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Abstract

In practical industries, multiple subsystems are often required to collab-
orate on a particular repetitive collaborative tracking task, taking a lot of
computation. Norm optimal iterative learning control (NOILC) can effec-
tively improve the tracking accuracy for such tasks, and also provide the
monotonic convergence of tracking error. However, the high-dimensional
matrices and supervectors generated by the lifting technique lead to a com-
putationally expensive problem in the lifted NOILC approach, making it
difficult to apply to the collaborative tracking task with long trial length.
In order to achieve efficient computation, this paper proposes a novel non-
lifted NOILC (N-NOILC) approach for collaborative tracking, with only
linear computational complexity regarding the trial length. Exploiting the
decomposability of the designed performance criterion, the N-NOILC op-
timization problem is reformulated as a “sharing” problem, and the alter-
nating direction method of multipliers (ADMM) is introduced for its decen-
tralized solution. Theoretical analysis shows that the proposed algorithm
makes the error converge monotonically to zero under the corresponding
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convergence conditions. Its relevant parameter tuning guidelines are also
provided. Finally, the effectiveness of the proposed decentralized N-NOILC
approach is verified by numerical simulation.

Keywords: iterative learning control, optimization based learning design, col-
laborative tracking, computational efficiency

1 Introduction

Collaborative tracking requires multiple subsystems to “join forces” to perform
a global objective task, where the global output of the system is regarded as a
combination of all subsystem outputs. In nature, it is a very common class of sce-
narios, e.g., multiple ants carrying food together, centipedes moving on multiple
legs, and etc. Such collaborative tracking control for a common output objective
also appears in many practical applications, for example: multi-UAV collabora-
tive transportation [14, 31], multiple robotic arms grasp an object together [15],
and a task of human-robot object transportation [23], etc. Collaborative tracking
systems usually have a sharing center node for collecting and sending informa-
tion to subsystems so that subsystems can better collaborate with each other to
accomplish tasks.

When the task needs to be performed repeatedly, there is a strong motivation to
use iterative learning control (ILC) [16,28] to achieve highly accurate collaborative
tracking. ILC is an intelligent learning control method for repetitive tasks over a
finite time interval. A single execution of the task is called a trial, and the number
of sampling points N during a trial is called the trial length. The mechanism of
ILC is to continuously improve the input of the current trial by learning the input
and output behavior of the previous trial, thus achieving perfect tracking of the
desired trajectory.

In recent years, some ILC approaches have been applied to the collabora-
tive tracking problem. Reference 7 introduces ILC to the collaborative tracking
scenario for the first time, proposing an inverse-based ILC approach with time-
partitioned update that allows to design the input update law for each subsystem
individually. For the human-machine collaborative output problem, the inverse-
based ILC approach is applied in 21 to improve the system output, which achieves
asymptotic convergence to zero tracking error. However, the inverse-based ILC de-
signs lack robustness to model uncertainty. In addition, these approaches do not
provide optimal solutions, i.e., there is no performance criterion given to select the
optimal input.

The norm optimal ILC (NOILC) [18,32,33] approach effectively addresses the
above limitations, achieving a variety of compelling collaborative tracking perfor-
mances by minimizing a specific performance criterion. With adding an input



increment term, NOILC outperforms inverse-based ILC in terms of stability and
robustness. Moreover, it has the advantage of ensuring the error monotonic conver-
gence, so the transient problem before error convergence which exists, for example,
in 21, is avoided. A generalized decentralized ILC framework along with the cor-
responding convergence and robustness analyses are given in 5, and a NOILC
algorithm is applied to illustrate the effectiveness of the proposed framework. Ref-
erence 4 gives a centralized NOILC algorithm for the constrained collaborative
tracking problem and further extends a decentralized NOILC implementation.

In terms of the system total computation, compared to single-system trajec-
tory tracking, collaborative tracking tasks often require more computation due to
the frequent communication between the network center node and the subsystems.
Therefore, a computationally efficient algorithm is attractive. However, the exist-
ing NOILC algorithms suffer from a computational efficiency problem that affects
their practical applications. The NOILC approach uses the lifting technique for
system description that combines information from all sampling time points in each
trial into supervectors, resulting in the dimensionality of the vectors and matrices
involved are multiples of the trial length N , so the computational complexity of
the algorithm grows cubically about N . For some systems that need to perform
large tasks, such as industrial robotic systems [12], the number of elements in their
system matrices and vectors can reach millions, thus occupying a large amount of
memery space and computation time, which is obviously difficult to perform prac-
tical computations. Therefore, solving the computational problem is a topic of
great practical interest.

For the single-system, several studies have been devoted to solving the above
computational problem in NOILC. Reference 11 achieves linear computational
complexity by utilizing a sequentially semi-separable structure of lifted system
matrices, and reduces the conservatism of the robust design by calculating un-
certainty bounds. Reference 13 directly uses the relevant state space equations
to solve the optimization problem of the lifted system, obtaining a computation-
ally efficient algorithm. Reference 30 uses a Riccati-based method to solve the
optimization problem of lifted system performance criteria, and reveals the rela-
tionship between the method and stable inverse. In addition, frequency domain
NOILC methods [9,25] have also been shown to reduce computational complexity
compared to lifted NOILC. The schemes designed in the frequency domain replace
high dimensional matrix operations in the time domain through filter design, and
utilize the fast Fourier transform (FFT) and the independence of frequency do-
main operations to significantly reduce the computational burden. It is worth
noting that the above solutions are realized on the premise that the lifted sys-
tem is already given, in other words, their work focuses on reducing the impact
of choosing the lifted system framework. Fundamentally, the computational com-



plexity is caused by the high dimensional matrix and vector operations generated
by the lifting technique. If lifting techniques were not enabled, it would not be a
source of computational complexity. Reference 26 takes a completely new strategy,
which directly designs the performance criteria of the controlled system with the
time index, avoids the use of lifting technique, and develops a computationally
efficient non-lifted NOILC (N-NOILC) approach. This approach provided insights
for our subsequent study.

The main research goal of this paper is to effectively reduce the computational
complexity of the lifted NOILC approach while inheriting its excellent control
performance. For the collaborative tracking problem, this greatly reduces the
computational time and memory space usage, thus providing more flexibility in
the choice of trial length. Inspired by the findings of literature [26], this paper
extends the N-NOILC approach to collaborative tracking scenarios, providing a
linear computational complexity algorithm.

Moreover, we note that the alternating direction method of multipliers (ADMM)
[2] is a very suitable solution method for decentralized convex optimization prob-
lems, exhibiting excellent convergence properties under mild conditions. In con-
trast to the harsh convergence conditions of many decentralized alternative tech-
niques, such as the dual decomposition method [20], which requires strict convexity
of the objective function and carefully tuned step sizes. ADMM ensures conver-
gence under milder conditions by leveraging an augmented Lagrangian framework.
Moreover, ADMM further distinguishes itself through its ability to decompose com-
plex constraints into tractable subproblems. By introducing auxiliary variables and
equality constraints, it decouples intertwined optimization tasks into sequences of
simpler operations. Each node independently solves subproblems involving local
data or variables, followed by lightweight coordination steps that update global
dual variables. Such a design minimizes communication overhead, making ADMM
particularly scalable for high-dimensional problems or large datasets partitioned
across decentralized systems. These attract us to introduce ADMM to solve the
collaborative tracking optimization problem in N-NOILC. Therefore, this paper
consider using ADMM design algorithm, proposing a decentralized N-NOILC im-
plementation. The main contributions and highlights of this paper are summarized
as follows:

� A computationally efficient N-NOILC algorithm for collaborative tracking is
designed. Compared with the existing lifted NOILC algorithms [4, 5], the
computational complexity is significantly reduced from O(N3) to O(N).

� For the specific collaborative tracking task, we introduce the decentralized
ADMM to design an algorithmic framework for parallel computation, which
improves the system’s collaborative capability and the algorithm’s execu-



tion efficiency. A potential advantage is that the global optimal tracking
performance of the system is still maintained.

� The relevant properties analysis of the algorithm is given, including conver-
gence, steady state error and computational complexity. The results show
that the proposed algorithm allows the collaborative tracking error to con-
verge to zero under very mild parameterization conditions. Further, the
corresponding parameter tuning guidelines are provided.

This paper is organized as follows: Section 2 provides the problem formula-
tion and research motivation. A computationally efficient decentralized N-NOILC
algorithm based on the ADMM is proposed for collaborative tracking in Section
3. The main results of the proposed algorithm are given in Section 4. Section 5
shows the simulation verification. Conclusions and future work are presented in
Section 6.

Notation: Denote the set of natural numbers as N, and the set of positive
integers as N+. Rn and Rn×m represent the sets of n-dimensional real vectors and
n × m real matrices, respectively. In denotes a n × n identity matrix. A ≻ 0
represents that the matrix A is positive definite. λ(·) is the characteristic value of
a matrix. ρ(·) is the spectral radius of a matrix. ∥·∥ is the 2-norm of a vector or
matrix. σ(·) is the smallest singular value of a matrix. The induced norm of the
vector x is defined as ∥x∥2R = xTRx. X ⊗ Y represents the Kronecker product of
matrices X and Y .

2 Problem Formulation

In this section, the system dynamics and corresponding control objectives are
first given. The computational challenges in the lifted NOILC approach are then
analyzed, which reveals the main study motivation of this paper.

2.1 System Dynamics

Consider a class of (homogeneous or heterogeneous) networked dynamical systems
that consist of s subsystems labeled 1 through s, federating all subsystems to
perform a repetitive task collaboratively within a finite time interval. The system
dynamics of subsystem i (1 ≤ i ≤ s) is represented as the following discrete-time
linear time-invariant (LTI) model:

xi,k(t+ 1) = Aixi,k(t) +Biui,k(t),

yi,k(t) = Cixi,k(t).
(1)



The discrete-time index is t = 0, 1, . . . , N , the trial index is k ∈ N, and the trial
length is N ∈ N+. xi,k(t) ∈ Rn, ui,k(t) ∈ Rm and yi,k(t) ∈ Rl are state, input and
output variables of subsystem i on trial k, respectively. Ai ∈ Rn×n, Bi ∈ Rn×m

and Ci ∈ Rl×n are system matrices with l ≤ m.
For the collaborative tracking problem, the global output of the system is the

sum of the outputs of all subsystems, i.e.

yk(t) =
s∑

i=1

yi,k(t) ∈ Rl. (2)

Further, the global system model is represented as

xk(t+ 1) = Axk(t) +Buk(t),

yk(t) = Cxk(t),
(3)

where uk(t) =
[
uT
1,k(t), . . . , u

T
s,k(t)

]T ∈ Rms, xk(t) =
[
xT
1,k(t), . . . , x

T
s,k(t)

]T ∈ Rns,
A = diag {A1, . . . , As} ∈ Rns×ns, B = diag {B1, . . . , Bs} ∈ Rns×ms, C = [C1, . . . , Cs] ∈
Rl×ns. The objective of ILC design problem for collaborative tracking is to find
a set of appropriate individual control inputs ui,k(t) that allow the system global
output yk(t) track the desired trajectory yd(t) exactly, and make the tracking error
ek(t) tends to 0 when k → ∞, i.e.

lim
k→∞

ek(t) = yd(t)− lim
k→∞

yk(t) = 0. (4)

Remark 1. In this paper, the global output is simply defined as the sum of the
outputs of all subsystems, as shown in (2). It is a more idealized definition, and
similar forms of definitions have been adopted in Literature 4, 7, 21. Literature 5
gives a more general definition of global output as follows:

yk(t) =
s∑

i=1

ωiyi,k(t),

where ωi ∈ (0, 1] is a scalar weight. The weighted sum definition is closer to the
realistic scenario where subsystems have different importance and uneven contribu-
tions. If the global output is redefined in the form of a weighted sum of the outputs
of all subsystems, the collaborative tracking error then becomes

ek(t+ 1) = yd(t+ 1)− ωCAxk(t)− ωCBuk(t),

where C = diag {C1, . . . , Cs} ∈ Rls×ms, ω = [ω1, . . . , ωs] ⊗ Il ∈ Rl×ls. By mini-
mizing the collaborative tracking error, the weight matrix ω is introduced into the
N-NOILC update law, which affects the convergence performance of the proposed
algorithm.



To facilitate the analysis of algorithm properties in the later section, a few
reasonable assumptions about the system are given.

Assumption 1. For all subsystems, each trial satisfies the following state initial-
ization condition:

xi,k(0) = xi,d(0), (5)

where xi,k(0) and xi,d(0) are the true and desired state initial values of subsystem
i on trial k, respectively.

Assumption 2. There exists a desired control input ud(t) that allows the system
(3) to achieve perfect tracking of the desired state and output within the finite time
interval [0, N ], i.e.

xd(t+ 1) = Axd(t) +Bud(t),

yd(t) = Cxd(t).
(6)

Assumption 3. System matrix CiBi is full row-rank, and the state xi,k(t) is mea-
surable and available.

Assumption 1 ensures that the state initial value of the system is consistent
from trial to trial. Assumption 2 guarantees that the tracking error of the N-
NOILC system is possible to converge to 0, i.e., as shown in Eq. (4). Assumption
3 ensures that the system is controllable and the state information is accessible.

2.2 Computational Challenges in Lifted NOILC

As described in the Introduction, the lifted NOILC approach has been decentral-
ized to achieve collaborative tracking of multiple subsystems. Compared to the
non-optimization class of algorithms, the lifted NOILC algorithms proposed in [4,5]
have the benefit of guaranteeing monotonic convergence of the error along the trial
axis, but they cause a significant increase in computational complexity due to the
use of lifting technique, thus limiting their practical application. For ease of analy-
sis, the classical lifted NOILC approach for single-system is first briefly described,
which is derived by minimizing the following performance criterion:

Jk+1(uk+1) = ∥ek+1∥2Q + ∥uk+1 − uk∥2R . (7)

The optimal solution is found as follows:

uk+1 = uk + Lek, (8)

where

L =
(
GTQG+R

)−1
GTQ. (9)



In control law (8), the system input uk =
[
uT
k (0), . . . , u

T
k (N − 1)

]T
is a so-called

“supervector”, and the system error ek is defined accordingly. The lifted system
input/output matrix G in Eq. (9) is defined as

G =


CB 0 · · · 0
CAB CB · · · 0

...
...

. . .
...

CAN−1B CAN−2B · · · CB

 .

From a computational complexity perspective, the implementation of control
law (8) is challenging. The computational complexity is defined as follows [30]:

∆tot = ∆init +∆trial · kmax, (10)

where ∆tot is the total computations of all trials, ∆init is the priori initialization
computations, ∆trial is one trial update computations, and kmax is the maximum
number of trials.

Since matrix L is trial-invariant, it can be initialized in advance. Eq. (9)
contains three lifted matrix operations: multiplication, addition and inversion.
Matrix multiplication has the highest computational complexity of O(N3), hence
∆lif

init ∼ O(N3). Eq. (8) shows one trial update computations, containing matrix-
vector multiplication and vector-vector addition. Matrix-vector multiplication has
the highest computational complexity of O(N2), hence ∆lif

trial ∼ O(N2). There-
fore, the total computations ∆lif

tot ∼ O(N3). These conclusions are experimentally
demonstrated in Section 5.

Essentially, the source of the computational complexity O(N3) is the use of
N × N dimensional lifted matrices for system description. Inspired by the re-
search results in [26], this paper proposes a decentralized N-NOILC appproach
with efficient computation to solve the collaborative tracking problem.

3 Decentralized N-NOILC Implementation

This section briefly introduces the “sharing” problem in ADMM and provides a de-
centralized N-NOILC algorithm implementation by transforming the optimization
problem of N-NOILC into the “sharing” problem.

3.1 Overview of the “Sharing” Problem in ADMM

ADMM is a powerful optimization method that combines the decomposability of
dual ascent with the excellent convergence properties of the method of multipliers.
The “sharing” problem is a classical decentralized optimization problem in ADMM.



Many optimization problems can be put in this form, getting the decentralized
optimal solutions.

The “sharing” problem is expressed in the following form:

min
u

s∑
i=1

fi(ui) + g

(
s∑

i=1

zi

)
,

s.j. ui − zi = 0, i = 1, . . . , s,

(11)

where fi(·) is the local cost function for subsystem i, ui is the local variable, g(·)
is the global cost function for some shared objective of all subsystems, zi is the
auxiliary variable. The “sharing” problem aims to make each subsystem i adjust
its local variable ui to minimize its respective local cost function fi(ui) and the

shared objective function g

(
s∑

i=1

zi

)
.

For the “sharing” problem (11), an iterative solution is performed using ADMM.
In the ϑth iteration, the variables are updated according to the following algorithm:

uϑ+1
i = argmin

ui

(
fi(ui) +

ρ

2

∥∥∥ui − uϑ
i + uϑ − z̄ϑ + γϑ

∥∥∥2) , (12)

z̄ϑ+1 = argmin
z̄

(
g(sz̄) +

ρ

2
s
∥∥∥uϑ+1 − z̄ + γϑ

∥∥∥2) , (13)

γϑ+1 = γϑ + uϑ+1 − z̄ϑ+1, (14)

where uϑ = 1
s

s∑
i=1

uϑ
i , ϑ is the ADMM iteration number, ρ is the penalty parameter,

γ is the dual variable. z̄ is an additional variable after the simplification operation,

transformed from constraint z̄ = 1
s

s∑
i=1

zi. The purpose of this is to replace the s

components zi with z̄, thus reducing the computational burden on the central
node. The specific derivations involved can be found in [2].

The ui-update (12) is parallel, for i = 1, . . . , s, meaning that each subsystem
can perform parallel computations; the z̄-update (13) requires the average of all
local input variables, and then solves only one optimization problem with respect
to z̄; the γ-update (14) makes a difference of the results of the first two steps and
decentralizes them to each subsystem.

3.2 Reformulated as the “Sharing” Problem

Next, we will build the collaborative tracking problem in the N-NOILC framework
and translate it equivalently into a the “sharing” problem.



For lifted NOILC, its high computational cost is attributed to the high-dimensional
matrices and vectors generated by the lifting technique. For this reason, we avoid
enabling lifting techniques to eliminate the introduction of high-dimensional ma-
trices and vectors at the source. The essence of the N-NOILC approach is to
minimize a specific performance criterion that does not involve lifted system. For
the global system (3), a centralized performance criterion with respect to uk+1(t)
is designed as follows:

Jk+1 (uk+1(t)) = ∥ek+1(t+ 1)∥2Q + ∥∆uk+1(t)∥2R , (15)

where ∆uk+1(t) = uk+1(t) − uk(t) is the input increment along the trial axis de-
signed to ensure smoothness of the input signal. (Q,R) ≜ (qIl, R ⊗ Is) are all
symmetric positive definite weighting matrices designed to adjust the weight of
tracking error and input increment, where R = rIm. The constructed quadratic
performance criterion (15) is improved based on the lifted NOILC. By introducing
model information to obtain optimal control gains, it significantly enhances sys-
tem performance and stability. Therefore, the proposed N-NOILC requires all the
information of system matrices A, B, and C, and is essentially a model-based ILC
approach.

Remark 2. Unlike the lifted form in 4, 5, the performance criterion (15) is non-
lifted and only contains the information at a sampling time in a trial. It is di-
rectly designed for system (3), avoiding using lifted matrices for system description.
Therefore, the algorithm for solving it is computationally efficient.

In the N-NOILC framework, the collaborative tracking problem is formulated
as solving the following convex optimization problem:

min
u

Jk+1 (uk+1(t)) = ∥ek+1(t+ 1)∥2Q + ∥∆uk+1(t)∥2R . (16)

The collaborative tracking problem (16) can be viewed as a system global mini-
mization problem since the performance criterion encompasses all the subsystems.
That is, it is a control problem for a centralized architecture.

By reviewing the “sharing” problem in the previous subsection, we can see that
both are essentially the same, they are minimization problems for a specific objec-
tive function. As long as the centralized performance criterion Jk+1 (uk+1(t)) are
decomposable, we have a strong motivation to transform the collaborative track-
ing problem on N-NOILC into a “sharing” problem and introduce decentralized
ADMM for its solution. For the penalty term ∥∆uk+1(t)∥2R in the performance cri-
terion, it is decomposed into the form of an accumulation of all subsystem input
increments. For the error term ∥ek+1(t+ 1)∥2Q, although it cannot be decomposed
into a number of subterms that add up, it is regarded as a global shared objective



of the system, equivalent to g

(
s∑

i=1

zi

)
in problem (11). In this way, the collabora-

tive tracking problem (16) is equivalently transformed into the following “sharing”
problem:

min
u

s∑
i=1

fi,k+1 (ui,k+1(t)) + gk+1

(
s∑

i=1

zi,k+1(t)

)
,

s.j. CiBiui,k+1(t)− zi,k+1(t) = 0, i = 1, . . . , s.

(17)

The local cost function and the global shared objective function are respectively
expressed as follows:

fi,k+1 (ui,k+1(t)) = ∥ui,k+1(t)− ui,k(t)∥2R , (18)

gk+1

(
s∑

i=1

zi,k+1(t)

)
=

∥∥∥∥ ek(t+ 1)− CA∆xk+1(t) + CBuk(t)−
s∑

i=1

zi,k+1(t)

∥∥∥∥2
Q

.

(19)

The local cost function fi,k+1 (ui,k+1(t)) represents the input increment of subsys-
tem i. It enables a smooth transition of control inputs between trials by penalizing
the changes of control inputs in neighboring trials, which helps to improve the
stability and robustness of the system throughout the iterative learning process.
This design of the local cost function allows the overall optimization problem to
be decomposed into local optimization problems for individual subsystems, thus
providing a prerequisite for parallel solution using sharing ADMM. The global

shared objective function gk+1

(
s∑

i=1

zi,k+1(t)

)
is designed to minimize the collab-

orative tracking error of the current trial, despite the fact that the error term is
indecomposable. By incorporating the variables zi,k+1(t) associated with the sub-
systems and some system global shared terms, the function satisfies the constraint
relationship between the different variables, taking the error of the current trial as
the system shared objective. To illustrate equivalence, Remark 3 is provided.

Remark 3. The first term in the “sharing” problem (17) is equal to the second
term in the performance criterion (15), i.e.

s∑
i=1

fi,k+1 (ui,k+1(t)) = ∥∆uk+1(t)∥2R . (20)

Substituting the constraint condition CiBiui,k+1(t) = zi,k+1(t) into the second term
in the “sharing” problem (17) yields the first term in the performance criterion
(15), i.e.

gk+1

(
s∑

i=1

zi,k+1(t)

)
= ∥ek+1(t+ 1)∥2Q . (21)



Therefore, solving the “sharing” problem (17) using ADMM is equivalent to solving
the collaborative tracking problem (16) in a decentralized manner.

3.3 Decentralized N-NOILC Algorithm

Obviously, the optimization problem (17) is a “sharing” problem incorporating
the N-NOILC implementation framework. The ADMM is employed to provide a
decentralized solution to the “sharing” problem, which can hence develop a decen-
tralized N-NOILC algorithm for the collaborative tracking problem (16). Similar
to the algorithm (12)-(14), the following iteration algorithm is yielded:

uϑ+1
i,k+1(t) = argmin

ui,k+1(t)


∥ui,k+1(t)− ui,k(t)∥2R

+
ρ

2

∥∥∥∥∥CiBiui,k+1(t)− CiBiu
ϑ
i,k+1(t)

+ CBuϑ
k+1(t)− z̄ϑk+1(t) + γϑ

k+1(t)

∥∥∥∥∥
2

 ,

(22)

zϑ+1
k+1(t) = argmin

z̄k+1(t)


∥∥∥∥∥ek(t+ 1)− CA∆xk+1(t)

+ CBuk(t)− sz̄k+1(t)

∥∥∥∥∥
2

Q

+
ρ

2
s
∥∥∥CBuϑ+1

k+1(t)− z̄k+1(t) + γϑ
k+1(t)

∥∥∥2
 , (23)

γϑ+1
k+1 (t) = γϑ

k+1(t) + CBuϑ+1
k+1(t)− zϑ+1

k+1(t), (24)

where CBuϑ
k+1(t) = 1

s

s∑
i=1

CiBiu
ϑ
i,k+1(t), z

ϑ
k+1(t) is the additional variable due to

the simplification operation. Further, the analytic expression of the algorithm
(22)-(24) is obtained as follows:

uϑ+1
i,k+1(t) =

(
2R + ρ(CiBi)

T(CiBi)
)−1

2Rui,k(t) + ρ(CiBi)
T

·

(
CiBiu

ϑ
i,k+1(t)− CBuϑ

k+1(t)

+ zϑk+1(t)− γϑ
k+1(t)

) ,

(25)

zϑ+1
k+1(t) =

(
sQ+

ρ

2
Il

)−1

Q (ek(t+ 1)− CA∆xk+1(t) + CB uk(t))

+
ρ

2

(
CBuϑ+1

k+1(t) + γϑ
k+1(t)

)  , (26)

γϑ+1
k+1 (t) = γϑ

k+1(t) + CBuϑ+1
k+1(t)− zϑ+1

k+1(t). (27)

The first step (25) represents all the local variable updates, where each sub-
system gets its respective optimal control input in a parallel computation. The



second step (26) indicates additional variable update that require system global
information sharing. The third step (27) represents the update of the dual vari-
able, which is realized by making a difference between the results of the first two
steps. When updating one of the steps, the other two steps are fixed, and thus all
variables are updated alternately. Repeat the above three steps until all variables
no longer change, achieving convergence ultimately.

To clearly illustrate the execution of the algorithm, the corresponding pseudo-
code is shown in Algorithm 1.

Algorithm 1 Decentralized N-NOILC algorithm for collaborative tracking

Input: System matrices Ai, Bi and Ci; desired trajectory yd(t); weighting matri-
ces Q and R; the trial length N ; maximum trial index kmax, maximum ADMM
iteration index ϑmax, positive penalty parameter ρ
Output: Optimal control input ui,k(t) for each subsystem i
1: Initialization: Set initial state value xi,k(0) = x0

2: for k=0 to kmax do
3: for t=0 to N do
4: for ϑ=0 to ϑmax do
5: Each subsystem updates its inputs in parallel by (25)
6: All subsystems send inputs to the system center node
7: The system center node updates variables by (26), (27)
8: The system center node sends results to all subsystems
9: end for
10: Assign the value of uϑmax

i,k+1(t) to ui,k+1(t)
11: end for
12: Return: Optimal control input ui,k+1(t)
13: end for

Remark 4. The proposed decentralized design solves the collaborative tracking
problem by introducing the shared ADMM, unlike many existing distributed ILC
schemes, whether model-based [8] or data-driven [3]. Compared with the proposed
decentralized design, the most significant difference of distributed design lies in
that the update of subsystem local variables needs to rely on knowledge from their
surrounding neighbors. This inherent control architecture naturally leads them to
address consensus tracking problems. In addition, benefiting from the character-
istics of shared ADMM, the proposed design may have lower computational com-
plexity and communication burden. The update of local variables in shared ADMM
only involves information from local nodes, eliminating the need for information
communication and interaction with neighboring nodes. As well, each update of
global variables and dual variables only needs to be calculated once at the central



node, avoiding parallel computation of s components and thus reducing computa-
tional complexity. In contrast, the distributed approach, such as in 8, requires more
computational and communication overhead.

4 Main Results

This section provides various features of Algorithm 1, including convergence prop-
erty, parameter effects and computational complexity.

4.1 Convergence Analysis

Our motivation for introducing ADMM is to achieve a decentralized solution to the
collaborative tracking problem, which leads to a different execution of Algorithm
1 than the regular two-dimensional ILC algorithms. For each discrete-time point
t ∈ [0, N ], the inputs uϑ

i,k+1(t) need to go through ϑmax ADMM iterations before
converging to the optimal solution. Therefore, the convergence analysis is divided
into two parts: first the convergence of the input variables updated according to
the ADMM iterations is analyzed, and then the convergence of their convergence
results along the trial axis is discussed.

For ADMM, the following proposition guarantee convergence [2]:

Proposition 1. When the penalty parameter ρ > 0, applying Algorithm 1 will
achieve the following convergence properties:

� Residual convergence: lim
ϑ→∞

(
CiBiu

ϑ
i,k+1(t)− zϑi,k+1(t)

)
= 0, implying the fea-

sibility of iterations.

� Cost function convergence:
s∑

i=1

fi,k+1

(
uϑ
i,k+1(t)

)
+gk+1

(
s∑

i=1

zϑi,k+1(t)

)
approaches

the optimal value as ϑ → ∞.

With Proposition 1, the input convergence result obtained by applying Algo-
rithm 1 is given next.

Theorem 4.1. Let the proposed Algorithm 1 be applied. When ADMM iteration
number ϑ → ∞, the iteratively updated inputs of each subsystem converge to the
unique optimal solution of the centralized collaborative tracking problem (16), i.e.

lim
ϑ→∞

(
uϑ
1,k+1

T
(t), . . . , uϑ

s,k+1

T
(t)
)T

= argmin
uk+1(t)

{J (uk+1(t))} . (28)



Proof. Substituting to the error definition, the performance criterion (15) is writ-
ten as the following quadratic equation:

Jk+1 (uk+1(t)) = uT
k+1(t)Muk+1(t) + 2bTuk+1(t) + c, (29)

where
M = (CB)TQCB +R,

W (t) = r(t+ 1)− CAxk+1(t),

bT = −
(
WT(t)QCB + uT

k (t)R
)
,

c = uT
k (t)Ruk(t) +WT(t)QW (t).

According to Assumption 3, M is a positive definite matrix since CB is full
row-rank and Q, R are all positive definite, making Jk+1(uk+1(t)) a convex func-
tion. Thus, there exists a unique optimal input minimizing Jk+1(uk+1(t)) at each
discrete-time point t ∈ [0, N ]. Also, the cost function in problem (17) is a convex
function and the corresponding constraints are convex sets, so there also exists a
unique optimal solution to problem (17).

According to Proposition 1, when ϑ → ∞, the input convergence value of
each subsystem minimizes the cost function in (17). Furthermore, the constraint
CiBiui,k+1(t) − zi,k+1(t) = 0, for all i = 1, . . . , s, will be satisfied. In this case, as
described in Remark 3, the cost function in (17) is equivalent to the performance
criterion (15). Therefore, for all discrete-time point t ∈ [0, N ] during one trial, the
input convergence value of each subsystem obtained by applying Algorithm 1 is
the same as the optimal solution of the collaborative tracking problem (16), i.e

lim
ϑ→∞

(
uϑ
1,k+1

T
(t), . . . , uϑ

s,k+1

T
(t)
)T

= argmin
uk+1(t)

{J (uk+1(t))} .

Theorem 4.1 is proved.

Theorem 4.1 indicates that all input variables eventually converge to the opti-
mal solution of the collaborative tracking problem (16) after ADMM iterations.

Conventional time-domain control is concerned with what happens to the sys-
tem as time tends to infinity. ILC is more concerned with what happens to the
system after numerous trials. In ILC terminology, ”system stability” and ”conver-
gence” are often used interchangeably. For a more rigorous description, we next
give a relevant definition of the stability of an ILC system, and the conditions, i.e.,
the convergence conditions, that are used to test whether a given system is stable
in this sense. The definitions and analysis of convergence in this paper are both
conducted from the perspective of control inputs.



Definition 4.2. (Asymptotic Convergence [19]) For an ILC system, if

lim
k→∞

∥ud − uk∥ = 0, (30)

holds , then the ILC system is asymptotically convergent.

According to the Definition 4.2, it can be seen that asymptotic convergence
is only concerned with the final convergence result of the control inputs and not
with the convergence behavior along the trial axis. Therefore, the asymptotically
stable N-NOILC system may experience large transients along the trial axis during
convergence. Another form of stability, monotonic convergence, that is “stronger”
than asymptotic convergence, which avoids the possibility of transient growth ap-
pearing, is described next.

Definition 4.3. (Monotonic Convergence [29]) For an ILC system, if

∥uk+1 − u∞∥ ≤ ∥uk − u∞∥ , (31)

holds , then the ILC system is monotonically convergent.

Monotonic convergence requires not only that lim
k→∞

uk = u∞ exists, but also

that the input error of the current trial cannot be larger than that of the previous
trial, which is a more stringent convergence condition. Below, the following the-
orems are deduced to give the convergence analysis of the optimal inputs in the
trial domain.

Theorem 4.4. If the system (1) is controlled by the N-NOILC algorithm 1, then
the input variables are asymptotically convergent along the trial axis.

Proof. Following the convergence result of Theorem 4.1, we further use the opti-
mality condition to yield the optimal solution to the collaborative tracking problem
as follows:

uk+1(t) = uk(t) + Leek(t+ 1)− Lx∆xk+1(t). (32)

The centralized solution (32) is a column stack vector that can be viewed as the
converged value of all subsystems’ input after the ADMM iterations, where

Le =
[
(CB)TQCB +R

]−1

(CB)TQ, (33)

Lx =
[
(CB)TQCB +R

]−1

(CB)TQCA. (34)

According to the error definition, has

ek(t+ 1) = yd(t+ 1)− C(Axk(t) +Buk(t)). (35)



Substituting (35) into (32) yields

uk+1(t) = Luuk(t)− Lxxk+1(t) + Leyd(t+ 1), (36)

where

Lu =
[
(CB)TQCB +R

]−1

R. (37)

According to the definition of system model and Assumption 1, yields

xk+1(t) = Atxd(0) +
t−1∑
v=0

At−1−vBuk+1(v). (38)

Substituting (38) into (36) yields

t−1∑
v=0

ηt,vuk+1(v) + uk+1(t) = Luuk(t) + θ(t), (39)

where θ(t) = Leyd(t+1)−LxA
txd(0) and ηt,v = LxA

t−1−vB. Then (39) is written
in a lifted form as

uk+1 = H−1Luk +H−1θ, (40)

where
uk+1 =

[
uT
k+1(0), . . . , u

T
k+1(N − 1)

]T ∈ RmsN ,

uk =
[
uT
k (0), . . . , u

T
k (N − 1)

]T ∈ RmsN ,

θ =
[
θT(0), . . . , θT(N − 1)

]T ∈ RmsN ,

H =


I 0 · · · 0
η1,0 I · · · 0
...

...
. . .

...
ηN−1,0 · · · ηN−1,N−2 I

 ∈ RmsN×msN ,

L =

Lu 0
. . .

0 Lu

 ∈ RmsN×msN .

For the lifted law (40), the asymptotic convergence condition is ρ(H−1L) < 1
[28]. The matrix H is a lower triangular matrix with the unit array as diagonal
element, so there is λ(H−1L) = λ(L), i.e., ρ(H−1L) = ρ(Lu). In this case, since
the matrices Q and R are all symmetric positive definite matrices, and R = rIms

with r > 0, further yields

ρ(Lu) ≤ ∥Lu∥ =

∥∥∥∥[(CB)TQCB +R
]−1

R
∥∥∥∥ < 1, (41)

i.e., ρ(H−1L) < 1. Theorem 4.4 is proved.



Remark 5. According to Theorem 4.4, asymptotic convergence of Algorithm 1 is
very easy to satisfy, requiring only that Q and R are symmetric positive definite
matrices, and R = rIms with r > 0.

During the convergence of the algorithm, large transient growth [17] should be
avoided as much as possible, so monotonic convergence is desirable. To ensure
monotonic convergence, the corresponding Theorem 4.5 is given.

Theorem 4.5. Let the proposed Algorithm 1 be applied. If the symmetric positive
definite matrices Q and R make the following condition hold:

PT +P ≻ 0, (42)

then the input variables are monotonic convergent along the trial axis, where P =
(CB)TQC(ϕ+B). Define the following lifted matrices:

ϕ =


0 0 · · · 0

AB 0 · · · 0
...

...
. . .

...
AN−1B · · · AB 0

 ∈ RnsN×msN ,

B =

B 0
. . .

0 B

 ∈ RnsN×msN ,

C ∈ RlN×nsN , Q ∈ RlN×lN , R ∈ RmsN×msN are defined accordingly.

Proof. For the lifted law (40), the monotonic convergence condition is
∥∥H−1L

∥∥ < 1
[24]. The matrices H and L are written as follows:

H =
[
(CB)TQCB+R

]−1

(CB)TQCϕ+ I, (43)

L =
[
(CB)TQCB+R

]−1

R. (44)

Combining (43) and (44) yields,

H−1L =
[
(CB)TQC(ϕ+B) +R

]−1

R

= (P+R)−1R.
(45)

Taking 2-norm on both sides of the equal sign yields∥∥H−1L
∥∥ ≤

∥∥(P+R)−1
∥∥ ∥R∥

=
r

σ (P+R)
.

(46)



According to the definition of singular value, yields

σ (P+R) =

√
λmin

(
(P+R)T (P+R)

)
=
√

λmin

(
PTP+ r(PT +P)

)
+ r2.

(47)

Thus , if PT +P ≻ 0 holds, we get

λmin

(
PTP+ r(PT +P)

)
> 0. (48)

From this, it ultimately follows that∥∥H−1L
∥∥ ≤ r√

λmin

(
PTP+ r(PT +P)

)
+ r2

< 1.
(49)

Theorem 4.5 is proved.

To sum up, the convergence of Algorithm 1 is guaranteed as long as the above
theorems are satisfied by tuning the parameters.

Remark 6. Although Theorem 4.5 shows that monotone convergence requires some
positive definite condition for a certain matrix, it follows from Theorem 4.1 and 4.4
that asymptotic convergence can be guaranteed by fulfilling only some very mild pa-
rameterization conditions (requiring Q, R are symmetric positive definite matrices
and ρ > 0). This implies that the specific values of the relevant parameters do not
affect the tendency of the input variables to converge asymptotically. Moreover, the
tracking error converges to zero along the trial axis in this case (see Section 4.2).
To optimize the convergence speed, the parameters tuning guidelines are given in
Section 4.3.

Remark 7. Process disturbances in system models are common in engineering
practice. With the introduction of stochastic disturbance dk(t), the global model
(3) is represented as follows:

x̂k(t+ 1) = Ax̂k(t) +Buk(t) + dk(t),

yk(t) = Cx̂k(t),
(50)

and the collaborative tracking error is rewritten as

êk(t+ 1) = yd(t+ 1)− CAxk(t)− CBuk(t)− Cdk(t). (51)

A simple analysis is conducted on how disturbances impact the proposed algorithm.
Substituting the constraint condition CiBiui,k+1(t) = zi,k+1(t) into the global shared
objective function (17), the collaborative tracking problem is reformulated as

min
u

Ĵk+1 (uk+1(t)) = ∥êk+1(t+ 1) + C∆dk+1(t)∥2Q + ∥∆uk+1(t)∥2R , (52)



where ∆dk+1(t) = dk+1(t)− dk(t). In this case, the global optimal solution (32) to
the collaborative tracking problem becomes

uk+1(t) = uk(t) + Leêk(t+ 1)− Lx∆x̂k+1(t). (53)

Substituting (51) into (53) yields

uk+1(t) = Luuk(t)− Lxx̂k+1(t) + Leyd(t+ 1)− LeCdk(t), (54)

According to the definition of system model (50), yields

x̂k+1(t) = Atxd(0) +
t−1∑
v=0

At−1−vBuk+1(v) +
t−1∑
v=0

At−1−vdk+1(v). (55)

Substituting (55) into (54) yields

t−1∑
v=0

ηt,vuk+1(v) + uk+1(t) = Luuk(t) + θ(t)− LeCdk(t)−
t−1∑
v=0

ξt,vdk+1(v), (56)

where ξt,v = LxA
t−1−v. Then (56) is written in a lifted form as

uk+1 = H−1Luk +H−1θ −H−1Sdk −H−1Kdk+1, (57)

where
dk+1 =

[
dTk+1(0), . . . , d

T
k+1(N − 1)

]T ∈ RmsN ,

dk =
[
dTk (0), . . . , d

T
k (N − 1)

]T ∈ RmsN ,

K =


0 0 · · · 0
ξ1,0 0 · · · 0
...

...
. . .

...
ξN−1,0 · · · ξN−1,N−2 0

 ∈ RmsN×msN ,

S =

LeC 0
. . .

0 LeC

 ∈ RmsN×msN .

If the disturbance dk is bounded, then the input uk+1 is also bounded. Also, the
steady-state error does not converge to 0, but converges within an upper bound
related to the magnitude of the disturbance.



4.2 Steady-State Error

For the ILC controlled system, the control performance is usually measured by the
steady-state error along the trial axis, with smaller steady-state error implying
better control performance. The steady-state error is defined with the following
notation:

ess(t) = lim
k→∞

ek(t) = e∞(t). (58)

According to Eq. (36), yields

u∞(t)=
(
(CB)TQCB

)−1

(CB)TQ (yd(t+ 1)−CAx∞(t)) . (59)

According to the error definition, has

e∞(t+ 1) = yd(t+ 1)− C(Ax∞(t) +Bu∞(t)). (60)

Substituting (59) into (60) yields

e∞(t+ 1) = 0. (61)

Therefore, the steady-state error of the system can converge to zero, demonstrating
the superior control performance of Algorithm 1.

4.3 Tuning of Relevant Parameters

For Algorithm 1, the penalty parameter ρ and the weighting matrices Q, R have
an impact on the convergence performance of the algorithm. Their tuning are
discussed separately below.

4.3.1 The penalty parameter ρ

Theoretically, input variables uϑ
i,k+1(t) converges to the optimal solution when

ϑ → ∞. However, in practice, ϑ does not need to be set particularly large to
be sufficient to achieve very good convergence accuracy, as long as the penalty
parameter ρ value is appropriate. Although ADMM guarantees convergence for
any positive penalty parameter ρ, the value of ρ still affects the convergence speed.
If this parameter is not chosen properly, it may make the convergence of ADMM
iterations slower. Intuitively, the penalty parameter profoundly affects the con-
vergence speed by determining the penalty strength of the quadratic term. A
larger ρ strengthens the quadratic penalty term ρ

2
∥ · ∥2, hastening early-stage fea-

sibility. However, excessive ρ values may induce ill-conditioning in the u- and
z-subproblems. Conversely, smaller ρ relaxes the penalty, simplifying subprob-
lem solutions but risking slower convergence due to persistent primal-dual residual



imbalances or oscillatory updates. Some studies have also proposed methods for
selecting the parameter ρ, e.g., by following rules of thumb [2,6], or by mathemat-
ical calculations [10,22,27]. The above literature has shown that we can establish
that global convergence of ADMM iterations at a linear speed by optimizing ρ,
provided that the cost function is convex. Next, the explicit expression for the
optimal penalty parameter is provided.

In order to characterize the convergence speed of ADMM, the asymptotic con-
vergence factor of the input sequence

{
uϑ
k+1(t)

}
converging to the optimal input

u∗
k+1(t) is defined as follows:

ζ ≜ sup
u0
k+1(t)̸=u∗

k+1(t)

(∥∥uϑ
k+1(t)− u∗

k+1(t)
∥∥∥∥u0

k+1(t)− u∗
k+1(t)

∥∥
)
. (62)

A smaller convergence factor means that the ADMM iterations converge faster.
To find the optimal ρ, we formulate the selection of the optimal parameters as a
equation-constrained quadratic programming problem:

min
u,z

uT
k+1(t)Muk+1(t) + 2bTuk+1(t) + c,

s.j. CBuk+1(t)− zk+1(t) = 0,
(63)

where
M = (CB)TQCB +R,

W (t) = r(t+ 1)− CAxk+1(t),

bT = −
(
WT(t)QCB + uT

k (t)R
)
,

c = uT
k (t)Ruk(t) +WT(t)QW (t).

Based on the results of Literature [10], the following proposition on optimal pa-
rameter selection is derived.

Proposition 2. If the constraint matrix CB is either full row-rank or invertible,
then the optimal penalty parameter ρ∗ that minimize the convergence factor is:

ρ∗=

(√
λmin

(
CBM−1(CB)T

)
λmax

(
CBM−1(CB)T

))−1

. (64)

Proposition 2 gives an explicit expression for computing the optimal penalty
parameter that ensure the smallest convergence factor. In this way, we can accel-
erate the global linear convergence of ADMM iterations by choosing the penalty
parameter, which is beneficial in practice.



4.3.2 The weighting matrix R

According to the performance criterion (15), the weighting matrix R determines
the convergence speed of the algorithm along the trial axis (selecting Q = Il).
The matrix R adjusts the weights of ∥ek+1(t+ 1)∥2 and ∥∆uk+1(t)∥2 in the perfor-
mance criterion. Intuitively, if R is large, the algorithm will focus on optimizing
∥∆uk+1(t)∥2 so that the inputs are close to each other between adjacent trials;
if R is small, the algorithm will focus on achieving the largest possible decay of
∥ek+1(t+ 1)∥2 along the trial axis by adjusting the inputs. The effect of the value
of R on the convergence speed is discussed below.

When R = 0, it follows from (36) that

uk+1(t)=
(
(CB)TQCB

)−1

(CB)TQ (yd(t+ 1)−CAxk+1(t)). (65)

According to Assumption 1 and Eq. (65), yields

uk(0) =
(
(CB)TQCB

)−1

(CB)TQ (yd(1)− CAxd(0)) , (66)

thus
yk+1(1) = CAxd(0) + CBuk(0)

= CAxd(0) + yd(1)− CAxd(0)

= yd(1).

(67)

According to Assumption 2, yields xk(1) = xd(1), thus

uk(1) =
(
(CB)TQCB

)−1

(CB)TQ (yd(2)− CAxd(1)) . (68)

Further, yields
yk+1(2) = CAxd(1) + CBuk(1)

= CAxd(1) + yd(2)− CAxd(1)

= yd(2).

(69)

Similarly, the system output is also the same as the desired output for the remain-
ing sampling moments, i.e., yk+1(t) = yd(t), for all t ∈ {1, . . . , N}. As a result,
the system will achieve perfect tracking of the desired trajectory in the first trial
if R = 0.

When ∥R∥ → ∞, we get uk+1(t) → uk(t) from Eq. (32), meaning the input
does not change at all, so the convergence speed of the algorithm along the trial
axis is reduced to zero. After the above analysis, it is clear that a smaller R leads
to a faster convergence speed of the collaborative tracking error.



Indeed, the second term ∥∆uk+1(t)∥2R is also viewed as a penalty term that
improves the robustness of the system to stochastic disturbances. A similar dis-
cussion can be found in Literature 1,11. The selection of the matrix R is considered
as a trade-off between convergence speed and robustness.

Based on the previous analysis, the tuning guidelines regarding the weighting
matrices Q, R and the penalty parameter ρ are given below.

1. Select Q: The selection of the matrix Q corresponds to the weights of the
collaborative tracking error. It is usually set Q = I.

2. Select R: When stochastic disturbances are present, they can lead to fluctu-
ations in the steady-state error, affecting the control accuracy. The selection
of the matrix R needs to balance the convergence speed and the sensitivity
to stochastic process disturbances. Start with R = 0, and then gradually
increase r until the fluctuation of the steady-state error reaches the practical
requirements or no longer decreases.

3. Select ρ: After ensuring the stability of the system, parameter ρ is tuned
according to Eq. (64) to speed up the convergence of the control inputs
of each subsystem. In addition, to reduce the computational effort, we can
gradually reduce maximum ADMM iteration number ϑmax until the tracking
error convergence performance appears to worsen.

The above guidelines provide a generalized tuning method for the proposed Al-
gorithm 1, revealing the different effects of different parameters on the convergence
performance. We will verify each of them in the simulations in the next section.

4.4 Computational Complexity Analysis

From the analysis in Section 2.2, the computational complexity of the lifted NOILC
algorithm isO(N3), which is clearly impractical for the collaborative tracking prob-
lem. The decentralized N-NOILC algorithm proposed in this paper does not use
lifting techniques for system description, so it essentially avoids excessive compu-
tation. The computational complexity analysis of Algorithm 1 is given below.

In the time domain, during time index t → t + 1, Algorithm 1 is iterated
ϑmax times according to the laws (25)-(27). The computational complexity of each
iteration of the laws (25)-(27) is only related to the number of subsystems and the
matrix dimension of subsystems. Thus the computational complexity of Algorithm
1 updated once can be written as O(sϑmaxn

3
x), where nx represents the subsystem

matrix dimension. During one trial, the algorithm needs to be updated N times
along the time axis, so the computational complexity is O(ϑmaxn

3
xN). For each

subsystem, by choosing the optimal penalty parameter ρ it is possible to make the



ϑmax take on a small value, so that there is ϑmax ≪ N in the long trial process.
For the tracking task with long trial lengths, the computational complexity of each
subsystem is only O(N).

Compared with the existing lifted NOILC algorithms, the computational com-
plexity of the proposed N-NOILC algorithm is significantly reduced, and the re-
quired memory space is only proportional to the trial length N . A summary of
the comparative results of the two approaches is given in Table 1.

Table 1: Comparison of computational cost.

Comparison N-NOILC Lifted NOILC

Computational complexity of a subsystem O(ϑmaxn
3
xN) O(ϑmaxn

3
xN

3)
Memory requirement for a subsystem O(n2

xN) O(n2
xN

2)
System global computational complexity O(sϑmaxn

3
xN) O(sϑmaxn

3
xN

3)
System global memory requirement O(sn2

xN) O(sn2
xN

2)

Remark 8. In this paper, an increase in the number of subsystems helps reduce
the output load of individual subsystems and enhance the overall scalability of the
system. However, a larger number of subsystems means that the scale of the col-
laborative tracking problem becomes more complex, thereby slowing down ADMM
convergence. In shared ADMM, a larger number of subsystems typically increases
coordination complexity, requiring the algorithm to undergo more iterations ϑmax

to achieve the same convergence accuracy. This is because the increase in sub-
systems amplifies the coupling effect between variables, raising the complexity of
the coordination step and thus decreasing the convergence rate of the dual residual
and the primal residual. As well, an increase in the number of subsystems leads
to higher communication overhead in the system. In each iteration, all subsystems
must exchange information about global shared variables and dual variables with
the central node. If the number of subsystems grows, it is highly likely to exacerbate
communication latency. Therefore, increasing the number of subsystems may not
necessarily lead to better performance of the proposed algorithm.

5 Simulation Validation

In order to validate the effectiveness of the proposed Algorithm 1, a heterogeneous
networked dynamics system model consisting of seven different subsystems in [4]
is adopted. The transfer function of the ith subsystem is defined as

Gi(s) =
5s− 1

s2 + 5s+ i
, i = 1, . . . , 7. (70)
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Figure 1: Outputs for the global system (3) on the different trial.

To obtain the discretized system model (1), the trial duration is set to 15s with a
sampling time Ts = 0.01s, and hence the trial length N = 1500. The discretized
state space matrices of the subsystem plant are as follows:

Ai =

[
0.951 i× 10−2

0.0098 1

]
, Bi =

[
0.0098

4.92× 10−5

]
, Ci =

[
5 −1

]
, i = 1, . . . , 7.

(71)
The desired trajectory for collaborative tracking is defined as

yd(t) = 1.5 sin 0.2πt, t ∈ [0, 15s] . (72)

The input of the first trial is set to zero. In the following, the properties of the
proposed decentralized N-NOILC algorithm are first validated.

5.1 Properties of the Decentralized N-NOILC Algorithm

In order to test the effectiveness of the proposed Algorithm 1, the output trajectory
of the system is given, as shown in Fig. 1 to Fig. 3. We set the parameters ρ = 1,
Q = I, R = 0.01I and ϑmax = 8. Fig. 1 illustrates the output trajectories of the
global system on the different trial. Fig. 2 illustrates the output trajectories of
the subsystem 1 on the different trial. Fig. 3 illustrates the output trajectories
of the global system and some of the subsystems on the last trial. Due to the
different dynamics of each subsystem, their output trajectories are also different.
However, through the collaboration of all subsystems, the global output trajectory
still achieves the perfect tracking of the desired trajectory.
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Figure 2: Outputs for the subsystem 1 on the different trial.
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Figure 3: Outputs for the global system (3) and subsystems 1, 7 on the last trial.

The convergence behavior of Algorithm 1 is affected by several parameters,
e.g., the maximum ADMM iteration number ϑmax, the penalty parameter ρ, the
weighting matrix R. The effects of these parameters are studied separately below.

To study the effect of ϑmax, the value of all other parameters is fixed, with
ρ = 1, Q = I, R = 0.01I. Fig. 4 shows that the performance criterion gradually
converges to the optimal value with increasing ϑmax, as described in Proposition 1.
Fig. 5 illustrates how the collaborative tracking error changes as ϑmax increases.
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Figure 5: Error convergence results with different ϑmax.

The collaborative tracking error norm is monotonically convergent along the trial
axis, verifying Theorem 4.4. Moreover, as ϑmax increases, the variation of the error
curve converges more and more to the optimal solution, verifying the equivalence in
Eq. (28). After ϑmax ≥ 8, the decentralized convergence result is almost identical
to the optimal solution, which means that a small iteration value is sufficient to
achieve the desired convergence result, reflecting the efficient convergence ability
of ADMM.
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Figure 7: Error convergence results with different ρ.

Fig. 6 illustrates input convergence speed with different ρ in the first trial. We
define the ADMM iteration convergence factor in (62) to characterize the input
convergence speed, so as to find out the effect of changes in ρ on the convergence
speed, where u∗

k+1(t) is the optimal input obtained by (32). A smaller convergence
factor means that the ADMM iterations converge faster. Based on the conclusion
of Proposition 2, we calculate the optimal penalty parameter ρ∗ = 1.6. Increasing ρ
gradually from 0.5 to 4, the input convergence speed is first faster and then slower.
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Clearly, convergence result with ρ = 1.6 is the most ideal. Also, we investigate the
effect of choosing ρ on the collaborative tracking error. Fig. 7 provides the error
convergence results with different ρ, where setting ϑmax = 10. The convergence
result with ρ = 1.6 is the closest to the global optimum. For the case ρ = 4, a
further increase to ϑmax is required to improve the convergence performance.

Fig. 8 illustrates the effect of different R on the error convergence properties.
The other parameters are fixed, with ϑmax = 8, ρ = 1.6, Q = I. The change of R
has no effect on the convergence accuracy of the proposed algorithm because the
steady-state error of each curve converges to zero along the trial axis. In addition,
as R decreases, the error converges faster. These validate the conclusions of Section
4.2 and 4.3.

To study the effect of the process disturbances described in Remark 7 on the
convergence of the algorithm, we add stochastic disturbances di,k(t) = 0.001∗
randn to the state of each subsystem, where randn is a stochastic disturbance
that satisfies the standard normal distribution. Fig. 9 showns the system output
result with stochastic disturbance on the different trial. Fig. 10 showns the error
convergence comparison between disturbance and nominal system. In the presence
of disturbances, the system error cannot converge to 0 but instead fluctuates within
an interval related to the magnitude of the disturbances.
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5.2 Scalability of the Decentralized N-NOILC Algorithm

For decentralized algorithms, scalability refers to the ability of the algorithm to
effectively adapt and handle changes in the whole system size (i.e., the number
of subsystems) when such changes occur. To test scalability, we consider the case
of adding and removing a subsystem between trials 3 and 4, respectively. The
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Figure 12: Outputs for the added subsystem 8 on the different trial.

parameters are fixed when the network size changes, with ϑmax = 8, ρ = 1.6,
Q = I, R = 0.01I.

The error convergence result for adding subsystem is shown in Fig. 11. The
transfer function for the newly added subsystem 8 is

G8(s) =
5s− 1

s2 + 5s+ 8
.
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Figure 13: Error convergence result for removing subsystem on the 3rd trial.

After subsystem 8 is added, the error profile remains monotonically convergent.
This means that the proposed algorithm enables subsystem 8 to quickly integrate
into the whole system to drive collaborative tracking with other subsystems. In-
creasing the number of subsystems helps the whole system to accomplish the col-
laborative tracking task. Fig. 12 provides the output trajectories of the subsystem
8 on each trial.

The error convergence result for removing subsystem is shown in Fig. 13.
During the first three trials, the error converges quickly as usual. On the third
trial, subsystem 7 is removed from the whole system, causing a transient error.
However, the proposed algorithm immediately adjusts the input of the remaining
6 subsystems to cope with the network change, so that the collaborative tracking
error quickly monotonically converges again to zero after the next few trials.

For the proposed decentralized N-NOILC algorithm, by simply activating/deactivating
the local inputs of subsystem 8/7, the algorithm enables the system to continue
to update automatically until the error converges (other parameters are not re-
tuned), fully reflecting the excellent scalability. The proposed algorithm does not
need to retune any parameter to ensure error convergence when the whole system
size changes.

In contrast, some existing ILC designs for collaborative tracking have poor scal-
ability, for example, the algorithm with centralized control architecture in 4 need
to redesign control laws for central controller, and the decentralized algorithms in
5 may require recalculation of learning gains γ that satisfy convergence conditions.
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5.3 Comparison of N-NOILC With Existing Methods

Case 1:
The N-NOILC algorithm proposed in this paper can be regarded as an im-

proved algorithm with efficient computation of the lifted NOILC algorithm in 4,
so a comparison of the two is given below. Fig. 14 illustrates the error convergence
comparison between decentralized N-NOILC and lifted NOILC. Setting same pa-



rameters, both algorithms achieve good control of the model (70). Thanks to
the fact that they both introduce vector 2-norm and model information to find
the control gain, they both achieve monotonic convergence of the collaborative
tracking error.

Fig. 15 compares the calculation time of the two algorithms. This is a key
metric that characterizes the computational cost. The runtime environment for
the comparison simulation is MATLAB R2021a on a laptop with 16GB RAM and
12th Core i5 processor. Both algorithms set the same number of ADMM iterations,
with ϑmax = 8. The calculation time spent by them during one trial is counted
separately by setting different trial lengths.

The difference between the two algorithms is very obvious. For the lifted
NOILC algorithm, its high computational cost arises mainly from the operation of
high-dimensional lifted matrices and supervectors. The red curve shows that its
calculation time grows dramatically as the trial length N increases. In addition,
the trial length needs to satisfy N < 10000, otherwise our computer will not be
able to provide enough Random Access Memory (RAM) for the algorithm imple-
mentation. If the sampling frequency is set to 1KHz, then the duration time of
each trial must be limited to 10s. Also, the memory space required to store the
lifted matrix is proportional to the square of the trial length, i.e., N × N . All of
the above place a limit on the sampling frequency and trial duration.

In contrast, the computation time of proposed N-NOILC algorithm grows lin-
early with trial length, which relaxes the constraints on trial duration and sam-
pling frequency. This is because the proposed approach does not enable the lifting
technique, which avoids the construction and computation of high-dimensional
matrices and reduces the computational complexity from the root. The above
comparative results show that the proposed N-NOILC effectively relaxes the lim-
itation of computer RAM on the lifted NOILC, greatly shortens the computation
time, and significantly improves the computational efficiency.

Case 2:
Except for the proposed N-NOILC, frequency domain NOILC also helps reduce

computational complexity, although the research on such schemes has focused
on improving robust monotonic convergence. In the frequency domain, system
dynamics are described by the discrete-time transfer function G(z), and the update
law is expressed as complex multiplications at each frequency point as follows [9]:

uk+1(z) = Q(z)uk(z) + L(z)ek(z). (73)

Notably, since the z-transform is defined over an infinite time horizon, i.e., N = ∞,
the z-domain representation is an approximation of the NOILC system. The main
steps of frequency domain NOILC are time-frequency transformation (O(N log2N)),
frequency domain filtering (O(N)), and frequency-time transformation (O(N log2N)),
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Figure 16: Error convergence comparison between N-NOILC, frequency domain
NOILC and lifted NOILC.

thus its overall computational complexity is expressed as O(N log2N), which is sig-
nificantly lower than O(N3) of time domain lifted NOILC.

Next, we select the numerical model from Reference 9 for simulation and com-
pare it with the proposed N-NOILC. Since there is currently no relevant research
on frequency domain NOILC for collaborative tracking scenarios, we only conduct
simulations on the tracking problem of a single system here to study the differ-
ences between different NOILC methods. Consider a system with the following
continuous-time transfer function [9]:

G(s) =
s+ 20

s+ 5
.

Both the system sampling time and the desired trajectory are as described above.
Fig. 16 illustrates the error convergence comparison between N-NOILC, frequency
domain NOILC and lifted NOILC. For frequency domain NOILC in 9, the weight-
ing parameters are set to λ = 2, β = 0. Thanks to norm optimization framework,
the three methods achieve monotonic convergence of the tracking error.

Fig. 17 counts the calculation time of them during one trial. As the trial
length N increases, N-NOILC and frequency domain NOILC require significantly
less calculation time than lifted NOILC. Interestingly, although the computational
complexity of N-NOILC (O(N)) is lower than that of frequency domain NOILC
(O(N log2N)), N-NOILC requires more computational time than frequency do-
main NOILC when the trial length exceeds a certain value. This is because when
performing Fourier transforms, MATLAB’s built-in fft function is highly opti-



0 2 4 6 8 10

10
4

0

1

2

3

4

5

6

7

8

9

10

11

N-NOILC

Frequency domain NOILC

Lifted NOILC

Figure 17: Calculation time comparison between N-NOILC, frequency domain
NOILC and lifted NOILC.

mized based on the computer’s underlying optimized libraries, enabling real-time
processing of million-point signals with extremely high computational efficiency.
In contrast, the time domain N-NOILC relies on loop operations, thus the cal-
culation time is longer than that of frequency domain operations in MATLAB.
Therefore, how to further accelerate the calculation time of N-NOILC becomes an
open problem in the future.

6 Conclusions and Future Work

In this paper, a new decentralized N-NOILC approach for collaborative tracking is
presented. A clear benefit is that the computational cost of lifted NOILC is signif-
icantly reduced by avoiding enabling lifting technique, including less computation
time and memory consumption. This provides more freedom in the selection of
trial length N . For the specific collaborative tracking problem, we introduce the
decentralized ADMM, which enables the algorithm to be deployed in a decentral-
ized manner to every subsystem. This parallel computation scheme improves the
execution efficiency and scalability of the algorithm while without sacrificing the
global optimal control performance of the whole system at the same time. The
proposed approach is particularly suitable for large-scale systems and long-time
tracking tasks with high sampling frequencies.

The proposed decentralized N-NOILC approach is essentially a model-based
scheme meaning that the performance of the algorithm is affected by the model-



ing accuracy. Future work will be devoted to robustness analysis and design for
model uncertainty. Even further, a data-driven N-NOILC approach is extremely
attractive. In addition, the main contribution of the paper is to reduce the com-
putational complexity of lifted NOILC. However, the test in Theorem 4.5 to check
whether the proposed algorithm satisfies the monotonic convergence condition still
requires the construction of a few high-dimensional lifted matrices. Therefore, ex-
ploring and investigating the monotonic convergence condition independent of the
trial length N is a worthy consideration.
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