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Mathematical modeling of waves in a rotating grooved and impedance boundary of a non-homogeneous 
fibre-reinforced solid half-space under the influence of a magnetic field and mechanical force is investigated. We 
derived analytically, the dynamical equations for the rotating grooved and impedance boundary of the non-
homogeneous fibre-reinforced solid under the influence of magnetic fields and mechanical force. Harmonic 
solution method of wave analysis is utilized. The components of displacements and stresses are developed and 
studied after employing dimensionless parameters in the equations of motion. Numerical computations are 
presented in a graphical form by using Mathematica Software for a particular chosen material. We observed that 
the combined grooved, magnetic fields, impedance boundary and other physical parameters, have remarkable 
effects on the material. A decrease in horizontal impedance yielded maximum amplitudes of displacements and 
stresses of the waves on the fibre-reinforced medium. The mechanical force and rotation of the medium induced 
increased behaviors to the amplitudes of displacement and stress components of the wave on the solid medium. 
Thus, this work should be of great importance in studies involving seismology and seismic mechatronic solutions 
for stress-wave generation in non-homogeneous materials. 
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1. Introduction 
 
 Mechanical waves are associated with solid mechanics of materials and in particular with 
elastodynamics. They need a medium to propagate and hence do not travel via free space. However, the 
assumptions of only isotropic features in a solid medium may not give accurate characteristics of the 
continuum responses linked to composites, geophysical materials, mechatronics devices, etc. Thus, studies in 
solid mechanics have always involved the need to find suitable ways in interpreting disturbances in these 
media. Research on solid mechanics is particularly useful in the fields of mechatronics, geomechanics, civil 
engineering, structural designing, and geology, amongst others. This has paved way for materials that are 
anisotropic in nature rather than isotropic. One of these anisotropic materials is a composite material. It is 
obvious that composite materials show self‐reinforced behaviors under some given pressure or temperature 
conditions. The mechanical behavior of composite materials can also well be understood via the studies of 
anisotropic elasticity like the fibre-reinforced composite materials (Spencer, [1]). Fibre reinforced medium 
tends to be similar to another important type of material known as an orthotropic material; which could be 
considered in the investigation of elastodynamic models. Thus, in describing the propagation of waves in 
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such materials, mathematical models are usually made handy along with some given physical properties and 
parameters such as rotation of the medium and magnetic fields (Schoenberg et al. [2] and Abd-Alla et al. 
[3]). A magnetic field is a vector field that prescribes the magnetic influences on moving charges and 
magnetic materials and this could result in a pull or push. 
 In spite of this, impedance boundary conditions are a linear combination of unknown functions and 
their derivatives prescribed on the boundary (Singh, [6]). These are commonly used in various fields of 
physics like electromagneto-acoustics phenomena. 
 Furthermore, boundary surfaces of some materials are plane, grooved/corrugated or entirely of 
different shapes in nature. A grooved boundary surface could be visualized as a series of parallel furrows and 
ridges whose occurrence in mechanical propagation of wave results in several effects, especially across 
interfaces (Asano, [4]). Interestingly, some authors made contributions to this concept of corrugated 
boundary and other related wave propagation phenomena (Singh, et al. [9-11]; Das et al. [12]; Abd-Alla et 
al. [13]; Chattopadhyay et al. [14]; Roy et al. [16]; Singh et al. [17]; Gupta et al. [18-19]; Anya et al. [20-
23]; [24]; Maleki et al. [24], Chowdhury et al. [25]; Singh et al. [26-27]; [28]; Sahu et al. [28], Giovannini, 
[29] and Rakshit et al. [30-31]). 
 This article is aimed at developing a mathematical model to study waves on a rotating grooved and 
impedance boundary of a non-homogeneous fibre-reinforced solid half‐space under the influence of a 
magnetic field and mechanical force. The dynamic equations are derived by incorporating these physical 
properties of rotation, magnetism and non-homogeneity of the material as well as employing dimensionless 
parameters to the equations of motion. Normal mode analysis was adopted in finding solutions to the 
equations of motion. And by using grooved and impedance boundary conditions with an underlying 
mechanical force, a complete solution to the displacement components and stresses of the wave on the 
material were analytically and graphically developed and presented for a chosen material. We observed that 
these parameters have remarkable effects on the component of displacements of the waves and stresses on 
the medium in a 2D space analysis. 
 
2. The mathematical model and formulations 
 
 The constitutive relations for a fibre-reinforced elastic anisotropic solid [1] and magnetic force [2] 
are given: 
 

  
( )
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where , , , .i ie u i i 2= =   

Here ijτ , ijε , iu , ijδ , ,λ ( ,α ,β ( )L Tμ − μ ) and iF  are the stress tensor, strain tensor, displacement vector, 
Kronecker-delta function, Lames constant, fiber-reinforced parameters and magnetic force respectively. We 
take ( , , )1 2 3a a a a=  such that ( , , )a 1 0 0=  represents the fibre directions: 
 
  i 0 i3 iH H h= δ +  
 
where ih  is the induced magnetic field, oε  is the electric permeability and the material lies in the 1 2x x − plane:  
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  ( ) ,, , .i 1 2 3 k k i3h x x x u= − δ  
 
When iH  is the magnetic vector field and oμ  is the magnetic permeability from Maxwell’s equations of 
electromagnetism.  
In the presence of magnetic fields and rotation of the media [3], the field equation follows: 
 
  { },

2
ij j i i j j i i ijk j kF u u u 2 uτ + = ρ + Ω Ω − Ω + ε Ω    (2.3) 

 
where jimε  is the Levi-Civita tensor and the given index after comma connotes partial derivatives with 
respect to the coordinate space and the superscript dot stipulates partial derivative with respect to time. 
Consider the deformation in the 1 2x x – plane such that 3x 0=  and 1 2x x 0≠ ≠  and the displacements

1 2 3u u u 0≠ ≠ ≠ . We also assume the rotation Ω = ( , , )0 0 1Ω , i.e. the rotation of the media is about the 3x -
axis. Make on assumption that the non-homogeneity grows or decays slowly and that its rate of growth or 
decay is proportional to its value. In the present problem, we consider an exponentially decaying non-
homogeneous fibre-rinforced material. Hence density, elastic modulus and elastic parameters are taken in the 
following form [5]; [8]: 
 
  ( ) ( ), , , , , , , , , , 2

0
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here m  is the non-homogeneous parameter.  
In view of the fact that the tensors are symmetric, Eq.(2.3) in component forms with the consideration of the 
non-homogeneity of the medium becomes: 
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  , , , .L 3 11 T 3 22 T 3 2 3u u m u uμ + μ − μ = ρ  (2.6)  
 
Equations (2.4)-(2.6) can be rewritten as: 
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For convenience, we consider the following dimensionless constants: 
 

  ( ) ( ) ( ), , , , , , , , / , / , /2 2 2 2
1 2 1 2 0 1 2 1 2 0 0 ij ij 0 0 1x x u u c x x u u t c t c c c A′ ′ ′ ′ ′ ′ ′= = Ω = Ω σ =σ ρ = ρ . 

 
Introducing the dimensionless constants above into Eqs (2.7)-(2.9) and by dropping the upper sign “ ′ ”, 
gives: 
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3. Analytical solution of the problem 
 
 In this section, consider a rotating grooved and impedance boundary of a non-homogeneous 
magneto-elastic fibre-reinforced solid in the half-space 2x 0<  subjected to mechanical force. Let the normal 
mode approach be adopted such that the waves have the displacements taken as: 
 
  ( ( )) , , ,1t ibx

j j 2u u x e j 1 2 3ω += = . (3.1)  
 
Introducing Eq.(3.1) into the set of Eqs (2.10-2.12), we obtained:  
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  ( ){ } .2 2 2
14 24 13 3A D mA D A b u 0− − + ρω =  (3.4) 

 
A non- trivial solution to the set of homogenous linear Eqs (3.2)-(3.3) becomes the quartic equation below. 
For a homogenous medium, this will result to a quadratic homogenous characteristic equation in 2D . 
 
  ( )( ),4 3 2

1 2 3 4 5 1 2C D C D C D C D C u u 0+ + + + =  (3.5) 

 
where , , , , ,iC i 1 2 3 4 5=  are complex coefficients which depend upon the material parameters. Given that 

, , , ,i i 1 2 3 4ν =  be positive real roots of the characteristics or auxiliary Eq.(3.5), normal mode approach 
implies we have the following form of solution 
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x
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=
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where nN  and 1nN  are undoubtedly parameters which depends upon the wave number b  in the 1x  direction 
and the complex frequency ω  of the waves. We introduce Eq.(3.6) into Eqs (2.10)-(2.11) and obtain the 
relations: 
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The uncoupled Eq (3.4) has the solution: 
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uncoupled equation. Considering the existence of transverse components and boundedness of solution, the 
uncoupled Eq.(3.4) takes the form; 1 2 1x t ibx

3u Ze− +ω +=  . The solutions for the total displacement component 
functions and stresses on the material in the dimensionless forms are thus obtained: 
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4. Grooved and impedance boundary conditions and applications 
 
 Suppose the equation of grooved boundary of the fibre-reinforced half‐space is denoted ( )2 1x x= η , 
where ( )1xη  is a periodic function and independent of 3x . Assuming a suitable origin of spaces, 
trigonometric Fourier series of ( )1xη can be represented as follows [4]: 
 

  ( )( ) 1 1ilbx ilbx
1 l l

l 1
x e e

∞
−

−
=

η = η + η , (4.1) 

 
where lη  and l−η  are Fourier expansion coefficients and l , is the series expansion order. Let us introduce 

the constants ,a  lF  and lI  as follows: /1 a 2±η = , ( ) / , , ...l l lF I 2 l 2 3±η = + = , and  
 
  ( ) cos cos sin ... cos sin1 1 2 1 2 1 l 1 l 1x a bx F 2bx I 2bx F lbx I lbxη = + + + + + , 
 
where lF  and lI  are the Fourier cosine and sine coefficients, respectively. It suffices that the nature of the 
grooved or corrugated boundary surface can be denoted with the help of cosine terms, that is, 

( ) cos ,1 1x a bxη =  where a  is the amplitude of the grooved boundary and b  is the wavenumber associated 
with the grooved boundary surface such that the grooved boundary possesses the wavelength / .2 bπ  

i. The components of displacements for the coupled equations at the surface take the form: 
 ,1u 0= and ,2u 0=  at ( )2 1x x= η , for all 1x  and t  

ii. Stress with respect to ( )2 1x x= η  for the coupled equations takes the form: 
 
 ( ) ,1t ibx

22 1 21 ij 12 2x Z u Peω +′τ − η τ + τ + ω =  
 ( )12 1 11 11 1x Z u 0′τ − η τ + ω = , for all 1x  and t. 
 

iii. Boundary conditions for the uncoupled equation become 
 

 ,3u 0= and 23 0τ = , at ( )2 1x x= η , for all 1x  and t. 
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Here,
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  , ,( )3 0 1 1 2 2h H u u= − + , 1 2h h 0= =      and      , ,( ) .2

22 22 22 0 0 1 1 2 20 H u u 0τ + τ =  τ + μ + =  
 
The shear stress which is the tangential stress component 12τ  and normal stress component 22τ  are 
proportional to tangential and normal displacement components and time frequency, respectively. However, 
involving the grooved boundary conditions of the material and the mechanical force 1P  [7], yielded (ii). 1Z  
and 2Z  are the proportional coefficients called impedance parameters. We can recover the traction free 

boundary conditions if .1P 0=  Note that , , .2 2 2mx mx mx
1 11 1 12 2P P e Z Z e Z Z e− − −= = =  Applying the 

boundary conditions for the coupled equations, we obtain: 
 
  nN 0= , (4.2) 
 
  1n nH N 0= , (4.3) 
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  ( ) ( ){ } ( )sin / .2

1n n 13 n 1 0 0 1 n 1n 16 n 1 nibH A N ab bx ib 1 H A H A N Z N 0 − ν + − μ − ν + ω =   (4.5) 

   
  , , , .n 1 2 3 4=  
 
 The above system of Eqs (4.2-4.5) gives the values for the complete solutions to the displacement 
components of the waves and stresses (normal and shear stresses) on the material in view of the physical 
parameters considered when , , , ,nN n 1 2 3 4=  are solved for. A novel dispersion relations of waves in a 
rotating non-homogeneous half space with grooved and impedance boundary characteristics influenced by 
magnetic fields is also achieved or obtained for the complete model if we eliminate , , , ,nN n 1 2 3 4=  from Eqs 
(4.2)-(4.5) and for a nontrivial solution of the non-homogeneous system of equations. 
 
5. Numerical computation and analysis 
 
 This section affords us the opportunity in utilizing the numerical fiber-reinforced physical constants [15] 
and other given parameters below to ascertain the behavioral tendencies of the rotating non-homogenous material 
in terms of its normal and shear stresses, and component of displacements occasioned by effects of the grooved 
and impedance boundary, magnetic fields, and mechanical force parameters on the material as the wave 
propagates. Thus, following solutions to the dimensionless boundary and dynamical equations as presented in this 
paper the analyses of the various effects of these parameters are graphically presented in Figs. 1-9, below. 
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 Figure 1 shows the effects of the displacement , ,iu i 1 2= , normal stress 22τ  and shear stress 12τ  
components versus 2x  for varying time t in seconds with constant parameters of magnetic fields 0H , 
mechanical force ,1P  non-homogenous parameter ,m  rotation of the medium Ω , impedance and grooved 
boundary , ,iZ i 1 2= and a , b respectively. The displacement components and stresses showed an outright 
decrease in behaviors when the time t for which the wave is on the material is increased. The maxima for the 
displacements and stresses on the material tend to be achieved for a given small quantity of time t. This 
stipulates that with the considered parameters and varying time t (in a decrease sense of it), the wave on the 
material would cause a greater impact and with good amount of the material covered. This shows a physical 
assertion where the reinforcement of the material has yielded a positive result and when the wave is presumed 
to propagate longer on the material as it shows vanishing effects across the length of the material. Thus, impact 
on the material for shorter time provides higher amplitudes as the wave hits the surface of the material and 
tends to be controlled with lesser effects and amplitudes as it propagates across the length of the material. 
 

  

 
Fig.1. Variations of the displacement components , ,iu i 1 2= , normal stress 22τ  and shear stress 12τ versus 

2x  in meters for distinct time t in seconds. 
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 Figure 2 illustrates the variations of the displacement components , ,iu i 1 2= , normal stress 22τ  and 
shear stress 12τ  against 2x  for distinct amplitudes a  of the grooved boundary with constant parameters of 
magnetic fields 0H , mechanical force ,1P  rotation of the medium Ω , non-homogenous parameter ,m  
impedance and wave number of the grooved boundary; , ,iZ i 1 2=  and b respectively and with time t in 
seconds. It shows that the grooved parameter a  caused a decrease in the displacement of the waves as well 
as the stresses on the material when increased. The maximum displacement components or stresses are 
attained for a small amount of the amplitude of the grooved boundary with respect to the considered 
parameters. Physically, high amplitudes of the grooved boundary would yield more vanishing effects to the 
normal displacements and stress components and the normal stress components 22τ  having mixed behaviors 
for 2x 6≥  and . , . .a 0 49 0 69=  
 

  

 
Fig.2. Variations of the displacement components , ,iu i 1 2= , normal stress 22τ and shear stress 12τ  versus 

2x  in meters for distinct values of the grooved parameter a . 
 
 Consequently, Fig.3 shows the variations of the displacement components , ,iu i 1 2= , normal stress 

22τ  and shear stress 12τ  versus 2x  for a varying wave number b  of the grooved boundary with constant 
parameters of magnetic fields 0H , non-homogenous parameter ,m  mechanical force ,1P  rotation of the 
medium Ω , impedance and amplitude of the grooved boundary , ,iZ i 1 2=  and a , respectively and with 
time t. We observe that the wave number of the grooved parameter b  caused increased behaviors of the 
displacements and stresses on the material as the wave propagates. The maximum displacements and stresses 
are attained for an increased grooved boundary parameter b  with respect to the other considered parameters. 
The displacements and stresses tend to vanish faster for 2x 8≥ , .b 0 8=  after attaining maximum. 
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Fig.3. Variations of the displacement components , ,iu i 1 2= , normal stress 22τ  and shear stress 12τ  versus 

2x  in meters for distinct values of the grooved parameter b . 
 

  

 
Fig.4. Variations of the displacement components , ,iu i 1 2= , normal stress 22τ  and shear stress 12τ versus 

2x  in meters for distinct values mechanical force 1P  in Newton. 
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 Figure 4 gives the variations of the displacement components , ,iu i 1 2= , and stresses 22τ  and 12τ
versus 2x  for a varying mechanical force 1P  with constant parameters of magnetic fields 0H , non-
homogenous parameter ,m  rotation of the medium Ω , impedance and grooved boundary parameters 

, ,iZ i 1 2=  and ,a b , respectively at a given time t. Increase in the mechanical force shows that the 
displacements and stresses on the material with respect to the considered parameters increases. Also, we 
observe that this increase in mechanical force could lead to the vanishing of the wave on the material as it 
propagates across the material and more especially after attaining its maximum. Thus it suffices to say that 
the maximum amplitudes would be achieved for an increased mechanical force 1P on the fibre-reinforced 
material. This is a phenomenon of a push to the material characteristics thereby adding more force to the 
wave modulations. 
 In spite of this, Fig.5 shows the effects on the displacement components , ,iu i 1 2= , and stresses 22τ  
and 12τ  versus 2x for distinct magnetic fields 0H  with constant parameters of the mechanical force 1P , 
rotation of the medium Ω , non-homogenous parameter ,m  impedance and grooved boundary parameters

, ,iZ i 1 2=  and ,a b , respectively at a given time t. Thus, we deduced that an increase in the amount of 
magnetic fields tend to constantly cause a mixed behavior of the displacement components and stresses on 
the fibre-reinforced material. However, the maximum amplitude of displacement and stresses are 
respectively attained in all cases when there is a high magnetic force on the material with respect to the 
considered parameters. Physically, this has exerted a push on the displacements and stresses on the material. 
 

  

 
Fig.5. Variations of the displacement components , ,iu i 1 2= , normal stress 22τ and shear stress 12τ  versus 

2x  in meters for distinct values of /0H A m . 
 
 Furthermore, Fig.6 describes the effects on the displacement components , ,iu i 1 2= , and stresses 

22τ  and 12τ  against 2x  for a distinct non-homogenous parameter m  with constant parameters of the 
mechanical force 1P , rotation of the medium Ω , magnetic fields 0H , impedance and grooved boundary 
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parameters , ,iZ i 1 2=  and ,a b , respectively, at a given time t. Thus, an increase in the non-homogenous 
parameter shows a gradual increase of the displacements and stresses on the material. As the material 
deforms, there is a supposedly gradual malleability or change in state and properties of the medium and 
hence a rise in displacement and stresses applied by the waves propagating on the material. The maximum 
amplitude of displacement and stresses on the material is achieved for a small or negligible non-homogeneity 
of the material. 
 

  

 
Fig.6. Variations of the displacement components , ,iu i 1 2= , normal stress 22τ  and shear stress 12τ  versus 

2x  in meters for distinct values of the non-homogenous parameter .m  
 
 Figure 7 demonstrates the effects of the displacement components , ,iu i 1 2= , and stresses 22τ  and 

12τ  against 2x  for distinct rotation of the medium Ω  with constant parameters of the mechanical force 1P , 
magnetic fields 0H , non-homogenous parameter ,m  impedance and grooved boundary parameters 

, ,iZ i 1 2=  and ,a b , respectively, at a given time t. Deductions made from Fig.7 suggest an increase in 
behaviors of the displacements and stress components on the material for an increased in rotation of the 
medium. The maximum displacement and stresses on the material tend to be attained when the rotation of 
the medium increases and for 2x 9=  where vanishing effects of the wave are ignited at . .10 2Ω=  
 Figure 8 shows the effects of the displacement components , ,iu i 1 2= , stresses 22τ  and 12τ against

2x  for distinct impedance 2Z  with constant parameters of the mechanical force 1P , magnetic fields 0H , 
rotation of the medium Ω , non-homogenous parameter ,m  impedance and grooved boundary parameters 1Z  
and ,a b , respectively, at a given time t. We found out that an increase in the impedance 2Z  led to a gradual 
increase to the components of the displacements and stress on the material and that it vanishes faster as 
expected along the coordinates due impedance. Also, observe that the maximum amplitude of displacements 
and stresses of waves are obtained for an increased vertical or normal impedance 2Z  on the material. 
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Fig.7. Variations of the displacement components , ,iu i 1 2= , normal stress 22τ  and shear stress 12τ  versus 

2x  in meters for distinct values of the rotation /rad sΩ  of the media. 
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Fig.8. Variations of the displacement components , ,iu i 1 2= , normal stress 22τ  and shear stress 12τ  versus 

2x  in meters for distinct values of impedance 2Z . 
 Figure 9 shows the effects of the displacement components , ,iu i 1 2= , stresses 22τ  and 12τ against 

2x  for distinct impedance 1Z  with constant parameters of the mechanical force 1P , magnetic fields 0H , 
rotation of the medium Ω , non-homogenous parameter ,m  impedance and grooved boundary parameters 

2Z and ,a b , respectively, at a given time t are presented. We found out that an increase in the impedance 1Z  
produces a near reluctance decrease to the components of the displacement and stresses on the material. 
Also, observe that a decrease in the impedance 1Z  yields maximum displacements and stresses of the waves 
on the fibre-reinforced medium whilst physically entailing a compelling surface mechanical resistance to the 
surface waves on the material. 
 

  

 
Fig.9. Variations of the displacement components , ,iu i 1 2= , normal stress 22τ  and shear stress 12τ  versus 

2x  in meters for distinct values of 1Z . 
 
6. Conclusion 
 
 This paper has successfully dealt with the study of mathematical modelling of waves associated with 
a rotating non-homogeneous fibre-reinforced medium under the influence of a magnetic field and mechanical 
force with characteristics of grooved and impedance boundary. The components of displacements and 
stresses were derived in view of the dimensionless parameters in the dynamical equations by utilizing the 
normal mode solution approach. A novel dispersion relation of the model was given. Graphical presentations 
were made in order to examine the effects of these contributing physical phenomena of the mechanical force 

1P , magnetic fields 0H , rotation of the medium Ω , non-homogeneity ,m  impedance and grooved boundary 
parameters at a given time t. We observed that the combined contributing parameters have an enormous 
effect on the displacements and stresses of the wave on the material. The conclusions are as follows: 
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• Mixed behaviors for an increase in magnetic fields on the medium were deduced. High magnetic 
effects produced or showed somewhat high amplitudes of displacement and stress components on 
the material. 

• Also, a decrease in the horizontal components of the impedance yielded maximum displacements 
and stresses of the waves on the fibre-reinforced medium. 

• Increasing the amount of rotation of the media and mechanical force tends to constantly cause an 
increase in the displacement components and stresses on the fibre-reinforced material. 

• The grooved boundary parameters equally had their unique effects on the waves on the material. 
Amplitude of the grooved boundary ,a  caused a decrease of the displacement of the waves as well 
as the stresses on the material when increased while the reverse is the case for the wave number 
associated with the grooved boundary. 

• Non-homogeneity of the material showed a gradual increase in the amplitudes of the displacement 
and stress components of the wave on the material.  

• Increase in the mechanical force shows that the displacements and stresses on the material with 
respect to the considered parameters do increase. 

 
Nomenclatures 
 
 ijτ  – stress tensor. 
 ijε  – strain tensor. 
 iu  – displacement vector. 
 ijδ  – Kronecker-delta function. 
 λ  – Lame’s constant. 

,α ,β ( )L Tμ − μ  – fibre-reinforced parameters. 
 iF  – magnetic force. 
 oε  – electric permeability. 
 oμ  – magnetic permeability. 
 iH  – magnetic vector field. 
 Ω  – rotation. 
 ρ  – density 
 ix  – coordinates. 
 1P  – mechanical force. 
 ,1 2Z Z  – impedance parameters 
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