sinh

l

h h
n 1 0

n x n y
y 2 nl l

V x V d
n hh l l

l





    
               

 
 

  .   (3.56) 

  
 Using expressions (3.19)-(3.27), we find solutions for other harmonic functions 
 

   
 
     

cosh cos
cos

sin
sin

sinh

l

h h
n 1 0

n y n x
y 2 nl l

V x V d
n hh l l

l





    
                

 
 

  ,   (3.57) 

 

   
 
     

cos sinh
sin

sin
sin

sinh

l

h h
n 1 0

n x n y
y n 2 nl l

V x V d
n hh l l l

l





    
                 

 
 

  ,   (3.58) 

 

   
 
     

sin cosh
cos

sin
sin

sinh

l

h h
n 1 0

n x n y
y n 2 nl l

V x V d
n hh l l l

l





    
                 

 
 

  ,   (3.59) 

 

   
 

     
sin sinh

sin
sin

sin
sinh

l2 2 2

h h2
n 1 0

n x n y
y n 2 nl l

V x V d
n hh l ll

l





    
                  

 
 

  ,   (3.60) 

 

   
 

     
cos cosh

cos
sin

sin
sinh

l2 2 2

h h2
n 1 0

n x n y
y n 2 nl l

V x V d
n hh l ll

l





    
                 

 
 

  ,   (3.61) 

 

   

   
  

 

 

cos cos

sin

cosh cos cosh
sin ,

sinh ²

h2

l

h
n 1 0

h y
V x

h

n y n x n h
n 2 nl l l

V d
l l ln h

h





  




       
                    

    

 
  (3.62) 
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   
  

 

 

cos cos

sin

sin cosh cosh
sin ,

sinh

2

h2

l2 2

h2 2
n 1 0

h y
V x

h

n x n y n h
n 2 nl l l

V d
l ll n h

l





  




       
               

   
    

 
,  (3.63) 

 

   

   
  

 

 

cos sin

sin

sinh sin cosh
sin ,

sinh

h2

l

h2
n 1 0

h h
V x

h

n y n x n h
n 2 nl l l

V d
l l ln h

l





  




       
               

   
    

 
,  (3.64) 

 

   

   
  

 

 

cos sin

sin

cos sinh cosh
sin .

sinh

2

h2

l2 2

h2 2
n 1 0

h y
V x

h

n x n y n h
n 2 nl l l

V d
l ll n h

l





  




       
               

   
    

 
,  (3.65) 

 
 Substituting expressions (3.56)-(3.65) into (3.13)-(3.17) ,we find expressions for stresses and 
displacements [14] 
 

   
 

 
   

     

cos( )
, sinh

( )sinh

cosh cosh sinh sinh( ) ,

n n
n2

nn 1

n n n n n n

U x y 1 2v
2 1 v





       

        


  (3.66) 

 

   
     

   

sin( )
, ( sinh

( )sinh ( )

cosh sinh( ) cosh( ) ,

n n
n2

nn 1

n n n n n n

V x y 2 1 v
2 1 v

sh





  
    

         


   (3.67) 

 

   
   

   

sin( )
, (sinh

( )sinh ( )

cosh cosh sinh( ) cosh( ) ,

n n n
n2

nn 1

n n n n n n

Y x y
h 1 v





   
   

         


   (3.68) 

 

         cos( )
, cosh sinh sinh( ) cosh( )

( )sinh ( )

2
n n n

n n n n2
nn 1

X x y
h 1 v





   
            ,   (3.69) 
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here, 
 

  
y

h
  ,       

x

h
  ,       n

n h

l


  ,        sin

l

n h

0

2 n
V d

l l

     
  . 

 
 The use of the method of initial functions and the replacement of harmonic functions with  
corresponding solutions allows us to obtain expressions for stresses and displacements. The efficiency of this 
algorithm is shown in the problem of a plate under local surface loading. Thus, having replaced the harmonic 
functions presented in symbolic form with the corresponding solutions of the harmonic equation for a 
rectangle, we get the solution to the problem in trigonometric form. 
 
4. Conclusion 
 
 From this work we can draw the following conclusions: 

1.  An analysis approach to the harmonic problem of a plate in plane strain using the symbolic method 
of initial functions and the solution of the harmonic equation for a rectangle is proposed; 

2.  A technique to introduce Vlasov’s symbolic solution for a band into the solution of the harmonic 
equation for a rectangle in order to get the exact solution of the problem is proposed; 

3. An algorithm is developed for the determination of expressions of displacements and stresses in 
trigonometric series for a plate subjected to a local surface loading. 

 
Nomenclature 
 
 L  – differential operators matrix 

; ; ...;UU UV XYL L L   – differential operators related to the initial functions 

 
   
   

, ,

,

0 0

0 0

U 0 V 0

Y 0 X 0
  – initial functions 

 W  – displacement vector 
    – stress vector 
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