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Abstract

Iterative learning control (ILC) combined with feedback control is
a common approach to repetitive systems with external disturbances,
as it enables high tracking performance and guarantees time-domain
stability. However, the variation of the reference trajectory in practi-
cal repetitive operations often degrades the control performance. To
this end, this paper develops a feedback-based ILC to transfer the ex-
perience of repetitively operating a certain task to a brand new task
without restriction on its time duration. This two-dimensional (2-D)
design employs a parallel structure, where the ILC and the feedback
controller are designed separately to achieve performance optimiza-
tion. Then, the feedback plus feedforward controller is integrated into
a new feedback controller with learning-based parameters. The con-
vergence and robustness analysis of the design is given. Finally, nu-
merical simulation experiments of a DC motor position control system
verify the proposed scheme’s effectiveness and robustness.

Keywords: iterative learning control; feedback control; parallel structure;
performance optimization; varying task

*Key Laboratory of Advanced Process Control for Light Industry (Ministry of Edu-
cation), Jiangnan University, Wuxi 214122, China, CONTACT Hongfeng Tao. Email:
taohongfeng@jiangnan.edu.cn

�Institute of Automation, Electronic and Electrical Engineering, University of Zielona
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1 Introduction

Iterative learning control (ILC) is an effective dynamic control algorithm
for repetitive operations over a fixed time interval [1]. It incrementally up-
dates the control input by learning from previous trials to improve tracking
performance. In recent years, ILC has been extensively utilized in control
areas such as batch processes [2], industrial robotic systems [3], precision
motion control systems [4], and robot-assisted biomedical systems [5] due to
its simple structure, virtually model-free, and learning properties. For more
explanations of ILC, refer to the surveys [6–8] and references therein.

In practical industrial processes, the control performance of ILC is in-
evitably affected by factors such as modeling errors and model uncertainty.
To address these challenges, researchers have made many efforts. A norm
optimal ILC (NOILC) framework with time-varying weighting matrices was
developed to improve control performance [9], while a data-driven adap-
tive ILC based on pointwise dynamic linearization was introduced for im-
proved adaptability [10]. For linear systems with varying trial lengths and
input constraints, an improved optimal ILC algorithm incorporating the
primal-dual interior point method has been developed to address the input
constraints [11]. However, these studies mainly focus on inter-trial learn-
ing while neglecting real-time feedback performance during the trial, which
have certain limitations. Given that ILC is essentially an open-loop control
method [12], it lacks the ability to respond to real-time errors during execu-
tion. To overcome this limitation, integrating feedforward ILC with feedback
control has emerged as an effective solution.

The integration of ILC and feedback combines short-term error suppres-
sion and long-term optimal learning, yielding better performance in dynamic
and uncertain environments. To enhance system robustness, a two-stage
control framework was proposed in [13], where feedback and ILC are decou-
pled by separately updating inputs for disturbance rejection and trajectory
learning. A two-dimensional (2-D) linear quadratic Gaussian benchmark was
introduced in [14] to evaluate the performance of ILC within the 2-D frame-
work. To enhance the time-domain stability of ILC, a hybrid approach com-
bining ILC and model predictive control (MPC) has been developed [15–17].
An integrated control strategy combining robust ILC with MPC was pro-
posed in [16] to enable robust convergence of systems with parameter uncer-
tainties. In [17], the integration of H∞ control and MPC-ILC was introduced
to mitigate tracking error fluctuations caused by reference changes. In ad-
dition, the roles of feedback control and ILC can also be separated [18]. An
indirect adaptive ILC scheme via setpoint updating was proposed in [19]:
The outer-loop ILC is used to improve the performance of the inner-loop



feedback control. A state-feedback-based ILC method was proposed in [20],
which allows the system to maintain good tracking performance under hard
input constraints. Although these methods are effective in repetitive tasks,
they are typically task-specific and may fail to maintain satisfactory control
performance when reference trajectories or operating conditions change.

The assumption of strictly repetitive tasks frequently fails to hold in prac-
tical applications. In [21], an improved ILC scheme was proposed for systems
with time lags and non-repeating reference signals, where the control signal
was iteratively changed by modifying the reference signal. A robust indirect-
type ILC method based on PID feedack was proposed in [22] to accom-
modate the uncertainty of time-varying processes by establishing sufficient
constraints on linear matrix inequalities. In addition, an ILC scheme based
on a generalized extended state observer was designed in [23] to overcome
time-varying uncertainties and non-repeating perturbations. A novel rational
feedforward adjustment method based on a two-degree-of-freedom (2-DOF)
framework was proposed in [24], which achieves high-performance tracking
of varying trajectories by directly mapping the feedforward signals learned
from the dual-loop ILC to the corresponding reference points. Although the
above methods can improve the system tracking performance under certain
non-repetitive conditions, they tend to be inflexible when dealing with un-
known varying tasks. It still needs to relearn the task to adapt to the new
reference trajectory, which reduces the industrial efficiency to some extent.

Inspired by the above analysis, this paper develops a novel feedback-based
ILC method which embeds ILC as a feedforward component into a closed-
loop feedback system. It leverages the iterative learning capability of ILC
to guide the feedback controller in adapting to changing task trajectories.
The proposed method adopts a 2-D parallel control structure: PID feedback
is introduced along the time axis for real-time disturbance rejection, while
a NOILC strategy [25] performs inter-trial optimization along the iteration
axis. The integration of these two components enhances the system’s ro-
bustness against uncertainties and non-repetitive disturbances. Specifically,
the proposed method combines the trial-to-trial learning capability of ILC
with feedback control by repeatedly performing a nominal task to obtain
the system’s optimal control behavior. This learned behavior is then em-
bedded into a feedback controller via least-squares fitting, enabling rapid
adaptation to new task trajectories without re-learning. This method is par-
ticularly suitable for industrial scenarios similar to those described in [26]
where the system needs to perform operations repeatedly, but the task tra-
jectory changes frequently, e.g., robot assembly and motor motion control.
A servomotor position control system is chosen as a numerical simulation
example to verify the effectiveness.



The principal contributions of this paper can be summarized as follows:

� A new feedback-based ILC method is proposed in this paper, using
a 2-D parallel control structure with the NOILC strategy for inter-
trial learning and PID control for real-time disturbance suppression,
which effectively copes with dynamic variations and non-repetitive dis-
turbances in the system.

� By integrating the feedback plus feedforward controller into a learning-
based feedback controller, the historical learning experience can be
transferred to a new task without limiting its duration. Efficient track-
ing of unknown changing trajectories can be achieved without repeated
learning.

� The robust convergence of the feedback-based ILC system is theo-
retically derived and demonstrated, and the effectiveness of the pro-
posed scheme in coping with unknown changing trajectories is verified
through simulation.

The structure of this paper is organized as follows: The problem formu-
lation is given in Section 2. Then, in Section 3, the design of the proposed
two-stage algorithm is presented. Section 4 gives the performance analysis
and convergence analysis of the proposed control scheme. The validity of the
proposed algorithm is verified in Section 5. Finally, conclusions are given in
Section 6.

Notation: N denotes the set of positive integers. Rn represents the set
of n-dimensional real vectors. The superscript ⊤ represents the transposed
component of a vector or a matrix. ∥ · ∥ denotes the Euclidean norm. The
notation 0 is a zero vector or matrix with appropriate dimensions. ∥u∥2R =
u⊤Ru is the induced norm of a matrix defined in Hilbert space with weighting
matrix R.

2 Preliminaries and problem formulation

This section commences with an exposition of the system dynamics in math-
ematical notation. Then, the framework of the feedback-based ILC system
design is presented, along with an overview of the system’s overall design
objectives.



2.1 System description

In practical industrial motion control systems, a 2-DOF control architecture
is commonly employed, as shown in Figure 1.

The control system consists of the controlled plant H(z), a PID controller
C(θ, z) with adjustable parameter θ, and an unknown feedforward controller
F (z). Here, yd, u, and y represent the reference, input, and output signals,
respectively, while f and η denote the feedforward input and external dis-
turbance signals. Without considering the external disturbance η, the actual
output y of the closed-loop system in Figure 1 can be expressed as follows:

y =
H(z)C(θ, z)

1 +H(z)C(θ, z)︸ ︷︷ ︸
T (θ,z)

yd +
1

1 +H(z)C(θ, z)︸ ︷︷ ︸
S(θ,z)

H(z)f, (1)

where T (θ, z) and S(θ, z) are the complementary sensitivity and sensitivity
functions, respectively. The system error is given by e = Syd − SHf , where
its magnitude is affected by both the sensitivity function and the feedfor-
ward input. Enhancing overall system performance can thus be achieved by
optimizing either the feedback controller or the feedforward controller. The
transfer function C(θ, z) of the discrete PID controller can be obtained by
the z-transform as

C(θ, z) = Kp +Ki
Tsz

z − 1
+Kd

z − 1

Tsz
, (2)

where Ts is the sampling period, and θ = [Kp, Ki, Kd]
⊤ represents the pa-

rameter vector. Kp, Ki, and Kd are the proportional, integral, and derivative
gains, respectively, which play a crucial role in the PID control performance.
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Figure 1: 2-DOF control system with stable feedback controller.

2.2 Feedback-based ILC system design

The fixed-parameter feedback control system cannot cope with the challenges
of various uncertain disturbances in real industrial systems. For this reason,
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Figure 2: Parallel feed-forward feedback experience migration ILC block di-
agram.

this paper proposes a two-stage control strategy, as illustrated in Figure 2.
Based on the feedback control structure, an ILC scheme is introduced to form
a 2-D parallel framework, which combines real-time feedback along the time
axis and historical learning along the iteration axis to continuously optimize
system performance through repeated trials.

In a finite time interval t ∈ [0, N ], the control input to the system during
the kth trial consists of two distinct components: the stabilizing feedback
control and the feedforward ILC, which can be described as

uk(t) = uffk (t) + ufbk (t), (3)

where uffk (t) ∈ R and ufbk (t) ∈ R represent the ILC control input and PID
controller output, respectively. As an open-loop feedforward control strategy,
the ILC update law along the iterative axis is designed as

uffk+1(t) = P
(
uffk (t) + Lek(t+ 1)

)
, (4)

where ek(t+ 1) = yd(t+ 1)− yk(t+ 1) represents the tracking error at time
t + 1 in the kth trial of the system. P and L are defined as the robustness
filter and learning gain, respectively.

On the time axis, the PID is designed as

ufbk (t) = Kpek(t) +KiTs

t∑
j=0

ek(j) +
Kd

Ts
(ek(t)− ek(t− 1)). (5)



With the addition of ILC, the system output can be expressed as

yk(t) =
H(z)

1 +H(z)C(θ, z)︸ ︷︷ ︸
Gc(θ,z)

uffk (t) +
H(z)C(θ, z)

1 +H(z)C(θ, z)︸ ︷︷ ︸
Gs(θ,z)

yd(t), (6)

where Gc(θ, z) and Gs(θ, z) represent known linear discrete-time transfer op-
erators.

Remark 2.1 The combination of ILC and feedback control brings together
the strengths of both approaches: ILC enables long-term learning through
iterative optimization, while feedback control ensures real-time disturbance
suppression and dynamic stability. Compared to pure ILC, the introduction
of feedback improves robustness to modeling errors and external disturbances,
and speeds up ILC convergence by compensating for initial errors. In addi-
tion, the use of feedback makes it easier to extend the feedback-based ILC
framework to time-varying or nonlinear systems. In time-varying systems,
feedback compensates for system parameter variations and disturbances in
real time. For nonlinear systems [20], state feedback helps maintain bounded
trajectories, supporting ILC algorithm design under local Lipschitz continu-
ity.

Remark 2.2 In the feedback-based ILC structure, the control contributions
from the ILC and PID feedback are easily separated. As the ILC converges,
the feedback controller has less work to do.

The system adopts time domain analysis under the lifting framework.
To construct the lifted system representation, the corresponding impulse re-
sponse coefficients of Gc and Gs are computed based on their unit impulse
responses as follows:

Gc(h) = g1h
−1 + g2h

−2 + · · ·+ gNh
−N , (7)

Gs(h) = r1h
−1 + r2h

−2 + · · ·+ rNh
−N , (8)

where h is the forward time-shift operator, and the coefficients gi and ri
are Markov parameters [6]. The infinite impulse responses are truncated at
order N . Based on the truncated responses, the lifting matrices Gd ∈ RN×N

and Gr ∈ RN×N are constructed as lower triangular Toeplitz matrices using
the Markov parameters from (7) and (8), respectively. System (6) can be
reconfigured into a lifting framework within the iterative domain as follows:

yk = Gdu
ff
k +Gryd︸︷︷︸

d

, (9)



where

uffk = [uffk (0), u
ff
k (1), . . . , u

ff
k (N − 1)]⊤, (10)

yk = [yk(1), yk(2), . . . , yk(N)]⊤. (11)

The matrix Gd and the exogenous signal d repeated at each trial are
respectively denoted as

Gd =


g1 0 0 · · · 0
g2 g1 0 · · · 0
g3 g2 g1 · · · 0
...

...
...

. . .
...

gN gN−1 gN−2 · · · g1

 , (12)

d = [d(1), d(2), . . . , d(N)]⊤, (13)

the lifted desired output vector yd is

yd = [yd(1), yd(2), . . . , yd(N)]⊤ . (14)

According to the output form of system (9), it can be seen that the
performance analysis of the feedback-based ILC system can be transformed
into the traditional ILC design objective for the study.

2.3 Problem statement

The achievable performance and flexibility of traditional ILC methods in
varying trajectory tasks are limited due to the repetitive requirements of
ILC on the system. For this reason, this paper designs a new feedback-based
ILC with a 2-D parallel framework. By integrating the feedforward feedback
controller into a new feedback controller with learning-based parameters, the
experience of repeatedly performing a known task is transferred to a new
task to achieve both high tracking performance and flexibility for unknown
varying trajectories.

The main design problem of the proposed control optimization scheme is
as follows.

Definition 2.1 The main problem of the proposed control scheme is to de-
sign a feedback-based ILC input update law

uffk+1 = F(uffk , u
ff
k−1, . . . , ek, ek−1, . . . , ), (15)



which is iteratively updated to make the corrected tracking error converges.
The LS fitting method is then used to obtain the parameters of the learning-
based feedback controller, i.e., θ̂ = argminθ {V(θ)}, which transfers the learn-
ing experience from the known task to a brand new task, thus enabling the
learning-based feedback controller to respond quickly to varying tasks and
achieve the convergence of the system tracking, i.e.,

lim
t→∞

e(t) ⩽ ϵe, (16)

where ϵe is a small constant that serves as an upper bound for the tracking
error.

3 Design of feedback-based ILC

In this section, the NOILC algorithm is first introduced to design a suitable
ILC updating law to ensure a good tracking performance of the system.
Then, the LS fitting algorithm is introduced to obtain a learning-based PID
controller.

3.1 ILC algorithm design

In this section, the NOILC algorithm [9] is introduced to optimize the multi-
objective performance criteria for each trial, thereby obtaining the optimal
input and error information for the feedback-based ILC system. The perfor-
mance criterion is defined as

Jk+1 ≜ ∥ek+1∥2Q + ∥∆uffk+1∥2R + ∥uffk+1∥2S, (17)

where
ek+1 = yd −Gdu

ff
k+1 − d, (18)

∆uffk+1 = uffk+1 − uffk . (19)

The performance criterion consists of three components: systematic tracking
error per trial, input variation between two neighboring trials, and control
effort. The role of the Q matrix is weighing error. The purpose of minimiz-
ing tracking errors is to efficiently track the desired trajectory, which is the
basic goal of ILC. The matrix S is used to weight the feedforward control
inputs uffk+1. By increasing S, it is possible to avoid excessively large control
inputs and thus achieve a more stable control effect. The matrix R limits the
magnitude of input variations between trials, smoothing the control action,
and thus avoiding large error spikes. The weight matrices Q, R, and S of



these three components indicate their priority in the optimization process.
By adjusting the values of Q, R, and S, the optimal balance of the system
between error, control input variation, and smoothness can be found.

The optimal control inputs can be obtained by minimizing the perfor-
mance criteria as follows:

uffk+1 = argmin
uff
k+1

{Jk+1} . (20)

Theorem 3.1 (ILC update law) According to the solution derived from
the necessary condition of optimality (20), the ILC update rate of the system
is

uffk+1 = Luu
ff
k + Leek, (21)

where the gain matrices Lu and Le are defined as

Lu = (G⊤
dQGd +R + S)−1(G⊤

dQGd +R),

Le = (G⊤
dQGd +R + S)−1G⊤

dQ.
(22)

Proof 1 Substituting (18) and (19) into (17) according to the induced norm
of the matrix defined in the Hilbert space yields

Jk+1 = (yd −Gdu
ff
k+1 − d)⊤Q(yd −Gdu

ff
k+1 − d)

+ (uffk+1 − uffk )
⊤R(uffk+1 − uffk )

+ (uffk+1)
⊤Suffk+1.

(23)

Next, find the partial derivative of the performance criterion with respect to
uffk+1. Let ∂Jk+1/∂u

ff
k+1 = 0, which yields

R(uffk+1 − uffk )−G⊤
dQ

(
ek −Gd(u

ff
k+1 − uffk )

)
+ Suffk+1 = 0. (24)

Merging the same parts gives

(G⊤
dQGd +R + S)uffk+1 − (G⊤

dQGd +R)uffk −G⊤
dQek = 0. (25)

Given that the matrices Q, R, and S are positive definite, it can be demon-
strated that (G⊤

dQGd + R + S) is invertible. This leads to deriving the ILC
update law (21), which completes the proof.

The control objective of this algorithm is to ensure that the system track-
ing error converges to an acceptable tolerance within a finite number of tri-
als, thereby obtaining the system’s optimal control input vector Uκ and er-
ror vector Eκ. Specifically, Uκ = [uκ(1), uκ(2), · · · , uκ(N)]⊤ ∈ RN×1 and
Eκ = [eκ(1), eκ(2), · · · , eκ(N)]⊤ ∈ RN×1 represent the control input vector
and tracking error vector for the κth trial of the system, where N is the trial
length and κ is the maximum number of iterations.



3.2 Least squares error regression

To integrate the feedback plus feedforward controller into a new feedback
controller and to enable the transfer of the known task learning experience,
this section uses an LS fitting approach to compute the learning-based pa-
rameters of an equivalent PID controller based on the optimal input and error
sequences of the feedback-based ILC system. Many articles related to sys-
tem identification or adaptive control discuss the LS identification method,
e.g. [21, 27]. Based on the basic idea of linear regression, this section will
briefly discuss the method in the PID case.

The PID controller is essentially linear, mainly because the relationship
between its control output and the error is linear. Its linear parameterization
yields

C(θ, z) = Ψθ =
3∑

i=1

ψiθi, (26)

where Ψ is the basis function vector containing the three discrete-time trans-
fer functions, i.e. Ψ = [ψ1(z), ψ2(z), ψ3(z)] = [1, Tsz

z−1
, z−1
Tsz

], and the parameter

vector θ = [θ1, θ2, θ3]
⊤ = [Kp, Ki, Kd]

⊤. Taking the inverse z-transform each
term of (26) separately, the output sequence of the discrete PID controller
can be expressed as

ufb(j) = φ⊤(j)θ, (27)

where the information vector φ⊤(j) is defined as follows:

φ⊤(j) = [e(j), Ts

j∑
τ=0

e(τ), (e(j)− e(j − 1))/Ts], j ∈ [1, N ]. (28)

According to (27) the system feedback output can be written in the following
matrix form:

Ufb = ϕθ, (29)

where
Ufb = [ufb(1), ufb(2), · · · , ufb(N)]⊤, (30)

ϕ =

 e(1) Ts
∑1

τ=0 e(τ) (e(1)− e(0))/Ts
...

...
...

e(N) Ts
∑N

τ=0 e(τ) (e(N)− e(N − 1))/Ts

 . (31)

The core principle of the LS method is to obtain optimal estimates of
the model parameters by minimizing the sum of squares of the residuals be-
tween the model output and the actual observed data. In this section, the LS



method is employed to minimize the sum of squares of errors between the op-
timal control input Uκ of the system and the output Ufb of the PID controller.
This process facilitates the transformation of feedforward and feedback con-
trollers into a unified feedback controller. Based on the observed system data,
where Uκ = [uκ(1), uκ(2), · · · , uκ(N)]⊤ and Eκ = [eκ(1), eκ(2), · · · , eκ(N)]⊤,
the parameters of the integrated feedback controller can be determined by
minimizing the following quadratic criterion function:

V(θ) =
N∑
j=1

v2(j) =
N∑
j=1

[uκ(j)− φ⊤(j)θ]2, (32)

where uκ(j) is the total input to the feedback-based ILC system, and φ⊤(j)θ
is its estimation.

Theorem 3.2 If ϕ⊤ϕ is full rank, the optimal θ̂ can be directly calculated by
the one-time completion algorithm of LS, that is,

θ̂ = (ϕ⊤ϕ)−1ϕ⊤Uκ (33)

and the error v is the smallest at this time.

Proof 2 V(θ) in (32) can be reformulated as

V(θ) = V ⊤V = (Uκ − ϕθ)⊤(Uκ − ϕθ), (34)

where θ = θ̂, and minV(θ) = V(θ̂). Let the partial derivative of V(θ) with
respect to θ be zero, which yields

∂V(θ)
∂θ

∣∣∣∣
θ=θ̂

= −2ϕ⊤(Uκ − ϕθ)
∣∣∣
θ=θ̂

= 0. (35)

Then,
(ϕ⊤ϕ)θ̂ = ϕ⊤Uκ. (36)

Finally, since ϕ⊤ϕ is full rank, take the inverse of ϕ⊤ϕ to obtain (33), which
completes the proof.

Remark 3.1 Feedback controllers with learning-based parameters are ob-
tained by LS fitting. The minimization V(θ) keeps the fitting error as small
as possible, allowing the integrated feedback control system to acquire the
approximate input-output characteristics of the original feedforward-feedback
combined system for the transfer of the known task learning experience.



3.3 Learning-based feedback design

Based on the optimal input sequence and the error sequence acquired by
the system during the repetitive execution of a certain task, the learning
parameter θ̂ of the brand new feedback controller after the integration of
the feedforward and feedback controllers is obtained using the LS fitting
method. According to the parameter θ̂, a new feedback controller C(θ̂, z) can
be obtained that is as close as possible to the input-output characteristics
of the feedback-based ILC system. Then, the output of the learning-based
feedback control system can be described as

y =
H(z)C(θ̂, z)

1 +H(z)C(θ̂, z)
yd. (37)

In addition, the learning-based feedback controller possesses the historical
learning experience of ILC for known tasks, and its application to new tasks
can realistically provide good tracking performance and robustness.

The specific algorithms are described as shown in Algorithms 1 and 2,
which represent the feedback-based ILC design and the learning-based feed-
back controller parameter calculation, respectively. For Algorithm 1, to ana-
lyze the system in the lifting framework, system (6) can be converted to (9) by
solving the impulse response of the corresponding transfer function to obtain
the Toeplitz matrix. In Algorithm 2, the feedforward-plus-feedback controller
is integrated into a new feedback controller based on the two sequences ob-
tained by Algorithm 1, whose learning-based parameters can be computed
to be obtained using the LS fitting method. This approach enhances the
flexibility and applicability of ILC in dynamic and uncertain environments
by migrating the control experience to a completely new task.

4 Convergence and performance analysis

This section first briefly analyzes the stability of the closed-loop feedback
system to ensure the effectiveness of the feedback-based ILC design. Then,
the convergence and robustness of the proposed algorithm are analyzed.

Prior to the performance analysis, an assumption is given for the subse-
quent derivations.

Assumption 4.1 Within the specified finite time interval t ∈ [0, N ], there
exists a unique bounded control input ud(t) such that the output of the feedback-
based ILC system accurately tracks the desired trajectory, i.e.,

yd(t) = Gdud(t) + d. (38)



Algorithm 1: ILC algorithm for the feedback-based ILC system.

Input: Reference trajectory yd; weighting matrices Q, R and S;
sampling time N ; total number of iterations κ.
Output: Control input uk(t) and system tracking error ek(t).
1: Initialization: The appropriate initial PID parameters Kp, Ki,
and Kd; the initial ILC input uff0 .
2: Solve for the Toplitz lower triangular matrices Gd and Gr in
system (9), and then calculate y0 by substituting uff0 .
3: Calculate e0 and then obtain uff1 according to the designed ILC
update law (21).
4: for k=1,2,· · · , κ do
5: Calculate the system output yk and tracking error ek according
to (9).
6: Update the next trial input uffk+1 using ILC input uffk and error
ek.
7: end for
8: Calculate ufbκ (t) using the error sequence eκ(t) of the last trial.
According to Eq (3), combining uffκ and ufbκ (t) yields uκ(t).
Return: uκ(t) , eκ(t).

Algorithm 2: Learning-based parameter updating.

Input: Optimal input sequence uκ(t) and error sequence eκ(t).
Output: The learning-based parameters kp, ki, and kd.
1: Give the initial error tracking error eκ(0).
2: for j=1,2,· · · , N do
3: Calculate the information vector φ⊤(j) for each moment based
on eκ(j) according to Eq (28).
4: end for
5: According to Eq (33), the learning-based PID controller
parameters θ̂ = [kp, ki, kd] are calculated.

4.1 Closed-loop feedback system stability

In the control scheme proposed in this paper, selecting an appropriate feed-
back controller to ensure the stability of the closed-loop system is a prerequi-
site for designing the ILC optimization algorithm. A stable feedback control
system ensures that the system output remains within a bounded range and
guarantees that the system stays bounded during the iterative process after
incorporating ILC. If the system is unstable, directly introducing ILC may



cause the error to diverge during iterations, making it difficult to achieve
effective control and learning. In Figure 1, the closed-loop transfer func-
tion of the system without considering the feedforward inputs and external
disturbances can be expressed as follows:

Φ(z) =
H(z)C(θ, z)

1 +H(z)C(θ, z)
. (39)

According to (39), the characteristic equation of the closed-loop system is
given by

1 +H(z)C(θ, z) = 0. (40)

Whether the system is stable or not depends on the location of the charac-
teristic root, substituting the discrete PID controller expression (2) into (40)
can be obtained as

1 +

(
Kp +Ki

Tsz

z − 1
+Kd

z − 1

Tsz

)
H(z) = 0. (41)

For system stability, it is necessary to ensure that all poles (i.e., solutions of
z) lie within the unit circle, i.e., it satisfies

|zi| < 1, i = 1, 2, · · · (42)

Remark 4.1 Stability analysis of closed-loop systems can be performed by
a variety of methods. For LTI systems, pole analysis, root locus, Nyquist
criterion, and Bode plot are commonly used methods.

4.2 Convergence properties of the proposed algorithm

To facilitate the design of the feedback-based ILC algorithm, this paper
adopts the output form of the system as shown in (9), which contains the
output signals of the feedback control in the course of each trial, so the
convergence of the system can be directly analyzed for uffk .

Theorem 4.1 (Convergence property) If the initial states of each trial
of the linear discrete system are strictly the same, apply the ILC update law
(21) to system (9). Then, if the condition

β = ∥Lu − LeGd∥ ⩽ ξ < 1 (43)

holds, the tracking error paradigm can converge boundedly, i.e.,

lim
k→∞

∥ek+1∥ ⩽
qul

1− ξ
, (44)



where qu = qud is a positive constant, and l = ∥Gd∥. Moreover, the quantity
q is defined as a positive scalar as follows:

∥I − Lu∥ ⩽ q <
∥∥G⊤

d

∥∥ ∥Q∥ ∥Gd∥+ ∥R∥+ 1. (45)

Proof 3 First, according to Assumption 4.1, the input error δuffk and output
error δyk are defined as {

δuffk (t) = ud(t)− uffk (t),

δyk(t) = yd(t)− yk(t),
(46)

where ud is the desired input to Algorithm 1 rather than the total input to the
feedback-based ILC system.

According to (9), the tracking error for the kth trial is as follows:

ek = yd − yk

= Gdud + d−Gdu
ff
k − d

= Gd(ud − uffk ).

(47)

Combining (46) and (47) yields

ek = Gdδu
ff
k . (48)

According to (46) and (21), the input error of the (k + 1)th batch system is
defined as

δuffk+1 = ud − uffk+1

= ud − Luu
ff
k − Leek

= ud − Lu(ud − δuffk )− LeGdδu
ff
k

= (Lu − LeGd)δu
ff
k + (I − Lu)ud.

(49)

This shows the error propagates through a learning gain term (Lu − LeGd)
and a bias term (I − Lu)ud. If ∥Lu − LeGd∥ < 1, the first term decays
geometrically. Taking the norm on both sides of (49) yields

∥δuffk+1∥ ⩽ ∥Lu − LeGd∥ ∥δuffk∥+ ∥I − Lu∥∥ud∥. (50)

Then, prove that ∥I−Lu∥ is bounded above. Using the compatibility prop-
erty and the triangle inequality of the norm, an inequality can be established
as

∥I − Lu∥ ⩽ ∥Lu∥+ 1. (51)

According to (22), extracting the common factor R gives

∥Lu∥ =
∥∥∥(R−1

(
G⊤

dQGd + S
)
+ I

)−1 (
R−1G⊤

dQGd + I
)∥∥∥ . (52)



Given that the matrices R−1, Gd, Q, R, and S are positive definite matrices,

it is obvious that
∥∥∥(R−1

(
G⊤

dQGd + S
)
+ I

)−1
∥∥∥ < 1. Thus, it is possible to

obtain

∥Lu∥ <
∥∥R−1G⊤

dQGd + I
∥∥ < ∥∥R−1

∥∥∥∥G⊤
d

∥∥ ∥Q∥ ∥Gd∥+ 1. (53)

Substitute (53) into (51) to obtain

∥I − Lu∥ <
(∥∥R−1

∥∥∥∥G⊤
d

∥∥ ∥Q∥ ∥Gd∥+ 1
)
+ 1. (54)

Subsequently, define a positive scalar q as

∥I − Lu∥ ⩽ q <
(∥∥R−1

∥∥∥∥G⊤
d

∥∥ ∥Q∥ ∥Gd∥+ 1
)
+ 1. (55)

On the basis of (55), equation (50) can be represented as∥∥δuffk+1

∥∥ ⩽ ∥Lu − LeGd∥
∥∥δuffk∥∥+ q ∥ud∥ . (56)

Let qu = q∥ud∥, according to the inequality relation, after k trials, there exists

∥δuffk+1∥ ⩽ ∥Lu − LeGd∥k ∥δuff0 ∥+
1− ∥Lu − LeGd∥k

1− ∥Lu − LeGd∥
qu. (57)

If condition (43) holds, when the number of experiments k tends to infin-
ity, it follows that

lim
k→∞

∥Lu − LeGd∥k = 0. (58)

Then, the input error can be expressed as

lim
k→∞

δuffk+1 ⩽
qu

1− ξ
. (59)

Combining (48) and (59) gives

lim
k→∞

ek+1 = lim
k→∞

Gdδu
ff
k+1 ⩽

qu∥Gd∥
1− ξ

, (60)

Finally, let l = ∥Gd∥ to obtain

lim
k→∞

ek+1 ⩽
qul

1− ξ
, (61)

which is the convergence of the tracking error paradigm to a bounded value,
and the proof is complete.



Remark 4.2 In particular, when S is a zero matrix and Lu = I, the system
tracking error can achieve perfect tracking, i.e., lim

k→∞
∥ek+1∥ = 0.

Based on the above analysis, the feedback-based ILC system can achieve
excellent tracking performance. By using the system’s optimal control input
and error signals, the LS method is applied to minimize the error between the
optimal input and the PID model output, thereby integrating the feedfor-
ward and feedback controllers into a feedback controller with learning-based
parameter θ̂ = [kp, ki, kd]. With a sufficiently small fitting error, a learning-
based feedback control system can transfer the learning experience from re-
peated performance of a task to a new task, and achieve efficient tracking of
the changing trajectory task without re-learning, i.e., lim

t→∞
e(t) ⩽ ϵe. Substi-

tuting the parameter θ̂ into (41) to solve for the closed-loop poles, the system
convergence can be further analyzed based on the distribution of the system
pole positions.

4.3 Robustness analysis

In practical applications, the dynamics of the controlled system may deviate
from its nominal model due to modeling inaccuracies or parameter variations.
To this end, the robustness of the proposed algorithm under model uncer-
tainty is investigated. Introducing a bounded modeling error factor ∆G, the
system model GΛ with multiplicative uncertainty is defined as

GΛ = Gd(I +∆G), (62)

where ∆G = WΛ, W is the weighting matrix, and Λ is the uncertainty factor
satisfying ∥Λ∥ ≤ 1. According to Theorem 3.1, a sufficient condition for
robust convergence of the uncertain system (62) can be derived similarly as
follows:

∥Lu − LeGΛ∥ < 1. (63)

Using the expression for the nominal operator in (22) yields

Lu − LeGd = (G⊤
dQGd +R + S)−1R, (64)

which suggests that the weight matrix R significantly affects the convergence
behavior.

Theorem 4.2 When the weighting matrix R = rI and satisfies r ≥ 0, the
sufficient condition for robust convergence of the uncertain controlled system
under the action of the optimal control law (21) is∥∥∥(G⊤

dQGd + S
)−1

G⊤
dQGdW

∥∥∥ < 1. (65)



Proof 4 Combining (22) and (62) yields

∥Lu − LeGΛ∥ =
∥∥∥(G⊤

dQGd +R + S
)−1

(R−G⊤
dQGd∆G)

∥∥∥
≤

∥∥∥(G⊤
dQGd +R + S

)−1
G⊤

dQGdW
∥∥∥ ∥Λ∥

+
∥∥∥(G⊤

dQGd +R + S
)−1

R
∥∥∥ ,

(66)

when R = 0, the second term vanishes, and condition (65) directly ensures the
robust convergence condition (63). Since the matrix G⊤

dQGd + S is positive-
definite symmetric, a singular value decomposition of it yields

G⊤
dQGd + S = XΣX⊤, (67)

where X is a unitary matrix and Σ is a full rank diagonal matrix with diagonal
elements σi, denoted by Σ = diag{σi}. To simplify the calculation, let

Z ≜
(
XΣX⊤)−1

G⊤
dQGdW. (68)

Suppose there exists a constant α, 0 < α < 1, such that ∥Z∥ = α < 1 and
∥ZΛ∥ ≤ α. Then, a further derivation based on (66)–(68) yields

max
∆

∥∥∥(G⊤
dQGd +R + S

)−1 (
R−G⊤

dQGd∆G

)∥∥∥
=max

∆

∥∥(XΣX⊤ + rI)−1
(
rI +XΣX⊤Z(−Λ)

)∥∥
≤
∥∥(XΣX⊤ + rI)−1

(
rI + αXΣX⊤)∥∥

=
∥∥X(Σ+ rI)−1 (rI + αΣ)X⊤∥∥

=
∥∥(Σ+ rI)−1(rI + αΣ)

∥∥
=max

i

ασi + r

σi + r
< 1,∀r ∈ N.

(69)

From this, it can be introduced that when R=rI, the robust convergence con-

dition of the uncertainty system (62) is
∥∥∥(G⊤

dQGd + S
)−1

G⊤
dQGdW

∥∥∥ < 1,

and the proof is completed.

Remark 4.3 The robustness condition in (4.26) reflects the system’s toler-
ance to modeling errors. In practice, the uncertainty factor Λ may increase
due to abrupt load changes, unmodeled dynamics, or sensor noise. If the
weighting matrix R is too small (i.e., control effort is weakly penalized), the
term ∥Lu−LeGΛ∥ may exceed 1, leading to divergence of the learning process.
Therefore, increasing R or selecting an appropriate weighting matrix W can
improve robustness by effectively suppressing the impact of model uncertainty.



5 Simulation verification

To illustrate the applicability and effectiveness of the proposed method, a
digital model of a DC motor with constant armature current is used [28]. An
example is a position servo control system. The rotation angle of the DC
motor is controlled by an electric field winding, whereby the motor rotation
angle is controlled by adjusting the voltage to output the desired speed.
Simulation results validate the effectiveness of the proposed algorithm and
comparing it with other algorithms also proves the superior performance of
the algorithm.

5.1 Simulation specification

A DC motor system with a constant armature current is illustrated in Figure

3. The state variables are defined as x(t) =
[
if (t) ω(t) ϑ(t)

]⊤
, where ω(t)

is angular velocity and ϑ(t) is the angle of the DC motor. Moreover, Vf
is the driving voltage that directly controls the motor position. The input
variable of the system is defined as u(t) = Vf (t), while the output variable is
expressed as y(t) = ϑ(t). The DC motor system’s state space model matrix
can be obtained as follows:

A =

−
Rf

Lf
0 0

km
J

− f
J

0
0 1 0

 , B =

 1
Lf

0
0

 , C =
[
0 0 1

]
, (70)

where the specific parameter values are shown in Table 1.

Field

winding

fR
Ia=Constant

,w 

J,f

Mechanical   
load

fL
fV

fI

Figure 3: DC motor with constant armature current.

The model of the DC motor position control is a linear system with
single input and single output. To ensure that the system output adheres to
a specified desired trajectory, it is necessary to discretize the motor model
using a zero-order keeper with a sampling time of Ts = 0.01s. The discrete-



Table 1: A detailed delineation of the system parameters.

variable definition value
Rf field winding resistance 15Ω
Lf inductance 1H
km motor torque ratio 0.5 Nm/A
J mechanical load inertia momentum 2 Nm/A
f friction ratio 2 Nm/A

time state-space form of the system is obtained as{
xk(t+ 1) = Adxk(t) +Bduk(t),

yk(t) = Cdxk(t),
(71)

where the system state matrix, the input-output matrix is

Ad =

 0.8187 0 0
0.4526 0.9975 0
0.0023 0.0100 1

 ,
Bd =

 0
0.0197
0.0211

 , Cd =
[
0 0 1

]
.

(72)

The expected output trajectory is defined as a time-varying parabolic
function: yd(t) = 1.25 × t(T − t), where T is the trial duration here set
to 10s. Applying the proposed algorithm to a DC motor position control
system can achieve good tracking performance, where the feedback controller
adjusts the motor voltage to control the motor position based on the real-time
error, while the ILC continuously learns from its history during repetitive
operations to reduce the error. Specific performance is analyzed below.

5.2 Performance of proposed algorithm

Simulation experiments are conducted by applying the proposed algorithm to
the DC motor position control system. The tracking performance of the sys-
tem is evaluated using the root mean square error (RMSE), which is defined

as RMSE(k) =
√∑N

t=0 |ek(t)|2/(N + 1). First, to ensure that the closed-loop

feedback system is stable, the initial PID controller parameters are selected
as Kp = 0.2, Ki = 0.1, andKd = 0.05 using the traditional Ziegler–Nichols
(ZN) regulation method. The proposed Algorithm 1 is then applied to the



known task of DC motor position system (71) for a total of 20 trials with
weight matrices of Q = I, R = 0.1I, and S = 0.01I. The simulation results
are shown in Figures 4 and 5.

Figure 4 shows the desired trajectory of the system, the initial feedback
control output trajectory, and the output trajectory of the system after incor-
porating ILC, respectively. Figure 5 shows the RMSE curve of the feedback-
based ILC system over successive trials. As can be seen from the figures, the
proposed method exhibits robust tracking performance. With only a small
number of iterations, the system output is able to track the desired trajec-
tory almost accurately, with a stable convergence of the RMSE to a constant
value of about 0.012. After the feedback-based ILC system converges, the
feedback plus feedforward controller is integrated into a new feedback con-
troller. The parameters of this controller are obtained using Algorithm 2
and applied to the DC motor system to track different task trajectories. The
simulation results are shown in Figure 6.
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Feedback only

Feedback+ILC

Figure 4: System desired trajectory and output trajectory before and after
adding ILC.

In the figure, the red solid lines represent the desired trajectories for differ-
ent tasks, with the unknown task trajectory defined as yr1(t) = |10 sin(0.2πt)|.
The blue dashed line represents the system output under the learning-based
PID controller. As illustrated in Figure 6, the system not only achieves
good tracking of the known task trajectory after a finite number of learn-
ing iterations, but also can effectively track the varying trajectory without
re-learning, showing excellent generalization ability and control performance.

To further assess the robustness of the proposed control method, two
types of disturbances are considered: random noise and real-time perturba-
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Figure 5: Convergence performance of the RMSE of the proposed method.
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Figure 6: Learning-based PID control system output trajectory.

tions. First, random noise with a standard deviation of 0.2 is added to the
output signals of both the feedback-based ILC system and the learning-based
feedback control system. The simulation results are presented in Figure 7.
As observed, the presence of stochastic noise slightly affects the tracking per-
formance. However, with the progression of iterations, the system gradually
adapts to the non-repetitive disturbances. The final output trajectory is able
to follow the desired trajectory. The learning-based PID feedback system also
suppresses random disturbances well, thanks to the ILC’s guided learning and
the PID controller’s robustness. Next, the ability of the proposed method to
handle real-time disturbances is evaluated. Specifically, at the 10th trial of
the feedback-based ILC system, a unit step disturbance with an amplitude of



1 is introduced at t = 3s. The corresponding simulation results are depicted
in Figure 8.
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Figure 7: Feedback-based ILC system output and feedback system output
under noise interference.
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Figure 8: System output trajectories and root mean square error curves of
the 10th, 11th, and 12th trials under real-time step disturbance.

Although the real-time perturbation causes the system output to deviate
from the desired value, the error is effectively compensated within the current
trial under the effect of feedback control, and the system output gradually
converges to the expected trajectory as the iteration proceeds. The results
show that the proposed method can effectively suppress real-time distur-
bances.



Finally, the efficacy of the proposed algorithm against model uncertainty
is verified. To reflect practical conditions such as load variations and pa-
rameter drifts in motor systems, a modeling uncertainty term ∆G is intro-
duced. The uncertainty factor ∥Λ∥ = 0.67 is selected, and the weight matrix
∥W∥ = 0.53 is set so that it satisfies condition (4.26). Then, the uncertain
system is simulated using the same control strategy as that of the nominal
system, and the results are shown in Figure 9. From the figure, it can be
seen that compared with the nominal system, the control performance of the
uncertain system is slightly degraded, but it still achieves a small tracking
error after a finite number of trials. Moreover, although different weight ma-
trices R affect the convergence speed of the system error, they do not affect
the overall convergence of the system to the model uncertainty. These results
verify the good adaptability and robustness of the proposed method to model
uncertainty.
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Figure 9: Root mean square error tracking curves of the system at each trial
under model uncertainty.

5.3 Compared With conventional counterparts

To provide further evidence of the effectiveness and benefits of the proposed
method, two additional methods are implemented in the DC motor system
(71) for simulation comparisons. One is the dual-loop iterative feedback tun-
ing (DL-IFT) method proposed in [29], an improved version of the classic
IFT algorithm that accelerates convergence by simultaneously updating the
inner and outer loop parameters based on measured data. Another approach
is the norm optimal PID-type ILC [28], where the PID parameters are con-
tinuously updated during the iteration process to find the optimal solution,



where Q = 0.1I and R = I, the initial PID parameters are the same as the
initial values chosen in this paper.

Figure 10 shows the RMSE curves of the tracking errors obtained by
these three methods. As seen, all algorithms achieve convergence within a
few iterations. However, the proposed method exhibits faster convergence
speed compared to both DL-IFT and norm-optimal PID-type ILC. Addi-
tionally, it consistently achieves lower tracking error across most of the time
steps, indicating superior control accuracy. The enhanced performance of
the proposed method can be attributed to its integrated structure, which
combines feedback control and iterative learning. The feedback component
enables real-time suppression of time-domain disturbances, while the ILC
mechanism refines control input iteratively using the error along the itera-
tion axis. This synergy results in improved convergence speed and robustness
to uncertainties.
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Figure 10: Comparison of the RMSE curves for the three control methods.

Finally, to further evaluate the robust adaptability of the learning-based
PID controller obtained through the proposed framework, it is compared with
PID controllers designed using the ZN tuning method and the DL-IFT algo-
rithm. Figure 11 shows the output response curves of the three controllers
under varying reference trajectories, where the known task trajectory is yd
and the unknown task trajectory is denoted as

yr2(t) =


10(t− 10), t ∈ [10, 13]

30, t ∈ [13, 15]

30 + 10(t− 15), t ∈ [15, 18]

60, t ∈ [18, 20]

. (73)



The simulation results indicate that the learning-based PID controller ex-
hibits stronger adaptability to set-point changes and achieves better tracking
performance under varying tasks.
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Figure 11: PID output trajectories of three different methods for variable
trajectory task.

In summary, the proposed algorithm not only performs well in terms of
control accuracy and convergence speed, but also exhibits excellent robust-
ness and adaptability in the presence of model uncertainties and trajectory
variations. The PID controller obtained by fitting the optimal input-output
data of the combined feedback and ILC system inherits the dynamic charac-
teristics of the original system and can effectively handle trajectory tracking
tasks with unknown changes in the time domain. The effectiveness and su-
periority of the algorithm are verified through the above simulations.

6 Conclusions and future work

This paper proposes a new ILC scheme for linear systems with repetitive char-
acteristics to track varying reference trajectories. First, based on the known
task, a feedback-based ILC algorithm is designed to achieve high tracking
performance by combining inter-trial iterative learning and intra-trial real-
time feedback to effectively eliminate the error caused by system uncertainty.
To apply the learning experience of repeatedly performing a known task to
a new task, the optimal parameters of the learning-based feedback controller
are estimated by LS fitting based on the optimal output sequence and error
sequence of the system. Through this process, the feedback plus feedforward
controller is integrated into a new learning-based feedback controller that



can achieve effective tracking of changing task trajectories without limiting
its duration. Simulation results show that the proposed method has good
tracking performance and robustness, and it improves the applicability and
flexibility of the ILC control method for varying tasks.

Future work will focus on include experimental validation to further ex-
plore the practical performance of the proposed method and investigate its
potential application in nonlinear systems.
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