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Abstract

Iterative learning control (ILC) is an intelligent control methodology for tackling iteration-invariant exogenous inputs. It is of
great significance to develop its extrapolation for more general repetitive tasks with mutual similarity, e.g., tasks with different
time scales. In practice, discrete-time ILC with sampling behavior for time-scale-varying tasks suffers from the failure of perfect
corresponding learning and environment-dependent iteration-varying disturbances. This paper develops a novel direct data-
based ILC algorithm using off-policy Q-learning for tasks with varying time scales, enabling the robust learning of an optimal
ILC policy from experimental input/output (I/O) data. From a two-player zero-sum game perspective, the iteration-varying
disturbance generated from the varying time scales of repetitive tasks is tackled quantitatively with a preset disturbance
attenuation level. Further, to emphasize the importance of theoretical guarantees of reinforcement learning (RL)-based ILC
designs, the data efficiency of the developed algorithm is enhanced based on Willems’ Fundamental Lemma, and a rigorous
convergence analysis is given. The simulation model of an F-16 aircraft autopilot is employed to show the effectiveness of the
developed approach.
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1 Introduction

Iterative learning control (ILC) is an effective methodol-
ogy to reduce iteration-invariant disturbances in repeti-
tive tasks. Without iteration-varying disturbances, ILC
can achieve perfect tracking subject to an iteration-
invariant reference and plant model, identical iteration
length, and strictly resetting initial states. Since [5], the
theory and application of ILC have gained widespread
attention of the control community. ILC has been ap-
plied successfully to batch processes, industrial robots,
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healthcare devices, wafer stages, among other applica-
tions [10,2].

The condition of repetitiveness in ILC may affect its
applicability in practical scenarios, as many real-world
processes are not exactly repetitive. For instance, flexi-
ble manufacturing demands mass production of similar
goods with different customized sizes and high precision
[50]. As studied in [45], slight variations of the desired
reference can deteriorate the ILC tracking performance,
regardless of their mutual similarity. In this paper, we
consider the ILC problem with time-scale-varying tasks.
The repetitive reference trajectories with different time
scales have the same shape across various time dura-
tions, e.g., the production of the same workpiece in dif-
ferent sizes [50]. Unlike the varying trial length prob-
lem, in which the operation may stop before a given de-
sired length, the integrity of time-scale-varying tasks is
retained by expanding and contracting the time scale,
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with the varying tasks being known a priori [40]. Even
if the lengths of different iterations vary along the it-
eration axis, a carefully designed ILC algorithm should
conduct perfect tracking, in the ideal case, with respect
to the time-scale-varying tasks.

The crucial issue for ILC with time-scale-varying tasks
is the corresponding learning. For this purpose, it is
straightforward to consider using time shifting for sim-
ilar tasks with different time scales. In [49], a direct
learning control method is developed for a class of
iteration-varying trajectories remaining identical in spa-
tial distribution but different in the time-scale sense. In
[25,39,9,28], a time-scale shifting operator is proposed
in ILC designs for the corresponding learning. Instead of
conducting learning updates based on the time elapsed
along a trajectory, an ILC methodology based on the
spatial path is first proposed in [36], and developed for
time-scale-varying tasks in [15]. The proposed time-
scale shifting operator suits continuous-time systems,
while it is not completely applicable to discrete-time
systems with sampling behaviors. No matter how large
the sampling frequency is, some tasks with particu-
lar time scales still fail in the corresponding learning
updates in discrete-time ILC designs.

Further, the extrapolation property of ILC is consid-
ered in the design of ILC with basis functions [43,8,45]
to tackle varying tasks, where the ILC input of a basic
task is learned and projected to varying tasks. This idea
is also employed in the cross-coupled ILC controller for
different dynamics from different axes to reduce contour
error [6], despite the repetitive measured errors from dif-
ferent time domains. The essential idea lies in discovering
the unchanged properties and the corresponding trans-
formation. The transformation for varying tasks natu-
rally brings in the iteration-varying disturbance during
the discrete-time ILC process. Handling this iteration-
varying disturbance is also a vital challenge for discrete-
time ILC with varying time scales. In this paper, a time-
scale transformation scheme is developed, and the time-
scale-varying problem is eventually transformed into a
discrete-time ILC problemwith iteration-varying distur-
bances.

Most ILC designs for varying tasks still require sys-
tem dynamics knowledge, or at least partial knowledge
for convergence guarantees [31,10]. System identifica-
tion techniques are usually applied to acquire the model,
where the model here is understood as a parametric sys-
tem representation such as a state-space description [30].
When the model is acquired from data, model-based ILC
can be seen as an indirect data-based control approach
with separated design procedures [20]. The direct data-
based ILC involves directly learning the ILC gains from
the input/output (I/O) data, where the ILC problem
is solved in a unified manner. It suits the case where
controlled plants are difficult to model in practice, espe-
cially for systems with complex dynamics or interacting

in complex environments. Also, fewer data may be re-
quired for the direct data-based control design [44].

Many promising data-based ILC designs have been de-
veloped from the direct perspective. In [14,11,22], an
optimization-based adaptive ILC design is developed to
directly learn ILC gains from I/O data of unknown mod-
els, where a dynamical linearization technique is intro-
duced for the estimation of the system parameters. In
[23,12], the plant inverse information is updated progres-
sively in a model-free way to directly construct the ro-
bust and learning filters of well-established model-based
ILC designs. Furthermore, specific intermediate experi-
ments are designed for measuring the gradient of a cost,
which is used for data-driven ILC designs [7]. In [19], this
approximation process is conducted through offline I/O
data and extended to Hammerstein-Wiener systems. To
deal with iteration-varying disturbances from external
noise or initial state shifting, the extended state observer
(ESO) method is introduced in the direct data-based
ILC design [22,21,35].

In addition, attempts to develop direct data-based ILC
include approaches that combine reinforcement learning
(RL) techniques [41,38,51,27]. The idea of learning from
delayed rewards [46] is employed to enable the direct
data-based paradigm.AMarkov decision process (MDP)
[42] is built in the iteration domain by considering fu-
ture iteration costs in the ILC designs, which benefits
the convergence performance in ILC [4]. In [41,51,27],
the Q-learning approaches are used to solve the associ-
ated Bellman equation in a model-free manner. In [38],
the actor-critic RL algorithm is employed to solve the
Bellman optimality equation to learn the ILC feedfor-
ward parameters.

Also, even if RL would endow ILC with flexibility [1], ef-
ficiency [29], and autonomy [34], it should be noted that
theoretical guarantees of most RL-based ILC design still
remain an urgent challenge. Notably, ILC should be ex-
perimentally applied for each iteration. The data effi-
ciency and robustness to iteration-varying disturbances
(against repetitive restrictions) are of great importance
in practical applications.

In this paper, a novel robust direct data-based ILC is de-
veloped to tackle tasks with varying time scales. By us-
ing a time-scale transformation scheme, the time-scale-
varying tasks in discrete-time ILC are transformed into
an ILC problem with an iteration-varying disturbance.
By considering a two-player zero-sum game between the
ILC input and the iteration-varying disturbance, a prac-
tical off-policy Q-learning-based ILC algorithm is de-
veloped for the considered iteration-domain MDP. The
associated Bellman equation is efficiently solved in a
model-free manner. The robust optimal policy is even-
tually learned, and it is proved to converge to the model-
based solution. Finally, the simulation model of an F-16
aircraft autopilot is employed to verify the effectiveness
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of the developed ILC algorithm. In summary, the main
contributions are as follows:

1. The practical failure of corresponding learning for the
time-scale-varying tasks is demonstrated to exist in
discrete-time ILC. This failure is handled by a time-
scale transformation scheme and is transformed into
a general ILC problem with iteration-varying distur-
bances for robust learning.

2. By considering a zero-sum game between the ILC in-
put and iteration-varying disturbance, a direct data-
based off-policy ILC algorithm is developed, which
can address the ILC problem with iteration-varying
disturbances by introducing a preset disturbance at-
tenuation level. Future iteration costs are considered
to enable further learning efficiency, and the off-policy
design gives practice guarantees.

3. The data collection requirements for the direct data-
based ILC design are assessed and theoretically pre-
dicted using Willems’ Fundamental Lemma [47]. The
convergence of the developed Q-learning-based ILC
design is analyzed with theoretical guarantees.

The remainder of the paper is structured as follows.
In Section 2, the data-based formulation is given, and
the time-scale-varying task is defined. The ILC problem
considered in this paper is established through a time-
scale transformation scheme. Then, in Section 3, the ILC
problem is transformed into an iteration-domain two-
player zero-sum game, and the direct data-based ILC de-
sign is given. The data efficiency and convergence anal-
ysis of the developed algorithm are given in Section 4. A
numerical simulation is conducted in Section 5 to show
the effectiveness of the approach. Finally, the conclusion
and discussion on the future work are given in Section
6. Proofs of some technical results are given in the Ap-
pendix.

Notations. The notations N and R respectively denote
the set of natural and real numbers, and Rn and Rn×m

respectively denote the sets of n-dimensional real vec-
tors and n×m real matrices. The notations Lm

2 [a, b] and
lm2 [a, b] denote the space of Lebesgue square-integrable
and square-summable m-dimensional sequences defined
on an interval [a, b], respectively. The notation diag (·) is
an operator to construct a square diagonal matrix, and
rank (·) represents the rank of a matrix. The notation
Nn(µ,Σ) represents a n-dimensional multivariate Gaus-
sian distribution with mean vector µ ∈ Rn and covari-
ance matrix Σ ∈ Rn×n. For brevity, In denotes the n×n
identity matrices, and 0 denotes a zero matrix with ap-
propriate dimensions. The expressions A ≻ 0 and A ⪰ 0
mean that the square matrix A is positive definite and
positive semi-definite, respectively. λi(B) denotes the
ith eigenvalue of the real matrix B.

2 Problem formulation

In this section, the I/O data framework executing repet-
itive tasks is given first. Then, a time-scale transforma-
tion approach is developed for the defined repetitive task
with varying time scales. The resulting ILC problem to
be addressed is later presented.

2.1 System dynamics

Consider a data sequence generated by the following
multi-input multi-output (MIMO) linear time-invariant
(LTI) model

yk = Gkuk + νk, (1)

where the subscript k is the iteration index, and yk and
uk are the m-dimensional output and ℓ-dimensional in-
put data sequences on iteration k, respectively. This pa-
per considers repetitive tracking tasks using only the I/O
data. The data sequences are defined on a finite time
interval with varying iteration length Nk, i.e.,

uk =
[
u⊤k (0), u

⊤
k (1), . . . , u

⊤
k (Nk − 1)

]⊤ ∈ RℓNk ,

yk =
[
y⊤k (l), u

⊤
k (l + 1), . . . , y⊤k (Nk − 1 + l)

]⊤ ∈ RmNk ,

where l > 0 is the relative degree of the system dynam-
ics in the time domain. For brevity, it is assumed in this
paper that l = 1. For the unknown relative degree l > 1,
refer to Lemma 1 of [48] for a data-driven ILC perspec-
tive.

The data transfer matrix Gk ∈ RmNk×ℓNk is un-
known and parameter-invariant, which is iteration-
varying concerning the varying iteration length Nk.
Also, νk ∈ RmNk is the unknown external iteration-
varying disturbance. Define the reference sequence
of the repetitive task with varying time scales as
rk = [r⊤k (1), r

⊤
k (2), . . . , r

⊤
k (Nk)]

⊤ ∈ RmNk .

In this paper, the length of repetitive tasks varies since
the continuous-time signals with varying time scales are
tracked. The desired set points along the time axis are
obtained to construct rk in the classic ILC formulation.
When time scales vary, the set-point values are changed
for different iterations. The definition of the time-scale-
varying task is given in Definition 1. Denote Tk as the
iteration length of the continuous-time reference signal
on iteration k.

Definition 1 (Time-scale-varying tasks) Two sig-
nals rca ∈ Lm

2 [0, Ta] and r
c
b ∈ Lm

2 [0, Tb] are identical in
the time-scale sense if and only if two conditions are
satisfied:

(1) A time-scaling function βab : [0, Ta] → [0, Tb]
is a continuously differentiable bijection, where
βab(0) = 0 and βab(Ta) = Tb.
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Fig. 1. The sampled-data ILC problem when tracking time-s-
cale-varying tasks. Consider tracking a repetitive sinusoid
profile with different time scales in the continuous-time do-
main (dashed lines). The sampling time is π

10
. The dis-

crete-time ILC design suffers from two issues: 1) different
set points at the same time instant for tracking, e.g., when
t = π

10
, and 2) the iteration-varying uncertainty due to the

unity time-scale transformation.

(2) For all ta ∈ [0, Ta], there exists a unique tb ∈ [0, Tb]
such that rca(ta) = rcb(βab(ta)) = rcb(tb).

The tracking task in Definition 1 is a continuous-time
signal. An example of the time-scale-varying tasks is
given as dashed profiles in Fig. 1. The three dashed si-
nusoid profiles belong to the time-scale-varying tasks
as stated in Definition 1. The reference signals have
the same shape but different durations, and the time-
scaling operator in this example is a linear mapping
tb = βab(ta) =

Tb

Ta
ta.

ILC is employed in this paper to complete the time-scale-
varying tasks. Note that the standard ILCmethods, e.g.,
[10], typically use the discrete-time measurements of I/O
data with a fixed sampling frequency, which is consis-
tent with the sampling frequency the ILC controller op-
erates at. The continuous-time signal is often parame-
terized in time with a series of desired set points for the
discrete-time controller to track. Tracking the paramet-
ric set points in time can effectively complete the track-
ing task. See sampled-data control and its ILC applica-
tions [13,37].

However, the performance of traditional discrete-time
ILC design suffers when tracking iteration-varying set
points to complete the time-scale-varying tasks as illus-
trated in Fig. 1. Note that the learning process of ILC
approaches demands strict correspondence between two
successive iterations. In Fig. 1, the set points at the same
sampling time instant, e.g., t = π

10 , are not identical.

Γk ILC Γ̄k+1 Gk+1

eτk uτk+1

rc(τ)

ψk(τ)

νk+1

yk+1yk yck(τ) uk+1

Sampled-data ILC

−
+

+ +

Fig. 2. The time-scale transformation scheme. The sampled
data from the previous iteration yk is transformed into a
dimensionless continuous-time signal yck by the time-scale
transformation operator Γk. Then, a sampled-data ILC al-
gorithm is developed to produce a discrete-time signal uτ

k+1,
which is retransformed by the discrete time-scale transfor-
mation operator Γ̄k+1 into an ILC input uk+1 for the next
tracking task. Both ψk and νk are iteration-varying distur-
bances: ψk comes from time-scale-varying tasks, and νk is
the external noise.

2.2 Time-scale transformation scheme

A time-scale transformation scheme is incorporated in
the ILC design for correspondent learning. The time-
scale transformation scheme is given in Fig. 2. Define
the time-scale transformation operator Γk as

Γk : lm2 [0, Nk] → Lm
2 [0, 1] (2)

to map the output signals in the absolute time coordi-
nates t ∈ [0, Nk] into signals in the dimensionless unit
coordinates τ ∈ [0, 1], i.e., for t ∈ [0, Nk],

yck(τ)= Γk(yk)(t)= yk(t), τ ∈ [t/Nk, (t+ 1)/Nk) . (3)

This transformation is introduced for the purpose of cor-
respondent learning. In particular, the non-identical it-
eration lengths are normalized, and thus the ILC con-
troller only needs to track a stationary profile rc in the
dimensionless τ -coordinates.

The ILC design under the time-scale transformation
scheme is a sampled-data control problem. As in Fig. 2,
the sampled output data on iteration k is transformed
into a continuous-time signal yck in the dimensionless
τ -coordinates by employing the time-scale transforma-
tion operator Γk. A discrete-time ILC control signal
uk+1 is generated by the mapping operator Γ̄k+1, where
Γ̄k+1 : lℓ2[0, 1] → lℓ2[0, Nk+1], maps the dimensionless
signals to the ILC control signals, i.e.,

uk+1(t) = Γ̄k+1(u
τ
k+1)(τ) = uτk+1(τ), t = Nk+1τ. (4)

Remark 1 When the time scale of the next trial is sig-
nificantly shortened, the high-frequency reference can
exceed the bandwidth of the controlled plant. Integral
windup with respect to the actuator may occur, and
the unmodelled high-frequency response may result in
a phase shift. Therefore, the range of variation in the
time-scale-varying task should be carefully set based on
the practical limitations. If it is unavoidable to reach
input saturation, one can actively add a constraint on
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the feedforward input to avoid integral windup, where
further analysis on the nonlinear dynamics subject to
the actuator saturation should be considered.

Then, the optimal sampled-data ILC problem is defined
as follows:

Definition 2 (Optimal sampled-data ILC problem)
Given a pre-defined ILC cost function JS

k+1(u, r
c, yck+1)

with respect to the continuous-time reference signal rc,
the optimal sampled-data ILC problem is to find the
optimal discrete-time input vector

uk+1 = argmin
u
JS
k+1(u, r

c, yck+1). (5)

Note that the time-scale transformation scheme is devel-
oped for the corresponding learning from the true data
in time-scale-varying tasks. When ILC is applied in the
dimensionless unit coordinates, all previous time scales
can be recorded and used for the input update in ILC
process. However, when the discrete-time ILC with sam-
pling behavior is employed to approximate sampled-data
ILC, an inappropriate sampling rate will lead to an ap-
proximation error in the transformation process. To ad-
dress this issue, it is better to choose the integer multi-
ples of most time scales. For instance, choosing the least
common multiple of time scales of all possible trials can
fundamentally avoid the approximation error. In this re-
gard, the sampled-data ILC problem can be handled by
the solution to the following discrete-time ILC problem.

Definition 3 (Optimal discrete-time ILC problem)
Given a pre-defined ILC cost function Jk+1(u, r

d, yk+1),
the optimal discrete-time ILC problem is to find the
optimal discrete-time input vector

uk+1 = argmin
u
Jk+1(u, r

d, yk+1), (6)

where rd is a discrete-time sampled signal of rc with cer-
tain sampling frequency.

In addition to the approximation error caused by the in-
appropriate sampling rate, other iteration-varying fac-
tors also occur when employing the time-scale transfor-
mation scheme for the purpose of corresponding learn-
ing. This ILC problem with iteration-varying distur-
bances is elaborated in the next subsection.

2.3 ILC problem with iteration-varying disturbances

The time-scale-varying problem is transformed into
an ILC problem with iteration-varying disturbances.
The iteration-varying disturbances originate from two
aspects.

The first one lies in the time-scale transformation of
the sampled output data yk. To illustrate, consider the

transformation case from [0, π2 ] to [0, 1] in Fig. 1. No
sampling point for this scale corresponds to t = π

4 un-
der the sampling time π

10 , which yields that the output
data of the halfway point used for the ILC update is in-
accurate. Suppose the transformed output signal is used
for the ILC update with duration [0, π]. In that case,
the outputs of the halfway point used for learning are
inaccurate due to the sampling limitation, which will in-
troduce iteration-varying transformation errors in time-
scale-varying tasks. This transformation error is denoted
by ψk in Fig. 2. The approximation error mentioned in
Section 2.2 can also be included in ψk.

Another non-repetitive factor is the external unknown
disturbance νk. When executing time-scale-varying
tasks with mutual similarity in practice, the exter-
nal environmental factors may be iteration-varying as
occurring in, e.g., underwater robots [25] and kite-
based marine hydrokinetic systems [15]. Both kinds of
iteration-varying disturbances arise from the goal of
using ILC to complete time-scale-varying tasks.

Then, we accurately describe the iteration-varying dis-
turbances in error dynamics. For time-scale-varying
tasks, the tracking error in the τ -coordinates on itera-
tion k, denoted by eτk, is given in Fig. 2 as

eτk = S(rc − yck + ψk) (7)

with
yck = Gτuτk + Γkνk, (8)

where S : Lℓ
2[0, 1] → lℓ2[0, 1] is a sampling operator,

andGτ = ΓkGkΓ̄k, which is an iteration-invariant linear
operator. The tracking error dynamic along the iteration
domain is derived by

eτk+1 = S(rc −Gτuτk+1 − Γk+1νk+1 + ψk+1)

= S(rc −Gτuτk − Γkνk + ψk)− SGτ∆uτk+1

+ SΓk(νk − νk+1) + S(ψk+1 − ψk)

= eτk − SGτ∆uτk+1 + wk+1,

(9)

where ∆uτk+1 = uτk+1−uτk and wk+1 = SΓk(νk−νk+1)+
S(ψk+1 − ψk).

Note that the tracking error can converge to zero if there
are no iteration-varying factors, i.e., wk+1 = 0. The ILC
problem considered in this paper is given in Definition 4.

Definition 4 (The ILC problem) Given the iteration-
varying disturbance wk+1, the ILC problem in this paper
consists in developing a robust direct data-based ILC
update law

uk+1 = f(uk, ek) (10)

for the unknown linear system (1) such that the tracking
error converges in norm as k → ∞.

In the next section, a novel robust data-based design for
the ILC problem stated in Definition 4 is given.
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3 Robust direct data-based ILC design

In this section, the ILC challenge stated in Section 2.3
is transformed into an iteration-domain zero-sum game
problem. For brevity, the superscript τ in the error dy-
namics (9), which represents the τ -coordinates, is omit-
ted in the following, i.e.,

ek+1 = ek −G∆uk+1 + wk+1, (11)

where G ∈ RmN×ℓN and N is the fixed number sam-
ples in the τ -coordinates. We assume that the iteration-
varying disturbance signal has finite energy over an in-
finite iteration interval, i.e.,

∞∑
k=0

w⊤
k wk <∞. (12)

Definition 5 For all wk satisfying (12), the ILC prob-
lem in this paper is to design an ILC algorithm such that
the l2 [0,∞) gain of error system (11) is less than or equal
to a preset disturbance attenuation level γ satisfying

∞∑
k=0

(
e⊤k Qek +∆u⊤k R∆uk

)
≤ γ2

∞∑
k=0

w⊤
k wk, (13)

where the weighting matrices Q ≻ 0 and R ⪰ 0 are
symmetric with appropriate dimensions.

With Definition 5, the ILC problem is now transformed
into an iteration-domain H∞ control problem: find an
ILC design such that the error system (11) converges in
the iteration domain while the disturbance attenuation
condition (13) is satisfied. This problem is solved in a
direct data-based perspective by being transformed into
a zero-sum game problem.

3.1 Zero-sum game formulation

Based on (13), the data-based design employs a cost
function that takes the performance of future iterations
into consideration. The cost function is given by

Jk+1 (∆uk+1) =

∞∑
i=k

ρi−k
(
e⊤i+1Qei+1

+∆u⊤i+1R∆ui+1 − γ2w⊤
i+1wi+1

)
,

(14)

where ρ ∈ (0, 1] is a discounted factor to measure the
future performance. Increasing ρ can speed up the trial
convergence as studied in [4].

Remark 2 Compared to the norm optimal ILC
(NOILC), which only considers the cost of the next it-
eration, learning from future costs can achieve faster
convergence speed [4]. Moreover, learning from delayed

rewards benefits the policy learning process where only
I/O data is used [46].

Define a value function with respect to the state of the
current iteration, i.e., ek, as

V (ek) =

∞∑
i=k

ρi−kc (ei,∆ui+1, wi+1), (15)

where c (ei,∆ui+1, wi+1) = e⊤i Qei + ρ∆u⊤i+1R∆ui+1 −
ργ2w⊤

i+1wi+1.

Lemma 1 Minimizing the cost function (14) with re-
spect to the control sequence {∆uk+1}∞k=0 is equivalent
to minimizing the value function V (ek) defined in (15).

Proof: The cost function (14) is reformulated as

Jk+1 (∆uk+1)

= −ρ−1e⊤k Qek + ρ−1(e⊤k Qek + ρ∆u⊤k+1R∆uk+1

− ργ2∆w⊤
k+1∆wk+1) + · · ·

= −ρ−1e⊤k Qek + ρ−1c (ek,∆uk+1, wk+1)

+ ρ0c (ek+1,∆uk+2, wk+2) + · · ·

= −ρ−1e⊤k Qek + ρ−1
∞∑
i=k

ρi−kc (ei,∆ui+1, wi+1)

= −ρ−1e⊤k Qek + ρ−1V (ek),

(16)

where the term −ρ−1e⊤k Qek is known. □

Then, the goal is to determine an ILC policy to generate
a control sequence {∆uk+1}∞k=0 that minimizes the value
function V (ek) in the presence of an iteration-varying
disturbance wk+1. This process is an iteration-domain
MDP. The MDP problem has a robust optimal solution
by restating it as a two-player zero-sum game. The con-
trol input player ∆uk+1 tries to find a policy to minimize
the value function V (ek) as k → ∞, while the distur-
bance player wk+1 seeks to maximize V (ek), i.e.,

min
∆uk+1

max
wk+1

V (ek)

s.t. ek+1 = ek −G∆uk+1 + wk+1.
(17)

By Bellman’s Principle of Optimality, the solution to the
following Bellman equation is the saddle point of (17):

V (ek) = c (ek,∆uk+1, wk+1) + ρV (ek+1), (18)

whose model-based solution is given in the following
proposition.
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Proposition 1 Given a known model G, the Bellman
equation (18) has the unique analytic solution pairs

∆uk+1 = L∗
uek, (19)

wk+1 = L∗
wek, (20)

where

L∗
u =

[
R+G⊤PG+G⊤P

(
γ2ImN − P

)−1
PG
]−1

×
[
G⊤P +G⊤P

(
γ2ImN − P

)−1
P
]
,

L∗
w =

[
γ2ImN − P + PG

(
R+G⊤PG

)−1
G⊤P

]−1

×
[
P − PG

(
R+G⊤PG

)−1
G⊤P

]
(21)

and P is the solution of the discounted game algebraic
Riccati equation (DGARE)

P =ρP +Q− ρ
[
−PG P

]
×[

R+G⊤PG −G⊤P

−PG P − γ2I

]−1 [
−G⊤P

P

]
.

(22)

Proof: See Appendix A. □

Proposition 1 gives a model-based solution to the Bell-
man equation (18). This solution requires the exact
model information of the system dynamics and the
controllable disturbance input wk+1, which hinders its
practical applications. In the next subsection, an effi-
cient model-free algorithm, which only needs I/O data
from repetitive experiments, is developed to solve the
ILC problem stated in Definition 4.

3.2 Direct data-based ILC design

The goal in this subsection is to develop a data-based
approach that updates the target policy L = {Lu, Lw}
from an initial stabilizing policy to the robust optimal
policy in Proposition 1 without any model knowledge.

Denote the value function under a policy L by V L(ek),
which is defined as the cost that uses ∆uk+1 = Luek and
wk+1 = Lwek from iteration k onward, i.e.,

V L(ek) =

∞∑
i=k

ρi−kc (ei, Luei, Lwei). (23)

Then, define the Q-function under policy L as

QL(ek,∆uk+1, wk+1)=c (ek,∆uk+1, wk+1)+ρV
L(ek+1),

(24)

which is used to evaluate the cost that uses policy L from
iteration k + 1 onward for arbitrary input ∆uk+1 and
wk+1 generated on iteration k. In this case, we have

QL(ek, Luek, Lwek) = V L(ek), (25)

which yields the recursive form

QL(ek,∆uk+1,wk+1) = c (ek,∆uk+1, wk+1)

+ρQL(ek+1, Luek+1, Lwek+1).
(26)

The Q-function takes the quadratic form as

QL(ek,∆uk+1, wk+1) = z⊤k ΦLzk, (27)

where zk = [e⊤k ,∆u
⊤
k+1, w

⊤
k+1]

⊤, and the symmetric ma-

trix ΦL ∈ R(2m+ℓ)N×(2m+ℓ)N takes the element form

ΦL ≜


ϕee ϕeu ϕew

ϕue ϕuu ϕuw

ϕwe ϕwu ϕww

 . (28)

When the robust optimal policy is learned, ΦL takes the
model-based form

ΦL=


Q+ ρP −ρPG ρP

−ρG⊤P ρ
(
G⊤PG+R

)
−ρG⊤P

ρP −ρPG ρ
(
P − γ2ImN

)
 . (29)

Subject to the unknown model G, ΦL should be esti-
mated by using the I/O data, which can directly gener-
ate the data-based policy L = {Lu, Lw} as shown in the
following.

Similar to Proposition 1, let ∂QL

∂∆uk+1
= 0 and ∂QL

∂wk+1
= 0

yielding{
∆uk+1 =− ϕ−1

uuϕueek − ϕ−1
uuϕuwwk+1,

wk+1 =− ϕ−1
wwϕweek − ϕ−1

wwϕwu∆uk+1,
(30)

which yields ∆uk+1 = Luek and wk+1 = Lwek with

Lu=(ϕuu − ϕuwϕ
−1
wwϕwu)

−1(ϕuwϕ
−1
wwϕwe − ϕue), (31)

Lw=(ϕww − ϕwuϕ
−1
uuϕuw)

−1(ϕwuϕ
−1
uuϕue − ϕwe). (32)

Since the components of ΦL should satisfy the Bellman
equation (26), it follows that

z⊤k ΦLzk = z⊤k Wzk + ρχ⊤
k+1Φ

Lχk+1, (33)

where W = diag(Q, ρR, ργ2ImN ), and χk+1 =

[e⊤k+1, (Luek+1)
⊤, (Lwek+1)

⊤
]⊤. Based on (31), (32),
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Algorithm 1 Direct data-based Q-learning ILC

1. Initialization: Given the linear system (11) with
iteration-varying disturbance wk+1, the trajectory
reference rd, the initial ILC input u0 and the error
e0, a probing noise vector ζk ∼ NℓN (µ,Σ) where Σ
is non-degenerate, the weighting matrices Q and R,
the discounted factor ρ ∈ (0, 1], the disturbance at-
tention level γ, a stabilizing Arimoto-type gain L0

u,
and the initial L0

w. Set k, i = 0.
2. Apply ∆uk+1 = L0

uek + ζk+1 to the system (11) un-
til η = (2m+ ℓ)N iterations of linearly independent
vectors zk are collected.

3. Sort these η vectors with index {k1, k2, · · · , kη}, i.e.,
zkj

= [e⊤kj
,∆u⊤kj+1, w

⊤
kj+1]

⊤, j = 1, · · · , η, to con-
struct

Z =
[
zk1

zk2
· · · zkη

]
∈ Rη×η. (34)

4. Repeat:
• Select the corresponding χi

kj+1 =

[e⊤kj+1, (L
i
uekj+1)

⊤, (Li
wekj+1)

⊤]⊤ to construct

Ei =
[
χi
k1+1 χ

i
k2+1 · · · χi

kη+1

]
∈ Rη×η. (35)

• Solve the following data-based equation to get

ΦLi+1

, i.e.

Z⊤ΦLi+1

Z = Z⊤WZ + ρE⊤
i ΦLi+1

Ei. (36)

• Update the learning policy by (31) and (32) with
superscript i+ 1.

• Set i→ i+ 1.
5. Until:

∥∥Li+1
u − Li

u

∥∥ < ϵu and
∥∥Li+1

w − Li
w

∥∥ < ϵw for
some ϵu, ϵw > 0.

6. Set L∗
u = Li+1

u .
7. Return: The robust optimal ILC policy L∗

u.

and (33), an off-policy direct data-based Q-learning ILC
algorithm is given in Algorithm 1.

By utilizing the collected data, Algorithm 1 provides an
off-policy data-based robust ILC algorithm for the ILC
problem stated in Section 2.3. In the off-policy Algo-
rithm 1, the behavior policy employs the Arimoto-type
ILC design, which is used to generate data first. The
target policy is Li =

{
Li
u, L

i
w

}
, which is evaluated and

improved as the policy iteration index i increases rather
than the ILC process index k.

Remark 3 In this paper, the zero-sum game perspective
is introduced in the ILC designs based on the trial inde-
pendence of ILC. The off-policy Algorithm 1 possesses
two advantages for practical data-based ILC applications.
One is that ∆uk+1 = Li+1

u ek will never be applied to the
actual ILC process during the policy iteration for safety
and efficiency reasons. Another is that it is not neces-

sary to update the disturbance input wk+1 compared to
the on-policy counterparts as discussed in [3,26].

Remark 4 The computation cost of Algorithm 1 con-
sists of three parts: applying the Arimoto-type ILC in ev-
ery ILC iteration k, selecting η linearly independent vec-
tors to construct Z, and solving the generalized Sylvester
equation (36) for every policy iteration i. The selection
of η linearly independent vectors can be solved by trans-
forming the collected data into the row echelon form via
Gaussian elimination. This step could be computation-
ally expensive with O(K(2m + ℓ)2N2), although it only
needs to be performed once and offline. Solving the gen-
eralized Sylvester equation (36) during the policy itera-
tion process has O((2m+ ℓ)3N3). Nonetheless, efficient
numerical methods can be employed [17], e.g., methods
implemented in the Matlab command dlyap. Since ma-
jor computational loads are offline and happen between
two successive ILC trials, Algorithm 1 generally requires
no additional hardware requirements compared to tradi-
tional ILC controllers in real-time applications.

Note that the data can be generated by any ILC
method, as long as it yields a stable process. The it-
erative learning process is essential but not the ulti-
mate goal. In this sense, the Arimoto-type gain is a
straightforward selection for the initial policy design.
For a system represented by a state-space description
(A,B,C,D), it is trivial to test its convergence con-
dition by

∣∣λi(Iℓ − L0
u(j, j)CB)

∣∣ < 1 for all i, j, where

L0
u(j, j) denotes the jth diagonal blocks of L0

u and CB is
the input-output coupling matrix. For the case CB is of
full column rank, one can recover CB by simply record-
ing the response at time step one for a unit pulse input
at step zero [31] and extended to every input for MIMO
systems. For nonminimum phase systems, model-free
ILC designs are also available [24]. In the next section,
a comprehensive analysis of Algorithm 1 is given.

4 Theoretical analysis

In this section, the theoretical guarantee of data effi-
ciency and convergence property of Algorithm 1 are pre-
sented. Willems’ Fundamental Lemma [47] is first intro-
duced to clear the requirement of collecting data in Al-
gorithm 1. The convergence of the data-based design is
later proved.

4.1 Data efficiency

Since the repetitive task lasts a finite time interval, col-
lecting sufficient data along the time axis is not always
feasible. This subsection quantitatively discusses how
many iterations are needed for Algorithm 1 to collect
data in the iteration domain. In particular, it is shown
that operating with a persistently exciting (PE) input
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of sufficient order, at most K = (mN + 1)ℓN +mN it-
erations will be required for constructing a full row rank
matrix Z for robust learning in Algorithm 1.

Denote the error sequence in the iteration domain by

{ek}K−1
k=0 , where K <∞ is the number of iterations and

{ek}K−1
k=0 = {e0, e1, · · · , eK−1}. Define the Hankel ma-

trix of depth J with respect to {ek}K−1
k=0 as

HJ

(
e[0,K−1]

)
=


e0 e1 · · · eK−J

e1 e2 · · · eK−J+1

...
...

. . .
...

eJ−1 eJ · · · eK−1

 , (37)

where e[0,K−1] is defined as

e[0,K−1] =
[
e⊤0 e⊤1 · · · e⊤K−1

]⊤
. (38)

By the definition of (37), Definition 6 gives a rank con-
dition ensuring an input sequence is PE.

Definition 6 An input sequence {uk}K−1
k=0 , where uk ∈

RℓN , is PE of order J if rank(HJ(u[0,K−1])) = ℓNJ .

Willems’ Fundamental Lemma is introduced by the fol-
lowing result to show how the data efficiency of Algo-
rithm 1 is ensured.

Lemma 2 (Corollary 2, [47]) Applying an (ℓ+m)N -

dimensional input sequence {ūk}K−1
k=0 , which is PE of or-

dermN+J , to a controllable linear system for collecting

output {ek}K−1
k=0 , where ek ∈ RmN , we have

rank

([
H1(e[0,K−J+1])

HJ(ū[0,K−1])

])
= mN + (ℓ+m)NJ. (39)

It then follows from the Rouché-Capelli theorem that

any J-long I/O trajectory {ek, ūk}J−1
k=0 of the control-

lable system can be represented by the collected data
under PE input of sufficient order [16]. In other words,
the optimal policy can be directly learned based on the
collected I/O data.

Willems’ Fundamental Lemma can be applied in cases
where the output data is perturbed by noise [18]. Ac-
cording to the zero-sum game design where wk+1 is also
seen as an input of the system, consider the following
representation of the system (11), i.e.,

ek+1 = ek +
[
−G ImN

]
ūk, (40)

where ūk = [∆u⊤k+1, w
⊤
k+1

]⊤ and (40) is controllable

since G has full row rank when the relative degree l = 1.

By Lemma 2, it suffices to ensure {ūk}K−1
k=0 is PE of order

mN + 1, and hence yielding

rank



H1(e[0,K−1])

H1(∆u[1,K])

H1(w[1,K])


 = (2m+ ℓ)N. (41)

Then, there will always be (2m+ ℓ)N linearly indepen-
dent vectors zk = [e⊤k ,∆u

⊤
k+1, w

⊤
k+1]

⊤ to construct Z for

robust learning in Algorithm 1. Assume {wk+1}K−1
k=0 is

PE of order at least mN + 1. It is given that {ūk}K−1
k=0

is PE of order mN + 1 by showing the input sequence

{∆uk+1}K−1
k=0 in Algorithm 1 is also PE of ordermN+1.

Theorem 1 The extended input sequence {ūk}K−1
k=0 of

the system (40) is PE of order mN + 1.

Proof: To prove, it is required thatHmN+1(ū[0,K−1]) has

full row rank. Since {wk+1}K−1
k=0 is PE of order at least

mN+1, it is sufficient to proveHmN+1(∆u[1,K]) has full
row rank. According to Step 2 in Algorithm 1, we have

rank
(
HmN+1(∆u[1,K])

)
= rank

(
HmN+1(L

0
ue[0,K−1] + ζ[1,K])

)
.

(42)

Since the covariance matrix Σ of the multivariate Gaus-
sian distribution is chosen to be non-degenerate in Al-
gorithm 1, all elements of the probing noise ζk+1 are
linearly independent. Then, HmN+1(ζ[1,K]) has full row
rank, which directly implies that HmN+1(∆u[1,K]) has
full row rank. □

Note that the necessary requirement for a matrix to
be full row rank is that the number of rows should be
no more than the number of columns. Therefore, K ≥
(mN + 1)ℓN +mN holds for the persistence of excita-
tion order to be mN +1 in Theorem 1. However, ensur-

ing {ūk}K−1
k=0 is PE of order mN + 1 is not a necessary

condition for (41) to hold. In practice, it might be suf-
ficient to conduct only (2m+ ℓ)N + 1 iterations for the
successful robust learning in Algorithm 1.

4.2 Convergence of the off-policy Q-learning algorithm

The convergence of Li
u and Li

w in the developed off-
policy ILC algorithm is given in this subsection. TheH∞
control problem solved in a data-driven manner using
the zero-sum game perspective has been studied in the
literature, e.g., [32,33]. This proof extends the existing
results [32] to reveal the convergence of the model-free
algorithm for the DGARE in (22). Two issues arise in
the proof of the new result:
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1. The discounted factor ρ is considered.
2. Extra input wk+1 is considered in the off-policy Q-

learning formulation.

Notice in Algorithm 1 that there exists a model-based
relationship between χi

k+1 and zk, i.e.

χi
k+1=


ek+1

Li
uek+1

Li
wek+1

=

ImN −G ImN

Li
u −Li

uG Li
u

Li
w −Li

wG Li
w




ek

∆uk+1

wk+1

≜Θizk,

(43)
where Θi ∈ R(2m+ℓ)N×(2m+ℓ)N . Then, the stabilizing
property of the defined matrix Θi, i.e., all its eigenvalues
strictly stay inside the unit circle, is given first in the
following technical lemma.

Lemma 3 The matrix Θi is stable if and only if the
matrix ImN −GLi

u + Li
w is also stable.

Proof: Consider a matrix transformation by

Σ−1
i ΘiΣi=


ImN

−Li
u IℓN

−Li
w 0 ImN



ImN −G ImN

Li
u −Li

uG Li
u

Li
w −Li

wG Li
w



×


ImN

Li
u IℓN

Li
w 0 ImN

=

ImN −GLi

u + Li
w −G ImN

0 0 0

0 0 0

 ,
which has diagonal blocks ImN −GLi

u + Li
w and 0. □

It is straightforward to know that the initial policy L0 ={
L0
u, L

0
w

}
is stabilizing since the Arimoto-type gain L0

u

satisfies
∣∣λi(Iℓ − L0

u(j, j)CB)
∣∣ < 1 and L0

w = 0 in Al-

gorithm 1. Then, given the initial stabilizing policy L0,
applying Algorithm 1 yields the stabilizing robust opti-
mal policy as proved in the following.

Theorem 2 Both Li+1
u and Li+1

w in Algorithm 1 con-
verge to the optimum as i→ ∞, i.e.,

lim
i→∞

Li+1
u = L∗

u, lim
i→∞

Li+1
w = L∗

w, (44)

where L∗
u and L∗

w are the optimal solutions given in (21).

Proof: See Appendix B. □

Theorem 2 gives the convergence of the off-policy Q-
learning algorithm. Its resulting policy is also a con-
vergent ILC gain since L∗

u is also stabilizing and hence
|λi(Iℓ − L∗

u(j, j)CB)| < 1 for all i, j.

In the next section, the simulation results are given to
show the effectiveness of Algorithm 1.

5 Numerical simulation

In this section, the simulation model of an F-16 aircraft
autopilot as in [26] is employed to show the effectiveness
of the developed ILC method. The time-scale transfor-
mation scheme in Section 2.2 and Algorithm 1 is applied
to the LTI F-16 aircraft autopilot system to track repet-
itive reference signals with varying time scales.

The discrete-time state-space representation of the F-
16 aircraft autopilot as given by the system matrices as
follows:

A =


0.906488 −0.0816012 −0.0005

0.074349 0.90121 −0.000708383

0 0 0.132655

 ,

B =


−0.00150808

−0.0096

0.867345

, C =
[
0 0 0.5

]
, D =

[
0
] (45)

and the sampling period is 0.1s. The state vector xk(t)
includes the angle of attack, the pitch rate, and the ele-
vator deflection angle, respectively. In this paper, the el-
evator deflection angle is considered as the output yk(t).

The desired reference signals are set to vary for different
iterations but have the same shape in the continuous-
time domain, which satisfies Definition 1. The trajec-
tory reference in τ -coordinate is rc(τ) = 3 sin( π

10τ). The

discrete-time reference vector rd for Algorithm 1 is ac-
quired with sampling period 0.1s. The iteration-varying
references in Fig. 3 are obtained by rk(t) = Γ̄k(r

d)(τ) as
in (4). The output sequence is transformed by the time-
scale transformation operator Γk, which can be imple-
mented via a zero-order hold device followed by a simple
data mapping operation.

The cost function is chosen as the form (14). The weight-
ing matrices are set as Q = qImN , R = rIℓN where
q, r = 1. The discounted factor is chosen as ρ = 0.95,
and the desired disturbance attention level is γ = 5. For
u0 = 0, e0 = rd and L0

w = 0, the Arimoto-type gain is
set to be L0

u = 0.05ImN , which satisfies the ILC conver-
gence condition. The probing noise ζk satisfies the mul-
tivariate normal distribution with mean vector µ = 0
and covariance matrix Σ = 10−6IℓN . The goal of both
Arimoto-type gain and the probing noise is to collect suf-
ficient data for the learning of Algorithm 1 in a safe man-
ner. Therefore, slight adjustments will not significantly
deteriorate the overall performance. The stop criteria for
policy iteration of Algorithm 1 is set to be ϵu = 10−6

and ϵw = 10−6. For brevity, the iteration-varying distur-
bance wk is also given, satisfying a multivariate normal
distribution with the same parameters as ζk but atten-
uates with wk = ζk

k along the iteration axis.
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Fig. 3. Normalized tracking outputs of different trials and
the corresponding variable lengths of the reference in the
time-scale-varying task.
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Algorithm 1

Model-based NOILC

Model-based Proposition 1

LS-based Proposition 1

Fig. 4. Tracking error convergence of Algorithm 1 compared
to the Arimoto-type ILC, the model-based NOILC, the mod-
el-based solution in Proposition 1, and the LS-based Propo-
sition 1. LS-based Proposition 1 uses LS estimation of G
from the collected data for the model-based implementation.

The tracking reference signals vary in length from 1s to
2s satisfying a continuous uniform distribution. A small
sampling numberN = 20 of sampled-data ILC is chosen
to better show the tracking performance. Algorithm 1
is applied with 500 iterations. The outputs of the time-
scale-varying tasks are given in Fig. 3. It is shown that
the time-scale-varying tasks are completed effectively by
the developed ILC algorithm, despite the corresponding
learning and iteration-varying disturbance issues.

The convergence of the tracking error norm is given in
Fig. 4. The standard 2-norm is employed for the calcu-
lation of the error norm. We also apply Arimoto-type
ILC, the model-based NOILC as Theorem 2 in [45], and
Proposition 1. The Arimoto-type ILC employs the same
learning gain as the initial policy of Algorithm 1, and
both NOILC and Proposition 1 use the same weighting
parameters for comparisons. Least-squares (LS) estima-
tion paired with Proposition 1 is also employed as an in-
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Fig. 5. Norm convergence of the ILC input policy Li
u and

the disturbance policy Li
w.

direct data-based control method for comparison. Note
that NOILC and Proposition 1 employ the model knowl-
edge of the system, which is assumed unknown and di-
rectly learned based on the I/O data in our method. It
is shown in the comparisons between these two model-
based ILC designs that learning from future costs can
achieve a faster convergence speed as studied in [4]. In
addition, decreasing the discount factor ρ will slow down
the trial convergence and make Proposition 1 closer to
NOILC. This property also holds in the data-driven Al-
gorithm 1. Once sufficient data is collected, Algorithm
1 converges to the boundary within several iterations
by applying the learned policy. LS-based Proposition 1
can only converge to a higher boundary with the same
amount of data used in Algorithm 1. This is because LS
requires more data to be informative for Proposition 1
as discussed in [26,44].

Further, the convergence of the target policy Li ={
Li
u, L

i
w

}
is given in Fig. 5. For each policy iteration i, a

generalized Sylvester equation (36) is efficiently solved.
Both Li

u and Li
w converge to their optimum under preset

stop criteria within 7 policy iterations. Since Algorithm
1 is off-policy, the behavior policy (Arimoto-type ILC) is
used to collect data for Algorithm 1 to learn the robust
optimal gain. The target policy will not be applied once
sufficient data is collected for robust learning. Further,
only L∗

u is applied, and Li
w is merely used for evaluation

and improvement during the policy iteration process,
which is consistent with the practical situation.

The iteration-varying disturbance wk is handled by the
two-player zero-sum game design. The attenuation per-
formance is quantified by a ratio between the tracking
performance and the finite-energy disturbance. Denote
the disturbance attenuation level with respect to k by

γk =

√√√√ ∞∑
k=0

(
e⊤k Qek +∆u⊤k R∆uk

)
/

∞∑
k=0

w⊤
k wk. (46)
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Fig. 7. Tracking error convergence of Algorithm 1 under
different levels of probing noise.

Fig. 6 shows the change in disturbance attenuation level
along the iteration axis. It is shown that γk converges
to a low level quickly under Algorithm 1 and the pre-
set disturbance attenuation condition (13) is satisfied.
Adjusting γ will change the importance of eliminating
the effect of wk+1 in the overall objective as designed in
the cost function (14). The disturbance attenuation per-
formance could be further improved by increasing γ. A
small γ may result in failure of learning since the distur-
bance attenuation condition could be impossible to sat-
isfy. In addition, Fig. 7 shows that Algorithm 1 is robust
to different levels of probing noise.

6 Conclusion and future work

This paper develops a direct data-based ILC method for
discrete-time LTI systems to track repetitive reference
signals with varying time scales. It is pointed out that
the discrete-time ILC for time-scale-varying tasks suffers
from issues of corresponding learning. By adopting a
time-scale transformation scheme, the challenge is stated
as a trial-domain H∞ control problem and is solved in

a model-free manner from a two-player zero-sum game
perspective.

Considering the future iteration performance in the cost
function, an efficient direct data-based ILC algorithm
is developed, i.e., Algorithm 1. Algorithm 1 is designed
to be off-policy to ensure security and efficiency. The
Arimoto-type ILC is utilized as the behavior policy to
collect data for updating and evaluating the target pol-
icy, which converges to the model-based solution of solv-
ing a DGARE by value iteration. In addition, a sufficient
condition for collecting data is given based on Willems’
Fundamental Lemma. The feasibility and effectiveness
of the developed ILC design are verified on the simula-
tion model of an F-16 aircraft autopilot.

Future work remains to further explore how many itera-
tions are required exactly for data-based learning. Also,
it is theoretically challenging to extend the work to non-
linear systems. Control saturation could also be an in-
teresting issue, which may bring in integral windup in
the trial domain in practice.
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A Proof of Proposition 1

Proof: Let ∂V (ek)
∂∆uk+1

= 0 and ∂V (ek)
∂wk+1

= 0 to have

{(
R+G⊤PG

)
∆uk+1 = G⊤Pek +G⊤Pwk+1,(

γ2ImN − P
)
wk+1 = Pek − PG∆uk+1,

(A.1)

which yields (19) and (20), where P satisfies the Bellman
equation (18). Substituting (19) and (20) to (18) yields

P = ρP +Q− ρ (PGL∗
u − PL∗

w) . (A.2)

For the sake of simplicity, let

L1 =
[
R+G⊤PG+G⊤P

(
γ2ImN − P

)−1
PG
]−1

,

L2 =
[
γ2ImN − P + PG

(
R+G⊤PG

)−1
G⊤P

]−1

.

To prove that (A.2) is equivalent to DGARE (22), refor-
mulate (A.2) by (21). Since P is symmetric and positive
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definite,
(
γ2ImN − P

)−1
P is symmetric. It follows that

PGL∗
u − PL∗

w

= PGL1

[
G⊤P +G⊤P

(
γ2ImN − P

)−1
P
]

− PL2

[
P − PG

(
R+G⊤PG

)−1
G⊤P

]
= PGL1G

⊤P + PGL1G
⊤P

(
γ2ImN − P

)−1
P

+ P
(
L2L

−1
2 − γ2L2 + L2P − L2P

)
= PGL1G

⊤P + P
(
γ2ImN − P

)−1
PGL1G

⊤P

+ P −
(
γ2ImN − P

)
L2P − PL2P,

(A.3)

where by the Matrix Inversion Lemma, we have

P −
(
γ2ImN − P

)
L2P

= P −
(
γ2ImN−P

) [(
γ2ImN−P

)−1−
(
γ2ImN−P

)−1

×PGL1G
TP
(
γ2ImN − P

)−1
]
P

= PGL1G
⊤P

(
γ2ImN − P

)−1
P.

(A.4)
It follows from (A.3), (A.4), and the Schur complement
of a matrix that

PGL∗
u − PL∗

w

= PGL1G
⊤P + P

(
γ2ImN − P

)−1
PGL1G

⊤P

+ PGL1G
⊤P

(
γ2ImN − P

)−1
P − PL2P

=
[
−PG P

]
×[

L1 L1G
⊤P
(
P−γ2ImN

)−1(
P−γ2ImN

)−1
PGL1 −L2

][
−G⊤P

P

]

=
[
−PG P

][R+G⊤PG −G⊤P

−PG P − γ2ImN

]−1[
−G⊤P

P

]
.

Therefore, P also satisfies the DGARE (22). □

B Proof of Theorem 2

Proof: By (41), the constructed Z in Algorithm 1 is

nonsingular and hence (36) has a unique solution ΦLi+1

,
which is also the unique solution of (33). By the full-
row-rank condition (41), there exist (2m+ ℓ)N linearly
independent zk generated by Algorithm 1, which means

ΦLi+1

is also the unique solution of

ΦLi+1

=W + ρΘ⊤
i Φ

Li+1

Θi. (B.1)

For the robust optimal policy, the solution is given in
(29), which satisfies

ΦL∗
=W + ρΘ⊤

∗ Φ
L∗

Θ∗, (B.2)

where the symbol ∗ is added to highlight the optimum.

Then, the convergence of ΦLi+1

is given by first proving
the following identity

ΦLi+1−ΦL∗
=ρ
[
Θ⊤

i (Φ
Li+1−ΦL∗

)Θi+Λ
⊤
i,∗Φ

L∗
Λi,∗

]
, (B.3)

where Λi,∗ ≜ Θi −Θ∗, and

Λi,∗ =


ImN −G ImN

Li
u −Li

uG Li
u

Li
w −Li

wG Li
w

−


ImN −G ImN

L∗
u −L∗

uG L∗
u

L∗
w −L∗

wG L∗
w



=


0 0 0

Li
u − L∗

u (L∗
u − Li

u)G Li
u − L∗

u

Li
w − L∗

w (L∗
w − Li

w)G Li
w − L∗

w

 . (B.4)

Note from (B.1) and (B.2) that

ΦLi+1 − ΦL∗
= ρ

[
Θ⊤

i Φ
Li+1

Θi −Θ⊤
∗ Φ

L∗
Θ∗

]
= ρ

[
Θ⊤

i (Φ
Li+1− ΦL∗

)Θi +Θ⊤
i Φ

L∗
Θi −Θ⊤

∗ Φ
L∗

Θ∗

]
.

(B.5)
By Θi = Θ∗ + Λi,∗, we have

Θ⊤
i Φ

Li+1

Θi −Θ⊤
∗ Φ

Li+1

Θ∗

= (Θ∗ + Λi,∗)
⊤ΦL∗

(Θ∗ + Λi,∗)−Θ⊤
∗ Φ

L∗
Θ∗

= Λ⊤
i,∗Φ

L∗
Λi,∗ +Θ⊤

∗ Φ
L∗

Λi,∗ + Λ⊤
i,∗Φ

L∗
Θ∗.

(B.6)

To prove (B.3), Λ⊤
i,∗Φ

L∗
Λi,∗ = Θ⊤

i Φ
L∗

Θi − Θ⊤
∗ Φ

L∗
Θ∗

should be proved, which holds if Θ⊤
∗ Φ

L∗
Λi,∗ = 0 and

Λ⊤
i,∗Φ

L∗
Θ∗ = 0. We now prove these two identities. By

(B.4), we have

Λ⊤
i,∗Φ

L∗
Θ∗ =

0 (Li
u − L∗

u)
⊤ (Li

w − L∗
w)

⊤

0 G⊤(L∗
u − Li

u)
⊤ G⊤(L∗

w − Li
w)

⊤

0 (Li
u − L∗

u)
⊤ (Li

w − L∗
w)

⊤



ϕe∗ −ϕe∗G ϕe∗

ϕu∗ −ϕu∗G ϕu∗

ϕw∗ −ϕw∗G ϕw∗

,
(B.7)

where ϕe∗ = ϕ∗ee+ϕ
∗
euL

∗
u+ϕ

∗
ewL

∗
w, ϕu∗ = ϕ∗ue+ϕ

∗
uuL

∗
u+

ϕ∗uwL
∗
w, and ϕw∗ = ϕ∗we+ϕ

∗
wuL

∗
u+ϕ

∗
wwL

∗
w. It is sufficient

to prove that ϕu∗ = 0 and ϕw∗ = 0. By the Matrix

13



Inversion Lemma, we have

ϕu∗ = ϕ∗ue+

ϕ∗uu[ϕ
∗
uu − ϕ∗uw(ϕ

∗
ww)

−1ϕ∗wu]
−1[ϕ∗uw(ϕ

∗
ww)

−1ϕ∗we−ϕ∗ue]
+ ϕ∗uw[ϕ

∗
ww−ϕ∗wu(ϕ

∗
uu)

−1ϕ∗uw]
−1[ϕ∗wu(ϕ

∗
uu)

−1ϕ∗ue−ϕ∗we]

= ϕ∗ue + ϕ∗uu[(ϕ
∗
uu)

−1 − (ϕ∗uu)
−1ϕ∗uw[−ϕ∗ww+

ϕ∗wu(ϕ
∗
uu)

−1ϕ∗uw]
−1ϕ∗wu(ϕ

∗
uu)

−1][ϕ∗uw(ϕ
∗
ww)

−1ϕ∗we−ϕ∗ue]
+ ϕ∗uw[ϕ

∗
ww−ϕ∗wu(ϕ

∗
uu)

−1ϕ∗uw]
−1[ϕ∗wu(ϕ

∗
uu)

−1ϕ∗ue−ϕ∗we]

= ϕ∗uw
[
(ϕ∗ww)

−1 + [ϕ∗ww − ϕ∗wu(ϕ
∗
uu)

−1ϕ∗uw]
−1ϕ∗wu×

(ϕ∗uu)
−1ϕ∗uw(ϕ

∗
ww)

−1−[ϕ∗ww − ϕ∗wu(ϕ
∗
uu)

−1ϕ∗uw]
−1
]
ϕ∗we

=ϕ∗uw
[
[ϕ∗ww−ϕ∗wu(ϕ

∗
uu)

−1ϕ∗uw]
−1ϕ∗wu(ϕ

∗
uu)

−1−(ϕ∗ww)
−1

ϕ∗wu[ϕ
∗
uu − ϕ∗uw(ϕ

∗
ww)

−1ϕ∗wu]
−1
]
ϕ∗uw(ϕ

∗
ww)

−1ϕ∗we = 0
(B.8)

since it is straightforward that

[ϕ∗ww − ϕ∗wu(ϕ
∗
uu)

−1ϕ∗uw]
−1ϕ∗wu(ϕ

∗
uu)

−1

= (ϕ∗ww)
−1ϕ∗wu[ϕ

∗
uu − ϕ∗uw(ϕ

∗
ww)

−1ϕ∗wu]
−1.

(B.9)

Similarly, it is trivial to prove ϕw∗ = 0. Therefore, we
have Λ⊤

i,∗Φ
L∗

Θ∗ = 0 and similarly Θ⊤
∗ Φ

L∗
Λi,∗ = 0,

which completes the proof of (B.3).

Further, using (B.3), it follows that

ΦLi+1 − ΦL∗

=
[
ΦLi+1 − ΦL∗ − ρΘ⊤

i (Φ
Li+1 − ΦL∗

)Θi

]
+[

ρΘ⊤
i (Φ

Li+1− ΦL∗
)Θi−ρ(Θ2

i )
⊤(ΦLi+1− ΦL∗

)Θ2
i

]
+ · · ·

= ρ(Θ0
i )

⊤Λ⊤
i,∗Φ

L∗
Λi,∗Θ

0
i + ρ(Θ1

i )
⊤Λ⊤

i,∗Φ
L∗
Λi,∗Θ

1
i + · · ·

= ρ

∞∑
j=0

(Θj
i )

⊤Λ⊤
i,∗Φ

L∗
Λi,∗Θ

j
i , (B.10)

where the superscript j in Θj
i represents the jth power

of Θi. The discrete-time Lyapunov function (B.1) has a

unique solution ΦLi+1 ⪰ 0 subject to W ⪰ 0 and a sta-

bilizing matrix Θi. Therefore, we have Φ
Li+1 −ΦL∗ ⪰ 0

by (B.10). Similarly, we can prove ΦLi ⪰ ΦLi+1

. There-

fore, ΦLi ⪰ ΦLi+1 ⪰ ΦL∗
.

Finally, it sufficient to show that lim
i→∞

ΦLi+1

= ΦL∗
to

complete the proof since Li+1
u and Li+1

w are directly de-

rived from the components of ΦLi+1

. This is equivalent to
proving that ΦL∗

is the unique fixed point of Algorithm
1. Set

{
Li
u, L

i
w

}
= {L∗

u, L
∗
w} in Algorithm 1 yielding

Z⊤ΦLi+1

Z = Z⊤WZ + ρZ⊤Θ⊤
∗ Φ

Li+1

Θ∗Z, (B.11)

which has a unique solution for the nonsingular con-

structed matrix Z. Then, we have ΦL∗ ⪰ ΦLi+1 ⪰ ΦL∗
,

which implies ΦL∗
is a fixed point of Algorithm 1. Fur-

ther, by Proposition 1, {L∗
u, L

∗
w}, derived from ΦL∗

, is
the unique analytic solution pair of the Bellman equa-
tion (18) with respect to the cost function (14). There-
fore, ΦL∗

is the unique fixed point of Algorithm 1. □
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