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Abstract

This paper develops a predictive optimal iterative learning control
design for nonlinear systems based on the Koopman operator. Itera-
tive learning control applies to systems that make repeated executions,
known as trials, over a finite duration, termed the trial length. Once a
trial is complete, all information generated is available to update the
control signal for the subsequent trial. The first step in design is to ap-
proximately model the nonlinear system as a high-dimensional linear
model using the Koopman operator and extended dynamic mode de-
composition, which is applied on each trial. Then, an iterative learning
control law is designed with predictive action over an infinite duration
in the trial-to-trial direction. The robust convergence of the tracking
error is analyzed, and a numerical case study highlights the design’s
effectiveness.
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1 Introduction

Iterative learning control (ILC) is applicable to systems that repeat the same
finite-duration task over and over again. Each completion is termed a trial,
and the duration is the trial’s length. Once a trial is complete, the system
resets, and all information generated during a trial is available for use in
updating the control input for the subsequent trial. Hence, ILC updates
the input, a signal, whereas in adaptive control, the controller, a system, is
updated. In fact, ILC can be applied to examples where a finite-duration
operation is completed, and then there is a stoppage or time gap before the
operation repeats. Hence ILC can be applied to batch processes.

An application area for ILC is pick and place robots, i.e., the robot col-
lects an object from a specified location, transfers it over a finite duration,
places it on a conveyor under synchronization, returns to the specified loca-
tion and repeats this sequence over and over again. The first work, widely
credited to Arimoto et al. [3], was in this particular application area. Since
then the number of application areas has continued to expand and there has
been applications in healthcare, e.g., robotic assisted stroke rehabilitation.
Possible sources for the early literature include the survey papers [4, 1]. The
research text [16] gives a comprehensive coverage ILC design methods and
application in both engineering and healthcare, with references to the original
work.

The use of predictive action in ILC designs can occur in either the trial
to trial direction or along the trial. In the former case, the integration of
predictive control into the ILC enables the utilisation of a greater quantity of
future input and output information in the control design, which may result
in enhanced control capabilities (see, e.g. Reference [2, 19]). The use of
predictive action along a trial has been addressed in Reference [22]. In these
cases the dynamics are assumed to be linear. For predictive action in the
trial to trial direction, the predictive ILC problem can be reformulated into a
structure similar to the solution of the Riccati equation in the linear quadratic
regulator (LQR) framework [11]. Reinforcement learning algorithms have
found increasing use in solving optimal control problems. For example, the
research work [21] proposes an improved general value iteration algorithm for
discrete-time zero-sum games. Meanwhile, in reference [7], a discounted value
iteration algorithm with accelerated learning and an adaptive acceleration
interval is proposed.

Previous research on predictive ILC for nonlinear systems includes Ref-
erence [23], where a piecewise linearization method was used to obtain a
piecewise affine approximate model of a nonlinear system. In Reference
[25], a dynamic linearization approach is used to design a predictive ILC



law. The piecewise linearization method applies the Taylor series expansion
in segments but requires considerable information about the system dynamics
model. The iterative dynamic linearization approach uses partial differential
derivative techniques. Still, several adjustable parameters are involved in
ILC design, which may be problematic in some applications, especially for
tuning to achieve performance.

The Koopman operator is one technique for approximating nonlinear sys-
tems by a linear approximate model using observable functions [9, 10]. How-
ever, the Koopman operator is infinite-dimensional, so approximation by a
finite-dimensional representation is required, particularly for applications.
The most common method used for this purpose is the data-driven method
dynamic mode decomposition(DMD) [18]. Also, the extended dynamic mode
decomposition (EDMD) modifies the DMD for use with controlled system dy-
namics [24]. The data-driven Koopman operator can be applied to obtain
a linear representation of a nonlinear system with unknown dynamics for
control systems purposes (see, e.g., Reference [12]).

This paper develops a predictive optimal ILC (POILC) law for nonlin-
ear systems, where the prediction is in the trial-to-trial direction, using the
Koopman operator. In this paper, the theory of the Koopman operator and
an extended dynamic mode decomposition (EDMD) is used to obtain a data-
driven linear model of a nonlinear system. It is established that the design
for nonlinear systems can be converted to POILC design for linear systems
with non-repeating model uncertainty. Properties of the design are also es-
tablished including robustness. Finally, a numerical case study is given to
demonstrate the application of the new design, including a comparison with
three alternative ILC laws. Other research on the use of this operator in ILC
design includes Reference [17].

The rest of this paper is organized as follows. Section II describes the
control problem and introduces the basics of the Koopman operator and the
EDMD method. Section III develops the POILC design, Section IV gives a
robust convergence analysis of the new design, and Section V is the numerical
case study. Finally, Section VI summarises the novel contributions in this

paper.

2 Background and problem formulation

In this section, we present the modeling framework and formulate the control
problem. Section 2.1 introduces the Koopman operator theory and its data-
driven approximation using the EDMD method, which provides a lifted linear
representation of the original nonlinear system. Section 2.2 then formulates



ILC problem, defining the control objective in the ILC framework. The
detailed controller design will be given in Section 3.

2.1 Koopman operator

Consider the uncontrolled system

z(t+1) = fz(t)), (1)

where = € R", (for notational simplicity, the dependence of variables on ¢ is
suppressed except where absolutely needed in the rest of this paper). Then
(see, e.g.,Reference [9]), the Koopman operator K : F — F is defined as

(Ky) (z) = ¢ (f(2)), (2)

for all ¥ (z) : R® — R belonging to F, which is a space of functions invari-
ant under the Koopman operator and also termed observables. Moreover,
this operator is linear, and typically infinite-dimensional even in the case
when the dynamics are nonlinear, and fully captures all properties of the
underling system provided that all entries in the state vector lie in F. This
operator completely captures all properties of the underlying system under
the condition provided F contains all entries in the state vector.
Consider the controlled system

z(t+1) = fz(t), u(t)). (3)

Then a number of methods exist to extend the Koopman operator to this
T

case. One method is to define the extended state vector as z(t) = [ 27(t) w”(t) ],
and then the dynamics of (3) is described by

= F(7) = [ / (”’gi’(g(o” } , (4)

where S is the left shift operator, i.e., if u(i) denotes the i th entry in u,
(Su) (i) = w (i + 1). In this setting, the Koopman operator is also defined.

For applications, including control law design, the requirement is a finite
dimensional approximation of the Koopman operator. One approach to this
problem is the extended dynamic mode decomposition algorithm (EDMD) [9,
10, 24]. This method, given a collection of data points {z;,%;}, j=1,..., L,
satisfying (4), aims to find a matrix G, the transpose of the finite-dimensional
approximation of K that minimizes

Z 16(25) — Go(@;)]I?



where
@) =[0(@) ... on,(@]" (5)

is a vector of observables (lifting functions), which is used to embed the
nonlinear system into a higher-dimensional space where its evolution can be
approximated linearly. Also, this problem cannot be solved in finite time
unless the entries in (3) are selected appropriately.

Consider the problem of approximating the nonlinear dynamics of the
system (3), a vector of observables ¢(Z) is designed as

o) = [0 ()

where ¢(x) = [1(x), ..., ¥n,(x)]", and Ny is the the number of observables
related to the system state. To ensure identifiability and numerical stability,
the chosen basis functions should satisfy linear independence. In practice,
¥ (x) is constructed as a vector of basis functions, such as polynomial func-
tions, Gaussian basis functions, or thin-plate spline functions. For a state
vector ¥ = [x1,...,,] ", a vector of polynomial basis function typically takes
the form:
V(x) = [1,21,09,..., 00, 2], 0109, ..., 22,...], (7)
where monomials up to a selected degree are included.
A Gaussian basis function is commonly defined as:

(o) = e (1200, ®)

where ¢; is the center and ¢ is the bandwidth of ¢th basis.
A thin-plate spline function is typically given by:

hi(z) = ||lv — il log [|lz — cill, (9)

where ¢; is the center of the ith basis.
Suppose that the system is to be approximated by the linear finite-
dimensional model

2(t+1) = Az(t) + Buf(t), (10)

where z = 9(z). Suppose that the following data sets have been obtained
from the nonlinear system(3)

X, = [2(1) ... =(1)]",
X, = [#(1) ... #L)]",
U = [u(l) ... u(lL)]", (11)



where () = f(z(5),u(j)),j = 1,..., L. Then the matrices A and B can be
obtained as the solution of the optimization problem

Iﬁl}él ||X2 — AXl — BUHF? (12)

where I denotes the Frobenius norm and

Xq=[ (1) ... ¥@() ], (13)
also,

Xo=[¢(2(1) ... ¥(@(@) ], (14)
The solution to this least square problem is

[A, B] = X, [X4, U] (15)

where T denotes the Moore—Penrose pseudo-inverse of a matrix.
The prediction of x can be written as

z(t) = Cz(t), (16)
The matrix C' is the solution of
min [ X — 0%, | (17)
ie.,
C = XX, (18)

The obtained Koopman-based model provides a linear representation of
the system dynamics, which will be utilized in the controller design presented
in Section 3.

2.2 ILC problem

Before designing the controller, we now formulate the control problem and
specify the tracking objective in the ILC setting. This paper considers sys-
tems described by the following state space model in the ILC setting

w(t 4+ 1)= f(zx(t), u(t))
{ k Yi(t)= C'pxlz;(t) ' it €[0,NLk € Zy, (19)

where x1,(t) € R™, ui(t) € R' and y(t) € R™ denote the system state, in-
put and output, respectively. The integer N denotes the number of samples



along the trial, and if the dynamics have been obtained by sampling a con-
tinuous system then N times the sampling period. Moreover, k € Z, is the
trial number. f is state transition function. C), is constant matrices with
compatible dimensions.

Given that the trial length is finite, the sample values of a variable along a
trial can be assembled into a finite dimensional column vector, termed super-
vectors in the literature(see e.g., Reference [4]). For the system considered,
the lifted input, output, and, supplied desired output, or reference vector,
are

up=[wf(0) wf(1) - wf(N-1)]", (20)
we=[yr @) yF@) - yrav ] (21)

and
r=[y" 1) y'@) -yt ] (22)

Moreover, the lifted tracking error on trial k is
ex =1 — Y. (23)

This description is extensively used in ILC analysis and design, where for
linear dynamics, many designs have been followed through to experimental
validation and implementation (see, e.g., Reference [16]), which, in turn,
cites the original work.

In ILC, previous trial information is used to update the control signal for
the subsequent trial, where once a trial is complete, all information generated
on a trial is available for use in updating the control signal. In this paper,
the structure of the control law has the form

Upy1 = Ug + Lek, (24)

where L is termed the learning gain and acts on the previous trial error.
Predictive action in an ILC law can be applied from trial-to-trial (k) or
along the trial (¢). One form of predictive optimal iterative learning control
(POILC) is based on minimizing the quadratic cost function [11]

T(upsn) = Y7 llewsi-a g + 71 AurpilR), (25)
1=1

where Augy; = Upi; — Uprio1, 7 > 0 is a weighting parameter, and the
prediction horizon is infinite. The norms are

lexti-1llQ = egﬂ'qukﬂ—la | Augyillr = \/ A“EHRAUHM



where () and R are symmetric positive definite matrices.

This cost function includes the error of all possible future trials and the
corresponding change in input on two successive trials. The weighting pa-
rameter 7 > 0 determines the importance of more distant (future) errors and
incremental inputs compared to the present ones. By including more future
signals in the performance criterion, the ILC law becomes less short-sighted.
Penalizing the difference between the control inputs on two successive trials
aims to prevent a significant jump in the control signal from one trial to
the next. If this issue is still a problem, then one option is designing with
a constraint on this term, i.e., a constrained ILC design(see, e.g., Reference

[6]).

3 ILC Design

Based on the data-driven model identification method and ILC control objec-
tive presented in the previous section, this section develops an ILC controller
aimed at improving tracking performance for the nonlinear system.

The approach used is to apply the Koopman operator theory on each
trial, and then ILC design is based on the resulting linear approximation.
Consider the observable function 1 (z), and define z(t) as

2(t) = D(x(t))- (26)
Then for trial k, a linear approximation Cy ¢k is computed using the EDMD
method [24] of the previous section. Hence the approximate linear system
has the form

. tel0,N|, keZ,, 27
where z € R, 7 € R™ is the prediction of output y, A, € RM>*M ig
the system matrix, B, € R *! is the input matrix and C}, € R™* ™ is the
output matrix. A; and Bj can be computed by solving (15). Cj can be

obtained by multiplying the output matrix C, with the solution of (18).

Define g = [7¢ (1) 75(2) ... @f(N)]T, the lifted model description
of the dynamics of is, using (20) and (21),
Ur = Grug + di, (28)
where
Ci By 0 e 0
CyArB CyBr -+ 0
e I (29)

CLANTIB, - ... CyBy



and
di = [ (CLART (CLADT - (CLANYT T 2(0). (30)

Although the data-driven approach provides an approximate linear model
of the original nonlinear system, this model is derived through a finite-
dimensional approximation of the infinite-dimensional Koopman operator.
As a result, modeling errors are inevitably introduced, and these errors can
be viewed as a form of model uncertainty. Moreover, this identification pro-
cess is repeated across different trials based on newly collected data, hence
the identified linear model vary with each trial, the induced modeling error
inherently vary with trial. To accurately capture this variability, the mod-
eling error is formulated as a non-repeating model uncertainty, resulting in
the lifted model dynamics for design of the form

yr = (G + AG)uy, + (di + Ady), (31)

where AG), and Ady represent the modeling error and are assumed to satisfy
|AGk|| < Bag, and ||Adg|| < Bag, where || - ||z denotes the 2-norm, and
Baa, > 0, Bag, > 0 are real scalars.

The output errors on future trials are predicted by Gy, as

€k+i = Ckti—1 — GrAupg, (32)
Aupis = Liepyioa, (33)

and the cost function for design as
J(upy1) = e} Prer = Vep), (34)
where P is a symmetric, positive definite matrix. Moreover,
ey Prer, = [lexllg + vl Aupia ||k + vep i Peersr. (35)
The associated Hamiltonian is
Heg, Augyr) = [lerlld + 7l Auria [z + Ve Prersn — e Prex. (36)
and proceeding by standard steps gives the optimal Aug,q as
A = (R+ Gy P.GL) 7 Gt Peey. (37)
Hence the optimal learning gain in the ILC law is

P = (R+ Gy PG G Py, (38)
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Figure 1: Block diagram of POILC based on the Koopman operator.

where P, is the solution of the discrete algebraic Riccati equation
Pk = Q + ’)/Pk — ’)/Pka(R + GkTPka)_leTPk. (39)

To compute Py, of the various methods available, the iteration method
is used (see, e.g., Reference [8]). This method is based on the iterative
procedure given by the following equations

L = (R+G\"PIG,) "G P, (40)
and
Pt = Q+ L RLZ + (I — GuLy? )" PI(I - GLid).  (41)

The assumptions made (see, e.g., Reference [8,; 20] for the details), ensure
that the starting values can be taken as L = L where (I— Gkﬁ) is a stability
matrix and P = 0. In application, the iteration in j is run until a specified
convergence is achieved, as specified in the design algorithm given next.

Figure 1 gives a block diagram of the ILC design, which can be computed
by the algorithm given below.

Next convergence conditions for the various steps in this implementation
algorithm are developed.

4 Convergence analysis

The approximation of the Koopman operator is updated at each trial. Fur-
thermore there is modeling error between the approximate linear system and
the original nonlinear system. Consequently, it is difficult to achieve per-
fect tracking, i.e., trial to trial error convergence to zero, whereas a robust
tracking task can be achieved, where the tracking error converges to a small
neighbourhood of the origin as the number of trials increases.

Firstly, it is important to give the results of the boundedness of the system
trajectories. To this effect, the following assumption is required.



Algorithm 1 POILC design based on the Koopman operator
Require: Initial input ug ; reference vector r; maximum number of trials
considered k., and the error tolerance on L7 in (??) and (??), denoted
by e.
Ensure: Input for the next trial wgy;.
1: for k =0 to k., do
2: Input uy, to the system to collect the data zx(t), yx(t), ex(t).
Set zi(t) = W(xk(t)), and collect the data set Xy, Xa, U.
Compute (??) and (??) to obtain the matrices (A, By, Ck).
Solve (??) and (?7?) for (L’ , P,’*") (with starting values given above).
Stop if | Ly ™ — LY || < e, and Ly* = Li’™; otherwise, set j = j + 1
and go to step 4.
7: Update the input for the next trial ug,1 = up + L ey.
8: end for

Assumption 1 Assume that for all k € Z,,

||T|| < ﬁrv HUOH < 5%? ||xk’(0)|| < ﬁwm

where BG Z 076d Z 075[/ Z Oa/BT ZN Oa/Buo Z 0751:0 Z 0 are some .ﬁnZte
bounds. Define G), = Gy + AGy and d, = dp + Ady, , for all k € Z,

|Gl < B, ldill < B
where Bz > 0, B7 > 0 are some finite bounds.

Given that the parameters of the system (31) vary with the trial number,
convergence analysis for trial-variant systems is required(see, e.g., Reference
(14, 13]).

As the boundedness of the control input is a fundamental prerequisite for
the convergence of the tracking error, we derive a sufficient condition under
the proposed control law to ensure that the input remains bounded across
all trials. Based on the Assumption 1, the following theorem establishes the
boundedness property of the design.

Theorem 4.1 Consider the lifted ILC system (31) under the ILC updating
law (24), and Assumption 1 holds. If there exists constants Cy and 0 < \j < 1
such that for allk € Z., j € Z, and k > j

k
ITT (7 = LiGo)ll < CuAY . (42)

1=]



then the input ux and the output y, are bounded such that

sup ||ugll < Bu, sup |lyxll < By, (43)
kEZ s ke,

1k
where B, = max(MBu, + (5Z5Cr + DB + B7) By = Babu + Bz
+
Proof 1 The input on trial k + 1 can be written as

U1 = (L — Lkék)uk + Li(r — glvk)

= (I — Lka)(I Lk 1Gk 1)Uk 1 + (I Lka)Lk 1(7“ — dk 1) + Lk(T’ — dk)
k—1 k

k
= H (] - Lzél)UQ + Z H (] - Lzéz)LJ(T - d]) + Lk<7“ - dk)
(44)

Taking norms on both sides of (44) gives

k-1 k

IIUk+1H<HH (I = LiG)uoll + |1 Le(r = d)| + 1D (TT (7 = LiG))Ls(r = d))]

=0 jOZ]+1

k
< HH (I = LiG) [l uoll + || Le(r — di) |+ZH [T (= LGHlIL;(r—d)l,
=0 i=j5+1
< ON[Jul| + | Le(r — di)|| + Y CNI Y[ Ly(r — d))|

J=0

where Ly(r — dy,) is bounded for all k € Z,. Hence
1L = Al < IZeli(lirll + [1dil)
Provided that condition (42) holds, then (45) gives

k—1

g | < CLAY ol + (Y O™+ 1)BL(B, + B7)

J=0

< CiABug + Br(Br + B7) + CLBL(By + BN + AL+ -+ A7),

< Oy + (G304 DB+ 5
< .

7

(47)



and hence uy, is bounded for all k € 7, .
The final step in the proof is to use the boundedness of uy to prove that
the output yi, = Grug + dy 1s bounded. Taking the norm of yx leads to

lyell = || Gy, + d|
< N Grlllfurll + [dw]|
< BzbBu + B3
= By

and from (48), it follows that yx is bounded for all k € Z. .

(48)

Remark 1 The condition (42) in Theorems 4.1 can be replaced by ||I — Ly G| <
AL, 0 < A\ < 1,VE.

Theorem 4.1 gives conditions under which the system is bounded input
(ug) bounded output (yx) stable. Hence the tracking error (ey) is bounded,
and next theorem is used to determine the convergence of the tracking error.
In particular, routine manipulations enable e;; can be written as

eri1 = (I — GrLy)e + (Gy — Grpn)uprn + (d — diyr). (49)

Then using (49), the following theorem gives the convergence properties of
the tracking error e.

Theorem 4.2 Consider the system (31) when Assumption 1 holds. If (42)
in Theorem 4.1 is satisfied then there exists constants Cy and 0 < Ay < 1
such that for allk € Z.,, j € Z.

k
IJ] (= GiLo)ll < Cars ™, (50)
i=j

where k > 7, and the tracking error ey is bounded, 1i.e.,

sup |[ex|| < Be, (51)
kEZy

where e = in%x(cg)\gﬁeo + (2858u + 253)(1:;2 Cy+1)) . Also the limiting
€L+

property of the tracking error is

i e < (285, + 28 (5 Ca + 1) (52)
—00 2



Proof 2 Using (49) and (31), ex41 can be written as

ept1 = (L — ékLk:)ekz + (ék - ék—l—l)“k—f-l + (&;g — Jk-ﬁ-l)

1k
+ Gj— Gin)un
jZO z—l_[ 1 . (53)
k=1 k N
+ H —dj+1)
7=0 i=7541
k N k=1 k _
=[[T-GiLeo+a+ > J[ (-
i=0 §=0 i=j+1

where oy, = (ék — CN;kH)ukH + (Jk — glvk+1).
Taking the norm on both sides of (53) gives

k
lensall < IIH (I = GiLy) €o||+||0ék||+2|| [[ ¢ —GiLoayl

=0 i=j5+1
k
< IIH (I = GiLy) ||H60H+||04k||+2|| [T G=GLolllasll. (54)
=0 i=75+1
k—1 .
< CoMleoll + llawll + D CaAs™ oyl
§=0
where eg = r — CN;'OUO — c%, and
leo|| = [Ir — Gouo — dol|
< Irfl + 1Golllluoll + [Idol|- (55)

For allk € Z,

laell < [1(Gx = Gr—t)ugsr || + [(di — diy)|
< ”ék — ékHHHUkHH + || (di, — di—1)]|- (56)



Define B., = Br + Pabu + B3 If condition (50) holds, then using (55) and
(56) and, (54) can be written as

lexil] < CorsBey + 28580 + 287+ (2C2858, + 202 87) (A5 + A + -+ -+ A571)

1— M\
< Co)\5Bey + (28580 + 255)(1_—A202 +1)

< Be
(57)

Hence, ey, is bounded, and (57) can be used to analyze the boundedness of
llex+1ll as k — oo. Based on (57), and since condition (50) holds, it follows
that if k — oo, then A5 — 0. Hence

. 1
im flenall < (2868 +26) (1= Ca+ 1. (58)

Theorems 4.1 and 4.2 show that for robust ILC, if Assumption 1 holds,
the inputs and outputs of system for all k£ € Z, are bounded, and the tracking
error e is bounded. Furthermore, as the trial number & — oo, the tracking
error converges.

Remark 2 The condition (50) in Theorems 4.2 can be replaced by |1 — GLy|| <
)\2,0 <A< 1,Vk:

5 Numerical case study

This section applies the new design to an example and also compares the
results with those obtained for three other designs. The example is described
by the following model

cos (x,(:) (1) + O.3x,(€1)(t)x,(f) (t)

n(t+1) = [ 0.45in (21 (1)) + cos (¢ (1)) +u(t) | -

w(t) = 7 (t)
(1)
where x4 (t + 1) = x,&) (t+1) . The reference trajectory is
x, (t+
27t 2mt 2mt
yr(t) = 0.8 sin(%) + QSin(%) + sin(l—g), 0 <t <50.

Next, the four designs are detailed.



For the new design of this paper, the design variable are chosen as: Q) = I,
R =51, v=0.99, 2(0) =0, P, =0, L,° = 0. The initial control input u
is a random signal distributed uniformly over the interval [—0.5,0.5].

In our simulations, we employed state itself (i.e.,z(") and 2®) and thin
plate spline (TPS) basis functions as the lifting functions in the EDMD
formulation. TPS functions are known for their strong global approximation
capabilities and smoothness, making them suitable for modeling systems with
spatially distributed or smooth nonlinear dynamics. Compared to Gaussian
radial basis functions, TPS is less sensitive to the selection of centers and
bandwidth parameters, making it easier to implement. A typical TPS basis
function is defined as:

Yi(z) = |lz = ¢|[*log (||z — cil]). (59)

where ¢; denotes the center point of the ¢th basis function, ¢; is chosen ran-
domly with a uniform distribution over the unit box[—1, 1], and i € [1, 10].

To compare performance, three other ILC designs are used: i) the data
driven predictive design (DDPILC) [25], providing a direct comparison, ii)
the P-type ILC design [15], providing a comparison with an ILC with no
prediction in the trial to trial direction (k), and iii) a version of a data driven
norm optimal ILC law (DDOILC) [5]. For ease of presentation in the cases of
i) and iii) only the basics are given together with the simulation parameters
used.

For the new design in this paper, the parameters: (Q = I, R = 51,
v = 0.99, 7:(0) = 0, ° = 0, L" = 0. The initial control input ug is a
random signal distributed uniformly over the specified interval [—0.5,0.5].

The design in Reference [25], denoted by i), starts by expressing the
input and output series as a set of algebraic functions, and the ILC law for
implementation is of the form

e (t) = ue(t) + UT A, (0, (60)
where U = [ I, 0O ] (I, denotes the n x n identity matrix), and

YGIL (H)Q
r+q||GRl ()]]?

Auft, () = enlt +1), (61)

where ¢ > 0,r > 0,and 7 € (0, 1] is introduced to make the control law more

general. Also G, () in 611is the estimation of G}, | () = [Gr41(t), Gra(t), . ..

where Gy (t) is estimated as

o DAy (t +1) = Gt () Au (1) Al (8)
) =Gl i 1A (0] ’

(62)

) Gk+m(t)]a



where 1 € (0,2] and p > 0. The elements Gj;(t) are predicted using
ékﬂ'(t) = éZﬂel(t)Pk(t): (63)

Sr1(t) = [Gror (1), Groa(t), ..., Grn (1)),
Ti(t) = Tror(t) + 6Z5o1 (8) (V] + Zf_, (S0 ()] [Grlt) — S, ()T ks

where k and v are known positive constants, and [ is the identity matrix.
The parameters used in the simulations are ¢ = 1, r = 5, n = 0.01, yu = 5,
k=0.01,v=30,7v=1,n,=3m=2and pp=2.

The ILC law under ii) above is

w1 (t) = wi(t) + cer(t), (66)

where « is the learning gain, and in particular, a = 0.02.
In the case of the ILC law under iii) above, the law is

p®Fera(t)

uk(t) = uk_l(t) + = 5
A+ [ D2

(67)

where A > 0 and p > 0 are scalars to be chosen, and &), is a lower triangular
matrix, whose row entries, denoted by ¢ (t) are estimated using

N(Aye-1(t +1) = Ppo1 (8) Augy (1)) Au_, (t)
1A D)2 ’

Pr(t) = Pr—1(t) + (68)
with a well defined starting sequence, and n € (0,2) is a step size factor
introduced to make the estimation algorithm more general and flexible. The
parameters used in the simulations reported below are p = 1.5, A = 1.1,
n =15, and p = 2.

The outputs plotted against the trial number for the new design in this
paper are shown in Figure 2. From this plot, it can be observed that the
output curves do not accurately track the reference trajectory on the initial
trials. As the number of trials increases, however, the tracking accuracy
improves.

Figure 3 plots the error on each trial against the trial number for the new
design in this paper, where the tracking error is large in the initial trials.
As the number of trials increases, the tracking error gradually decreases and
approaches zero, and hence the design can achieve the control objective.

The convergence of quadratic performance index J of the new design is
shown in Figure 4. It can be seen that J decreases with the number of trials
to achieve optimal control.
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Figure 2: Output response curves for all trials.
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Figure 3: Tracking error curves for all trials.
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Figure 4: Convergence of the performance index J.

Figure 5 shows the modeling errors on each trial comparing the new design
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Figure 5: The modeling error plotted against the trial number.

with the alternative under i) above. The modeling error is computed as

310 - v

modeling error = : (69)

where y is the output of the original nonlinear system, and v, is the output
of an approximately linear system with the same control input.

Figure 6 shows the root mean square tracking error, computed for trial k
as

RMSE(k) = || 1= 3 [ex(0)] (70)

plotted against the trial number for all four designs considered

As observed from Figure 5 and Figure 6, the new design method achieves
better control performance than the three alternatives considered. Com-
pared with the P-type ILC scheme, the obtained control gain may not be
optimal due to modeling errors, but it is sub-optimal. Therefore, the new
design performs better than a fixed control gain P-type ILC. Compared with
the DDOILC scheme, the new design uses predictive information about the
inputs and outputs of future trials and can deliver better performance. Com-
pared with the DDPILC design, the modeling error of both methods decreases
with the increase in the number of trials, but the modeling error of the new
design is smaller. Also, the new design has more prediction horizon than the
DDPILC design, leading to better control performance.
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Figure 6: Root mean square tracking error curves plotted against the trial
number for all four designs considered.

6 Conclusion

This paper has developed a new POILC design based on the Koopman oper-
ator for nonlinear systems. Based on the theory of this operator, a nonlinear
dynamical system is lifted to a high dimensional space where the evolution of
the nonlinear system is linear, and the approximate finite-dimensional value
of the Koopman operator is computed using the EDMD method. Consid-
ering the modeling error of the approximate linear model with respect to
the original nonlinear system, the POILC design for the nonlinear system
is transformed into a design problem for a linear system with model uncer-
tainty in the trial-to-trial direction, for which a convergence analysis, in the
trial-to-trial direction, is developed. A numerical case study illustrates the
design, including a detailed comparison against three alternative designs, one
of which does also use predictive action in the trial-to-trial direction.
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