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In this paper, we introduce a numerical optimal control scheme (NOCS) for generating dynamically feasible robot motions
under several constraints while optimizing a given performance criterion. In particular, the NOCS transforms continuous
optimal control problems into large-scale sparsity-free nonlinear programs (NLPs) by means of a dedicated strategy called
the block indexation procedure (BIP). As a result, the optimized open-loop control law is obtained fast under limited-
memory allocation. The robot’s equations of motion, and their partial derivatives with respect to the state of the robot
and control inputs, are analytically evaluated. For this, state-of-the-art algorithms available in the Pinocchio and RBDL
open-source libraries are used. Otherwise, the NOCS applies the BIP with numerical differentiation techniques. The
effectiveness of the NOCS is numerically validated with different robots composed by many degrees of freedom. Also,
we provide performance comparisons against CasADi, a popular general purpose optimal control framework that applies

automatic differentiation.
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1. Introduction

Numerical optimal control schemes (NOCSs) have
become popular in the area of robot motion generation and
control. In part, this is due to the maturity of nonlinear
programming (NLP) given that direct transcription
methods heavily rely on NLP solvers (Biegler and Zavala,
2009; Gill et al., 2005; Byrd et al., 2006). The aim of
direct transcription is to transform a given continuous
optimal control problem into its discrete version (Rao,
2009; Betts, 2010; Kelly, 2017).

Significant work has been done to develop
sophisticated NOCSs based on direct transcription
with either multiple shooting or collocation such as
the ACADO toolkit (Houska et al., 2011), DirCol5i
(Kelly, 2019), MUSCOD-II (Leineweber et al., 2003),
PSOPT (Becerra, 2010), CasADi (Andersson et al., 2019)
and CGPOPS (Agamawi and Rao, 2020). They are
able to solve small to medium size optimal control
problems in terms of the complexity of the system
dynamics and associated constraints. In particular, the
optimal control problems are mainly related to chemical
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(Leineweber et al., 2003) and aerospace (Betts and
Erb, 2003) engineering. In addition, the ACADO toolkit
is no longer supported while MUSCOD-II and CGPOPS
represent sophisticated commercial options. Concerning
the PSOPT and CasADi solvers, they are open-source
projects that are capable to tackle a wide variety of
trajectory optimization problems, but they cannot deal
with highly articulated robots such as humanoids. An
important limitation is the use of automatic differentiation
to analytically evaluate the corresponding cost function,
nonlinear constraints and their partial derivatives with
respect to decision variables. Thus, the underlying data
structures ask for a considerable amount of memory
allocation.

In this article, we propose a specialized Nocd]
for generating dynamically feasible robot motions by
exploiting the structure of local direct collocation to
cope with its inherent sparsity. It takes advantage of
the properties of low order Gauss—Lobatto collocation
methods (Herman and Conway, 1996), i.e., trapezoidal
and Hermite—Simpson. Also, it performs an efficient
analytical evaluation of the robot’s equations of motion
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and their linearization to build the vector of defect
constraints and, more relevant, the constraint Jacobian,
which is a highly sparse matrix evaluated at will by the
numerical optimization solver (Betts, 2010; Kelly, 2017;
Cardona-Ortiz et al., 2020). A key component, named
the block indexation procedure (BIP), is introduced
to efficiently handle the sparsity generated by direct
collocation. Different from available general purpose
frameworks, the proposed NOCS is able to generate
challenging motions for a wide variety of robots with
many degrees of freedom (DoFs) such as mobile
manipulators and humanoid robots. Also, our NOCS has
been implemented in C++ programming language as an
open-source project available athttps://github.co
m/daniel-cardona/NOCS.

1.1. Problem formulation. Let us consider a
given robotic system composed by a tree-like kinematic
structure with n DoFs. Then, the state of the robot stands
for 0

q(t n.

x(t) = [q(t)} € R"s, (1)
where n, = 2n, {q(t),q(t)} € R" represent the joint
configuration and velocity profiles, respectively, along
time ¢. The problem consists in finding a control law
u(t) € R™ (if it exists) to generate the sequence of robot
motions from a robot’s initial state to a final one by solving

minimize
T(t),u(t)

[ te@ume o

subjectto  @(t)
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gr < g(x(t), u(?) < gy,
xp < z(t) < xy,

ur < u(t) < uy,

x(t;) = x;,

:L'(tf) =Ty,

where L : R"™ x R"™ — IR stands for the criterion
to be optimized along the trajectory from initial time ¢;
to final time ¢y. The set of path constraints is given
by g : R™ x R"™ — R", {g;,9;} € RR? are the
lower and upper bounds of path constraints, {x,xy} €
IR™* are the lower and upper bounds for the state vector,
{ur,uy} € R™ are the lower and upper bounds of the
control inputs, and {x;, s} € RR" are the initial and
final states. The system dynamics of a robot have the
following form:

f.um) = 10 v @)

with

where H : R"™ — IR™ "™ denotes the inertia matrix,
h(q(1).4(t)) £ C(q(t),q(t))d — N(q(t)) is the vector
of nonlinear effects such as Coriolis and centrifugal forces
C : R"” x R" — R" and gravitational terms N : R" —
R".

It is difficult to obtain closed-form expressions for
the optimal control laws, or knowledge of their form (if
it exists), when nonlinear dynamics are considered in the
problem (@). Realistically, then, the use of numerical
techniques such as transcription methods should be
employed to compute approximated optimal trajectories.
In these terms, direct collocation transforms the problem
(@) into a large-scale NLP of the form

minizmize Y(2z)

subjectto ¢, < ¢(z) < ey, &)

zp <z < zy,

where z is the vector of decision variables. Commonly,
it contains the state x(¢;) and control u(t;) evaluated
along the discrete time sequence ¢ty withk = 1,2, ..., N,
where N, is the number of grid points. The cost function
to be minimized is ¥(z) : R™* — R and ¢(z) : R™* —
R"¢ is the vector of constraints. The vectors {z,,zy} €
IR™* stand for the lower and upper bounds associated to
the vector of decision variables, and {cp,cy} € R"™
represent the lower and upper bounds of constraints.

Numerical optimization solvers (e.g., Ipopt, SNOPT,
KNITRO) are capable of solving the problem (3).
However, they require first order information on (@) to
numerically converge to a local optimum. Thus, it is
critical to efficiently compute the gradient of the cost
function defined as

s O

Vai(z) £ - € R™, (6)

together with the constraint Jacobian defined as

)
J(z) 2 a—z € R"Xm= 7

which is a highly sparse matrix (Betts, 2010).

1.2.  Related work. Trajectory planning for linear
systems has been widely studied (Liu er al., 2022).
However, the majority of robots turn out to be nonlinear.
Thus, a popular direct shooting method known as
differential dynamic programming (DDP), introduced by
(Mayne, 1966), has attracted the attention of roboticists
for generating dynamically feasible robot motions (Tassa
et al., 2014; Budhiraja et al., 2018; Howell et al.,
2019; Mastalli et al., 2020). Some of the reasons
are that DDP consists of two compact algorithms and,
contrary to direct collocation methods, it is sparsity-free
by design. However, it has been initially formulated to
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satisfy the system dynamics while optimizing a given
performance criterion. In other words, path constraints
together with simple state and control bounds cannot be
added to the problem in a straightforward manner. As
a consequence, several extensions have been proposed
to consider additional constraints such as maintaining
dynamic balance of robot locomotion, hybrid modes
due to contact interactions between the robot and its
environment, and obstacle avoidance, among others.
Currently, there is no consensus on which variant of
DDP should be applied to generate robot motions under
nonlinear path constraints.

On the other hand, direct collocation has been
applied to solve trajectory optimization problems subject
to a wide variety of constraints that are naturally found
in robotic tasks (Posa et al., 2014; Hereid et al.,
2018; Cardona-Ortiz et al., 2020). Posa et al. (2014)
proposed a direct collocation strategy to consider linear
complementarity constraints that are useful to generate
robot manipulation and locomotion behaviors under
contact interactions with the environment. Although the
optimal control problem is highly nonlinear and difficult
to solve for planar robots, the number of decision variables
and constraints remains relatively small. The direct
collocation strategy proposed by Hereid er al. (2018),
which is based on a modified Hermite—Simpson method,
is able to generate 3D humanoid walking gait. The
size of the problem clearly increased, which implies an
intense computation to get the solution. The reason is
mainly due to the number of defect constraints, which
play an important role to satisfy the system dynamics
along the optimized trajectory. Also, the evaluation
of first order information of the problem is based on
symbolic computation (Hereid et al., 2018). Thus, it is
necessary to re-execute the symbolic computation each
time the system dynamics and constraints suffer from
modifications, which represents a hard limitation.

Different strategies have been suggested to compute
exact or approximated large and sparse constraint
Jacobians.  Curtis er al. (1974) proposed a sparse
finite differences (SFDs) method. It is based on group
perturbation such that each group contains no constant
elements of the sparse matrix. SFD has been integrated in
some NOCSs (Becerra, 2010; Cardona-Ortiz et al., 2020).
However, its approximate nature introduces truncation
errors which often lead to poor convergence. Recently,
geometric recursive algorithms have been proposed within
the discrete mechanics and optimal control framework,
known as DMOC (Villanueva-Pifion and Arechavaleta,
2025), to overcome sparsity while evaluating analytically
({6) and (7).

Automatic differentiation (AD) (Weinstein and Rao,
2017; Walther et al., 2003) is a well known alternative
to analytically evaluate (6) and (7). It uses complex
data structures to perform scalar operations by following

the basic rules of differentiation.  General purpose
optimal control solvers such as CasADi (Andersson
et al., 2019), CGPOPS (Agamawi and Rao, 2020) and
PSOPT (Becerra, 2010) take advantage of AD. However,
its use comes at the cost of memory consumption and
computational overhead, specially for robots with many
DoFs. In contrast, there exist specialized and very
efficient recursive algorithms to analytically compute the
partial derivatives of the robot’s equations of motion
with respect to the state and control inputs, i.e., decision
variables (Carpentier and Mansard, 2018; Paz and
Arechavaleta, 2023; Singh et al., 2024). Such algorithms
turn out to be less demanding than AD (Carpentier et al.,
2019).

In our preliminary work (Cardona-Ortiz et al., 2020),
dedicated recursive geometric algorithms were proposed
to evaluate the equations of motion of robotic systems
together with their analytical partial differentiation with
respect to the state and control inputs. Also, we
detected sparsity for trapezoidal collocation with a block
insertion strategy. In this paper, we introduce a novel
indexation procedure, the so-called BIP, to efficiently
handle large and sparse matrices. In addition, the sparsity
detection is extended to Hermite—Simpson collocation
and mesh refinement is integrated to improve accuracy.
The BIP works with either analytical or numerical
differentiation methods. Consequently, the important
bottleneck to evaluate (6) and (7)) is mitigated. As a result,
the proposed NOCS outperforms the state-of-the-art
trajectory optimization solvers, and it facilitates the
possibility to consider highly articulated mechanisms such
as humanoid robots.

This paper is organized as follows. Section 2] briefly
recalls the key elements of local direct collocation to
transcribe an optimal control problem into an NLP. In
Section we introduce the proposed BIP to handle
the involved sparse matrices to evaluate the constraint
Jacobian. Section M details the proposed NOCS. Then,
Section [3] shows the numerical evaluation of the BIP and
NOCS. Some concluding remarks are given in Section[6]

2. Local direct collocation

Let us briefly recall the direct transcription process
based on local collocation techniques, i.e., trapezoidal
and Hermite—Simpson. These methods allow the
continuous-time problem to be approximated by a finite
number of decision variables. First, the discretization is
performed by dividing the total duration in N, collocation
points as

L=t <ty <...<tp<...<tn, =ty, (8)

where k € {1,2,..., N.} iterates along the discrete time
intervals, and {¢;,¢;} € R are the initial and final time,
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respectively. Commonly, the time horizon is mapped to a
fixed domain [0, 1] as follows:
te — t;
T =
T AT

for k=1,..., N, 9

where AT = t; — t;. Now, the continuous-time state and
control inputs, z(t) and u(t), respectively, are discretized
according to the collocation technique as described below.

2.1. Trapezoidal collocation method. Trapezoidal
collocation implies that the performance index (2) and
system dynamics (3) are both approximated as piecewise
linear functions. First, the continuous state x(t) is
discretized according to the sequence of collocation points
in time, i.e., &y = x(tx). Then, the discrete control
inputs are discretized in a similar manner, i.e., uy =
u(t). Thus, the vector of decision variables gathers the
following data:

z=[tityz] ... 25 )" €R™, (10)

where each stacked vector z, = [z} ul]” contains the
corresponding discrete state and control inputs at the k-th
collocation point.

The performance index (2), which represents the
Lagrange term of the optimal control problem, is
approximated by means of the trapezoidal integration rule
as follows:

Nel
— 2k
W(z)= Y 5 (Lipr + L), (11)
k=1
where hy = A AT, Aty = Tp41 — T such that

T € [0, 1]. The evaluation of the Lagrange term at each
collocation point is represented as Ly = L(xy,ux). The
evolution over time of the system dynamics (3) should be
expressed as a set of collocation constraints as follows:

h
Tr+1 — Tk — f(karl +fi) =0, (12)

where f,, = f(xy,ux) fork=1,..., N.

2.2. Hermite-Simpson collocation method.
Hermite—Simpson approximates the performance index
and system dynamics as piecewise quadratic functions.
Thus, it provides higher-order accuracy compared to
trapezoidal collocation.  However, more collocation
points are involved. In addition to regular collocation
points, interior points should be considered, which are
located at {5, = Let1=! The vector of decision variables
gathers more data due to midpoint evaluations of the state
and control inputs as follows:

z=[titpz] 23 25 ... Zy, 2n )", (13)

where each stacked vector 2, = [z} @ contains

the state and control inputs evaluated at t;. Then,
the performance index is approximated by applying the
Simpson quadrature as follows:

T]T

Ne—1

h _
b(z) = Y Lo 4L+ L), (14)
k=1

where L, = L(Zy,uy,) stands for the Lagrange term
evaluated at 7.

Unlike the trapezoidal collocation method,
the Hermite—Simpson one requires two collocation
constraints for discretizing the system dynamics over
time. The first one applies the Simpson quadrature,

h —
e —@n = o (fra H4FH F) =0, (9)

where f;, = f(Zx, ur). The second, named the Hermite
interpolant, enforces the system dynamics at ¢, as

1 h
Zir — 5(@re +xx) — 2 (Fr = Fryn) = 0. (16)

We are using the separated form of Hermite—Simpson
discretization. However, there exists an alternative known
as compressed form, but the inherent sparsity of the
problem is not fully exploited (Betts, 2010).

2.3. Cost function and its gradient. The transcription
of the performance index @), with either the trapezoidal
(I or the Hermite-Simpson (I4), method takes the
following form:

¥(z) = cw’ L(z), (17)

where L(z) £ [Ly --- Ly --- Ly.]7 is the vector
containing the Lagrange term evaluations over collocation
points, w £ [wy <+ wp - wNC]T is a vector of weights,
and c is a constant. For trapezoidal collocation, ¢ = %,
and ¢ = % for Hermite—Simpson one. The vector of

weights has the following structure:

wy, = ATl,

W = ATk+1 + A1y, for k = 2,...,N.— 1,

U)NC = ATchl-
Notice that w should contain interior points for the
Hermite—Simpson collection, i.e., Wy = 4ATy.
The gradient of the cost function (I7) stands for

vti 1/] ]
vtf 1/]
Ve

Va(z) = : ) (18)
Ve

[Van ¥
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where
Vi, 1h = %wTL(z), (19)
Vi) = —éwTL(z), (20)
Vet = 2L (07 9,07, @)

such that @ = 2 for the trapezoidal method. For the
Hermite—Simpson one, a = 6, and additional partial
differentiation terms should be considered, i.e., Vz, 1) at
interior collocation points .

24. Defect, path and boundary constraints. The
vector of constraints ¢(z) of the NLP (3)) can be expressed
as (Betts, 2010)

c(z) = Az + By(2), (22)

where A and B are sparse constant matrices, while y :
R"™ — IR" is a vector composed by the following
nonlinear functions:

®(2)
y(z) = 9(2) ; (23)
e(x1, zn,)

with ®(z) containing the set of defect constraints,
which corresponds to the discretization of the system
dynamics in terms of the trapezoidal or Hermite—Simpson
collocation methods. The separability property can be
applied to rewrite the trapezoidal collocation constraints

(12) as

AT,

_ Zk
@1 = Ax [zkﬂ] + Br [ATfk+1

} =0, @4

where

Ap=[-1 0p,xn, I 0y ,,] € RX2F0)
(25)
By = [-5ET —82T) € R, (26)

with I € R™ ™ as an identity matrix. The overall
structure of sparse constant matrices A and B for
trapezoidal collocation is illustrated in Fig. [l

Similarly, we employed the separated form of
Hermite—Simpson collocation that imposes two defect
constraints, which correspond to the Simpson quadrature
(I3) and the Hermite interpolant (I6). Both constraints
can be rewritten as

®,=Ay | z. | +By | ATf, | =0, (27
Zk+1 AT fjqq

Fig. 1. Structure for matrices A (left) and B (right) for the
trapezoidal scheme with ns = 4 and n, = 2. Each
block defined by a dotted rectangle is known as Ay and
By fork =1,...,5, starting from top to bottom.

Fig. 2. Structure for matrices A (left) and B (right) for the
Hermite—Simpson scheme with ns, = 4 and n, = 2.
Each block defined by a dotted rectangle is known as
Ay and By, for k = 1,...,5, starting from top to bot-
tom.

where the constant block matrices Ay € R *3(7s+nu)

and Bj, € R?™*3" are

1 1
A= [3 On T 0 =3I Oy,
0 0n5><n5 Onu *I Onu ’

ATy ATy
O A =l
6 3 6

In this case, the sparsity pattern of constant matrices
A and B is shown in Fig.

In addition, path constraints are also stacked in
@23) as g(z), and the vector e(x1,xy,) represents the
boundary constraints.

2.5. Constraint Jacobian. The constraint Jacobian
given in () is obtained by partially differentiating (@2)
with respect to the vector of decision variables such that

J(z) = A+ BD(z), (28)
where D(z) £ 8%—(;) is the partial derivative of y(z)

given in (23) with respect to the vector of decision
variables. Its structure is as follows:

D, Dy
D(Z) = Den DEI ) (29)
0 D,
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where
-fi
p-| 2 I (30)
—In. I,

gathers the partial derivative of defect constraints ®(z)
with respect to the initial and final time. The next
block contains the partial derivative of event constraints
e(xy,xy,) with respect to the initial and final time,
respectively,

b, |2 2 y
ot Oty |’ G
Then, the sparse block matrix D is the partial derivative

of defect constraints ®(z) with respect to the state and

control inputs at each collocation point. It has the
following sparsity pattern:
Fof -
— 0 ... 0
(’)zl
7]
0 —f 0
Dy = 0z : (32)
of
0 0
L 6ZNC
where
0 I,xn 0
oF _ AT 33
Ozp 9q,, 04y H(a.)-1 (33)
q qy

Therefore, the robot forward dynamics have to be
differentiated with respect to the state and control inputs.
The analytical evaluation of (@) and (33) can be efficiently
performed with Pinocchio, which is an out-of-the-box
robotics library (Carpentier et al., 2019). There exist
other implementations such as the RBDL (Felis, 2017)
to analytically evaluate (), and more recently Paz and
Arechavaleta (2023) as well as Singh et al. (2024) also
computed analytically (@) and (33).

The remaining sparse block matrices in (29)
correspond to the partial derivative of event and path
constraints with respect to the state and control inputs as
follows:

Oe Oe
=|=— 0 ... 0
Dex (9.’131 6'a:NC ’ (34)
" 9g _
—_— 0 - 0
(’)zl
0
o X . o
D, = 0z . (35)
og
0 0
L 0zn

e

It is then of great importance to compute the constraint
Jacobian (@8) very efficiently. Although the use of
robotics packages to analytically obtain @), 9q, /0q,
and 0§,,/0q,. helps to reduce the computational cost, the
arithmetic complexity to compute the underlying sparse
matrix addition and product in (28) can be dramatically
reduced.

3. Sparsity-free constraint Jacobian

The aim here is to efficiently evaluate the constraint
Jacobian (28). First, the involved matrices A, B and
D(z) should be rewritten as lists of triples to only
gather the position of their nonzero entries, i.e., row
index, column index and value. Then, the lists of
triples allow performing sparsity-free matrix addition and
multiplication to evaluate (28) by means of a numerical
sparse linear algebra package available in the work of
Guennebaud and Benoit (2023). Thus, the explicit
computation of (28)) is avoided.

We propose a block indexation procedure (BIP) to
build the lists of triples. In particular, the BIP exploits
the separability property of local collocation together with
the known sparsity patterns, which are deduced from the
number of collocation points N,, state variables ns, and
control inputs 7,,.

First, we define the list of triples of a given sparse
matrix A as a matrix with the following structure:

T, =]|r, c, v] € R™*3, (36)

where m is the number of nonzero entries of A while the
column vectors {r,c,v} € R™*! store the row indexes,
column indexes and the associated nonzero entries of A,
respectively. In addition, the use of the colon operator(:)
is employed for indexing and the accessing the data of
T4 € R™*3 similar to the Matlab language style. Thus,
T 4[:, 2] refers to the second column of T 4.

The aim of the BIP is to build the representation of
a given sparse matrix A in terms of a list of triples as
(B6). As described in Section 2] the sparsity pattern of
the constaint Jacobian in local collocation methods can be
deduced in advance. Therefore, the BIP makes use of such
prior knowledge to efficiently build the list of triples.

Let us consider the sparse constant matrix A in
trapezoidal collocation with its sparsity pattern illustrated
in Fig. [l (left). It is observed that it contains a sequence
of blocks, Aq,..., Ak, ..., An,, with the same sparsity
pattern.  Thus, it is sufficient to generate only one
list of triples for one block by applying a dedicated
algorithm, available in the linear algebra library Eigen
V.3.3.4 (Guennebaud and Benoit, 2023), that efficiently
iterates over rows and columns of the block matrix to
extract the nonzero entries and store them as triples. Then,
N, copies of the generated list of triples are stacked in
lexicographical order {T'4,,...,Ta,,...,Tay_}. The
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Algorithm 1. Block indexation procedure.

Input: Ordered set of triple lists
{T4,,...,T 4y, } row shift r, and
location A, column shift ¢, and location
A

1 Get number of triples m from T 4,

2 TA = {}

3e,=[11... 17 e R™!

4 fork=1tok = N.do

5 rs+—es((k—Drs+1)+ A,

6 cs+es((k—1ecs+1)+ A,

7 TAk[:,l] (*TAk[:,l]#»’r’s

8 TAk[572] (*TAk[:,2]+CS

9 T 4 < queued (T'4,)

/+ Return list of triples of

sparse matrix A x/
o return 7" 4

[y

Table 1. BIP inputs for A, B, D¢, Dy, Dy, D., and D.,.

Matrix | 7, Cs A, A,
A ens  c(ns +ny) 0 0
B cng cng 0 0
Dy Ng Ng + Ny 0 2
D, np Ng + Ny ngNe +ne + 1 2
D, 0 0 0 0

D., 0 0 ngNe + 1 0
D., 0 0 ngNe + 1 2

next step consists of shifting the row index and column
index of each T 4, to fit with the sparsity pattern of the
associated container matrix A.

Algorithm [] details the block indexation procedure.
The inputs of Algorithm[Jlare the row shift 7, and column
shift c¢5. These input parameters for sparse constant matrix
A, illustrated in Fig. [[left), correspond to the first row of
Table [l where ng is the number of state variables, n,, is
the number of control inputs, ¢ = 1 for the trapezoidal
methods or ¢ = 2 for the Hermite—Simpson one.

In a similar manner, the BIP is applied to stack
{Tp,,...,Tg,,..., Ty} ie., the N. copies of a list
of triples corresponding to one block of constant matrix
B as illustrated in Fig. [l (right). The input parameters
for this case correspond to the second row of Table [1I
Although the nonzero entries of matrices Dy and D,
given in (32) and (B3), respectively, are not constant, their
sparsity patterns do not change. Thus, the BIP also builds
their representations as a stack of copies of a list of triples
for a given block of the container matrix, i.e., Dy and
D,,. The third and fourth rows of Table[I] show the inputs
for block diagonal matrices of defect and path constraints,
Dy and D, respectively, where n,, is the number of path
constraints and n. is the number of event constraints. The

last two columns of Table [Il represented as A,. and A,
stand for the location of a sparse block within matrix D
defined in (29).

Notice that the BIP also generates the stack of lists
of triples of matrices Dy, D., and D, according to the
input parameters given in Table [Tl

The generation of T'4,Tp and T'p by means of
the BIP allows performing the sparse matrix addition
and multiplication operations to evaluate the constraint
Jacobian:

T;=TprdTpRTp, (37

where @ and ® refer to sparse-sparse matrix addition and
multiplication, respectively. Both operators are available
in the linear algebra library Eigen V.3.3.4 (Guennebaud
and Benoit, 2023).

4. Optimization strategy

Algorithm [2| outlines the main steps of the proposed
sparsity-free optimization strategy based on local direct
collocation.

In line 1 of Algorithm[2] the optimal control problem
@ is discretized according to the trapezoidal or the
Hermite—Simpson method for obtaining the constrained
nonlinear program (3). To determine the sparsity pattern
of the constraint Jacobian in line 3, the nonzero entries of
lists of triples T'4[:, 3], T'5[:, 3] and T'p|[:, 3] are set to 1.
Then, the computation of (37) gives the list of triples T ;.
It is important to notice that BIP Algorithm[lis called only
once to compute T4, T'p due to the fact their nonzero
entries are constant. Concerning the generation of the list
of triples T'p by BIP Algorithm[] it can be observed that
it is only needed to update the nonzero entries T'p|:, 3]
as many times as the optimization solver asks. Since the
sparsity pattern of the container matrix D(z) does not
change, T p[:, 1] and T'p[:, 2] remain the same.

5. Numerical results

In this section, we validate the performance of the
proposed sparsity-free optimization solver based on local
direct collocation.  First, we compare the proposed
BIP algorithm against sparse finite differences (Curtis
et al., 1974; Becerra, 2010) and automatic differentiation
(Andersson et al., 2019). Then, we compare the
computational cost for optimizing robot movements
against CasADi (Andersson et al., 2019), which is a
popular general purpose numerical optimal control solver.
All evaluations are focused on synthesizing dynamically
feasible robot motions. Different robotic platforms were
considered for evaluating the scalability of the proposed
NOCS when the size of the underlying NLP increased. In
particular, we discussed a humanoid robot NAO with 24
degrees of freedom.
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Algorithm 2. Sparsity-free optimization strategy.

10
11
12
13

14

15

16
17
18

19

20

21

22

Input: x; and x, initial and final states,
respectively. Initial and final time ¢;, ¢
and number of grid points N,

/+ From OCP to NLP */

Transcribe problem @) into (&) according to

either trapezoidal or Hermite—Simpson (H-S)

collocation method

/+ Compute randomly initial
guess */

Set initial solution z¢: trapezoidal (I0) or H-S

(1K)

/+ Generate lists of triples
based on sparsity patterns of
contraint Jacobian matrices
*/

Call Algorithm[to build T4, T 5 and T p

Compute T'; with (37)

/x Solve NLP %/

z*

numOptSolver(zg, T, costFen, cnsFen)

return z*

Function costFen(w, z):
/* Compute cost function ([I7)
*/
P(z) + cw? L(2)
/* Compute gradient of ¥(z)
(sl */
V.1 < queued (V1))
V.9 < queued (V;,9)
fork=1tok = N_.do
Extract zj from z
/+ Compute V.t with (&I
*/
V.4 < queued (V, v)

return v, V 1)

Function cnsFen(T 4, T, 2):

Evaluate vector of non-linear functions y(z)
/+ Sparsity-free evaluation of
non-linear constraints by

means of sparse

matrix-vector addition and

multiplication operators =/
cTadz+Try(2)

/+ Sparsity-free evaluation of
constraint Jacobian (29) =«/

Update T'p|:, 3] with partial differentiation

GO-G3)

Compute T' ; with (37)

/* Return constraints vector ¢
and triples list values of
Jacobian matrix Tl:, 3] */

return ¢, T';[:, 3]

The experiments were implemented in the C++
programming language. The NLP solver was Ipopt
V3.14.11 (Biegler and Zavala, 2009), the numerical
linear algebra was solved by means of Eigen V.3.3.4
(Guennebaud and Benoit, 2023), and the computation
of the robot’s equations of motion and their partial
differentiation with respect to the state and control inputs
was performed with the very efficient library known as
Pinocchio (Carpentier et al., 2019). All experiments were
executed on a standard laptop with 16 GB of RAM and an
Intel 17 processor running at 2.60 GHz. The source code
associated with the proposed NOCS is freely available at
https://github.com/daniel-cardona/NOCS|

5.1. BIP performance. To evaluate the performance
of the BIP, we executed Algorithm with some
modifications. In particular, Table [2] shows four methods
employed to compute the constraint Jacobian in the
function cnsFcn of Algorithm The method named
BIP-N uses central finite differences to update T'p|:, 3]
in line 20 of Algorithm [2l In contrast, BIP-A made use
of the Pinocchio library to update T"p|:, 3] with analytical
differentiation.

For all cases, we considered the kinematic
structure of a snake-like robot composed by 3-36
DoFs. The criterion to be minimized was related to
minimum-length trajectories:  ||q(t + At) — q(t)||>.
Only defect constraints related to the system dynamics
were considered. Hermite—Simpson collocation was
applied to transcribe the OCP into an NLP with 15, 30
and 60 collocation points. Also, it is important to mention
that the average time was obtained by executing 100
times the same problem. Figure [3] reports the execution
time.

It can be observed that BIP-N outperformed SFD
as the number of DoFs increased. For a robot with 36
DoFs and 60 collocation points, BIP-N took an average of
374 ms while SFD employed 7 s. In addition, ADA was
consistently faster than BIP-N, by around 17%. However,
ADA cannot handle robots with more than 36 DoFs due
to a demanding memory consumption. In contrast, BIP-N
successfully handled a large-scale NLP with snake-like
robots composed by 100 DoFs. As expected, the
more efficient method was BIP-A, which consistently
required less computation time than ADA. For problems
considering the same robots with 60 collocation points,
BIP-A took an average of 50 ms to compute the constraint
Jacobian, whereas ADA took 212 ms. Overall, BIP-A was
approximately four times faster than ADA.

The performance of the BIP was evaluated with more
challenging problems in terms of the robotic platform
and the number of collocation points. A humanoid
robot NAO (see Fig. H) with 24 DoFs was considered,
along 120 collocation points. Four trajectory optimization
problems were solved. All of them assume that the root
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Table 2. Methods used to compute the constraint Jacobian for Algorithm 2: BIP-N refers to block indexation procedure with central
finite differences to compute the values of the list of triples T"p, BIP-A refers to block indexation procedure with analytical
differentiation based on the Pinocchio library to compute the values of the list of triples T'p.

Abbreviation Algorithm
SFD Sparse finite differences (Curtis et al., 1974; Becerra, 2010)
ADA CasADi’s automatic differentiation (Andersson et al., 2019)
BIP-N Numerical block indexation
BIP-A Analytical block indexation

10°F

Time [us]

10°F 1

L L
3 6 9 12 15 18 21 24 27 30 33 36
Number of degrees of freedom (M)
[E=—8PA -6 -BPN —=—ADA SFD]

Fig. 3. Performance comparison to get the constraint Jacobian.
Each graph shows the computational time for snake-like
robots with increased DoFs. The top graph corresponds
to 15 collocation points, the middle one to 30 collocation
points and the bottom one was obtained with 60 colloca-
tion points. BIP-A outperformed the other alternatives
to evaluate the constraint Jacobian.

reference frame of NAO is fixed, and it is attached to one
foot. Contact dynamics are activated in the simulation
environment where the humanoid model is not fixed to
the ground. Thus, the resulting optimized motions are
directly sending a signal to the humanoid in the simulation
environment for validating that it is balanced. Otherwise,
the humanoid falls and hits the ground. To prevent
this, the robot’s centroidal momentum is considered as a
path constraint in the optimization problem to maintain
the dynamic equilibrium of the humanoid while it is
performing the motions (cf. Paz and Arechavaleta, 2024).
Snapshots for two of them are depicted in Fig. @

We compared the performance of the BIP with two
state-of-the-art rigid-body dynamics libraries: Pinocchio
(Carpentier et al., 2019) and the RBDL (Felis, 2017). The
results are reported in Table The first row implies

Table 3. BIP with Pinocchio and the RBDL. Each problem was
solved 100 times to obtain the displayed average time.

@amcs

Algorithm Time (s)
Pose 1 Pose2 Pose3 Pose4
Pinnochio (BIP-A) | 33.138 50.701 45.716  58.394
Pinocchio (BIP-N) | 76.427 137.69 77915 103.549
RBDL (BIP-N) 77.143  136.177 98.949 117.095

the use of Pinocchio to compute both the set of defect
constraints and to update the sparsity-free constraint
Jacobian in lines 18 and 20 of Algorithm 2] respectively.
The second row also applied Pinocchio to evaluate line
18, but central finite differences were used to compute
the values of the list of triples T'p in line 20. The third
row applied the RBDL to evaluate line 18 and numerical
partial differentiation in line 20, similar to the second row.
As expected, the PIB, together with Pinocchio, got the
lowest computational time.

5.2.  NOCS for robot trajectory optimization. We
evaluated the performance of the proposed Algorithm
with three articulated robots. In addition, we compared
the computational time to get the solution against the
optimal control framework CasADi (Andersson et al.,
2019). The optimization problems were formulated as

ty

Pz (t), u(t)) dt, (38)

min
T(t),U(t) 0

subject to system dynamics
} e R"™ (39)

as well as boundary constraints (0) = xo and z(t;) =
xy. Three performance criteria were used (see Table 4.
As is observed, we selected a standard robot manipulator
URS, a dual-arm robot and a humanoid robot NAO to
demonstrate the versatility of the proposed NOCS for
generating optimized motions with different articulated
rigid-body systems.

All optimization problems applied Hermite—Simpson
collocation, and the resulting NLP is solved by means
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Fig. 4. NAO robot performed equilibrium tasks. Top-row: the robot was asked to move its arms while standing on one leg. Bottom-

row: the robot was asked to reach an airplane-like posture.

mi1

9(x(q(t)), y(q(t)), za(t), ya(t))

q(t)
H(q(t))~" (u(t) + Fo(t)J

8

Y

d

alt
Fe(t) _

(
(

LD — gt

i(q(t))T —h(q(t),q(t)))
) , (40)
a(t)

cT

(AVARYS

F.(t) ,
9(z(a(t),y(a(®)), za(t), ya(t)) Fe(t) =
of Ipopt Wl.th d efau!t parame.t ers. The mma.l .gl.less ' Table 4. Different performance criteria.
generated via linear interpolation between the initial and
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desired robot states. URS 512 1 e

In Fig. 3 the computational time is reported. As ABB YuMi 14( 28) lla(t+1) - Qq( Jl
is observed, the size of the NLP increased in terms of uivit (28) ||u(t)||2

) : ot NAO 24 (48) [la(®)||

the robot’s DoFs and the number of collocation points:

30, 45 and 60. The label NOCS implies the use
of Pinocchio (Carpentier et al., 2019) in line 20 of
Algorithm 2l The label NOCS-Numerical applied central
finite differences to compute the partial differentiation of
the robot’s equations of motion. As expected, the NOCS
outperformed the CasADi library. It took at least 50% less
time for all cases.

In addition, Table 3] shows the reached cost, number
of iterations, constraint violation and required time to get
optimized trajectories with 30, 60 and 120 collocation
points. For this test, URS was considered, i.e., the first row
of Table [l The first section of Table 3 corresponds to the
NOCS with BIP-A while the second one to the CasADi
library. It can be observed that the main difference was
the required time to get the solutions.

5.3. Complementarity constraints in the NOCS.
Complementarity constraints were considered in the

NOCS for solving simple contact interactions between
a robot and its environment as proposed by Posa
et al. (2014). In particular, we asked a 3-DoF planar
manipulator to interact with a small disc for displacing
it from its current position to a desired one. The
cost functional (B8] corresponds to the minimum effort
criterion in terms of the Ly norm of the control || (t)||?
subject to the constrained dynamics expressed as (40),
where the state vector «(¢) contains the joint coordinates
of the manipulator q(t) = [q1(t) ¢(t) ¢3(t)] €
T3, its time derivative ¢(t), and the coordinates of
the disc together with its time derivative, (z4(t), ya(t))
and (24(t),y4(t)), respectively. The magnitude of the
contact force in the normal direction with respect to
the circumference of the disc is represented by F.(t),
J4(q(t)) is the contact constraint gradient, c stands
for the friction constant, and m; is the mass of the
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Table 5. Performance comparison for the URS robot.

NOCS with BIP-A and Ipopt

Ne Cost Number of iterations  Constraint violation ~Required time (s)
30 | 4.54x107 105 8.36 x10~ 19 2.3

60 | 4.89x10? 125 1.78 x10~10 4.2

120 | 3.55x102 200 3.43 x107? 6.38

CasADi library with Ipopt

N, Cost Number of iterations  Constraint violation Required time (s)
30 | 4.70 x10? 100 3.01 x10~ 19 2.93

60 | 5.33 x10? 125 1.9 x10~ ! 7.42

120 | 4.3 x10? 213 5.97 x107? 24.86

[EEEINOCS EEEINOCS: Numerical [ CasADI
T

j III III_IIL
10
N=30 N=45 N=60
T T T
104 - -
10°F 3
10
N=30 N=45 N=60
T T T
10
10°F
10%
N=30

N=45 N=60
Discrete points (N)

Fig. 5. Computational time comparison between the NOCS and
the CasADi library. The selected models are: the URS
robot (top), the YuMi robot (middle) and the NAO robot
(bottom).

Total time [ms]

disc. The subsequent constraints are the complementarity
conditions between the manipulator’s end-effector and the
circumference of the disc:

9(x(2),y(a), 24, ya) = (x(q) —za)* + (y(q) —ya)* =17,
where (z(q), y(q)) is the position of the end-effector and
r is the radius of the disc. Figure[@lillustrates the behavior.

5.4. Mesh refinement in the NOCS. An important
consideration when solving trajectory optimization
problems for robotic systems is to guarantee accurate
solutions for ensuring the feasibility of system dynamics
along the optimized trajectory. Thus, the proposed NOCS

Table 6. Mesh refinement iterations applied to the ABB YuMi

robot.
N, Collocation method Error Time [s]
15 H-S 0.01957 0.808
29 H-S 2.91x3 1.16
57 H-S 2.33x % 2.2
66 H-S 9.26x 2.6
Total time 6.78

incorporates classical algorithms of mesh refinement
(Betts, 2010; Patterson et al., 2015). This works as
follows. The accuracy of the initial optimized trajectory
obtained with Algorithm [2]is evaluated. This is done by
calculating an error of the approximated and the ideal
system dynamics between collocation points. If the error
is greater than a predefined threshold (e.g., 1 x 10~%),
then new collocation points are added to the problem.
As a consequence, the size of the NLP increases. Next,
Algorithm [2| takes the previous optimized trajectory as
the initial solution to solve the new NLP. This process is
repeated until the accuracy threshold is reached.

Table |6l illustrates the mesh refinement in the NOCS
for the ABB YuMi robot. The refinement algorithm
terminated when the error was below 1 x 10~%. Note that it
took less than 7 s, and only required 66 collocation points.

6. Conclusions

We proposed a complete numerical strategy to solve
robot trajectory optimization problems.  The robot
motion problem was formulated as a classical optimal
control one where a given performance index should
be optimized while satisfying the system dynamics
and additional constraints. In contrast to available
solvers, we were able to generate motions of highly
articulated robots with many degrees of freedom by
both exploiting the inherent sparsity of local collocation
and evaluating analytically the defect constraints along
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Fig. 6. Snapshots of the optimized motions of a robot that makes contact with a disc for moving it to a desired position.

with their partial differentiation with respect to decision
variables. One of the key elements was the proposed block
propagation procedure. The numerical evaluation and
comparison of the proposed NOCS with state-of-the-art
solvers demonstrate the contributions of the paper. The
source-code is also available to reproduce the reported
results and to be used by the community. Currently, we
are extending the NOCS to global collocation methods.
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