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Abstract

Iterative Learning Control (ILC) is renowned for its capability to
achieve precise tracking control for systems with repetitive actions at
a fixed time interval. However, pursuing the dual objective of high-
precision tracking and rapid convergence is a persistent challenge in
the field of learning control. To address this problem, a novel ILC
method is designed for a class of discrete-time linear systems sub-
ject to non-repetitive disturbances in this paper. Particularly, the
updating term in ILC is constructed inspired by the principle of slid-
ing mode control (SMC), which results in the learning process being
divided into two distinct stages: a rapid reaching stage and a slow
sliding stage. As a result, a balance between convergence speed and
tracking performance can be ensured via the proposed ILC method.
In addition, to attenuate the effects of non-repetitive disturbances, the
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disturbance compensation mechanism is integrated into the proposed
ILC method. Moreover, the optimal value of the learning gain can be
determined using the predicted root mean square (RMS) errors of sub-
sequent iterations, eliminating the need for additional tuning actions.
Finally, simulation examples are provided to validate the effectiveness
and superiority of the proposed new ILC method.

Keywords: Batch processes; iterative learning control; time delay; time-
and batch-varying uncertainties; generalized extended state observer.

1 Introduction

Batch processes are a set of typical repetitive operations mainly used in
the manufacturing of products, e.g., cooling crystallization [3, 6], semicon-
ductor production [14], industrial injection molding [1, 5, 12, 17]. Many
control methods have been developed for batch processes to meet product
requirements and improve system performance, and it remains a topic of
considerable interest.

Processing of each batch entry occurs over a finite and fixed time inter-
val, and there is an elapsed time between the completion of the processing
of one batch and the start of the next. Consequently, it is an application
area for iterative learning control (ILC). In this form of control, data from
previous batches is used to update the control signal for application during
the processing of the subsequent trial. The aim is to sequentially improve
performance from trial to trial and also regulate the dynamics along a trial.
For ILC applied to batch processing, please refer to the survey papers, e.g.,
[11, 15] and references therein.

Uncertainties, as a result, e.g., of modeling assumptions and external
disturbances contribute to the dynamics of batch processes. Although ro-
bust ILC designs have been developed for this general application area, most
only consider repetitive uncertainties and disturbances. However, industrial
batch processes are often affected by nonrepetitive disturbances such as time-
varying uncertainties, or trial-dependent random disturbances.

One way of addressing these issues is to design robust ILC laws with
a feedforward-feedback control structure. Several methods for this type of
design have been developed. One of these is to treat ILC as a two-dimensional
(2D) linear system with one direction of information propagation from batch
to batch and the other temporal propagation within a batch. Recent work
includes [18] and a generalized extended state observer (GESO) design [2],
but these designs cannot achieve perfect tracking.



Time delays in batch processes, e.g., signal transmission time between
sensors, actuators, and controllers, network delay, etc., are also inevitable
and may lead to the deterioration of control performance or even system
instability. Also, they make the analysis of disturbance rejection more diffi-
cult. Therefore, how to compensate for the time delays and deliver improved
performance with disturbance rejection methods is particularly important.
For example, [13] developed an iterative learning fault-tolerant control strat-
egy for enhancing the robust performance of batch processes with uncertain
dynamics and state delays using frequency domain analysis.

As an alternative to direct-type ILC designs, indirect-type ILC designs
have been developed, with the possible advantage that the feedback and
ILC parts can be designed relatively independently. The concept of indirect-
type ILC was first reported in the survey paper [15]. The most obvious
difference with direct-type ILC is that the latter directly acts on the input
of the controlled system, updates the input on each trial, and is a one-step
design. In indirect ILC a feedback control loop for stability and robustness
is designed, termed the inner control loop, and then an ILC law is used to
update, e.g., the set-point for the inner loop to enforce trial-to-trial error
convergence. The outer loop acts as a supervisor or optimizer and does not
change the control structure of the inner loop.

By employing an active disturbance rejection control scheme in the inner
loop, a proportional (P-type) set-point ILC was developed in [1], such that
the time- and batch-varying uncertainties can be significantly suppressed.
For batch processes with output delay suffering from nonrepetitive uncer-
tainties and disturbances, a predictive state observer-based set-point learn-
ing control was presented in [6] to realize batch optimization. In this paper,
a controller is developed for each trial when model uncertainty and distur-
bances are present. This inner feedback control loop regulates the dynamics
along a trial. The controller is GESO based state action combined with pro-
portional plus integral (PI) action applied to the trial error. Next, an ILC law
is developed that updates the set-point command of the inner-loop control
structure to enforce trial-to-trial error convergence. The main contributions
of this paper are:

� An efficient indirect-type ILC scheme is developed for batch processes
with state delays and time-varying uncertainties, significantly improv-
ing the tracking performance against nonrepetitive disturbances com-
pared with the recently developed direct-and indirect-type ILC from
the initial batch.

� The design of the inner loop feedback system can be undertaken using a



tractable linear matrix inequality (LMI) condition, and the ILC design
for set-point tracking does not affect the structure of the closed-loop.

� Both delay-independent and delay-dependent sufficient conditions are
established to ensure the convergence of tracking error and robust sta-
bility along the trial, respectively.

Notation. Z+ = {1, 2, · · · }, ZN = {0, 1, 2, · · · , N} for any N ∈ Z+;
I and 0 denote identity and null matrices with compatible dimensions, re-
spectively; P ≻ 0 (or P ≺ 0) denotes the symmetric positive (negative)
definite property of P, respectively, P ⪰ 0 (or P ⪯ 0) denotes the symmetric
positive (negative) semi-definite property of P . (∗) denotes block entries in
symmetric matrices. The symbol diag{·} denotes a block-diagonal matrix
and sym{X} = X + XT . ∥·∥ denotes the Euclidean vector norm or the in-
duced matrix norm, and for a vector fk, with k denoting the trial number,
δfk(t + 1) = fk(t) − fk−1(t) denotes the difference on two successive trials.
In keeping with the ILC literature, trial is used instead of batch in the rest
of this paper.

The following lemmas are used in this paper to prove the new results.

Lemma 1 [19] Given matrices X and Y with compatible dimensions, the
following inequality holds for any scalar ε > 0 and matrix ∆ that satisfies
∆T∆ ⪯ I

sym{X∆Y } ⪯ εXXT + ε−1Y TY.

Lemma 2 [7] Consider the following system over k ∈ Z+ and t ∈ ZN

xk+1(t) = Ωk(t)xk(t) + uk(t), (1)

where Ωk(t) ∈ Rp×p is the mapping matrix, xk(t) ∈ Rp and uk(t) ∈ Rp

denote the state and external input vectors, respectively, and the initial state
vector x0(t) and uk(t) are bounded, i.e., βx0 = max

t∈ZN

∥x0(t)∥ < ∞ and βu(t) =

sup
k∈Z+

∥uk(t)∥ < ∞. Then, there exists upper bounds βx(t) > βxsup(t) ≥ 0

satisfying sup
k∈Z+

∥xk(t)∥ ≤ βx(t) and lim sup
k→∞

∥xk(t)∥ ≤ βxsup(t) for the system

in (1) if ∥Ωk(t)∥ ≤ χ < 1 holds for any k ∈ Z+ and t ∈ ZN .

2 Preliminaries

The specification and design of ILC laws can be undertaken using two gen-
eral approaches: direct and indirect. In the former, the aim is to design
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Figure 1: Structure of the new indirect-type ILC system.

the control law to simultaneously enforce trial-to-trial error convergence and
regulate the dynamics produced on any trial. Several design methods have
been developed, one of which is to use the 2D systems structure of the dy-
namics, i.e., information propagation from trial to trial (in k) and along a
trial (in t). In the literature, this approach is sometimes referred to as di-
rect design, and many design algorithms have been developed, some through
experimental validation and implementation, see, e.g., [10] which, in turn,
cites the original work for the application and design method used. Difficul-
ties can, however, arise, particularly in cases when a dynamic control law is
needed together with a robust design and disturbance rejection due to the
complexity of the resulting design.

As an alternative, indirect ILC design allows for using two loops, inner and
outer, each of which can be designed separately. In this approach, the inner
loop can be designed using standard approaches, such as H∞ methods. Then,
the outer ILC loop can be designed to ensure trial-to-trial error convergence.
Figure 1 shows the indirect-type ILC scheme developed in this paper, which
consists of a local feedback controller, the inner loop, and an ILC law, the
outer loop.

This paper develops an indirect robust ILC design for discrete-time batch
processes with state delay, time-varying uncertainty and disturbances. One



option for ILC for discrete dynamics is to use the lifted setting, i.e., the values
of variables over the trial length are assembled into a column vector. Then,
the trial-to-trial error updating is described using a standard linear systems
model. If necessary, a feedback control loop is first designed to regulate the
trial dynamics (in t), and then the ILC law is designed for the resulting
dynamics.

The lifted model could result in computations with very large dimensional
matrices in the presence of delays and disturbances. Moreover, for robust
control design, at least some of the matrices could have block entries that are
products of the nominal model matrices and those describing the uncertainty,
creating serious design difficulties. The design developed in this paper first
develops an inner loop controller to regulate the along-the-trial dynamics and
then uses the repetitive process setting to design the outer (ILC) loop. In
this way, the very large dimensional matrices problem does not arise.

In particular, the dynamics of the systems considered are described by
the following state-space model over k ∈ Z+, t ∈ ZN

xk(t + 1) =Ak(t)xk(t) + Ah,k(t)xk(t− h) + Bk(t)uk(t) + Bwwk(t),

yk(t) =Cxk(t),
(2)

where N ∈ Z+ is the fixed and finite trial length; xk(t) ∈ Rnx , uk(t) ∈ Rnu

and yk(t) ∈ Rny denote, respectively, the state, input and output vectors,
and wk(t) ∈ Rnw represents the external load disturbance vector. Also, h is
an unknown but bounded state delay satisfying h ∈ Zh̄, where h̄ is a known
upper bound. Assume that xk(t) = x0 for t ≤ 0, x0 is the identical initial
state vector for each trial satisfying ∥x0∥ ≤ βx0 < ∞, Ak(t) = A + ∆Ak(t),
Ah,k(t) = Ah + ∆Ah,k(t), and Bk(t) = B + ∆Bk(t) are time- and batch-
varying system matrices, where ∆Ak(t) = E∆k(t)Fa, ∆Ah,k(t) = E∆k(t)Fh,
∆Bk(t) = E∆k(t)Fb, and {E,Fa, Fh, Fb} are known/estimated constant ma-
trices that characterize the structure of uncertainties and their corresponding
weights. Finally, ∆k(t) represents the time- and batch-varying uncertainty
satisfying ∆T

k (t)∆k(t) ⪯ I. Without loss of generality, it is assumed that the
pair (A,B) is controllable and the pair (C,A) is observable. Also, the matrix
C is full row rank and therefore its right inverse CT (CCT )−1 exists.

Given a user-specified reference trajectory yd(t) satisfying ∥yd(t)∥ ≤ βr <
∞ and define the tracking error as ek(t) = yd(t) − yk(t). The zero error
requirement cannot be satisfied for batch-varying uncertainties and distur-
bances. An alternative is required to achieve bounded convergence of tracking
error, i.e.,

sup
k≥0

∥ek(t)∥ ≤ βe, lim sup
k→∞

∥ek(t)∥ ≤ βesup , (3)



where βe > βesup ≥ 0 are finite bounds. Also, the control input and process
state vectors in (2) should be bounded, i.e.,

sup
k≥0

max
t∈ZN−1

∥uk(t)∥ ≤ βu < ∞, sup
k≥0

max
t∈ZN

∥xk(t)∥ ≤ βx < ∞, (4)

where βu ≥ 0 and βx ≥ 0 are finite upper bounds. The following assumption
is also used in the proofs of the new results in this paper.

Assumption 1 [7] It is assumed that Ak(t), Ah,k(t), Bk(t) and wk(t) are
bounded for any k ∈ Z+ and t ∈ ZN , i.e.,

sup
k≥0

max
t∈ZN

∥Ak(t)∥ ≤ βA, sup
k≥0

max
t∈ZN

∥Ah,k(t)∥ ≤ βAh
,

sup
k≥0

max
t∈ZN

∥Bk(t)∥ ≤ βB, sup
k≥0

max
t∈ZN

∥wk(t)∥ ≤ βw,
(5)

where βA ≥ 0, βAh
≥ 0, βB ≥ 0 and βw ≥ 0 are finite upper bounds.

By lumping the process uncertainties, external disturbance, and time delay
into a total disturbance, the process description in (2) becomes

xk(t + 1) =Axk(t) + Buk(t) + dk(t),

yk(t) =Cxk(t).
(6)

where dk(t) = ∆Ak(t)xk(t) + ∆Ah,k(t)xk(t− h) + ∆Bk(t)uk(t) +Bwwk(t). It
can be seen that dk(t) is in fact dependent on the state variable of the process.
To estimate the total disturbance dk(t) for feedforward compensation, an
augmented system description for the system in (6) is given below by treating
dk(t) as an extended state vector

Xk(t + 1) =ÂXk(t) + B̂uk(t) + D̂∆dk(t + 1),

yk(t) =ĈXk(t),
(7)

where Xk(t) = [xT
k (t) dTk (t)]T , and ∆dk(t + 1) = dk(t + 1) − dk(t) denotes

the difference of the total disturbance along the time direction, at sample
instants t and t + 1, and

Â =

[
A I
0 I

]
, B̂ =

[
B
0

]
, Ĉ =

[
C 0

]
, D̂ =

[
0
I

]
.

Using the augmented system in (7), the following GESO is designed to esti-
mate the system state and disturbance simultaneously

X̂k(t + 1) = ÂX̂k(t) + B̂uk(t) + L[yk(t) − ĈX̂k(t)], (8)



where X̂k(t) = [x̂T
k (t) d̂Tk (t)]T , x̂k(t) and d̂k(t) are the estimates of xk(t) and

dk(t), respectively, and L is the observer gain to be determined. Next, define
the set-point tracking error as

esk(t) = ysk(t) − yk(t), (9)

where ysk(t) is the set-point and will be iteratively updated by the outer loop
ILC law. It is pointed out that ys1(t) = yd(t), ∀t ∈ ZN , i.e., the set-point of the
initial tiral is the reference trajectory. Steady-state tracking error reduction
to the maximum extent possible on each trial is a desirable design objective.
Consequently, the integral of the set-point tracking error is introduced as
an additional state vector in the design of the local controller to reduce the

steady-state tracking error. Also, introduce the notation
∑

esk(t) =
t∑

i=0

esk(i)

for shorthand and it follows that
∑

esk(t) =
∑

esk(t− 1) + esk(t).
The inner loop implements the following control law based on the observed

extended state vector and set-point tracking error on each trial

uk(t) = KxX̂k(t) + Kpe
s
k(t) + Ki

∑
esk(t), (10)

where Kx = [kx kd], Kp and Ki are matrices to be designed. On any trial k,
the matrix Kx implements state feedback action, and Kp and Ki proportional
plus integral (PI) action based on the set-point error on this trial.

3 Control design

3.1 Inner loop

The subscript k is not relevant to the design of the controller and the stability
analysis of the inner loop controlled dynamics, so it is omitted from the
variables in this section.

Applying the control law (10) to the system in (2) and the GESO in (8)
results in the following description of the controlled dynamics

X (t + 1) =A(t)X (t) + Ah(t)X (t− h) + Bww(t),

y(t) =CX (t),
(11)



where

X (t) =[xT (t) X̂T (t)
∑

eT (t− 1)]T ,A(t) = A + E∆(t)F1,

Ah(t) =Ah + E∆(t)Fh, C = [C 0 0],A = A1 + B1K + L1C1,

B1 =[BT B̂T 0]T , K = [−KpiC Kx Ki],

L1 =[0 LT 0]T , C1 = [C − Ĉ 0], Kpi = Kp + Ki,

E =[ET 0 0]T ,F1 = Fa + FbK,Fa = [Fa 0 0],Fh = [Fh 0 0],

A1 =

 A 0 0

0 Â 0
−C 0 I

 ,Ah =

Ah 0 0
0 0 0
0 0 0

 ,Bw =

Bw

0
0

 .

The following result in the H∞ setting characterizes robust stability in the
along the trial direction.

Theorem 3.1 Given an H∞ control performance γpi, the controlled system
described by (11) is robustly stable for any state delay h satisfying h ∈ Zh̄,
where h̄ is a known upper bound, if there exist matrices Wi ≻ 0, i = 1, · · · , 4,
ZK, ZL and a scalar ε > 0, such that the following LMI is feasible

φ11 φ12 φ13 φ14 Bw 0 0
(∗) φ22 φ23 φ24 h̄Bw 0 0
(∗) (∗) φ33 W2 0 W2C

T
2 φ37

(∗) (∗) (∗) φ44 0 0 φ47

(∗) (∗) (∗) (∗) −γpiI 0 0
(∗) (∗) (∗) (∗) (∗) −γpiI 0
(∗) (∗) (∗) (∗) (∗) (∗) −εI


≺ 0, (12)

where φ11 = −W1 + εEET , φ12 = εh̄EET , φ13 = A1W2 + B1ZK + ZL, φ14 =
AhW2, φ22 = −W2 + εh̄2EET , φ23 = h̄φ13 − h̄W2, φ24 = h̄φ14, φ33 = −W4 −
W2, φ37 = (FaW2 + FbZK)T , φ44 = −W3 + W4 − W2, φ47 = (FhW2)

T .
Moreover, if the LMI (12) is feasible, the matrices in the control law (10)
can be obtained by the following parameterization

L1 = ZLW
−1
2 CT

1 (C1C
T
1 )−1, [−KpiC Kx Ki] = ZKW

−1
2 . (13)

Proof 1 Consider the following Lyapunov-Krasovskii function

Vx[X (t)]=X T (t)P1X (t)+
t−1∑

i=t−h

X T (i)(P1−P2)X (i) + h̄
−1∑

j=−h̄

t−1∑
i=t+j

σT (i)P3σ(i),



where σ(i) = X (t + 1) − X (t), P1 ≻ P2 ≻ 0 and P3 ≻ 0. Next, calculate the
difference of Vx[X (t)] at t+1 and t and define the following cost function for
analysis

Vx[X (t + 1)] − Vx[X (t)] < −
(
γ−1
pi ∥e(t)∥22 − γpi∥w(t)∥22

)
. (14)

Since the reference trajectory does not affect the stability analysis of the
closed-loop system, e(t) = −Cx(t) = −CX (t) results on setting yd(t) = 0.
Also, by substituting (11) into (14), it follows that

ζT (t)(ΛT
1 P1Λ1 + h̄2ΛT

2 P3Λ2 + γ−1
pi C

T
2 C2 + Υ)ζ(t) ≺ 0, (15)

where

ζ(t) =[X T (t) X T (t− h) wT (t)]T ,Λ1 = [A(t) Ah(t) Bw],

Λ2 =[A(t) − I Ah(t) Bw], C2 = [C 0 0],

Υ =

−P2 − P3 P3 0
(∗) −P1 + P2 − P3 0
(∗) (∗) −γpiI

 .

Define P1 = W−1
1 , P3 = W−1

2 , P2 = W2W4W2, K = ZKW
−1
2 , L1C1 =

ZLW
−1
2 . Applying Schur’s complement lemma and Lemma 1 to the LMI

in (12), and then pre- and post-multiplying (12) by diag{I, I, P3, P3, I, I}, it
follows that the inequality in (15) holds.

Remark 1 Note that similar to the most Lyapunov-Krasovskii based stabil-
ity analysis, the LMI condition (12) established in Theorem 3.1 is only a
sufficient one whose feasibility may be affected by various factors including
parameter matrices, time delay and uncertainty bound. In other words, the
feasibility of the established sufficient condition is case-dependent. This is
the same to almost all LMI based stability conditions. Even if the LMI con-
straints (12) were found infeasible, the controller gains can still be determined
using other methods such as pole placement [1] and PID tuning [5]. In this
paper, the feasibility of LMI condition is verified by Examples 1 and 2.

Optimal H∞ control performance follows by using the following optimiza-
tion problem to determine the control law matrices

min γpi
s.t. (12)

(16)



3.2 Outer Loop

Using (2), (8) and (10) results in

Xk(t + 1) =Ak(t)Xk(t) + Ah,k(t)Xk(t− h) + Bk(t)ysk(t) + Bwwk(t),

yk(t) =CXk(t),
(17)

where Xk(t) = [xT
k (t) X̂T

k (t)
∑

es,Tk (t− 1)]T , Ak(t) and Ah,k(t) are A(t)
and Ah(t) with the subscript k added, respectively, and Bk(t) = B+E∆k(t)FbKpi,

B = [(BKpi)
T (B̂Kpi)

T I]T .
The set-point ILC law applied is

ysk(t) = ysk−1(t) + Γek−1(t + 1), (18)

where Γ is the learning gain, ek−1(t+1), denotes the one-step ahead tracking
error from the previous trial (at the end of a trial, all information generated
is, at the cost of storage, available for use in updating the control input for
the subsequent trial), and it follows that δXk(t) = 0 for any t ≤ 0. Moreover,
calculating the increments of (2) and (17) in the along the trial direction
yields

δXk(t + 1) =Ak(t− 1)δXk(t) + Ah,k(t− 1)δXk(t− h)

+ Bk(t− 1)Γek−1(t) + ϖk(t),
(19)

where

ϖk(t) = δAk(t)Xk−1(t−1)+δAh,k(t)Xk−1(t−1−h)+δBk(t)ysk−1(t−1)+Bwδwk(t).

Also, using (19) it follows that

ek(t) =ek−1(t) − CδXk(t + 1)

=[I − CBk(t− 1)Γ]ek−1(t) + Θk(t),
(20)

where Θk(t) = −CAk(t− 1)δXk(t) − CAh,k(t− 1)δXk(t− h) − Cϖk(t).

3.3 ILC Convergence analysis

The choice of Γ to implement the set-point ILC law is an outcome of the
following ILC robust convergence result.

Theorem 3.2 Consider the system described in (17) under the set-point ILC
law in (18). Then the condition for bounded tracking (3) and the boundedness
conditions of (4) are guaranteed under Assumption 1 if there exists a scalar
gain Γ such that the following two conditions are both satisfied with λ ∈ (0, 1]

∥I − ΓCBk−1(t)Kpi∥ < λ, (21)

∥I − CBk−1(t)KpiΓ∥ < λ. (22)



Proof 2 Rewriting (18) gives

ysk(t) =ysk−1(t) + Γ[yd(t + 1) − CXk−1(t + 1)]

=[I − ΓCBk−1(t)]y
s
k−1(t) + Φk(t) + ϕs

k(t),
(23)

where
ϕs
k(t) =Γyd(t + 1) − ΓCBwwk−1(t),

Φk(t) = − ΓCAk−1(t)Xk−1(t) − ΓCAh,k−1(t)Xk−1(t− h).

Also, ∥ϕs
k(t)∥ ≤ ∥Γ∥(βr + ∥C∥∥Bw∥βw) for any k ∈ Z+ and t ∈ ZN . By

selecting finite L, Kx, Kp and Ki in (10), it follows that Ak(t), Ah,k(t) and
Bk(t) are bounded for any k ∈ Z+ and t ∈ ZN under Assumption 1, with
bounds denoted by βA, βAh

and βB, respectively.
The following analysis uses mathematical induction to verify the bound-

edness conditions in (4) for any k ∈ Z+ and t ∈ ZN .

Step (i): For t = 0, ∥Φk(0)∥ ≤ ∥Γ∥∥C∥(βA + βAh
)βX (0) for any k ∈ Z+,

where βX (0) = ∥x0∥. Therefore, by the result of Lemma 2 for (23)
at t = 0, it follows that ysk(0) is bounded, with bound denoted by
supk∈Z+

∥ysk(0)∥ ≤ βs(0) < ∞.

Step (ii): For any given t ∈ ZN−1, assume that supk∈Z+
∥Xk(t)∥ ≤ βX (t) <

∞ and supk∈Z+
∥ysk(t)∥ ≤ βs(t) < ∞, respectively. Then for t + 1, it is

proved that supk∈Z+
∥Xk(t + 1)∥ ≤ βX (t + 1) < ∞ and supk∈Z+

∥ysk(t +
1)∥ ≤ βs(t + 1) < ∞.

Based on this last boundedness hypothesis on Xk(t) and ysk(t), it follows
from (17) that

∥Xk(t + 1)∥ ≤∥Ak(t)∥∥Xk(t)∥ + ∥Ah,k(t)∥∥Xk(t− h)∥
+ ∥Bk(t)∥∥ysk(t)∥ + ∥Bw∥∥wk(t)∥

≤βAβX (t) + βAh
βX (t− h) + βBβs(t) + ∥Bw∥βw

≜βX (t + 1), ∀k ∈ Z+,

(24)

and hence

∥Φk(t + 1)∥ ≤ ∥Γ∥∥C∥[βAβX (t + 1) + βAh
βX (t + 1 − h)],∀k ∈ Z+. (25)

Applying Lemma 2 to (23) at sample t+ 1 verifies that supk∈Z+
∥ysk(t+ 1)∥ ≤

βs(t + 1). This fact, together with (24), implies that the hypothesis made in
this step holds, i.e.,

sup
k∈Z+

max
t∈ZN−1

∥ysk(t)∥ ≤ βs, sup
k∈Z+

max
t∈ZN

∥Xk(t)∥ ≤ βX ,



with βs = maxt∈ZN−1
βs(t) and βX = maxt∈ZN

βX (t). Given the relationships
between ysk(t) and uk(t) given in (9) and (10), between Xk(t) and xk(t) in
(17), the boundedness conditions of uk(t) and xk(t) are satisfied by (21).
Further, it follows from (20) that

∥Θk(t)∥ ≤2∥C∥βAβX + 2∥C∥βAh
βX + 2∥C∥[βAβX + βAh

βX + βBβs + ∥Bw∥βw] < ∞.

Hence, the bounded tracking goal in (3) can be ensured by applying Lemma 2
to the error dynamics in (20) based on (22).

The sufficient conditions in the last result are delay-independent, and are
difficult to verify. However, using (19) and (20), the controlled ILC dynamics
can be written in the form

δXk(t + 1) =AδXk(t) + AhδXk(t− h) + Bek−1(t) + ϖk(t),

ek(t) =CδXk(t) + ChδXk(t− h) + Dek−1(t) − Cϖk(t),
(26)

where

A =A + E∆k(t− 1)F1, Ah = Ah + E∆k(t− 1)Fh, Ch = −CAh,

B =BΓ + E∆k(t− 1)Fb, Fb = FbKpiΓ,C = −CA, D = I − CB.

An ILC design is required to enforce trial-to-trial error convergence (in k)
and ensure acceptable dynamics during the trials (in t). Hence, information
propagates in two independent directions. In which context, the state-space
model (26) is that for a discrete linear repetitive process and hence as shown
next the problem of controller synthesis can be transformed to an equivalent
repetitive process stability problem.

Repetitive processes make repeated sweeps (or trials in the terminology
used in this paper) through a set of dynamics defined over a finite duration,
known as the trial length. Once a trial is complete, the dynamics reset to
the starting position, or there is a stoppage time between the end of one
trial and the start of the next. Also, the output produced during a trial
directly affects the dynamics of the subsequent trial, hence the possibility
of oscillations that increase in amplitude from trial to trial, which cannot
be controlled by standard action. A stability theory for these processes has
been developed to prevent this unacceptable feature from arising.

The stability theory requires that a bounded initial trial output generates
a bounded sequence of trial outputs, either over the finite trial length or uni-
formly, i.e., for all possible finite trial lengths, where boundedness is defined
in terms of the norm on the underlying signal space [9]. Convergence in k
is feasible even for unstable linear systems. Hence, the stronger property,
known as stability along the trial, is generally required.



In common with standard linear systems theory, one approach to control
law design is to use a suitably constructed Lyapunov function, which should
be constructed from the sum of terms in the trial-to-trial propagation (ek
in (26)) and the along the trial dynamics (δXk(t) in (26)), respectively, but
the two equations in (26)) are coupled and hence the gradient of the Lya-
punov function can only be found provided the solutions to these equations
are available, which is a very stringent requirement and instead a vector Lya-
punov function must be used and the gradient replaced by the divergence,
see [8] for the required background.

Let V (k, t) denote the vector Lyapunov function and take this to be the
sum of Vhor(k, t) and Vver(k, t) where

Vhor(t, k) =δX T
k (t)PδXk(t) +

t−1∑
i=t−h

δX T
k (i)QδXk(i) + h̄

−1∑
j=−h̄

t−1∑
i=t+j

σT
k (i)Rσk(i),

Vver(k, t) =eTk−1(t)Sek−1(t),
(27)

where σk(i) = δXk(i + 1) − δXk(i), and P ≻ 0, R ≻ 0, Q ≻ 0, S ≻ 0 and
h ∈ Zh̄.

Theorem 3.3 Given an H∞ performance γilc and a user-specified learning
gain Γ, the linear repetitive process representation of the ILC dynamics de-
scribed in (26) is robustly stable along the trial for any state delay h sat-
isfying h ∈ Zh̄, where h̄ is a known upper bound, if there exist matrices
Wi ≻ 0, i = 1, · · · , 5, and a scalar ε > 0, such that the following LMI is
feasible 

θ11 θ12 θ13 θ14 θ15 θ16 I 0
(∗) θ22 θ23 θ24 θ25 θ26 h̄I 0
(∗) (∗) θ33 θ34 θ35 θ36 −C 0
(∗) (∗) (∗) θ44 W2 0 0 θ48
(∗) (∗) (∗) (∗) θ55 0 0 θ58
(∗) (∗) (∗) (∗) (∗) −W3 0 θ68
(∗) (∗) (∗) (∗) (∗) (∗) −γ2

ilcI 0
(∗) (∗) (∗) (∗) (∗) (∗) (∗) −εI


≺ 0, (28)

where θ11 = −W1 + εEET , θ12 = εh̄EET , θ13 = −εEETCT , θ14 = AW2,
θ15 = AhW2, θ16 = BΓW3, θ22 = −W2 + εh̄2EET , θ23 = −εh̄EETCT , θ24 =
h̄φ14 − h̄W2, θ25 = h̄φ15, θ26 = h̄φ16, θ33 = −W3 − εCEETCT , θ34 = −Cφ14,
θ35 = −Cφ15, θ36 = W3 − Cφ16, θ44 = −W4 + W5 − W2, θ48 = (F1W2)

T ,
θ55 = −W5 −W2, θ58 = (FhW2)

T , θ68 = (FbW3)
T .

Proof 3 The divergence operator of V (k, t) in this case is

∆V (k, t) = ∆Vhor(k, t) + ∆Vver(k, t), (29)



where ∆Vhor(k, t) = Vhor(k, t+1)−Vhor(k, t) and ∆Vver(k, t) = Vver(k+1, t)−
Vver(k, t). Moreover, it follows that

∆V (k, t) ≤δX T
k (t + 1)PδXk(t + 1) − δX T

k (t)PδXk(t) + δX T
k (t)QδXk(t)

− δX T
k (t− h)QδXk(t− h) + σT

k (t)h̄2Rσk(t)

− [δXk(t) − δXk(t− h)]TR[δXk(t) − δXk(t− h)]

+ eTk (t)Sek(t) − eTk−1(t)Sek−1(t)

=ϕT
k (t)Ψϕk(t),

(30)
where

ϕk(t) =[δX T
k (t) δX T

k (t− h) eTk−1(t)]
T ,Ψ = ΨT

1 PΨ1 + h̄2ΨT
2RΨ2 + ΨT

3 SΨ3 + Ξ,

Ψ1 =[A Ah B],Ψ2 = [A− I Ah B],Ψ3 = [C Ch D],

and

Ξ =

−P + Q−R R 0
(∗) −Q−R 0
(∗) (∗) −S

 .

Introduce the cost function

J =
N∑
t=0

∞∑
k=1

[eTk (t)ek(t) − γ2
ilcϖ

T
k (t)ϖk(t)]. (31)

Then, using the boundary conditions (2), there exist δXk(t) = 0 for any t ≤ 0
and ∀k ∈ Z+, and δX0(t) = 0 for t ∈ ZN . Hence, it follows that

J <
N∑
t=0

∞∑
k=1

[eTk (t)ek(t) − γ2
ilcϖ

T
k (t)ϖk(t) + ∆V (k, t)]

<
N∑
t=0

∞∑
k=1

ξTk (t)Ψ̂ξk(t), (32)

where Ψ̂ = Ψ̂T
1 P Ψ̂1 + h̄2Ψ̂T

2RΨ̂2 + Ψ̂T
3 (S + I)Ψ̂3 + Ξ̂, ξk(t) = [ϕT

k (t) ϖT
k (t)]T ,

Ψ̂1 = [Ψ1 I], Ψ̂2 = [Ψ2 I], Ψ̂3 = [Ψ3 − C], Ξ̂ = diag{Ξ,−γ2
ilcI}. Finally,

by applying Lemma 1 and similar steps as in the proof of Theorem 1, the
LMI of (28) is obtained.

4 Case Study

4.1 Example 1

In order to verify the effectiveness of the proposed indirect-type ILC scheme,
the injection molding process as studied by [1] is used. The injection molding



process mainly includes four stages: filling, packing, cooling and demolding.
During the packing stage, the nozzle pressure is a key process variable that
needs to be controlled. In order to ensure the quality and consistency of the
product in the batch direction, the pressure should track the expected output
trajectory. However, due to the adverse effects of the production environment
and operation changes in various batches, this makes the packing stage a
time-varying dynamic process, such as the uneven supply of materials, the
nonlinear dynamic characteristics of the hydraulic control valve, the pressure
of the mold cavity, the temperature change, etc. Among them, the impact
caused by the pressure of the cavity can be regarded as a load disturbance
with non-repetitive characteristics. Based on the open-loop test and analysis,
the system matrices of injection velocity relative to valve opening has been
identified as

A =

[
1.607 1

−0.6086 0

]
, Ah =

[
−0.202 0
0.196 0

]
, B =

[
1.2390
−0.9282

]
,

∆Ak(t) =

[
0.08δ1,k(t) 0
0.08δ2,k(t) 0

]
,∆Ah,k(t) =

[
0.01δ3,k(t) 0
0.01δ4,k(t) 0

]
,

∆Bk(t) =

[
0.1δ5,k(t)
0.14δ6,k(t)

]
, Bw =

[
1
0

]
, C =

[
1 0

]
.

where xk(0) = x0 + ∂k(t), x0 = [0 0]T , ∂k(t) = [δT7,k(t) δT8,k(t)]T , wk(t) =
sin(0.1t) + δ9,k(t), and δi,k(t), i = 1, 2, · · · , 9, are non-repetitive parameters
that vary randomly within [−0.1, 0.1]. The time delay range is assumed to
be h ∈ Zh̄ and h̄ = 3, where h = 3 is used in the simulation results below.
The reference trajectory is

yd(t) =


200, 0 ≤ t ≤ 100;

200 + 5(t− 100), 100 < t ≤ 120;
300, 120 < t ≤ N = 200.

Given that this signal is not continuous, the initial part of it is smoothed by
a user-specified prefilter Gf (z) = z−1+z−2

3−z−1 (where z is the forward shift) as
used in [4]. Note that this last step is application-specific, and the design
can be applied in applications where such prefiltering is not required.

Criteria are required to assess the performance of the controlled dynamics.
Standard linear systems measures can be used on any trial (t). In the case
of the trial-to-trial error convergence, a commonly used measure is the root
mean square error (RMSk) plotted against k, where on this trial

RMSk =

√√√√ 1

N

N∑
i=1

e2k(i).



By solving the minimization problem in (16), the optimal H∞ control perfor-
mance is computed as γpi = 0.0049. To avoid over-aggressive control actions,
a feasible solution of performance index γpi = 0.8436 is taken to solve the
LMI in (12), and the gains of the inner loop feedback controller and observer
are obtained as

Kx =[−0.049 − 0.0749 − 0.0375 0.0616], Kp = 0.3627, Ki = 0.1557,

L =[0.6127 − 0.5228 − 0.001 0.0007]T .

Accordingly, Γ = 0.9572 is used in the set-point ILC law, which satisfies both
the conditions in Theorems 3.2 and 3.3.

For comparison, two alternative ILC laws are considered, the first from [16],
where

uk(t) = 0.0412esk(t) + 0.00017
∑

esk(t),

ysk(t) = ysk−1(t) − 0.0044δ
∑

esk(t) + 1.6ek−1(t + 1).

and the second from [17] where

uk(t) = uk−1(t)−0.6525δyk(t+1)+0.4706ek−1(t)+0.4779[ek−1(t+1)−ek−1(t)].

A comparison is also made with

uk(t) = uk−1(t) + 0.0572ek−1(t + 1)

(phase-lead ILC). Next the performance of the design is examined, starting
with the nominal dynamics.

Case 1.1 (nominal system). Assume that there are no uncertainties
and disturbances in the system. The tracking results are shown in Fig. 2,
and the resulting RMS errors are shown in Fig. 3. It is seen that no steady-
state error tracking is achieved in the first trial, and the perfect tracking is
realized after five trials by the new indirect-type ILC scheme, while the ILC-
based PI control method in [16] requires more than 20 batches. Comparing
the direct-type ILC methods in [17] and open-loop P-type ILC, the tracking
performance is markedly improved due to the PI feedback control in the inner
loop, especially in the initial trial.

Case 1.2 (non-repetitive uncertainties and disturbances). In
the presence of time- and batch-varying uncertainties and disturbances, the
tracking results are shown in Fig. 4 and the result for the RMS error against
the trial number are plotted in Fig 5. Compared with the ILC-based PI
control in [16] and the direct-type ILC method in [17], the set-point track-
ing and disturbance rejection performance is markedly enhanced due to the



0 50 100 150 200

Time (t)

0

100

200

300

P
ro

c
e
s
s
 o

u
tp

u
t

Reference

Trial 1

Trial 3

Trial 20

0 50 100 150 200

Time (t)

0

50

100

In
p
u
t 
s
ig

n
a
l Trial 1

Trial 3

Trial 20

Figure 2: Results for Case 1.1.
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estimation and feed-forward compensation of the total disturbance. It can
be seen that the bounded tracking goal in (3) and (4) is achieved by the new
design, which illustrates the validity and superiority of the indirect-type ILC
design.

Figure 4: Results for Case 1.2.

4.2 Example 2

To showcase the feasibility and effectiveness of the proposed method, a two-
stage chemical reactor with delayed recycle streams is considered. Detailed
information on this setup can be found in paper [13], where the state-space
model of this continuous-time system is

Ac =

[
−2.5 0

1 −2.5

]
, Bc =

[
1 0
0 1

]
, Cc =

[
1 0
0 1

]
.

The sampling time is set to Ts = 0.1s and the discretised system matrix is
obtained using a zero-order holder

A=

[
0.7788 0
0.0779 0.7788

]
, B =

[
0.0885 0
0.0042 0.0885

]
, C =

[
1 0
0 1

]
,

and the uncertainties are specified by

Ah =

[
0 0.04
0 0

]
, Bw =

[
1 0
0 1

]
, E =

[
1 0

0.5 1

]
,

Fa =

[
0.04 0

0 0.05

]
, Fh =

[
0 0.05
0 0

]
, Fb =

[
0.01 0

0 0.01

]
.

The time delay range is assumed to be h ∈ Zh̄ and h̄ = 3, where h = 3
is used in the simulation results below. Similarly, the convergence of the
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Figure 5: The RMS performance index for Case 1.2.

tracking error eki, i = 1, 2 is measured using the RMSk. The initial state
xk(0) is assumed to be zero ∀k ∈ Z+ and the reference trajectories are

yd1(t) =


1
20
t, 0 ≤ t ≤ 40;

2 + 1
120

(t− 40), 40 < t ≤ 100;
2.5 + 1

300
(t− 100), 100 < t ≤ 250;
3, 250 < t ≤ N = 300.

yd2(t) =



1
120

t, 0 ≤ t ≤ 60;
0.5 + 1

60
(t− 60), 60 < t ≤ 120;

1.5, 120 < t ≤ 150;
1.5 + 1

100
(t− 150), 150 < t ≤ 250;

2.5, 250 < t ≤ N = 300.

A feasible solution of performance index γpi = 0.8965 is taken to solve the
LMI in (12), and the gains of the inner loop feedback controller and observer
are obtained as

Kx =

[
1.0962 0.0855 −1.0513 −0.0741
−0.0874 1.1064 0.0751 −1.0562

]
,

Kp =

[
3.0692 −0.3641
0.3705 3.0254

]
, Ki =

[
0.2999 9.0391e−5

−1.0146e−4 0.2999

]
,

L =

[
0.8704 0.0362 0.3472 −4.2363e−5

−0.0369 0.8656 −5.4959e−4 0.3470

]T
.

Accordingly, Γ = diag{0.51, 0.51} is used in the set-point ILC law, which
satisfies both the conditions in Theorems 3.2 and 3.3. Similarly, next two
possible cases are considered.



Case 2.1 (nominal system). Assume that there are no uncertainties
and disturbances in the system. The tracking results are shown in Figs. 6
and 7, and the resulting RMS errors are shown in Fig. 8. It is seen that
steady-state tracking is achieved in the first trial, and the perfect tracking is
realized after ten trials by the new indirect-type ILC scheme.
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Figure 6: The process outputs for Case 2.1.
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Figure 7: The control inputs for Case 2.1.

Case 2.2 (non-repetitive uncertainties and disturbances). In the
presence of time- and batch-varying uncertainties and disturbances, assume
that ∆k(t) = diag{δk1(t), δk2(t)} and wk(t) = [δk3(t), δk4(t)]

T , where δki, i =
1, · · · , 4 are random variables within [−0.05, 0.05]. The tracking results are
shown in Figs. 9 and 10, and the resulting RMS errors are shown in Fig.
11. Although the designed control scheme cannot completely eliminate the
effects of non-repetitive uncertainties and disturbances, the bounded tracking
objective in (3) and (4) is achieved, which illustrates the effectiveness of the
indirect-type ILC design.
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Figure 9: The process outputs for Case 2.2.

5 Conclusion

For batch processes with state delay and time- and batch-varying uncertain-
ties, a robust indirect-type set-point ILC scheme has been developed, which
consists of two loops, inner and outer, respectively, that can be separately
designed. In the inner loop, current state feedback GESO is augmented
by PI control acting on the error. A P-type learning law updates the set-
point command in the outer loop. Moreover, both delay-independent and
delay-dependent sufficient conditions are derived to ensure error convergence
and robust stability along the trial by using the mathematical induction and
Lyapunov-Krasovskii analysis methods, respectively. Compared with the
previously developed direct-type and indirect-type ILC methods, two illus-
trative examples have been used to demonstrate the validity and advantages
of the new design.
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