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This paper presents a trajectory tracking error detection method for autonomous vehicles (AVs) via an optimal control
scheme, where two online learning algorithms are designed: (i) an adaptive learning algorithm (ALA) and (ii) a finite-time
adaptive learning algorithm (FTALA). We first construct an error dynamic system by combining the kinematic equation
of AVs and an ideal tracking trajectory. To realize the adaptive optimal control for AVs, the ALA is designed, which
provides us with an online solution by resolving the derived Hamilton—Jacobi—Bellman (HJB) equation. Then, the FTALA is
presented, which further relaxes the requirement of the system dynamics, i.e., the system drift is not required. The adaptive
critic and control action in both online learning algorithms continuously and simultaneously interact, eliminating the need
for iterative steps. This approach also avoids the use of an actor neural network (NN) and an initial stabilizing control
policy. Moreover, the finite-time convergence can be ensured via adopting a sliding mode technique in the FTALA. Finally,
both online learning algorithms are applied to control AVs, and the simulations show their effectiveness and practicality
feasibility. The FTALA reduces the time-accumulated tracking error and the cumulative control effort by about 39% and
57% in lane-keeping, and by about 38% and 57% in the S-curve, respectively.
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1. Introduction have garnered greater attention from researchers (Yan
et al., 2018; Hu et al, 2016; Ding et al., 2022).
Nevertheless, due to their nonlinear dynamics, classical
techniques (e.g., PID control) cannot achieve optimal
performance. For this purpose, some nonlinear automatic
driving control strategies are further suggested. The
study of control theory has paved the way for the
development of advanced strategies in vehicle control.
Model predictive control (Elsisi and Ebrahim, 2021),
robust control (Hu er al., 2016), adaptive control

In recent years, with the rapid development of intelligent
transportation and artificial intelligence technology,
automatic driving technology has been widely discussed
by scholars (Wang er al., 2023). The automatic
driving trajectory control method, as the key technology
connecting previous and subsequent stages in automatic
driving technology, is the safety guarantee of automatic
driving. The control problems pertaining to this subject
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(Peng et al., 2019), and sliding-mode control (Chen
et al., 2020) are among notable examples in this field.
Moreover, artificial intelligence-based approaches like
neural networks (Faryadi and Mohammadpour Velni,
2021) and fuzzy logic control (Lakhekar et al., 2019)
have also been proposed for autonomous vehicle control.
Nevertheless, it is important to acknowledge that,
while adaptive neural networks or fuzzy logic control
schemes can handle nonlinearity, they may come with
the drawbacks of approximation errors and increased
computational workload, leading to only semi-global
stability. The energy consumption during the operation
of an autonomous vehicle significantly impacts its overall
performance. To enhance it, one approach is to employ
the optimal control method. It focuses on identifying the
most suitable control actions for the given system, aiming
to achieve specific performance objectives.

Solving the algebraic Riccati equation (ARE) or
the Hamilton—Jacobi—Bellman (HJB) one is essential
for obtaining the optimal control solution.  These
equations capture the dynamics of the system and
provide a mathematical framework for optimal control
design. However, the majority of existing algorithms
are designed for offline optimal control, requiring a
priori knowledge of the system dynamics and the optimal
control solution (Lewis and Vrabie, 2009; Gahinet et al.,
1994). This limitation hinders the ability to achieve
real-time control and adapt to dynamic and uncertain
environments. To address this issue and achieve online
solutions, a recent approach called adaptive dynamic
programming (ADP) has been developed, leveraging the
principles of reinforcement learning (RL) (Werbos, 1992;
Wang, 2019; Xu et al., 2021; Wang and Ye, 2022). Unlike
traditional offline methods, ADP enables the control
system to learn and adapt from online data, making it
well-suited for dynamic and uncertain environments. One
of the key techniques in ADP is policy iteration (Lee
et al., 2014; Abu-Khalaf and Lewis, 2005; Vamvoudakis
and Lewis, 2010; Bhasin et al., 2013), which is frequently
utilized to approximate the optimal equation solution. The
iteration involves two main steps: evaluating an initial
stabilizing control policy and then improving the policy
iteratively. By evaluating the initial policy, the system
gains an understanding of the current dynamics and learns
to stabilize the control inputs. This is followed by
policy improvement, which involves updating the control
policy based on the current knowledge of the system
dynamics. The ADP approach combines the benefits
of RL and optimal control, allowing for online learning
and adaptation while still achieving optimal control
performance (Abu-Khalaf and Lewis, 2005). Because
of the strong learning ability of ADP, it has been used
to resolve decentralized control of large-scale nonlinear
systems with uncertainties (Tan, 2018; Tan, 2019). This
makes it particularly useful in applications where the

system dynamics are uncertain or subject to change, such
as in AVs or robotics (Zhang et al., 2021).

However, canonical actor—critic ADP (e.g.,
Vamvoudakis and Lewis, 2010; Bhasin et al., 2013)
typically (i) requires an admissible stabilizing baseline
policy to start the policy-evaluation step, and (ii) employs
two networks (actor and critic) with iterative policy
evaluation/improvement. These designs often guarantee
only the UUB of critic/actor weights and incur extra
computation/tuning for the actor and for policy-iteration
scheduling. In contrast, the present work develops a
critic-only, non-iterative scheme: the control is obtained
analytically from the critic via the HJB stationary
condition, and the critic is learned from data by an
integral Bellman residual (Section 3), thereby removing
both the actor NN and the need for an initial stabilizer.

This paper aims to establish an optimal control
strategy for AVs to online detect the trajectory
tracking error by using two online learning algorithms.
Specifically, we propose an adaptive learning algorithm
(ALA) and a finite-time adaptive learning algorithm
(FTALA) that are actor-free and do not rely on an initial
stabilizing policy. The policy is synthesized directly
from the learned value function gradient, while the critic
is updated from measured transitions without policy
iteration. The proposed strategy eliminates the need for
an actor NN and an initial stabilizing control policy. We
first construct an error dynamic system by combining
the kinematic equation of AVs and an ideal tracking
trajectory. We design an adaptive learning algorithm
that computes the control by solving the derived HIB
equation online. To further relax the model requirement
in learning, the ALA/FTALA employ an integral Bellman
residual so that the learning step does not require the
explicit drift f4(-); moreover, a sliding-mode injection
in the weight-update law ensures finite-time convergence
of critic-weight error under PE while avoiding input
chattering. To further relax the requirement of the system
dynamics, a finite-time adaptive learning algorithm is
designed, where the finite-time convergence can be
ensured via adopting a sliding mode technique. The
adaptive critic and control action in both online learning
algorithms continuously and simultaneously update each
other, eliminating the need for any iterative steps.

Compared with traditional actor—critic ADP (e.g.,
Vamvoudakis and Lewis, 2010), the main improvements
are as follows: (a) no initial stabilizer is required
because learning is non-iterative and critic-only; (b) no
actor NN and hence fewer parameters/tuning and no
policy-iteration overhead; (c) stronger convergence of
the critic (exponential in the ALA and finite time in
the FTALA under PE) versus the UUB-type guarantees
commonly reported; and (d) the sliding action is injected
in the parameter space (learning law) rather than in
the plant input, avoiding chattering while retaining
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robustness.
Consider the aforementioned facts, we highlight the
major contributions of this paper below.

(1) This work proposes a pure critic learning scheme
based on the HJB stationarity condition, which
synthesizes control policies directly from critic
gradients, completely eliminating the need for the
actor NN in traditional ADP. The method employs a
non-iterative learning mechanism that avoids policy
evaluation/improvement iterations while requiring
no initial stabilizing control policy, significantly
simplifying the control architecture and reducing
parameter tuning overhead.

(ii) An FTALA incorporating sliding mode techniques
is designed, where the sliding action is injected
into the weight update law rather than the
plant input, ensuring finite-time convergence while
avoiding input chattering. The algorithm is
driven by integral Bellman residuals, eliminating
the explicit requirement for drift function f(s),
further relaxing system dynamics dependencies
and achieving enhanced robustness with faster
convergence rates.

(i) A learning method based on integral Bellman
residuals computed from measured transition data
is developed, enabling critic weights to achieve
exponential convergence (ALA) or finite-time
convergence (FTALA) under persistent excitation
conditions, surpassing the uniform ultimate
boundedness (UUB) limitations of traditional
approaches. This mechanism is purely data-driven,
requiring no complete system dynamics model,
providing a more practical online optimization
solution for autonomous vehicle trajectory tracking
control.

The problem formulation is stated in Section 2.
Section 3 shows the optimal controller design via the
ALA and FTALA. The simulations are given in Section
4, followed by Section 5, which summarizes the paper.

2. Problem description

2.1. Dynamic model construction. This paper
considers the kinematic equation of AVs as (Zhang et al.,
2021; Ma et al., 2017)

(1) = va(t) cos(0(t)) — drwa(t) sin(0(t)),
(t) = v, (t) sin(0(t)) + dywy(t) cos(6(t)), (1)
0(t) = wa(t).

For the kinematic equation (1), the variable z(t)
represents the horizontal position of the vehicle’s mass

(. Yr,0r)
Ideal
trajectory

v

Fig. 1. AV’s tracking trajectory.

center while y(t) corresponds to the vertical position. The
orientation of the vehicle is denoted by 6(¢). Additionally,
the longitudinal velocity of the mass center in the
body-fixed frame is denoted as v, (t), while the yaw
angular velocity about the Z-axis, which is orthogonal to
the X-Y plane, is represented by w, (¢). The straight-line
distance from the mass center to the vehicle’s rear axle is
defined as d,..

The aim of this paper is to enable autonomous
vehicles (AVs) to follow the desired trajectory. To achieve
this, we assume that the ideal trajectory is defined by the
fixed longitudinal velocity v,.(¢) and yaw angular velocity
wy-(t) of the vehicle. Consequently, the ideal trajectory
dynamics can be expressed as

vp(t) cos(0,(t)) — dypw,(t) sin(6,.(t)),
Yr(t) = vr(t) sin(6;(t)) + drwy (t) cos(0:(¢)),  (2)
wy. (1),

with x,(t), y-(t), and 6,(t) representing the ideal
horizontal and vertical positions, and vehicle orientation,
respectively.

In this vehicle system, the tracking errors for the
horizontal and vertical position as well as orientation are
defined as x.(t), y.(t), and 0. (t), respectively. Therefore,
we derive the error vector as

=
3
—

~
~—

I

ze(t)
Ye(t)
Oc(t)
. 3)
cos(0(t)) sin(0(t)) O [z,(t) — z(t)
= |- bm(ﬂ(t)) cos(6(t)) O |yr(t) —y(t)
0 1] |0.-(t) —0(¢)

In this paper, we display the AV’s free-body diagram
and ideal trajectory as Fig. [Tl

The primary goal is to seek the control actions (v,
and w,) for AVs that have the ability to stabilize tracking
erTors.
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Based on Fig. [I and the tracking error (@), we can
obtain the tracking error dynamics of the AV.

Lemma 1. The tracking error dynamics are calculated
$(t) = f(s(t)) + g(s(t))u(t), )
where
vy (t) cos(0:(t)) xe(t)
f@) = Jor()sin(0:(1) |, s(t) = |we(®) ],
wy(t) 0.(t)
Ye(t) -1
g(t) = *ze(t) —dr 0
-1 0
and 0
Wy (T
u(t) = |:'Ux(t):|
Proof.

Step 1. According to the tracking error (@), based on ()
and (2) we have

Te =COS(9)(5CT - :B) + Sin(9)<yr - y)
— sin(0)0(z, — x) + cos(0)8(y, —y)
=cos(0, — 0.)x, — cos(0)[v,, cos(d) — d,w,, sin(0)]
+ sin(0, — 0.) Y, — sin(0)[v, sin(0)
+ d,ywy cos(9)] — sin(Q)w, (x, — x)
+ cos(D)wy (yr — y)
=&,[cos(0,) cos(b.) + sin(be)] + Yew,
+ ¢, [sin(,.) cos(0.) — cos(0,.) sin(6.)] — v,
5
From Fig. [l and the modeling process, we hzfvg
Z, sin(6,.) = yrcos(6.); then (@) becomes
Ze = YeWy + [0y cos(0,) — dyrw, sin(6,.)] cos(6;) cos(f.)
— Vg + [v,s8in(0,) + drw, cos(6,.)] sin 0) cos(fe)

= YWy — Vg + vrco8(0e).

(6)
Step 2. Then, focusing on ¥., we have
Ye = —sin(0)(&r — &) + cos(0) (g — )
— cos(0)0(z, — x) — sin(6)0(y, —y)
= —sin(0) (0, — b.)dy + sin(6)
X (v cos(0) — drw, sin(6))
+ cos(0) (0, — 0.)y, — cos(8)
X (vg sin(0) + d,w, cos(6))
— cos(0)wy (z, — x) — sin(§)ws (yr — v)
— &, [sin(6;) cos(f.) — cos(6,) sin(6.)]
0.) +sin(0,) sin(0,)]
0,).

= —d,wy (
— Tewy + Yr[cos(6;) cos(
(

= — d, Wy — TeWy + Uy SiD

(7

Step 3. According to (1) and @), the tracking error
dynamic can be calculated as

ée (t) = ér (t) — Q(t) = wy(t) — wy (t). (3)
Hence, we have
Te Uy €08(0c) 4 Yoy — Vg
y_e = |vpsin(be) — xew, — drwy | . 9)
0. Wy — Wy
This completes the proof. [ |

Remark 1. This study targets the learning/control
architecture and its convergence-optimality properties
for lane-keeping and path-following at low to moderate
speeds. In this regime, the kinematic bicycle model with
small slip angles and quasi-constant longitudinal speed
captures the geometry of the tracking error (e, ye,0e)
that the ALA/FTALA regulate. Unmodeled dynamics
(tire relaxation, actuator/drivetrain lags, load variations)
act as bounded matched/unmatched disturbances in the
error system; these are injected in simulations and are
handled by critic-only, integral Bellman residual learning
and by the finite-time weight update, without introducing
input chattering. Importantly, our theoretical guarantees
rely on persistent excitation of measured regressors rather
than on a specific high-fidelity dynamic parameterization.
Extending the approach to full vehicle dynamics is part
of future work, but is not required to establish the present
claims or the reported performance within the specified
speed/curvature envelopes.

Uncertain attacking signals pose a challenge to
the system (@) of AVs during autonomous driving and
operation. Specifically, these signals take the form of
denial of service (DoS) attacks, which are deliberately
introduced into the tracking dynamic via communication
networks. Thus, the system (@) of AVs can be rewritten as

() = f(s() + g(s()u(t) + ar(t),  (10)

with u(t) = wu1(t) + ua2(t) + ao(t) representing the
actual system input acting on the vehicle, where w1 (¢)
corresponds to the resilient tracking control policy and
uz(t) = [w.(t) vr(t)]T denotes the reference policy,
aq (t) is sensor-side additive attack/disturbance in the error
dynamics, and as(t) is actuator-side attack on the input.
The uncertain sensor attack signal is given by a(t) =

ac(t) ay(t) a(D)]”,

is expressed as ap(t) = [az1(t) a2 (t)]T

while the actuator attack signal

During the tracking driving process, the reference
policy uq plays a crucial role in ensuring the adherence to
the desired trajectory. It serves as a predefined reference
for the vehicles. On the other hand, the resilient tracking
control policy u(t) is designed to minimize tracking
errors and mitigate uncertainties.
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Assumption 1. This paper assumes that the sensor
and actuator attack signals are state-dependent and can be
parameterized as a1 (t) = w(¢)s(t) and a2 (t) = ku(s(t))
for all t > 0. Following Ma et al. (2017), w(t) and p(t)
are unknown time-varying matrices satisfying ||co(t)|]2 <
cand ||u(t)||2 < d, where ¢ and d are positive constants.
Additionally, u(+) is an unknown but bounded nonlinear
function.

To account for uncertain attacking signals in
communication networks, we need to analyze the tracking
error dynamics of AVs. For this purpose, we rewrite the
autonomous driving system (I0) as (Zhang et al., 2021)

$(t) =f(s(t)) + g(s(8))(ur(t) + ua(t)) + A(t)
=[s(s(t)) + g(s()ur (t) + A(?),

with fo(s(t)) = f(s(t)) + g(s(t))ua(t) being the
desired dynamic part and A = aq(t) + g(t)az(t) the
overall attacking signal. The reference policy wus(t)
is determined based on the desired reference, which is
typically predetermined in the driving system. In addition,
u1(t) is the control which needs to be designed in this

paper.

(1)

2.2. Optimal control. The purpose of the paper is
to construct an optimal controller v in such a way that
the investigated system state s(t) — 0,¢ > 0, and it
minimizes the following value function in a near optimal
way:

Vis) = /too [S(T)TQS(T) + ul(T)TRul(T)] dr, (12)

with @ > 0 € R"™ ™ and R > 0 € R™*™ being the
weight matrices of appropriate dimensions. '
Then we can obtain the derivative of (12)), i.e., V, as

V(s) = —s7Qs — ul Ru;. (13)

To get the optimal control for the system (@) with
(13), one defines the Hamiltonian function as

H(s,uy, V)
= 5" Qs +uf Ruy + V' [fa(s) + g(s)ur + A, (14)
with V, = 9V/0s.
Then, we give the optimal value function as
V7 (s(t)) = min V(s(t)). (15)
Thus, the HIB equation is computed as
0= %inH(S’uT’ V). (16)

We set the equation 0H (s,uj,V>)/0uy; then we
have the optimal control action,

1
ui(s) = R (5)V(9): (17)

Critic NN
Adaptive law
: u K
Optimal 1 AVs
control
K

Fig. 2. Schematic of the proposed control system.

Value function

From (I7) we have that, if the function V,(s) is
known, the control u] can be resolved directly. It is
unfortunate that the function V;(s) is unknown, so the
next task is how to solve the function V;(s).

3. Optimal controller design by using two
online learning algorithms

In this section, we first use the single critic NN to
reconstruct the value function (I2); then the optimal
control action (I7) can be obtained based on the
reconstructed value function. To get the optimal control
solution, two online learning methods are presented. The
first one is used to resolve the HJB equation via designing
a novel adaptive law, where the full system dynamics
should be known. To relax the requirement of the
system dynamics, we then propose an FTALA. Both of
these online learning methods avoid the use of an initial
stabilising control policy and the actor NN. The control
logic diagram based on ADP is given in Fig.

The basic idea of the ADP scheme is to use a critic
NN to approximate the optimal value function V*(s). In
this case, we consider V*(s) as a continuous function
(Vamvoudakis and Lewis, 2010; Chen and Herrmann,
2019). This can be approximated using a critic NN as

V*(s) = WTB(s) + ¢(s), (18)

with W € R! being the ideal critic NN weights, B(s) €
R! the activation function, ! the number of neurons, and
¢ the NN approximation error. Thus, we can obtain its
derivative with respect to s as

Vi(s) = (VB(s))"W + Ve(s), (19)
with VB(s) = 0B(s)/0s € R™2" and Ve(s) =
02(s)/0s € R?" being the derivative of the NN error with
respect to s.

Then, we have the following assumptions (Lv ef al.,
2019; Vamvoudakis and Lewis, 2010).

Assumption 2. The NN weights W, the activation
function B(s) and the NN error £(s) are bounded, i.e.,

aamcs
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IWI| < War, [ B(s)|| < Bar. le(s)]| < ear for positive
constants Wy, > 0, Byy > 0, epr > 0. The derivative
VB(s) of B(s) and the derivative Ve(s) of (s) are
bounded, i.e., |VB(s) < Bumall, Ve(s) < epq for
positive constants W4 > 0, Byrg > 0.

To estimate the unknown weight I/, we can obtain

the practical value function as
V(s) = WTB(s), (20)

with W being the estimate of 1. Then, we can get the
approximated solution of the HIB equation (16) as

Vi(s) = (VB(s))"W. 1)

Considering the critic NN (I8) and (I9), the ideal
optimal control can be given as

ui(s) = ~ 3 BT (S(VBE)TW + Ve(s)l, @2)

and its practical optimal control action as

in(s) = 3 R GTS(VBE)TT. @)

Next, we will design two online learning methods to
learn online the unknown critic NN weights W, whose
convergence can guarantee the system state s — 0.
Because the proposed methods have strong convergence,
the actor NN used in the existing results is removed.

3.1. Adaptive learning for optimal control. We write
the tracking-error dynamics in input-affine form s =
fs(s) + g(s)u, where f,(-) denotes the drift (autonomous
part) and g(-) the input map. In Section 3.1 (ALA) we
explicitly use fs(-) and g(-) to form the regressor =; in
Section 3.2 (FTALA) the learning step will rely on the
integral Bellman residual and therefore does not require
an explicit fs(-).

Substituting (19) into (I6), we have the following
HJIBE:

sTQs+W{VB[fs(s)+g(s)ui+A]} +enme = 0, (24)

where eype = Vel [f5(s) + g(s)ur + Al is the residual
error.

To realize the online solution of the HIB equation
©@4), we rewrite it as

== VBG)If(s) +alum AL
® = sTQs + ul Ru.
Then, the HIBE (24) can be rewritten as
¢ = 7WTE — EHIBE- (26)

From (26) we have that only the critic NN weight W
is unknown, thus we can develop an online learning

algorithm to learn the unknown weight W. To this end,
we define the auxiliary variables P, € R™*! and Q; € R!
as

. ’ 27
Q1 —0Q1 + E@T, Q1(0) =0, 7

with ¢ being the positive constant. Then, we have the
solution of @27):

{R — P +Z=T,  P(0)=0

t
P = / e U=TE(r)E(r)T
0, (28)
Q= [ IR,
0
For P; and @ defined in (28), we define the
auxiliary variable M; € R as

M, =PW + Q. (29)

Considering (26) and 28), we know Q1 = —PW +
vy, with v = —fot €_é(t_T)EHJBE(T)E(T) dr being a
bounded variable, i.e., ||v1|| < &,1 for €,14 > 0. Thus,
from 27)-(@29) we have that

M1:—P1W+V17 (30)

where W = W — W is the estimation error of the NN
weight. R
Then, an adaptive law can be designed to learn W as

W =T, M,, 31)

where I'1 > 0 is the learning gain.

The convergence of the learning algorithm (31 can
be explained by verifying the positive definiteness of
matrix P, as specified in (28).

Lemma 2. (Lv et al., 2019) The variable P, provided in
28) is positive definite for the persistent excitation vari-
able = given in (26).

Theorem 1. Consider the critic NN with the learning
law (31) when the variable Z in (28) is persistent exci-
tation. Then the critic NN weight error W exponentially
converges to 0.

Proof. According to Lemma 2, we have that P; is
positive definite for the persistent excitation variable =,
i.e., the minimum eigenvalue A\yin(Py) > o > 0. Then,
we choose a Lyapunov function as V; = féﬁ/TFﬂ;V;
thus, we can obtain its derivative as

Vl = WF1W = *WTP1W + WVl. (32)
This further shows that

Vi=-WIPW + Wy, < —||[W|(o|W] — ).
(33)
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Therefore, we have that the estimated error W is
convergent to the small set given by Q : {W | |[W] <
€,1/0}, whose size is determined by the NN error ¢ and
the excitation level o. In this ideal case, i.e., egygg = O,
the estimation error W exponentially convergesto 0. ®

3.2. Finite-time adaptive learning for optimal control.
Although the learning algorithm proposed in Section 3.1
can obtain the online optimal control action, the full
system dynamics are required. Moreover, the convergence
rate of the critic NN weight is not fast. Hence, this
subsection will develop an FTALA. To this end, we define
a Bellman function (Chen and Herrmann, 2019) as

Vis(t—T)) = /t_T r(s(r), ur (7)) dr + V(s(8)), (34)

with 7(s(7),u1 (7)) = s7Qs + uT Ruy, T > 0 being the
sample time. The system dynamics f;(s) and g(s) are not
taken into account in the Bellman function (34).

By the chain rule, V(s(t)) — V(s(t — T)) =
j:_T VV(s; W) (fs(s) + g(s)ur)dr, while (G4
computes the same quantity from measured transitions
and the applied input. Hence, the learning/update
law in the FTALA is driven by a data-driven Bellman
residual and does not require an explicit drift f,(-).
For control synthesis, we still use the HIB stationary
condition w1 (s) = —3R1g(s) VsV (s; W) (plus u, if
applicable); thus, g(s) appears only in the analytic policy,
not in the learning step.

The proposed ALA and FTALA are critic-only, by
using the HJB stationary condition. The policy is obtained
directly from the critic, so no actor NN is needed.
Learning is non-iterative, driven by the integral Bellman
residual (34) computed from data, so no initial stabilizer
is required. In the FTALA, a sliding term in the weight
update ensures finite-time weight-error convergence under
PE and avoids input chattering, unlike typical actor—critic
ADP.

In order to propose a design method of value function
approximation, our approach involves reconstructing the
function using a critic NN as

V(s) = WTBi(s) +1(s), (35)

where B;(s) : R® — RY is the activation function
and N denotes the number of neurons, W € R¥ stands
for the critic NN weights, and €1(s) € R is the critic
NN estimation error. Based on the results of Chen and
Herrmann (2019), we assume the errors €1 (s) and Ve (s)
of £1(s) are bounded.

The update of the critic is achieved by inserting the
value function (33) into the Bellman function (34), which

yields

/;TMS(T),M () dr

k(s,u1) (36)
+WTB(s(t)) —WTB,(s(t —T)) = —¢,

WT AB; ()

where k(s,uq) is the integral term, AB; (t) = By (s(t)) —
Bi(s(t—T)),and the error e5 = e1(s(t)) —e1(s(t —1T))
of (B6) is bounded. Then, a finite-time adaptive law will
be designed to estimate online the unknown weight W in
36D.
According to (36), it is indicated that the weight
W of the unknown critic NN is expressed in linear
parameterized form. Consequently, it can be estimated
‘directly’ by utilizing a learning method recently proposed
by Lv et al. (2019), which is derived via the extracted
estimation error. Most current ADP schemes focus on
ensuring the uniform ultimate boundedness (UUB) of the
estimated NN weights rather than achieving convergence.
In this paper, we will propose a novel adaptive law
that guarantees the convergence of the estimated weight
W to the true weight W. This enhanced convergence
property eliminates the need for an actor NN and allows
the calculated optimal control based on the critic NN to
approach the ideal optimal solution. To accomplish this
objective, we introduce two variables, P, € RN*N and
Q2 € RV, as

0,

0. (37)

Q2 = 12Q2 + AB1(t)k(s, u1), Q2(0)

{PQ = V0P + AB; (t)ABl (t)T, P2<O)

with the design parameter {5 > 0. Then, the solution of
(37) can be derived as

t
o / e 0TAB, () ABy (1)7,
° (38)
ng/ e U= AB (7)k(7) dr.
0

The estimation of the value function (33) can be
obtained as follows:

V(s)=W"Bi(s), (39)

where V and W are the estimates of V and w,
respectively.

Now, a finite-time adaptive law that is based on the
sliding mode technique (Na et al., 2015) can be developed
as

X M,
W = —-19P,———
VA

where My = PQWJrQQ € RV and Ty > 0is the learning
gain.

(40)

@amcs
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Based on the auxiliary vector My, the derived
adaptive law (@) is driven by the error W, which is
calculated using the measurable system input u and
output s. The main objective of this new algorithm is
to ensure the convergence of the estimated weight W
to the unknown weight W. Therefore, the proposed
adaptive law (4Q) differs significantly from existing online
ADP algorithms (see, e.g., the work of Vamvoudakis
and Lewis (2010) or Wang (2019)) and the references
therein) that rely on gradient based methods and only
retain the UUB of W. In this paper, we demonstrate that
this new adaptive law can achieve rapid and guaranteed
convergence. Consequently, the use of the actor NN as
employed in the existing ADP literature is avoided.

Remark 2. The FTALA places the sliding action
in the critic learning law (40), not in the plant input,
ensuring finite-time weight-error convergence under PE
without input chattering. It is critic-only, non-iterative,
and driven by the integral Bellman residual (34), thus
it does not require an explicit drift fs(s) for learning;
g(s) appears only in the analytic policy wui(s) =
—1R1g(s)" VsV (s; W) (plus u, if applicable). Unlike
finite-time controllers (reaching but non-optimal) and
actor—critic ADP (iterative, stabilizer-dependent), the
FTALA attains cost optimality with finite-time critic
learning.

Remark 3. The adaptive learning algorithms proposed
in this paper offer several advantages over traditional
gradient-based methods. Firstly, they eliminate the need
for an actor NN and an initial stabilizing control policy,
simplifying the control structure. Then, the adaptive critic
is trained using a novel adaptive law, which ensures strict
convergence of the critic NN weights without relying
on gradient methods. This results in a more efficient
and robust learning process that can adapt to changing
dynamics in real-time, making it particularly suitable for
autonomous vehicles operating in dynamic and uncertain
environments. Moreover, the FTALA incorporates a
sliding mode technique to guarantee faster convergence
within a finite-time frame, enhancing the responsiveness
and reliability of the control system.

Lemma 3. [f variable A (s) satisfies the PE condition,
then the variable Py provided in (38) is positive definite,
i.e., the minimum eigenvalue \pin(P2) > oo > 0. The
following section will focus on the convergence analysis
of the finite-time adaptive law (@0) that we developed.

Theorem 2. The convergence of the estimation error
W =W-Wto0Oina finite-time can be guaranteed
by considering the satisfaction of the PE condition for the
finite-time adaptive law Q) with AB1(s) in (372).

Proof. Our first step is to analyze the boundness of Ms.
By considering (38)) and the system states s(t) and s(¢ —

T'), we can establish an upper bound for the variable P
under the condition cv; > 0, ensuring that Apax (P2) < g
holds. Taking k(s,uy) given in (36) into (38) results in
Q2 = —PW+0,with§ = [} e ("D ABy (r)e, (1) dr
being the bounded by constant ccy > 0 as the error £, is
bounded. Then we have

My = —P,W + 6. 41)

Since A B (s) meets the necessary PE condition, applying
Lemma 3 allows us to establish the invertibility of Ps,
given its symmetric positive definiteness. Therefore,
using Py 'M, = ~W + Py ' Ms0 for selecting a
Lyapunov function, we can directly deduce P, M.
Consequently, the derivative of P, LM, is calculated as

a. : QP! P
—(Py ' My) = W 0+ Py 0 =WH+0,, (42
with 0, = —P,; 'PyPy'0 + P50 being bounded for

bounded 6, i.e., ||fs|| < as for the positive constant
as. According to the above facts, we have that P2_1 is
bounded due to )\min(Pfl) > ap and )\maX(PQ_I) < i,
thus the bounds of Py ! can be defined as Apin (P2) > a1
and Apax(P2) < 1/03. Then, we define the time-varying
Lyapunov function as

Ry, L
Vo = 71(132 "My T, Py M, (43)

where Ry > 0 is a design parameter. Then, we have the
derivative of V5 as

Vo = RiMI P T; Y (W + 6,)
M
= RiM{ Py ' T (TP,

=+ 0s)  (44)
[ M]]
S Qy4/ ‘/27

with
Qg = (02 - R1a3)\max(1—‘;1)) 2/Amax(F;1)

being a positive constant for 0 < R} <
02/(Amax(T'5 )az).  Based on the results of Chen
and Herrmann (2019), we have Ry = 0 and My = 0
in finite time ¢; = 24/R1(0)/a4 > 0. Then we obtain
gs(s) # 0, My = 0 for e1(s) # 0. This indicates that
W = P;'0,, and so |W|| < ag/oy is bounded after
finite time ¢1. In the ideal case, for 1(s) = 0, we have
€s(s), Mo = 0 and § = 6, = 0. This shows that the
weight error W will convergence to zero in finite time ¢;.

]

4. Simulations

In this section, we will apply the two learning algorithms
to a simulated autonomous driving system (@) for vehicles.
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This system allows us to examine the tracking error
dynamic function as

$(t) = f(s(t) + g(s(t))(ur(t) +ua(t)) + A(t), (45)

s(t) = % =),

wy(
Ye(t) -1
g<t) = 7I’€(t) - dT 0 )
-1 0

and A(t) = a1(t) + g(t)az(t).

To complete the simulation, we choose the initial system
states as [1.2 —1.2 70.5]T; the desired longitudinal
velocity and yaw angular velocity can be selected as
v.(t) = 0.5, w.(t) = 0. Then, a critic NN in (I8)
is introduced to learn the solution of (23). For both

learning algorithms, the initial weight vector is W (0) =
rands(6, 1).

Case 1. A(t) =0, i.e.,a; = 0and az = 0. To benchmark
the proposed methods against a modern sliding-mode
controller, we additionally implement the super-twisting
control (STC) method by Moreno and Osorio (2012) as
well as Xiong et al. (2021) under the same Case 1 setting.
The sliding map is

0 15 0
o =58, S_[1.5 0 1.5]’

and the super-twisting law is

Uy = Ueq — K1 |0 ?sgn(o) + 2, 2= —Ks sgn(o),

with K = diag(5,5) and K>, = diag(8,8). The
plant parameters and the initial condition follow the
learning-based cases: d, = 1.2, v, = 0.5, w, = 0,
and s(0) = [1.2, —1.2, —0.5]"T. The sampling time,
horizon and reference trajectory are kept identical to
the ALA/FTALA for fairness. The STC results are
now reported separately in Figs. (instead of being
merged into Figs. AHE).

To this end, we select the regressor of the critic NN
as B(s) = [s?, 5152, 5153, 53, 5253, 53] for the ALA, the
positive definite matrices in the value function are chosen
as Q = 3501343, R = 1, and the learning gains are set
as { = 60, 'y = 600. Besides, we choose the positive
definite matrices in the value function as ) = 350733,
R =1, and the learning gains are set as {5 = 100, I's =
700 in the FTALA. We choose the regressor of the critic
NN as By (s) = [s7, 5152, 5153, 53, S253, 53] ..

Table 1. Integral metrics.
Scenario Controller IAE IAU
Lane keeping STC 1.14  7.89
Lane keeping ALA 1.22 7.59
Lane keeping | FTALA  1.07 7.51

The convergence of critic NN weights under the
ALA and FTALA algorithms is depicted in Fig.[3l This
illustrates that the estimated weights have the capability
to converge to specific values. Therefore, these learning
outcomes provide empirical evidence supporting the
validity of the convergence property outlined in Theorems
1 and 2. In particular, the FTALA converges faster
than the ALA (Fig. B(b) vs. [Bla)), and this faster
weight learning translates into a faster tracking transient
in Fig. Elb) relative to Fig. dla). With the added
STC benchmark (Figs. [7H9), the system also achieves
successful tracking; however, STC exhibits a larger initial
control effort and a slower decay of the tracking errors
before settling, consistent with input-side sliding injection
(see Fig.[8). Regarding control inputs (Fig.[0), the FTALA
produces the smoothest and smallest-amplitude actuation,
ALA is intermediate, while STC shows the largest initial
actuation and higher total variation. Overall, the FTALA
attains the fastest transient and highest tracking accuracy
among the three, while the ALA improves over a purely
learning-free baseline.

In addition to settling time, overshoot, quadratic cost
J, and control-input total variation, we report two integral
metrics:

T T
IAE:/ Is(t)]|dt, IAU:/ a1 dt,
0 0

where u(t) € R™ is the control applied. The result can be
found in Table[Il For the lane keeping case, the FTALA
attains the lowest IAE (1.07) and IAU (7.51), indicating
tighter tracking with the least cumulative control effort.
STC achieves a moderate IAE (1.14) but the largest IAU
(7.89), consistent with stronger input injection. The ALA
exhibits the largest IAE (1.22) and an intermediate IAU
(7.59). Overall, the ranking is FTALA < STC < ALA in
IAE, and FTALA < ALA < STC in IAU.

Remark 4. STC is robust, model-free, and finite-time,
whereas the FTALA additionally enforces HIB optimality
to minimize the tracking error and control effort, and
adapts online to time-varying uncertainties/attacks. Thus
the FTALA offers an optimal robust adaptive framework;
simulations show faster convergence, better tracking, and
lower cumulative control effort.

Case 2. A(t) # 0, ie., a1 # 0and ay # 0. To further
show the robustness of the proposed FTALA, we consider
the uncertainties introduced by Jin ez al. (2017) as

ay(t) = —(0.75 4+ 0.15sin(2.5t)),  t>0, (46)

aamcs
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Fig. 3. Convergence of the critic NN weights: ALA (a),
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Fig. 4. Tracking performance under the proposed optimal con-
trol: ALA (a), FTALA (b).

and

as(t) = [1,1] 0.005 cos(2.5t)
+ [0.1 cos(2t), 0.5 sin(t)
x 0.2sin(z.(t)) cos(ye(t)). (47)

T

In this case, the positive definite matrices in the value
function are given as Q = 60[3x3, R = 1, and the
learning gains as o = 280, I'y = 600 in the FTALA;
other parameters are the same as in the previous case.

Figure [10] shows the convergence of critic NN
weights. Compared with Fig. Blb), the critic NN weights
in Fig.[10|converge faster because the system more easily
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Fig. 5. Tracking error for the system (4): ALA (a), FTALA (b).
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Fig. 6. Control action for the AV: ALA (a), FTALA (b).

satisfies the PE condition in the presence of interference.
The corresponding tracking errors and control inputs are
shown in Fig.[I1l

In order to verify if the designed optimal controller
can enable the AV to track complex trajectory signals,
we set the desired longitudinal velocity and yaw angular
velocity as v,(t) = 0.5sin(2t) and w,(t) = 0. In
the learning, the gains can be given as o = 118 and
I'> = 600. The learning results can be found in Fig.[12]
which shows the convergence of the critic NN weights.
Based on these learning results, the optimal controller
for the AV can be designed, thus the AV can accurately
track the desired trajectory as shown in Fig.[I3(a), which
presents the tracking performance of the AV. To further



An optimal control method for trajectory tracking error detection . ..

Fig. 7. Tracking performance under the STC baseline.

Fig. 8. Tracking errors under the STC baseline.

show the tracking accuracy, we give the tracking error in
Fig.[13(b). It is worth noting that, comparing the tracking
results in Fig. [I3] with those in Fig.[ITl it can be seen that
Fig.[I3|shows a faster convergence speed. This is because
it tracks complex signals, and the system can satisfy the
PE condition in a short period of time, thus enabling a
rapid response. The above results confirm the efficacy
of the optimal control approach proposed in this study.
By employing online learning algorithms, the designed
control strategy enables the system output, represented as
x, to accurately track the desired trajectory, even in the
presence of uncertainties in the system model.

5. Conclusion

This paper presented a new optimal control based
trajectory tracking error detection for AVs by using
two learning schemes, i.e., the ALA and FTALA. In
both online learning algorithms, the adaptive critic and
control action interact with each other in a continuous
and simultaneous manner, eliminating the need for
any iterative steps. This approach also eliminates the
requirement of an actor neural network and an initial
stabilizing control policy. As for the ALA, it provides
us withe an online solution by resolving the derived HIB
equation with full system dynamic information. To further

Fig. 9. Control actions under the STC baseline.
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Fig. 10. Convergence of the critic NN weights.

relax the requirement of the system dynamics, i.e., where
the system drift is not required since it can directly online
update the Bellman equation, the FTALA is presented.
Moreover, the finite-time convergence can be guaranteed
via adopting a sliding mode technique in the FTALA.
Finally, both online learning algorithms are applied to
control AVs, and the simulations show their effectiveness
and practicality feasibility. Future work will focus on the
optimal control of AVs with completely unknown system
dynamics.
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