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Abstract

To tackle the time and batchwise uncertainty involved in nonlin-
ear batch process, this paper proposes a deep reinforcement learning
(DRL) based ILC scheme via Koopman operator. Using the Koop-
man operator, the original nonlinear system is reformulated into a
high-dimensional linear space form. Then, a DRL agent with neural
network is introduced into the 2D ILC framework to compensate for
non-repetitive uncertainty. Meanwhile, the convergence conditions of
the proposed ILC scheme are analyzed with a proof through the linear
matrix inequality. The proposed method is subsequently applied to a
continuous stirring tank reactor (CSTR), and the output of the high-
dimensional linear model is found to be almost identical to that of the
original nonlinear model, with an output error of less than 5%. In
contrast to the linearized ILC near the equilibrium point, the control
performance of the ILC under the high-dimensional model based on
Koopman operator is conspicuously augmented. Eventually, the utili-
sation of deep reinforcement learning to address non-repetitive uncer-
tainty and model mismatch significantly enhances the control perfor-
mance in comparison to dynamic iterative linearisation and PD-type
classical ILC approach.
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1 Introduction

Various batch processes have been constructed in industrial production,
encompassing automatic coal mining [1], metal rolling [2], robotic assembly
[3, 4], fine chemical manufacturing [5] and so on. ILC is an advanced algo-
rithm designed specifically for performance optimization, enabling continu-
ous learning and adjustment of control parameters based on historical per-
formance. By capitalizing on the inherent periodic data of batch processes,
ILC systematically evaluates control efficacy and revises the input signals
iteratively, thereby enhancing control performance from batch to batch [6].
Despite advancements in ILC, there are still some challenges to be over-
come. The existing ILC methods were mainly designed for strictly repetitive
processes [7], subject to the control performance degradation in variable pro-
duction environments and the inevitable errors in machinery [8]. Although a
2D ILC scheme, which fully takes into account the 2D system nature of ILC
and can quickly converge to the desired output in both time and batch di-
rections, has been developed to handle non-repetitive model mismatches and
can achieve good output performance with a finite model perturbation[9],
there are modified approaches integrating 2D ILC with predictive control
[10], adaptive control [11], machine learning [12], reinforcement learning [13]
for dealing with non-repetitive uncertainty. Note that the developed 2D ILC
framework is generally based on a linear system description. In fact, there
are more and more industrial batch processes involved with complex nonlin-
earity, which causes difficulties in applying such a 2D ILC scheme.

To deal with nonlinear batch process dynamics, Chi et al. proposed an
iterative dynamic linearization scheme to update the ILC controller parame-
ters in real time using the linearized model, and then convergence proof and
numerical simulations were performed to verify the effectiveness of the algo-
rithm [14, 15]. Subsequently, Chi extended their proposed iterative dynamic
linearization ILC to high order and proposed the method of data-driven high
order optimal iterative learning control (DDHOILC), which achieved better
tracking performance [16]. Meng proposed a new optimization-based design
for adaptive ILC that was subject to unknown time-varying nonlinearities
and non-repetitive uncertainties, and introduced a new robust convergence
analysis, finally the validity of the method was verified by two numerical
simulations [17]. Xing took the non-repetitive uncertainties of initial shifts,
reference trajectories, trial lengths into consideration in the ILC design, and



proposed a 2D adaptive ILC approach, finally a convergence proof was com-
pleted using Lyapunov stability principle and the excellent simulation control
results on MIMO nonlinear systems were given [18]. Some scholars have also
combined artificial intelligence with ILC, Chen utilized neural networks as a
compensator for ILC controllers, and finally achieved good control results on
mobile robot which was nonlinear with non-repetitive uncertainties[19]. Liu
et al. used a deep reinforcement learning agent as a control compensator and
a 2D ILC as a master controller, which basically achieved zero-error tracking
of the desired output after training the agent [13].

To address non-repetitive uncertainty in nonlinear industrial batch pro-
cesses, researchers have proposed some effective solutions through extensive
experiments and achieved good control performance. However, most con-
trol schemes were based on the 2D ILC and the controller parameters were
obtained based on the equilibrium point linearization. Furthermore, it was
difficult to ensure the accuracy of the control performance of the ILC con-
troller transplanted to nonlinear systems. In addition, other ILC schemes for
nonlinear objects such as the iterative dynamic linearization scheme, needs
to satisfy the Lipschitz condition. Therefore, a 2D ILC control scheme based
on Koopman operator theory is proposed, which can lift the nonlinear system
to high dimensional linear space and achieve the exact approximation of the
original nonlinear system.

Koopman operator has found wide applications in fields such as fluid dy-
namics [20], meteorology [21], and power grids [22]. The core idea of Koop-
man theory is to lift a nonlinear system into an infinite-dimensional space.
Theoretically, as the dimension of this lifted space approaches infinity, it en-
ables an exact approximation of the original nonlinear system and achieves
global linearization [23]. Currently, the main Koopman approximation meth-
ods for nonlinear systems include dynamic mode decomposition (DMD), ex-
tended dynamic mode decomposition (EDMD), and deep extended dynamic
mode decomposition (Deep-EDMD). The DMD method is primarily used for
autonomous systems, while EDMD and Deep-EDMD methods are mainly
applied to controlled systems. However, the DMD method relies on man-
ual selection of the eigenfunctions. In contrast, the Deep-EDMD method
employs artificial neural networks to replace the eigenfunctions. Artificial
neural network has been extensively employed for the forecasting of agri-
cultural [24], energy commodity [25], carbon emission allowance [26] prices
and futures trading volume [27]. These applications have yielded exemplary
prediction outcomes, which substantiate the capacity of neural networks to
process intricate nonlinear and extensive high-dimensional datasets. Over-
all, the use of deep neural networks instead of eigenfunctions exploits the
high expressiveness of neural networks and eliminates the uncertain process



of manually selecting eigenfunctions, resulting in more accurate prediction
results.

However, the high dimensionality and batch-invariant uncertainty of the
system make it challenging for 2D ILC to achieve rapid convergence of the
system output to the desired output. With the development and application
of artificial intelligence, reinforcement learning (RL) has become a crucial re-
search area for decision-making and optimization. Deep reinforcement learn-
ing (DRL) combines deep neural networks with RL and is widely used in
fields such as strategy games, complex machinery control [28], and network
resource provisioning [29]. DRL utilizes networks to approximate value and
policy functions, addressing the continuous state space problem that tradi-
tional reinforcement learning cannot solve. Additionally, with the advance-
ments in DRL, the Soft Actor-Critic(SAC) algorithm introduced strategy
entropy to the traditional Bellman Equation [30], significantly enhancing the
agent’s ability to explore the optimal strategy randomly. Furthermore, the
SAC algorithm characterises the actions in accordance with its environment
as a Gaussian process, which is highly regarded for its capacity to address
uncertainty in quantitative prediction. Gaussian process has demonstrated
remarkable performance in a range of domains, including coffee prices [31],
thermal coal prices [32], steel and coking coal futures price index [33, 34]
regression. However, the actual production process is often subject to un-
predictable Gaussian noise, which can impede the efficacy of the SAC algo-
rithm. In such cases, the use of compensated control signals that adhere to
a Gaussian distribution can prove advantageous in mitigating the impact of
uncertainty disturbances.

To cope with the high dimensionality, time and batch-invariant uncer-
tainty of the system, this paper proposes a DRL-compensated ILC scheme
based on Koopman operator. Firstly, the nonlinear differential equation
model of batch process is extended to a high-dimensional space model by
Deep-EDMD. The linear matrix inequality conditions for the convergence of
the nominal system are derived based on the 2D ILC | then the ILC serves
as the primary controller to ensure the control performance of the batch run,
while the DRL agent acts as the secondary controller to mitigate the effects
of model mismatch and non-repetitive uncertainty. The main contributions
of this paper are summarized as follows:

1. Deep Koopman operator networks are employed to substitute for the
eigenfunction of the nonlinear batch process and the system matrix
of the high-dimensional state space model. This enables the high-
dimensional linearisation and precise approximation of the original non-
linear model to be achieved.



2. Reinforcement learning is employed to address the issue of non-repetitive
model mismatch and interference. Additionally, Gaussian noise is added
to the non-repetitive perturbation. The efficacy of reinforcement learn-
ing in addressing Gaussian noise is substantiated by experimental evi-
dence.

3. In comparison to the findings of [13], this paper puts forth an enhanced
PD-type ILC control law incorporating state error, and modifies the
reward structure. The ILC control methodology based on the Koopman
operator demonstrates superior precision. These enable the agent to
identify the optimal compensation control signal with greater alacrity,
thereby accelerating the convergence.

The remainder of the paper will be organized in the following way: Sec-
tion 2 introduces the control object of this paper. Section 3 illustrates the
Koopman operator theory and EDMD, presenting the structure of the net-
work in Deep-EDMD as well as the loss function. Section 4 introduces the 2D
ILC-DRL control algorithm. Section 5 applies the proposed control scheme
to a nonlinear continuously stirred tank reactor. Finally, conclusions will be
illustrated in Section 6.

2 Control object

Consider a nonlinear batch process as generally described below

x(t+1) = f(x(t),u(t)) + d(k,t)
y(t+1) = g(x(t + 1)) : (1)
I‘(O) = Xo

where x(t) € R", u(t) € R", y(t) € R™ are respectively the process state, in-
put and output vectors, f(-) and g(-) represent the nonlinear vector functions,
while the dimension matches with the other vectors; ¢t =0,1,2,...,7, and T
is the total time for each trial of the system; xy denotes the initial state for
each trial; d(k,t) represents non-repetitive uncertainty perturbations related
to time ¢ and batch k, and £k =0,1,2....

Control objective: for the above nonlinear batch process with non-
repetitive uncertainty, a deep Koopman operator will be designed to con-
struct a linearized description, by introducing a DRL agent with neural net-
work to compensate for the nonlinear process dynamics. Based on such
system description, a 2D ILC-RL based on Koopman operator is developed
to achieve fast and smooth tracking of the desired output trajectory.



3 Data-driven Koopman operator based sys-
tem modeling

3.1 Koopman operator

Herein, the Koopman operator is utilized to establish an expression for a
nonlinear system in a high-dimensional linear space, the general framework of
which is shown in Fig. 1, which illustrates the transformation between state
space and lifting space for a nonlinear system by the Koopman operator. In
Fig. 1, the uncontrolled dynamical system is denoted by

z(t+1) = G(x(t)), (2)

G(-) : M — M is anonlinear function and the Koopman operator K : F — F
is defined as

(K¥)(z) = ¥(G(2)), (3)

¥ : R" — R is called the Koopman eigenfunction, which is the space of
lifting functions represented by the symbol F. The Koopman operator K
acts on the eigenfunction ¥ and transforms it on the function space, so that
the transformation result can be obtained as the state value of the next mo-
ment through the modal v. However, the Koopman operator in (3) is an
infinite-dimensional linear operator. In practice, a finite-dimensional opera-
tor is approximated in place of the Koopman operator, and the approximated
Koopman operator I@@/), is defined as

(Ki) (@) = patbi(ws), (4)

K e R™ " 11; denotes the ith eigenvalue of this linear operator, i = 1,2,..., N
and N > n. 1; denotes the eigenfunction corresponding to the ¢th eigenvalue.
The state vector ¥ consists of the eigenfunctions that are in the lifting space
F, which is mapped back to the original state space M through the modal
v by

2(t) = Z vithi(x(t)), (5)

v; denotes the ith mode, based on (4) and (5), the nonlinear system based
on Koopman operator representation is written as
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Fig. 1. Illustration on the structure of Koopman operator.

Note that, the Koopman operator can also be used to describe a controlled
nonlinear system. Correspondingly, the state vector of the system (1) is
extended as

The extended state vector is the splice of the original state vector and the
control vector, then the extended state vector at the next moment is

X(t+1)=F(X)= [f(ﬂﬁg»(g(t))} ’

S is the forward time-shift operator and Su(t) = u(t + 1). Define the eigen-
function in (3) in the extended form

Gi(x(t), u(t)) = Pi(x(t)) + Cu(t), (6)

¢ : R" — R" denotes a linear transformation, 1; is the ith eigenfunction of
x(t), and ¢; is the ith eigenfunction of the extended state vector X (¢). Define
the Koopman operator under the extended state vector as

Pi(X(t+1)) = Koi(X(1)), (7)
where the Koopman lifting function is

P(X (1) = [ébl OPRERE ¢N]

T 8
- [G) b)) o e) )T



Define a finite-dimensional approximation of Koopman operator of (7) as
S(X(t+1)) = Ko(X (1)), (9)
where K € RW+)x(NV +7) and construct the lifted vector
(X (1) = [Ur(x(®) valz(®t) -+ vn(z(t))],

then (9) can be reduced to
oate+ 1) = [4 8] [ "5 (10

S e R, A e RVXN consists of the first NV rows and N columns of matrix
I@, B € RN*" consists of the first NV rows and N+1 to N+7 columns of matrix
K. Retaining the original state variables in the elevated state space ensures
the continuity of the elevated state variables. Therefore, a new elevated state
vector can be defined as

then the linear Koopman operator based model in the lifting space can be
obtained as follow:

X(t+1) = [A* B*}

x(t)]
u(t) )

(11)
y(t+1) = Cx(t + 1)

where A* € RHN)x(+N) - g ¢ ROHN) - O ¢ Rm*(+N)  the new Koopman
operator can be obtained as

£=[a B

According to the system structure shown in (11), Data-driven model based
on the Koopman operator and neural network can be constructed as shown
in Fig. 2. The Koopman operator neural network employs network Ne, (z|w)
as an eigenfunction, elevating the nonlinear state to a high-dimensional linear
space and combining it with the original nonlinear state variables and control
variables to form an extension vector. This vector then passes through a two-
layer network to yield the x(t + 1) at the subsequent moment.
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Fig. 2. Data-driven model based on the Koopman operator and neural
network.

3.2 Network design based on Deep-EDMD

In order to take advantage of the high expressiveness of a deep neural
network, let N, (z|w) = ®(x(t)) , then the eigenfunctions and Koopman op-
erator C are solved using a deep neural network. The initial state is selected
according to the actual conditions, and the control vectors are randomly
sampled in the range selected according to the actual situation to obtain K
batches of training data, each of which is sampled by a time series of length
T. 'To update the buffer data to achieve a more accurate approximation
of the model, it is necessary to continuously sample the buffer data during
training. Next, the optimized loss function will be established from three as-
pects: the reconstruction ability of the eigenfunction, the forward prediction
ability, and the controllability of the system in the lifted space.

Concerning the reconstruction ability of the eigenfunction, according to
Koopman’s basic principle, the lifting function maps low-dimensional state
vectors into high-dimensional space is invertible, and thus there exists a net-
work Nge(@|wge) such that the z(t) obtained by remapping high-dimensional
state vectors into low-dimensional space is close to the actual values of the
system [35], which shows in Fig. 3. Therefore, the first loss function can be
defined as

Ly (@) = |2(8) = Nae(Non(z(Dl))]] (12)



Additionally, the established data-driven model must be able to accurately
predict the lifted state vector of the system at the next moment and the state
vector in the low-dimensional space. Therefore, the second loss function is

defined as
Ly(w, A%, B") = [[x(t +1) = x(t + DI + [[=(t + 1) — 2@+ D[  (13)
Subsequently, to ensure that the established lifting state space model is

N, (x|w) Ny (x| w,,)

f/ \\ r/ 1
| | | |
x(0) | M 0
| | | |
| P [no0-30]
\ \

Fig. 3. Eigenfunction reconstruction capacity training network.

controllable, the loss function is defined as
L3(A*, B*) = N — rank(R,), (14)
where
R, — [B* A*B* (A)?B* - (A*>N—IB*]'
Based on the above three loss functions, the total loss function is defined
as

L(w, A*, BY) sz i (15)

where w; denotes the weights of three loss functlons The Koopman networks

: ) : K
are trained as described above until L < L, 7" is a smaller positive number.

Then the data-driven Deep-EDMD model (11) can be obtained by generating
the training data based on the discretized model of the nonlinear system.

4 2D ILC-DRL control scheme

Introduce model mismatch matrices in the high-dimensional state-space
model Eq. (11) obtained by the above Deep-EDMD method

Xe(t +1) =(A" + AA ) xk(t) + (B" + ABg g )un(t) + H(t, k)
Xk (t) =Xo



where

H(t, k) = [d(t, k) 0 - ()}T JH(t k) € RN

AA = ElAkol, ABj = EQAkoQ both denote model mismatch matrices
related to time and batch simultaneously, E,, E5, F}, F5 denote constant
coefficient matrices related to the upper bound of model mismatch, respec-
tively. Afk, Afk are unknown time and batch varying disturbance matrices
with dimensions matching the system matrices. yo denotes the initial state
in the low-dimensional space xy after the upscaling of the eigenfunctions with
the initial vector of each batch under the high-dimensional linear state space
combined with itself. Since the state-space model obtained by the Deep-
EDMD is more accurate and the consideration of the model mismatch matrix
in the 2D ILC analysis tends to lead to unsolved linear matrix inequalities
(LMI), one can utilize the 2D system theory to analyze the nominal system
model and obtain the LMI for the convergence of the system.

The 2D deep reinforcement learning compensation ILC control block dia-
gram is shown in Fig. 4. As can be seen from the figure, the control quantity

r ILC
Vi (t) | Main Controller | Ui @) u, (1) Vs (t+1)
@—lj‘ Batch Process —>

RL
u (0) X, (t+1)
Compensation Controller U (t)

DRL for model mismatch
and non-repetitive uncertainty

M ey

Fig. 4. 2D ILC-DRL control block diagram.

applied to the controlled object consists of two parts

ur(t) = " () + u (1),

where uf(t) is the control vector generated by deep reinforcement learning,

which compensates for the ILC control inputs and reduces the effects caused
by non-repetitive uncertainty. uZF¢(t) is the control vector generated by the
ILC controller, which ensures the basic control performance of the batch run.

The control vector between batch run can be designed as
up e (t) = we—1 (t) + ri(?), (17)

while can be utilized to overcome the deterioration of the control effect caused
by the random exploration of DRL.



4.1 2D ILC based on Repetitive Process Model

Based on the linear state space model established by utilizing the above
Deep-EDMD, a PD-type 2D system control law [36] of the 2D system below
is adopted based on the state error,

re(t) =K1(xe(t) — xe-1(t)) + Kaep1 ()

+ Ks(ep_q(t + 1) — ep1(t)), (18)

where ex(t) = y,.(t) — yx(t) is the system output error, y,(¢) is the desired
system output trajectory, K, Ky, K3 are the appropriate dimensional gain
matrices to be solved.

Concerning the 2D system description in (16), the nominal system is
extracted as

{Xk(t 1) = A" () + B ug(t) 19)

y(t+1) = C*xp(t + 1)
Let xx(t + 1) be the state error vector of the neighboring batches of the
system, i.e

Xe(t+1) = xx(t) — Xr-1(t) (20)
Substituting the PD-type control law (18) into (17) yields

uk(t) :uk_l(t) + Klj{k(t + 1) + KQGk—l(t>

+ Ka(ep_1(t+1) — ex_1(1)). (21)

Substituting (19) and (21) into (20) yields

Xe(t+ 1) =A"xe(t — 1) + B ug(t — 1) — (A" xp_1(t — 1)
+ Brug_1(t — 1)
=A"(xu(t = 1) = xp—1(t = 1)) + B (ur(t — 1) — up—1(t — 1))
=A"\i(t) + B*(up(t — 1) —ugp_1(t — 1))
=(A" + B"K1)Xx(t) + B*Kep1(t — 1) + B*Kzep,1(t),

where K = K5 — K35. The difference between the output error at the same
moment in time for the front and back batches of the system is

er(t) —ex—1(t) = yr(t) — yr(t) — vr(t) + yr1(t), (22)

substituting (19), (20), (21) into the above equation yields



er(t) =yr-1(t) — yu(t) + ex-1(?)
== C"(x(t) = xp—1(t)) + ex1(t)
=—C"w(t+1) + ep1 () (23)
=—C"(A"+ B*Ky)xk(t) —C*B*Kep_1(t — 1)
+ (I = C"B*K3)ex_1(t),
Therefore, the repetitive process model of the nominal system (19) can
be obtained as shown below

Cr(t+1) = AG(t) + Bey (t) (24)
er(t+1) = CG(t +1) + Dep_y (t + 1),
where .
Ge(t) = [xu(t) ef(t—1)]", (25)
. [A*+B*K, B*K| , [B*K;
e e
C =[-C*A*+B*K,) —-C*B*K|,D=[1-C*B*K;]. (27

4.2 LMI analysis of 2D linear repetitive process model

To derive the output error convergence condition for the system under
the control law (21), the following theorem is presented based on Lemma 1,

Lemma 1 (/37]) Given matrices Y1, Yo, T3 of appropriate dimensions, and
Yy = 0, then Y1+ YET, T3 < 0 is equivalent to the following two inequalities

T, Y7
(1) {T3 —TJ =<0,

—Yy T3
(2) {T?)T TJ < 0.

Theorem 1 The repetitive system in (24) under the ILC law (22) is asymp-
totically stable as k — oo, if there exist positive definite matrices Wy >
0,Ws = 0,W5 = 0 and matrices Ry, Ry, R3 such that the following linear
matrix inequality holds

—Wh 0 0 A*W1 + B*Ry B*R, B*R3
(+) W 0 0 0 Ws
() () W5 —C°(A'Wi+B'Ri) —C'B'R, Ws—C'B'Ry|
(*) () () - 0 0 ’
() () (0 (*) W 0
= ) ) (%) (%) —Ws



and the gain matriz of the control law (21) is
Ky = RiW,H Ky = RoWy ' + RsWy 't Ky = RsWy (28)

Proof. Based on the nature of the two-dimensional system of iterative learn-
ing control, a Lyapunov function of the following form is constructed,

V(k,t) = Vi(t, k) + Va(k, 1),
and
Vi(t k) = Gey1 ZGi, Valk t) = e () Zaex (1),
where Z = diag{Z,, Z>}, Vi(t, k) represents the energy change of the system
in the time direction during an iteration, and V5(k,t) represents the energy
change in the batch direction. Substituting (25) into the above equation, the
energy increment of the system in both directions can be written as
AVA(t k) =Gl (t+ 1) 2 (t+1) = G (8 Z G (1),
—(AGes1(t) + Beg(t)" Z(AGiia (1) + Be(t))
— G (2G4 (1)
AVy(k, t) =€ 1 () Zsersa(t) — e; () Zsew(t)
—(CCria () + Dex(t)" Z3(Clria(t) + Dex(t))
—ef (t) Zzex(t).

Then the total energy increment yields

AV (k,t) =AVi(t, k) + AVa(k, t)

(29)
=H\ 1 (t)(¢" Pp — P)Hyya (1),
where o
t) A B Z 0
HE, (1) = |9+ =15 Z|.P= 30
k—l—l( ) |: €k(t) )gb C D ) (*> Z3 ’ ( )
Hj.1 # 0, Hence a sufficient condition for the convergence of the system is
AV (k,t) < 0.
ie.
¢" P < 0.

According to the second equation in Lemma 1, the above equation is equiv-

alent to .
_p-
e



substituting into equations (26), (27), (30) gives

—Z71 0 0 A* + B*K, B*K B*Ks
(*) —Zy' 0 0 0 I
(%) (x) —Z3' —C*(A* + BK,) —-C*B*K 1I-C*B*Kj <0
() (%) (*) —Z 0 0 '
(%) (%) (*) (*) —Z 0
L (%) (%) (*) (*) (%) —Z3

By post-multiplying both the left and right sides of the above matrix inequal-
ity by diag{I,1,1,Zy* Z;*, Z;'} and

Zit =Wy, Zyt =Wy, Z3 1 = W,

K\ Z7 = K\Wy = Ry, Ko Zy ' = KWy = Ry, K3 Z; ' = KaWy = Ry,

the condition in Theorem 1 follows immediately. The proof is complete.

4.3 2D DRL compensator

Since the dimension of the lifted space cannot be constructed to be infi-
nite, the linear state space model obtained through Koopman operator suffers
from deviations and uncertain perturbations over time and batches, which
may degrade the control performance. Additionally, to approximate the orig-
inal nonlinear model as accurately as possible, the resulting linear state space
model could be complex and highly dimensional, imposing difficulty on the
control design and implementation. To circumvent this issue, a 2D deep re-
inforcement learning algorithm is introduced to compensate for the model
mismatch, non-repetitive uncertainties, and high dimensionality.

4.3.1 Soft Actor-Critic algorithm

Reinforcement learning optimizes the feedback from the environment by
training the agent to make sequential decisions in the environment, and there
are two key elements in the training process: agent and environment. Fig. 5
shows the interaction process between the SAC agent and the 2D ILC envi-
ronment, i.e., the Markov decision process. In the process of reinforcement
learning, agent starts from a set initial state and acts on environment ac-
cording to its own strategy. Environment will change the state of agent and
provide feedback rewards, according to which agent evaluates the value of the
strategy, then changes the strategy in the direction of greater rewards. In
this way, agent continuously optimizes its strategy and will get the best con-
trol compensation signal finally. in which several key parameters are shown



below:

- State space: s; € 9, s; represents the state of the agent in the environ-
ment, S represents the set of states.

- Action space: a; € A, a; denotes the force of an agent on its environ-
ment, A represents the set of actions.

- Reward: r(sy,a;) € R, r(st,a;) denotes the feedback gain that the agent
receives from the environment, R represents the set of reward.

- State transfer probability: p(s;i1](st, a:)) represents the probability that
the agent will make an action a; in state s; to transfer to state s;.1.

- Discount factor: ~ indicates the relative importance of awards under
each batch in terms of length of time.

State 2D SAC Agent
s () 7(s,(1)

Acti
Mem@ Reward (Compen:\ul(&l::omml)
I‘k(l) = _ﬂ(H ek(t) Hz + H xk(l)_xk—l(t) Hz) a,(t)= “;fL(t)

2D-ILC
00 &%, (0,0, O O ) | FvTenment

Fig. 5. Hlustration of agent-environment interaction process.

In order to characterize the cumulative benefit of an agent’s strategy over
a batch to help the agent estimate the long-term value of taking an action in
a particular state, a state-action value function is defined for the strategy

T
Q(Sta a't) - EStND,atNT( [Z ’7trt] ) (31)
t=0

where E(s,p q,~r) denotes the expected value of the cumulative reward under
strategy m and distribution of the sampled states by D. The purpose of
reinforcement learning is to find the optimal policy by maximizing the state-
action value function

Ti(s¢) = argmax Q(s, ar)

T (32)
=argmax Es,.p q,~rn Z Vel
™ t=0



Lemma 2 (/58] Optimal Bellman Equation). The optimal policy ., and the
optimal state-action value function Q. (s, a;) satisfy the following equation

Q*(St7 at) = E3t+1ND:at+1NW* [7} + 7@*(St+1a at+1)] . (33)

Meanwhile, in order to solve the local optimization problem, the Soft
Actor-Critic algorithm (SAC), an RL algorithm with higher sampling effi-
ciency, higher robustness, and better exploratory ability, was developed by
combining the Bellman equation with entropy [39]. Although the model ob-
tained by Koopman operator could be highly accurate, it brings the problem
of high dimensionality of the system. Therefore, simple DRL algorithms are
difficult to search for the best control compensation strategy and have poor
convergence with high sampling complexity. The SAC algorithm combines
the method of policy gradient and the value function by using the double
Actor and the Critic network. At the same time, the principle of maximum
entropy is introduced, which effectively balances the exploration and uti-
lization of strategies and avoids the strategies falling into the local optimal
point. In general, SAC can effectively solve the problems of high system
matrix complexity and non-repetitive uncertainty.

The key of the SAC algorithm is to not only maximize the long-term
return of the system but also keep the strategy entropy as large as possible.
The Bellman equation shown in (32) is updated as

T

T(51) = argmaz Eopain | 7' (re+ aH(m([s)) |, (34)
T t=0

where H (7 (+|s;)) denotes the strategy entropy, and « is the relative coefficient
of the strategy entropy, which indicates the importance of agent exploration
relative to long-term reward. After the introduction of strategy entropy, the
state-action value function of (33) is updated as

Q*(St; Clt) = EstND,atNﬂ' [Tt + 7<Q*(St+1, at+1) - O/H(W('|5t>>)] (35)

SAC blends the ideas of DQN and Actor-Critic, adds entropy to encourage
exploration, with four Q-value networks as well as two evaluation networks.
Among them, the Q) networks include two evaluation networks and the cor-
responding two target networks. The purpose of setting up two networks is
to prevent the problem of overestimation of () values. According to Lemma
2, the strategy evaluation network is trained as follow:

1

Jo(0) = Es,.a0,5001)~D §(Q9(Sta ar) — Q(s1, az, se41)) | (36)



where

~

Q(st, ar, Se41) = (5, ar) + YEay y~on [Qa(St41, a41) — aH(me(]s¢))],  (37)

where Qg(S41+1,ai41) is the result obtained for the target network. 6; and 6
are the parameters of the two state action value assessment networks, 6; and
0, are the parameters of the state action value target network. In order to
make the convergence process of policy m converging to the optimal policy
7, more stable [13], a target policy network 7, is added, then (37) is updated
as [40]

~

Q(st, ar, Se41) = 1(8¢, ar) + YEay 1~ [Qa(st41, ary1) — aH(me(-]s¢))]  (38)

The parameters of the state-action value target network and policy target
network will update the parameters by the following equation:

~

é12791+(1—7)91

é2:7_02+(1_7—)é2
=11+ (1—71)é

where 7 is the weight of the evaluation network parameters.

After optimizing the state action value network, the strategy network is
then optimized to maximize the cumulative reward and entropy, and the loss
function of the strategy network is to minimize the following equation:

Jr(€) = Esinp,aimm [ 10g Te(ar]s) — Qo(se, ar)] (39)

where € denotes the network parameters of the strategy network m.(a|s;),
the input to the network is state, and the outputs are normally distributed
parameters p and o, i.e.

m(se) = me(se) = Ne(p. 0%|s1), (40)

and the actions will be sampled in a sequential distribution to obtain the
dataset D.

The purpose of (39) is to optimize the strategy towards a larger entropy
and state-action value function, — log 7. (a;|s;) is the specific form of entropy
‘H. The entropy temperature factor v has two forms, one is a fixed value
during training, and the other is changed during training to adjust the en-
tropy constraints on the objective. In order to adjust the explored weights
according to the actual situation during the training process and find the
best control compensation signal more quickly and effectively, this paper



adopts the second method. The entropy temperature factor is automatically
adjusted by the following equation:

Jo(@) = Eg,op,0,)~rm. [—alog Te(ay|sy) — oz]ﬂ (41)

where H is the minimum entropy constant of the target, which makes it
possible to put more effort into exploration at the beginning of the intelligent
body and less exploration when the optimal action is gradually determined.

Lemma 3 (/1] Soft Policy Iteration). Repeated application of soft policy
evaluation and soft policy improvement from any m € 11 converges to a policy
7 such that Q.(st, ar) > Q(s¢, ar) for all (s, ar) € Sx A, assuming |A| < oo,
IT is the set of all probable policies.

According to Lemma 3, the state-action value @), which is constantly up-
dated according to (38), will eventually guide the strategy network to find
the optimal control compensation signal. The agent is constantly trained in
the 2D ILC environment, constantly explores and adjusts the control com-
pensation signal through the historical batch information. The agent will
gradually adapt to the 2D ILC and obtain the optimal control compensation
signal.

4.3.2 SAC compensator based on 2D ILC

In order to introduce the agent into the 2D ILC as a control compen-
sator, we need to design the state si(t), reward r(t), action ax(t) of agent.
Regarding the model mismatch and non-repetitive uncertainties associated
with time and batch run, it is necessary to consider the information of the
last batch of the system and the prior to the current moment of the current
batch as the state of the agent [42], so the state can be defined as

set) = [ a1 (t = 1), qeaa (8), quea (P 4+ 1), et — 1), qu(t)],  (42)

with
qr(t) € {x(t), yr(t), yr (1), up" (1), u (1)}

The policy network of SAC generates actions that are sampled in accordance
with the mean and variance of a normal distribution, and therefore, this
action can be devised as a control compensation signal of a two-dimensional
iterative learning controller

ap(t) = me(s;) = up™(t).



Considering that the control aim is to attain zero-error tracking of the desired
trajectory and quickly stabilize the system state, the reward of the agent’s
action can be devised as follow

ri(t) = =B(llex®)l2 + [lex(t) = zra()]]2),

where || - ||2 denotes L2 Norm. To evaluate the performance of the agent in
a 2D ILC environment, define the average reward for the agent as

At the same time, the root-mean-square error(RMSE) between the expected
output and the actual output under each batch is an important indicator
that evaluates the control system’s performance

o=\ 7 0 — 1)) (43)

For clarity, the 2D ILC method of DRL compensator based on Koopman
operator theory is summarized as Algorithm 1. The algorithm is divided
into three steps, the first step uses the Koopman operator network of Section
Fig. 2 to lift the nonlinear batch process into a high-dimensional linear space,
which consists of two phases. In the first phase, from the initial state, the
control volume is sampled randomly, and the time series data of K batches
are obtained based on the numerical model and stored in the Replay Buffer.
In the second phase, K7 batches of data are randomly sampled in the Replay
Buffer to train the Koopman operator network until the number of training
rounds i > N, or the loss value L < LX%P. To update the training data in
real time, the Replay Buffer is re-updated at regular intervals. In the sec-
ond step, obtain the ILC control law for convergence of the high-dimensional
linear model based on Theorem 1. In the third step, train SAC agent to
compensate for non-repetitive uncertainty and model mismatch. During the
actual training process of SAC, the agent’s strong exploratory ability de-
scribed by H in the initial training stage may generate inappropriate control
compensation signals, leading to poor system performance. Additionally,
online training is costly and time-consuming. To address these issues, the
training is conducted offline and divided into two stages. In the first stage,
training is performed on the linearized state space model with model mis-
match until 7{” < ¢; or the number of training iterations exceeds a specified
value N,. In the second stage, training is conducted in the actual nonlin-
ear system with non-repetitive perturbation, allowing the agent to gradually



compensate for uncertainties and time-varying disturbances until I, < ¢ or
the number of training iterations exceeds the specified value Ns.

5 Numerical simulations

In order to verify the performance of the above algorithms on nonlinear
batch processes, the continuously stirred tank reactor (CSTR) with non-
repetitive uncertainty is chosen as the simulation control object in [43]:

iy = (7 +hoe™2)an + 2 Cay + dpa (1)
AHky -&=  F u 44
- Forgy — =Ty + —— +dya(t) > (49
b=, eyl eyt diall)
y =

where
di1(t) = 0,dg2(t) = 0.5(nysin(2.5tw) 4+ nasin(0.1km))

is a perturbation related to time and batch, ny, ny are random noises obeying
a Gaussian distribution with mean 0 and variance 1. z; is the product
concentration in the reactor (kmol/m?) and z, is the reactor temperature
(K), which is also the control target. The initial state of system is zy =
[0.5,310]%.The running time per batch is fixed to be 2 min with a sampling
time of 0.01 and T" = 200. The control desired output trajectory is as follow:

Substituting the parameters in [43] to (44) and discretizing the process de-
scription, the state space model shown below can be obtained through the
Koopman operator shown in Section 3:

oA A
S i S LT

C*:[OIOOOOOO],
where
769 x 107 6.02 x107° —8.36 x 107* —6.22 x 1073
244 x 1071 990 x 1071 —3.78 x 1073 —4.88 x 1072

—4.55x 1072 1.03 x 107° 1.00 9.46 x 1073 |’
—215x 1072 1.31x10™% —7.90x 10~® 3.39 x 10~*

*
A1,1 =



Algorithm 1 2D ILC-RL Control for Nonlinear Batch Process

1:
2:

*

10:
11:
12:
13:
14:
15:
16:
17:
18:

19:
20:
21:
22:

23:

24:
25:

26:
27:
28:
29:

30:
31:

32:
33:
34:

Transform the system to linear system in lifted space:
Determine the initial state, lifted space dimension, loss function, net-
works according to Section 3.
Phase 1. Obtain replay buffer:
for i < Ly, ser(length of replay buffer) do
for j < T do
Sampling control vectors.
Starting from the initial state, obtain the next state according to
the nonlinear system.
end for
end for
Phase 2. Train the Koopman operator network:
for i < Ny or L > LE°? do
for 7 < max sampling batches do
Train the network according to Eq. (15).
Update the data in the replay buffer.
end for
end for
Obtain the ILC control law of the nominal system:
Design the 2D iterative learning controller based on the scheme in Section
4.2.
Initialize all relevant parameters for the 2D DRL compensator.
Train the agent to compensate the 2D ILC:
Phase 1. Train on the state space system (offline):
for maximal training batches Ny do or the average reward per batch
Tav > Sl
Sample the action:

un(t) = " () + Ne(p, 0%|s0)

Interaction with the virtual environment.
Optimization of the 2D DRL compensator based on the SAC algo-
rithm in Section 4.3.1.
end for
Phase 2. Train on the actual system (offline):
for maximal training batches N3 do or [ < ¢
Sample the action:

un(t) = ug" () + Ne(p, 0°|s¢)

Interaction with the practical batch system.

Optimization of the 2D DRL compensator based on the SAC algo-
rithm in Section 4.3.1.
end for
Apply to the actual system (online):
Finally, the trained 2D ILC-RL controller serves as the ultimate con-
troller.




[—1.95 x 1078 =270 x 1073 —1.60 x 107  2.39 x 107° ]
Ar 322x107%  234x107% 149x107* —1.71 x 1072
1271 133x1072 —1.99 x 1072 3.62x 1072 219 x 107% |’
| —3.61 x107% —1.86 x 107 8.01 x107%  1.69 x 107° |
[—1.10 x 107" 2,62 x 107 598 x 1073 —3.20 x 107
e _ |71:36x1071 3361077 —284x 1070 1.52x 107
2171643 %x 1072 —1.97x107° 2.04x107% —1.95x 107! |’
| 456 x 1072 —1.08 x 107° 8.10x 107%  9.27 x 1073 |
1.01 —1.39 x 107" —8.64 x 1073 —1.91 x 107?]
e |L2dx107 1.00 6.04x 1072 4.04 x 1073
227 | =724x 107 —1.03x 1073 280 x 1071  —230 x 107 |
| 7.85 x 107* 1.26 x 107 3.21 x 107 1.01
11=1[070x107% 419x 107 —1.62x 1077 —1.16 x 107?],

f,=[211x 1077 1.57x 1077 225 x 1076 2.91 x 107°],

Starting from the initial state, the control inputs are randomly sampled
within [—10%,10*] to obtain four groups of the outputs of the state space
model and the nonlinear system as Fig. 6, the outputs of four groups are
close to each other, indicating that the Koopman operator network shown
in Fig. 2 has a high accuracy with the nonlinear system. Meanwhile, due
to the wide sampling range of the control vectors, it means that an globally
accurate approximation of the original nonlinear system can be realized.

Designing the same P-type ILC controller as in [13], the RMSE under
the Koopman operator is obtained and compared with the equilibrium point
linearization, as in Fig. 7. Although both converge well to near zero, the 2D
ILC controller obtained based on the Koopman operator modeling converges
faster to the equilibrium point. This is attributable to the fact that the high-
dimensional model derived from Fig. 2 exhibits a high level of accuracy even
on unsteady state points.

Next, Designing the ILC controller according to Theorm 1 shown in 4.2
yields the ILC controller gains for (21):

Ki=[Kiy Kia], K,=108, K;=108,
Kip=[-183x107% —1.93x10* —1.74 x 10* 2.07],
Kio=[547x 10 —6.31 x 10 —2.58 x 10° —2.64 x 10*].

Concerning non-repetitive uncertainty, the model mismatch matrices are as-
sumed to be F; and Ey is 10% of the nominal system matrices, F; and Fy
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Fig. 6. Comparison between the outputs of the nonlinear CSTR, and
linearized state space model.

are unit matrix, and the perturbation terms are
Al = AP, = 0.55in(0.2kT) 4 0.5sin(t).

Then, designing the state, action, and reward for the agent according to
Section 4.3.2:

ugh(t=1) w1 wt-1)  yt-1) g @)
se) = | wh(®) w9 mealt) ) w0,
ufhy (E=1) St —1) gt —1) yp,(t-1)
ri(t) = =2(lex ()2 + [l2r(t) — a1 (B)]]2), ai(t) = u™(t).

Finally, the agent in the 2D ILC environment is trained in stages according
to Algorithm 1. The trained DRL agent is combined with 2D ILC controller
and applied to the nonlinear system (44), the simulation results are obtained
as shown in Fig. 8-Fig. 10 in comparison with the P-type and PD-type
dynamic iterative linearization ILC schemes [14].

Fig. 8 shows that the control block diagram Fig. 4 can basically realize
the accurate compensation of 2D ILC for non-repetitive uncertainty with
Gaussian noise, so that the actual output of the system can realize almost zero
steady-state tracking error, except for small error fluctuations at the initial
moments of each batch and at the time of the sudden change of the desired
output.Fig. 9 indicates that the control performance of the P-type, PD-type
dynamic iterative linearization , classic ILC and the proposed control scheme.
It can be seen that when non-repetitive uncertainty perturbations are added,
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Fig. 7.The control performance without uncertainty based on Koopman
operator and equilibrium point linearization.

the classic ILC and dynamic iterative linearized ILC provokes oscillation
continuously with regard to the perturbations, whereas the compensated 2D-
ILC scheme via Koopman operator contributes to no more fluctuation trend.
Fig. 10 shows that as the number of training batches increases, the agent
gradually adapts to the 2D ILC environment and generates positive control
compensation signals, resulting in increasing average reward along the batch
run. Nevertheless, in comparison with the methodology outlined in [42],
the agent based on the linearisation of the deep Koopman operator in this
paper demonstrates a superior convergence rate and is more straightforward
to optimise for the desired control compensation signal.

6 Conclusions

For nonlinear batch processes subject to non-repetitive uncertainty, an
RL based ILC control scheme has been proposed by using the Koopman op-
erator for a linearized system description. The proposed control scheme uses
a Koopman operator to realize a global linearization of the nonlinear system,
which facilitates the controller design and can acquire a feasible solution
for the sufficient condition in form of LMI. Meanwhile, DRL is introduced
to compensate for the ILC control signal, and the affect of non-repetitive
uncertainty can be eliminated by continuous training of the agent. An illus-
trative example of chemical CSTR batch operation well demonstrates that
the proposed 2D ILC-RL scheme based on Koopman operator can realize
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Fig. 8. The output response of the nonlinear CSTR.

significantly improved control performance for nonlinear batch process with
non-repetitive uncertainty. Nevertheless, the proposed scheme still exhibits
certain deficiencies. The considerable quantity of data necessitated for the
offline training of Koopman operator networks and agent, in the form of thou-
sands of batches, presents a significant challenge in terms of data collection
in real industrial production settings. This article is based on a mathemati-
cal model that was constructed in advance for the purpose of obtaining data,
which is, in essence, still model-based. Accordingly, the objective of future
research in this field is to develop model-free intelligent control ILC using less
data. Furthermore, in instances where the nonlinear model is intricate and
the dimensionality of the high-dimensional linear model is considerable, al-
ternative neural networks may be contemplated for substitution of the linear
layer. These include Long Short-Term Memory (LSTM) networks, which are
extensively utilized for model prediction and demonstrate efficacy in address-
ing the issue of gradient disappearance. This is also a prospective avenue of
enquiry for future research.
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